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Abstract. We develop a theory of smoothly stratified spaces and their moduli, including a notion

of classifying maps for tangential structures. We characterize continuous space-valued sheaves

on these smoothly stratified spaces in terms of tangential data, and we similarly characterize 1-
excisive invariants of stratified spaces. These results are based on the existence of open handlebody

decompositions for stratified spaces, as well as functorial resolutions of singularities to smooth

manifolds with corners.
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1. Introduction

Our present work is a foundational exposition of a theory of stratified spaces founded on a new
feature of conical smoothness. There are already several foundations for stratified spaces, each
deriving from the differing purposes of several renowned inquiries. Our purpose and investment
in the theory of stratifications derives from the following conviction: stratifications form a basis
for locality in topological quantum field theory, where the homotopy type of a moduli space of
stratifications on a manifold forms the source of all local invariants of the manifold. As such, our
theory deviates from the preexisting theories so as to simultaneously accommodate two priorities:
smooth geometry and robust behavior in families.

Stratified spaces received their modern inception at the hands of Whitney, Thom, and Mather
– see [Wh2], [Wh3], [Th], and [Mat1, Mat2] – due to questions of generic behavior of spaces of
solutions of algebraic and analytic equations. Whitney was concerned with the triangulability of
algebraic varieties; he showed that a singular variety admits a decomposition by smooth nonsingular
manifolds [Wh1]. Thom was concerned with dynamics, such as when a smooth map M → N
was differentiably stable – in particular surrounded in the space C∞(M,N) by mappings with
diffeomorphic level sets. One of his questions was when differentiable stability is generic; this was
then solved in a series of papers by Mather – see [Go] for a historical survey.

This geometric theory developed further in the intersection homology and stratified Morse the-
ory of Goresky & MacPherson in [GM1], [GM2], and [GM3]. Their work continues Whitney’s,
as it extends bedrock results such as Poincaré duality and the Lefschetz hyperplane theorem to
singular varieties. Other sources of expansion have been the study of constructible sheaves, of
(micro)supports, and of D-modules on manifolds; see [KaSc] and references therein. A different
development still of the theory was given by Baas and Sullivan, see [Ba], who defined cobordism of
manifolds with singularities; their purpose was to define generalized homology theories whose cycles
were singular manifolds.

In these studies, the focus of these authors is largely on stratified spaces, one at a time – there
is little development of the theory in families, either on maps between stratified spaces, or on
continuous families of stratified spaces themselves. Many reasons exist for this omission. For

2



Whitney, stratifications were a tool to study algebraic varieties, where there already exists an
excellent theory of families. Another reason is that the naive notion of a map of Whitney stratified
spaces (i.e., a stratum preserving map which is smooth on strata separately), quickly leads to
pathologies in families: the total space of a naive bundle of Whitney stratified spaces over a Whitney
stratified base need not itself be Whitney stratified. Examples follow as a consequence of the
work of Hughes-Taylor-Weinberger-Williams [HTWW]: a choice of pseudo-isotopy defines a cone
parametrized by a circle. Unless this pseudo-isotopy is a diffeomorphism, the link of the cone-locus
of the total space lacks a smooth structure. This is akin to having a notion of a smooth fiber bundle
in which the total space need not be a manifold.

There does, however, exist a homotopy-theoretic theory of stratifications, advanced by Sieben-
mann [Si] and Quinn [Qu2], which possesses robust behavior in families. Siebenmann constructed
spaces of stratified maps between his locally-cone stratified sets, and he showed these spaces have
good local and homotopy-theoretic behavior. In particular, he proved local contractibility, which
gives an isotopy extension theorem as well as the existence of classifying spaces for fiber bundles.
Quinn likewise proved an isotopy extension theorem valid in higher dimensions. These results have
no counterpart in the geometric theory after Whitney. However, the homotopy-theoretic stratifi-
cations are insufficient for our more geometric arguments due to basic features as nonexistence of
tubular neighborhoods (see [RS]) and absence of transversality.

Our goal in work is thus a theory of smoothly stratified spaces which is well-behaved in families,
possessing the fine geometric features of Whitney’s theory on objects and the robust features of
Siebenmann’s theory in families, which combine so as to give strong regularity in families. In
particular, we require well-behaved spaces of smooth maps, embeddings, and tangential structures
(such as orientations, spin structures, or framings) on stratified spaces.

