
Real Analysis Comprehensive Exam
Fall 2005

1. Let XX be σ-algebra of subsets of the set X and let f : X → Rl be
a non-negative measurable function. Prove that there are measurable
simple functions φn : X → Rl with the properties:

i) lim
n→∞

φn(x) = f(x) for all x ∈ X

ii) φn(x) ≤ φn+1(x) for all x ∈ X and n = 1, 2, · · · .

2. Let λ denote Lebesgue measure on Rl , let B denote the σ-algebra of
Borel subsets of Rl , and let f : Rl → Rl be continuous and non-negative.

Let µ be the measure defined by µ(A) =

∫
A

fdλ, A ∈ B

i. Prove that µ is σ-finite.

ii. Prove that if f is (Lebesgue) integrable then: for each ε > 0 there
is a δ > 0 so that if A ∈ B and λ(A) < δ then µ(A) < ε.

iii. Suppose that g : Rl → Rl is non-negative and Borel measurable.
Prove that

∫
gdµ =

∫
gfdλ.

iv. Suppose that
∫

f 3dλ < ∞. For what number r ≥ 1 does
g ∈ Lr(λ)⇒ g ∈ L1(µ)? (explain)

3. Justify: lim
t→0

∫ ∞

0

∞∑
n=1

2 sin(xt)

nt
e−(nx)2dx =

∞∑
n=1

1

n2

1


