Real Analysis Comprehensive Exam
Fall 2005

1. Let X be o-algebra of subsets of the set X and let f : X — R be
a non-negative measurable function. Prove that there are measurable
simple functions ¢, : X — R with the properties:

i) lim ¢p(x) = f(z) forall x € X

i) ¢n(z) < dpya(z) forallz € X andn=1,2,---.

2. Let A denote Lebesgue measure on R, let B denote the o-algebra of
Borel subsets of R, and let f : R — R be continuous and non-negative.

Let p be the measure defined by u(A) = / fd\, A€ B
A

i. Prove that u is o-finite.

ii. Prove that if f is (Lebesgue) integrable then: for each € > 0 there
isad >0 sothatif Ae Band A\(A) <d then pu(A) <e.

iii. Suppose that g : R — R is non-negative and Borel measurable.

Prove that [ gdp = [ gfdA.

iv. Suppose that [ f3d\ < oco. For what number r > 1 does
g€ L.(\) = g€ Li(u)? (explain)
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3. Justify: %E% /o nE_l o e dr = nE_l —