We satisfy these requirements by the introduction of conical smoothness of maps. This is intrinsic
and makes no reference to an ambient smooth manifold, as in Whitney’s definition. It implies strong
regularity along closed strata – in particular, the Whitney conditions – so that there exist tubular
neighborhoods along singularity loci. We prove an inverse function theorem, which simultaneously
implies many of the excellent features in the geometric and topological theories: on the geometric
side, it implies the openness of transversality due to Trotman [Tro]; like on the topological side, it
implies an isotopy extension theorem, which here follows by standard arguments from the existence
of tubular neighborhoods in our conically smooth theory.

Moreover, conical smoothness guarantees the natural map

Aut(X)
'−−→ Aut

(
C(X)

)
is an equivalence for each compact stratified space X – that is, the space of conically smooth auto-
morphisms of an open cone is homotopy equivalent to the space of conically smooth automorphisms
of the link around the cone point. (See §4.3.) As a consequence, our theory has the advantage
of avoiding the pathologies emanating from pseudo-isotopies; this allows us to study families of
stratified spaces without encountering the issues illuminated in [HTWW].

Our construction of spaces of conically smooth embeddings between stratified spaces allows for
a definition of a tangent bundle for a stratified space: it is the value of a functor

τ : Snglr −→ PShv(Bsc)

from stratified spaces and open embeddings among them, to presheaves of spaces on basic singularity
types. This specializes to the usual concept in the case of a smooth n-manifold: the structure of
the tangent bundle of a smooth n-manifold M is equivalent structure of the presheaf of spaces
Emb(−,M), defined by smooth embeddings into M , on the singularity type Rn.

The relative version of our main result, Theorem 1.2.5, states that for a stratified space in our
theory, there are the following equivalences:

Shvcbl(X) ' PShv
(
Ent(X)

)
' Shv

(
Snglr/X

)
.
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The first term consists of sheaves on the underlying topological space of X which are constructible
with respect to a given filtration; the second is presheaves on the enriched category Ent(X) of basic
singularity types embedded into X; the third is the enriched overcategory of all stratified spaces
openly embedded into X, where a morphism is an isotopy of embeddings over X. In the latter two
cases, our (pre)sheaves are continuous with respect to the topology we have endowed on embedding
sets. We advance this as one confirmation of our choices in our construction of the enrichment of
stratified spaces; it shows that this topological enrichment comes along for free when one considers
constructible sheaves. It also proves Corollary 1.2.10, that our category Ent(X) of basic singularity
types in X is equivalent to the opposite of the exit-path ∞-category of X defined by Lurie [Lu2],
after MacPherson and Treumann [Tre].

To prove this result, we tailor a significant amount of differential topology for stratified spaces,
so as to make parametrized local-to-global arguments over stratified spaces as one can over usual
smooth manifolds. To give one example, we prove in Theorem 8.3.11 that stratified spaces have
open handlebody decompositions; this is analogous to Smale’s theorem, used in the proof of the
h-cobordism theorem [Sm], that usual smooth manifolds have handlebody decompositions. (A
similar outcome can be managed through the work of Goersky-MacPherson [GM3]) on stratified
Morse theory.) To give another example, we produce as Proposition 7.3.8 a functorial resolution
of singularities procedure, the unzipping construction; this is useful a technique for maneuvering
between stratified spaces and manifolds with corners, where classical differential topology can be
applied. While this resolution of singularities has been examined in other contexts of stratified
spaces (see [ALMP] for an account, after the unpublished work of Richard Melrose), our treatement is
tailored to the homotopy coherent consequences of Part II, as will be overviewed shortly. We conceive
this package of results as a dévissage of stratified structures in the sense of Grothendieck [Gr].
Any number of general results about stratified spaces can be proved by applying these techniques:
induction on depth and resolution of strata, via unzipping, to manifolds with corners.

