Name Score
Spring 2008

Math 451 Homework 6
Due Friday, April 25, 2008

1. Use Fourier Series techniques to solve the boundary value problem for the ordinary
differential equation given by

—u" +ad*u=f(z), O<z<m

w0)=0, wulr)=0,

where f(z) is a continuous function on [0,7]. HINT: First find the eigenfunctions of
the associated SLP problem —u” = Au with zero boundary conditions. Next, expand
the solution of your equation in terms of those eigenfunctions. You will also want to
use a series expansion of f(z) using those eigenfunctions. (Do not find the eigenvalues
from scratch! You may quote results in the notes.)

2. Consider the 1D heat equation
Up = Ugg, D<z<1l,t>0

u(0,8) =0, w(1,£) =0, t>0
u(z,0) = g(z), 0<e<],

where

0; fs <@gl

Use the Fourier Method to find the solution. (Do not do this problem from scratch!
You may quote results in the notes.) Then use the first 3 terms of the series expansion
to obtain an approximation us(z,t) to the solution. Generate a time series plot of
snapshots at three times ¢ = 0,0.1, 1.

: 1
9(93)={ 1y Qs aats

3. Use the Laplace Transform to solve the following IVP.

v du
W+E_f(t)’ t>0

u(0) = 0, %(0) =0

You should also assume that f is of exponential order, and you may need to do a
partial fraction decomposition. (thinly veiled hint)



. Verify the identity given below for the Fourier Transform (as it is defined in your text),
and you may assume that v = u(z,t) € S.

[Fus|(&,t) = (—i€)u(€, )
. Use the fact that

e_lx[._z{ 6_23 <0
e® 20

to show that

2
F(e_|x|) = i _l_g‘z.

. Use the Fourier Transform to solve the following ODE.

d*u
—W—I—u:f(m), —o0<r<oo

You should also assume that f € S, and you may quote results from previous problems
on this assignment if you should find the need to do so. (another thinly veiled hint)

. Recall that the Fourier Convolution is given by
f*ngmf@—yM@My
Use the change of variables 2 = z — y to prove that

frxg=gx*f.
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