Remark 1.0.1. In this work, we use Joyal’s quasi-category model of∞-category theory [Jo]. Board-
man & Vogt first introduced these simplicial sets in [BV] as weak Kan complexes, and their and
Joyal’s theory has been developed in great depth by Lurie in [Lu1] and [Lu2], our primary references;
see the first chapter of [Lu1] for an introduction. We use this model, rather than model categories
or simplicial categories, because of the great technical advantages for constructions involving cat-
egories of functors, which are ubiquitous in this work. More specifically, we work inside of the
quasi-category associated to the model category of Joyal. In particular, each map between quasi-
categories is understood to be an iso- and inner-fibration; and (co)limits among quasi-categories are
equivalent to homotopy (co)limits with respect to Joyal’s model structure.

We will also make use of Kan-enriched categories, such as the topological category Snglr of strat-
ified spaces and conically smooth open embeddings among them. By a functor S → C from a
Kan-enriched category such as Snglr to an ∞-category C we will always mean a functor NS → C

from the simplicial nerve.
The reader uncomfortable with this language can substitute the words “topological category”

for “∞-category” wherever they occur in this paper to obtain the correct sense of the results, but
they should then bear in mind the proviso that technical difficulties may then abound in making
the statements literally true. The reader only concerned with algebra in chain complexes, rather
than spectra, can likewise substitute “pre-triangulated differential graded category” for “stable ∞-
category” wherever those words appear, with the same proviso.

We now describe the linear contents of our work in detail. The paper splits in three parts. The
first gives definitions, in which we make precise the notion of a stratified space and structures on it.
The second part characterizes the category of tangential structures as 1-excisive functors. The third
part is devoted to what one might call the differential topology of stratified spaces, in which we
prove that every finitary stratified space is the interior of some compact stratified space (possibly
with boundary), and that many questions about stratified spaces can be reduced to a question
about smooth manifolds with corners, via resolutions of singularity. The following sections review
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the contents of each of these parts in more detail; we recommend the reader read this moderately
thorough summary before delving into the main body.

1.1. Overview of Part I: Stratified spaces and tangential structures

We begin in Section 2 by defining the notion of a topological, or C0, stratified space. A C0 stratified
space is always a paracompact topological space with a specified filtration, but not all filtered spaces
are examples. Just as a topological manifold must look locally like Rn, a C0 stratified space must
look locally like a space of the form

(1.1) Rn × C(X).

Here, X is a compact, lower-dimensional, C0 stratified space, and C(X) is the open cone on X. For
example, if X = ∅, its open cone is a single point, so this local structure is the structure of Rn –
i.e., the local structure of a topological n-manifold. If X is a point, its open cone is a copy of R≥0,
and the local structure is that of a topological manifold with boundary. Since spaces of the form
Rn × C(X) are the basic building blocks of C0 stratified spaces, we call them C0 basics.

In Section 3, we define the notion of a smooth atlas on a C0 stratified space, and define a stratified
space as a C0 stratified space equipped with such an atlas. As one might expect, one recovers the
usual notion of a smooth atlas by considering stratified spaces whose neighborhoods are all of the
form (1.1) for X = ∅. Underlying the notion of an atlas is the notion of a conically smooth embedding
between stratified spaces, which we also define in Section 3.

By the end of Sections 2 and 3, we will have constructed two categories: the category of stratified
spaces, Snglr, and the full subcategory of basic stratified spaces, Bsc. Objects of Bsc are stratified
spaces whose underlying topological space is Rn × C(X), with an atlas induced by an atlas of X.
We call these “basics” because they are the basic building blocks of stratified spaces: Every object
of Snglr looks locally like an object of Bsc. We may also refer to them as singularity types. Finally,
the morphisms in these categories are given by open embeddings compatible with their atlases.

We can enrich these categories over Kan complexes, and we will denote their associated ∞-
categories Bsc and Snglr. These discrete and enriched categories are related by the following diagram:

Bsc

��

� � ι // Snglr

��
Bsc

� � ι // Snglr

where the functor Snglr → Snglr is induced by the inclusion of the underlying set on morphism
spaces, equipped with the discrete topology.

Example 1.1.1. The inclusion ι : Bsc ↪→ Snglr has an analogue in the smooth setting. Let Mfldn
be the∞-category of smooth n-manifolds, whose morphisms are open, smooth embeddings between
them. Let Dn denote the ∞-category with a single object called Rn, whose endomorphisms are the
space of smooth, open embeddings from Rn to itself. There is a pullback diagram

Dn
//

��

Mfldn

��
Bsc

ι // Snglr

where all arrows are fully faithful inclusions of ∞-categories.

Remark 1.1.2. Any Whitney stratified space is an example of a stratified space in the sense of
this paper. See Example 3.5.15.

5



1.1.1. The tangent classifier, and structures on stratified spaces

Equipped with the categories Bsc and Snglr, we can define what it means to put a structure on a
stratified space. Let us first consider the smooth case. In the smooth setting, examples of structures
are given by reducing the structure group of a tangent bundle to some groupG with a homomorphism
to O(n). Importantly, these examples can be expressed in the language of homotopy theory: Let
B = BG, and consider the fibration B → BO(n) induced by the group homomorphism to O(n).
Given a smooth n-manifold X, one has a natural map τX : X → BO(n) classifying the tangent
bundle of X, and one can define a structure on X to be a lift of τX to B:

(1.2) B

��
X τX

//

;;xxxxxxxxx
BO(n).

The space of such lifts is the space of structures one can put on X. To define the notion of a
structure on a stratified space, we generalize both τX and B → BO(n) to the stratified setting.

We begin with τX . Phrased more universally, τX defines a functor τ : Mfldn → Spaces/BO(n)

which sends a smooth manifold X to the classifying map τX . By the Grothendieck construction,
a space living over BO(n) is the same data as a functor from the ∞-groupoid BO(n) to the ∞-
category of spaces. By replacing X → BO(n) with a Kan fibration, one may consider this functor to
be contravariant – i.e., as a presheaf on BO(n). Moreover, one can note that there is an equivalence
of ∞-categories Dn ' BO(n), essentially by taking an embedding to its derivative at the origin.1

Hence, the data of X → BO(n) is the same data as a presheaf on the ∞-category Dn, and this
defines an equivalence of ∞-categories

(1.3) PShv(Dn) ' Spaces/BO(n)

between presheaves on Dn, and spaces living over BO(n). Since the singular version of Dn is precisely
Bsc, this suggests that a generalization of τX is given by associating to every X a presheaf over Bsc.
There is a natural candidate for such a family:

Definition 1.1.3 (Tangent classifier). The tangent classifier is the composite functor

(1.4) τ : Snglr
Yoneda−−−−→ PShv(Snglr)

ι∗−→ PShv(Bsc).

Explicitly, given a stratified space X, τ(X) is the functor which assigns to every basic U the space
of open embeddings U ↪→ X respecting the atlases.

Example 1.1.4. When τ is restricted to Mfldn ⊂ Snglr, we recover from the smooth setting the
functor Mfldn → Spaces/BO(n). To see this, we will construct a pullback square

Mfldn //

��

PShv(Dn)

��
Snglr

τ // PShv(Bsc).

In Corollary 4.4.9, we prove that the composite Mfldn → PShv(Dn) ' Spaces/BO(n) recovers the

usual functor taking a manifold X to the map τX : X → BO(n).

Definition 1.1.5. Recall that there is a version of the Grothendieck construction for ∞-categories
– for every presheaf on C, one can construct an ∞-category E with a right fibration to E → C. (We
review this in Section 4.2). Through this construction, we will identify the presheaf τ(X) with a
right fibration Ent(X)→ Bsc, and denote the right fibration by τX :

(1.5) τX : Ent(X)→ Bsc

1See Theorem 4.3.1 for details.
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We call τX the tangent classifier (of X). We denote the fiber of τX over U ∈ Bsc as EntU (X). We
will also make use of the discrete version of this construction:

(1.6) Entδ(X)→ Bsc

Remark 1.1.6. Note that by definition – see (1.4) – Ent(X) is equivalent to the∞-category Bsc/X ,
and the map Ent(X)→ Bsc is the forgetful map.

Now that we have generalized τX to the stratified setting, it is easy to guess the generalization of
the structure B → BO(n). By the same reasoning as in (1.3), one should replace the space B over
BO(n) by a presheaf on Bsc – that is, by a right fibration to Bsc.

Definition 1.1.7 (Category of basics). An ∞-category of basics is a right fibration B→ Bsc.

Definition 1.1.8 (B-manifolds). Fix an ∞-category of basics B → Bsc. The ∞-category of B-
manifolds is the pullback

Mfld(B) //

��

(RFibBsc)/B

��
Snglr

τ // RFibBsc .

Explicitly, a B-manifold is a pair (X, g) where X is a stratified space and

B

��
Ent(X)

τX
//

g
::vvvvvvvvv
Bsc

is a lift of the tangent classifier. Unless the structure g is notationally topical, we will tend to denote
a B-manifold (X, g) simply by its underlying stratified space, X.

Example 1.1.9. In the stratified setting, the choice of B has a new flavor which is not present
in the smooth setting. Rather than simply putting a structure (like an orientation) on a stratified
space, B can also restrict the kinds of singularities that are allowed to appear.

(1) The inclusion Dn → Bsc is an ∞-category of basics, and Mfld(Dn) is precisely the category
of smooth n-manifolds.

(2) Let B → Bsc be the composite BSO(n) → BO(n) ' Dn → Bsc. The resulting ∞-category
Mfld(B) is that of smooth, oriented, n-manifolds. Morphisms are open embeddings respect-
ing the orientation.

Remark 1.1.10. Example 1.1.9 illustrates that there are two conceptual roles that an ∞-category
of basics plays. The first role is as a declared list of singularity types; this list has the property that
if a manifold is allowed to look locally like U , it is allowed to look locally like any V admitting an
open embedding to U . The second role is as additional structure on each singularity type in this list
(such as an orientation, or a map to a background space). This additional structure pulls back along
inclusions of basics. In Theorem 4.3.1, we will articulate in what sense Bsc is a twisting of a poset
(one basic may openly embed into another, but not vice-versa unless the two are equivalent) with
a collection of ∞-groupoids (the automorphisms of each singularity type). It then follows formally

that any∞-category of basics B→ Bsc factors as a sequence of right fibrations B→ B→ Bsc with
the first essentially surjective, and the second fully faithful.

Remark 1.1.11. Tangential structures play an important role in the theory of factorization ho-
mology by influencing the algebraic structures we consider. For instance, factorization homology
for oriented 1-manifolds requires the input data of a unital associative algebra, while factorization
homology for unoriented 1-manifolds takes as input a unital, associative algebra with an involution.
Generalizing the notion of structures to the stratified setting allows us to impose such algebraic
structures on module actions as well.
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1.2. Overview of Part II: Structures are 1-excisive

While the definitions of Part I were natural, they were not justified by universally meaningful
characterizations. We provide such characterizations in Part II, and we view these characterizations
as some of the main results of our work.

First, consider the smooth case. While we tacitly stated that interesting structures on a smooth
manifold X can be understood as lifts of the map τX : X → BO(n), one can actually characterize
such structures using a different property.

Namely, let F : Mfldop
n → Spaces be a functor of∞-categories – i.e., a Spaces-valued presheaf. By

definition, F respects the topology of embedding spaces. Moreover, if we want to consider structures
that glue together, we should require that F be a sheaf on the usual site of smooth manifolds. Hence,
by a structure, one should mean an object F ∈ Shv(Mfldn). We have the following comparison to
the notion of Spaces/BO(n), as with (1.3).

Theorem 1.2.1. Let Shv(Mfldn) denote the ∞-category of sheaves on Mfldn with values in spaces.
There is an equivalence of ∞-categories

Shv(Mfldn) ' Spaces/BO(n) .

Remark 1.2.2. This result is new is presentation only. The essential idea is an old one, which un-
derlies Smale-Hirsch immersion theory, scanning maps, and the parametrized h-principle in general.

By (1.3), the equivalence in Theorem 1.2.1 may be written as an equivalence

(1.7) Shv(Mfldn) ' PShv(Dn).

In particular, a presheaf on basics induces a sheaf on the site of all smooth n-manifolds. Our
first result of Part II is a natural generalization of this observation. Note that the full inclusion
ι : Bsc ↪→ Snglr defines an adjunction

(1.8) ι∗ : PShv(Snglr)� PShv(Bsc) : ι∗

with the right adjoint given by right Kan extension.

Theorem 1.2.3 (Continuous structures are tangential (absolute case)). The adjunction (1.8) re-
stricts as an equivalence of ∞-categories

Shv(Snglr) ' PShv(Bsc) .

Remark 1.2.4. The above result says that a sheaf on Snglr that is continuous, by which we mean
it is equipped with an extension to Snglr, is given from a fiberwise structure on tangent ‘bundles’,
which is a structure dependent only on the basics.

There is also a relative version of Theorem 1.2.3, for the ∞-category Snglr/X of stratified spaces

living over a fixed stratified spaceX. In the terminology of Goodwillie-Weiss manifold calculus [GW],
one might think of Theorem 1.2.3 as a “context-free” version of the relative case. A beautiful
outcome of the relative case is that, since we are working relative to a stratified space X, one can
ask what homotopical data the stratification on X carries. It turns out that continuous sheaves which
respect the stratification on X (i.e., representations of the exit-path category of X) are precisely
the sheaves on Snglr/X .

To state the relative version of Theorem 1.2.3, fix a stratified space X. Recall that a sheaf F on
X is called constructible if its restriction to every stratum is locally constant. (See Definition 6.0.19

for a precise definition.) We denote by Shvcbl(X) ⊂ Shv(X) the full subcategory of constructible
sheaves on X.

Theorem 1.2.5 (Continuous structures are tangential (relative case)). Fix a stratified space X.
There are natural equivalences of ∞-categories

Shvcbl(X) '
Cbl

PShv
(
Ent(X)

)
'
Rel

Shv(Snglr/X).
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Remark 1.2.6. The equivalence Cbl will identify a constructible sheaf F with the presheaf on
Ent(X) sending an object j : U ↪→ X to F(j(U)). Hence Cbl identifies the locally constant sheaves

inside Shvcbl(X) with those presheaves on Ent(X) which factor through the smallest ∞-groupoid
containing it.

Corollary 1.2.7. Let X be a stratified space. There is a natural equivalence of spaces B(Ent(X)) '
X between the classifying space of the∞-category Ent(X) to the underlying space of X. Furthermore,
X is an ordinary smooth manifold if and only if Ent(X) is an ∞-groupoid.

Remark 1.2.8. Corollary 1.2.7 gives that Ent(X) is not an ∞-groupoid whenever X is not an
ordinary smooth manifold; and furthermore that the map Ent(X)→ Bsc retains more information
than the map of spaces B(τX) : B(Ent(X)) ' X → B(Bsc) from the underlying space of X to the
classifying space of the ∞-category Bsc of singularity types. For instance, the map of spaces B(τX)
does not classify a fiber bundle per se since the ‘fibers’ are not all isomorphic. Even so, the functor
τX does classify a sheaf of locally free R≥0-modules, and this sheaf is S-constructible.

Remark 1.2.9. Let X = (X
S−→ P ) be a stratified space of bounded depth. Consider the simplicial

set SingS(X) for which a p-simplex is a map of stratified topological spaces

(∆p → [p]) −→ (X → P )

where we use the standard stratification ∆p → [p] given by ({0, . . . , p} t−→ [0, 1]) 7→ Max{i | ti 6= 0}.
This simplicial set is defined in §A.6 of [Lu2] where it is shown to be a quasi-category, and it is
referred to as the exit-path ∞-category of the underlying stratified topological space of X. It will be

obvious from the definitions that this underlying stratified space X
S−→ P is conically stratified in the

sense of Definition A.5.5 of [Lu2], and the underlying topological space X is locally compact. And so

Theorem A.9.3 of [Lu2] can be applied, which states an equivalence PShv
(
SingS(X)op

)
' Shvcbl(X).

By inspection, both SingS(X) and Ent(X) are idempotent complete. Through Theorem 1.2.5 we
conclude:

Corollary 1.2.10. Let X = (X
S−→ P ) be a stratified space. There is an equivalence of∞-categories

SingS(X)op ' Ent(X) .

In other words, the domain of the tangent classifier is equivalent to the opposite of the exit-path

category of the stratified space X
S−→ P .

Let C be an∞-category. An object c ∈ C is completely compact if the copresheaf C(c,−) preserves
(small) colimits. The following gives an intrinsic characterization of the exit-path category, as
opposed to a construction of it.

Corollary 1.2.11. Through this equivalence, the essential image of the Yoneda functor Ent(X) ↪→
PShv

(
Ent(X)

)
' Shvcbl(X) is the full subcategory consisting of the completely compact objects.

In §4.5 we will prove the following related result.

Proposition 1.2.12. Let X be a stratified space. Consider the subcategory WX ⊂ Entδ(X) con-
sisting of the same objects but only those morphisms (U ↪→ X) ↪→ (V ↪→ X) for which U and
V are abstractly isomorphic as stratified spaces. Then functor c : Entδ(X) → Ent(X) witnesses an
equivalence of ∞-categories from the localization

Entδ(X)[W−1
X ]

'−−→ Ent(X) .

In particular, Entδ(X)→ Ent(X) is final.

In Definition 3.6.1 we give the definition of a refinement X̃ → X between stratified spaces, which
is an articulation of a finer (smooth) stratification than the given one on X. We will prove the
following result in §4.5.
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Proposition 1.2.13. Let X̃
r−→ X be a refinement between stratified spaces. Then there is a

canonical functor

Ent(X̃) −→ Ent(X)

which is a localization.

Remark 1.2.14. Proposition 1.2.13 can be interpreted nicely through Corollary 1.2.10 as a con-

ceptually obvious statement. Namely, consider a refinement X̃ → X. Consider the collection of

those paths in the exit-path category of X̃ that immediately exit a stratum of X̃ that is not present
in X. The statement is that inverting these paths results in the exit-path category of X.

While Theorem 1.2.3 and Theorem 1.2.5 have been stated for the unstructured case, we also
prove them for the category of B-manifolds for an arbitrary structure B.

Theorem 1.2.15 (Structured versions). Let B be an∞-category of basics. The following statements
are true.

(1) There is an equivalence of ∞-categories

Shv
(
Mfld(B)

)
' PShv(B) .

(2) Let X = (X
S−→ P,A, g) be a B-manifold. There is are canonical equivalences of∞-categories

Shvcbl(X) '
Cbl

PShv
(
Ent(X)

)
'
Rel

Shv
(
Mfld(B)/X

)
.

Remark 1.2.16. Note that Theorem 1.2.1 follows from Theorem 1.2.15 as the case B = Dn.

1.2.1. Excisiveness

The final result of Part II further simplifies matters. A priori, to verify that a presheaf on B-
manifolds is a sheaf amounts to checking the sheaf condition for arbitrary open covers of B-manifolds.
Theorem 1.2.18 below shows that a (continuous) presheaf on B-manifolds can be verified as a sheaf
by only checking the sheaf condition for a much simpler class of open covers: collar-gluings and
sequential unions. Roughly speaking, a collar-gluing of a stratified space X is a decomposition

X = X≥−∞
⋃
R×X0

X≤∞

of X into two stratified spaces, X≥−∞ and X≤∞, whose intersection is identified with a product
stratified space, R × X0. The situation to keep in mind is with X≤∞ and X≥−∞ manifolds with
common boundary X0, and X is obtained by gluing along this common boundary after choosing
collars for the boundary. We view this as the appropriate analogue of composing cobordisms in the
stratified setting. See Definition 8.3.2 for details.

The following terminology is inspired by Goodwillie-Weiss calculus. We replace the ∞-category
Spaces by a general ∞-category C.

Definition 1.2.17 (q-excisive). Let C be an∞-category that admits finite pushouts and sequential
colimits. Let B be an ∞-category of basics. The ∞-category of q-excisive functors is the full
subcategory

Funq-exc

(
Mfld(B),C) ⊂ Fun

(
Mfld(B),C

)
consisting of those functors F that satisfy the following conditions:

• Let X = X≥−∞
⋃
R×∂

X≤∞ be a collar-gluing among B-manifolds. The diagram in C

F (R× ∂) //

��

F (X≤∞)

��
F (X≥−∞) // F (X)

is a pushout.
10



• Let X0 ⊂ X1 ⊂ · · · ⊂ X be a sequence of open subsets of a B-manifold such that
⋃
i≥0

Xi = X.

The diagram in C

F (X0)→ F (X1)→ · · · → F (X)

witnesses F (X) as the sequential colimit.

We use the special notation

Fun1-exc(Mfld(B)op, Spaces) :=
(

Funq-exc

(
Mfld(B), Spacesop)

)op

⊂ PShv(Mfld(B))

for the ∞-category of 1-excisive functors (valued in spaces).

Theorem 1.2.18 (Structures are 1-excisive functors). Let B be an ∞-category of basics. Let C

be an ∞-category that admits finite pushouts and sequential colimits. There is an equivalence of
∞-categories

Fun(B,C) ' Funq-exc

(
Mfld(B),C

)
.

1.3. Overview of Part III: The differential topology of stratified spaces

The last third of the paper is devoted to proving some basic results in what one might call the
differential topology of stratified spaces. The first main result is Theorem 7.3.8, which we state later
for sake of exposition. Roughly, the theorem says that any stratified space has a functorial resolution
of singularities by a manifold with corners. The upshot is that one can reduce many questions about
stratified spaces to the setting of manifolds with corners. As usual, many arguments boil down to
a partition of unity argument, which in turns relies on the paracompactness of stratified spaces.

We then define the notion of a finitary stratified space, which is roughly a stratified space which
can be obtained from a basic open after a finite number of handle attachments. (The idea of being
a finitary space is a well-known condition that also appears in Goodwillie calculus, where analytic
functors are only determined on finitary spaces, unless one assumes that a functor plays well with
filtered colimits.) See Definition 8.3.7 for details.

In the smooth case, one can prove that a finitary smooth manifold is diffeomorphic to the in-
terior of some compact smooth manifold with boundary, and vice versa. After defining a notion
of a stratified space with boundary, we prove the last result of Part III, which we restate later as
Theorem 8.3.11:

Theorem 1.3.1 (Open handlebody decompositions). Let X be a stratified space.

(1) There is a sequence of open subsets X0 ⊂ X1 ⊂ · · · ⊂ X with
⋃
i≥0

Xi = X and each Xi

finitary.
(2) Suppose there is a compact stratified space with boundary X and an isomorphism int(X) ∼= X

from its interior. Then X is finitary.
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Part 1. Stratified spaces, basics, and tangential structures

2. C0 Stratified spaces

2.1. Definition

Given a smooth manifold X, one can forget its smooth atlas to obtain the underlying topological
manifold. When one does the same for a smooth manifold with corners, we lose the data of the
natural stratification on X – namely, the stratification by whether x ∈ X is a point in the interior,
face, or a higher codimension corner. Our viewpoint is that this stratification is a legitimate structure
one can retain, even after forgetting the C∞ atlas – more generally, that there is a notion of a
C0 stratified space, whose singularities are encoded by a stratification. We also demand that all
singularities look locally like a thickened cone – this is a philosophy that goes back at least to
Thom [Th].

Remark 2.1.1. Until Section 4.1, all the categories we consider will be discrete (i.e., Set-enriched)
categories. We write Snglr, Mfld, Bsc for the discrete categories of smoothly stratified spaces,
manifolds, and basics. In Section 4.1, we will enrich these categories over Kan complexes, and we
will denote the corresponding ∞-categories by Snglr, Mfld, and Bsc.

Definition 2.1.2 (Posets as spaces). Let P be a poset. We consider it a topological space by
declaring U ⊂ P to be open if and only if it is closed upwards – this means if a ∈ U , then any
b ≥ a is also in U . Note that a map P → P ′ is continuous if and only if it is a map of posets. This
determines a functor

POSet ↪→ Top

which is fully faithful, and preserves limits.

Definition 2.1.3 (Stratified space). For P a poset, a P -stratified space is a topological space X
together with a continuous map S : X → P , which we call a stratification of X. We will often refer
to X as the underlying topological space. A stratified topological space is a P -stratified space for
some P .

Remark 2.1.4. As far as we know, this definition first appears in Lurie’s Higher Algebra [Lu2],
Appendix A.5.

Notation 2.1.5. When the context will not lead to confusion, we will write a stratified space
(S : X → P ) simply as its underlying topological space X.

Example 2.1.6. Let X≤k be the k-skeleton of a CW complex X. One has a stratification X → Z≥0

by sending X≤k rX≤k−1 to k ∈ Z≥0.

Example 2.1.7. Let (X
S−→ P ) and (X ′

S′−→ P ′) be stratified topological spaces. Then (X ×
X ′

S×S′−−−→ P × P ′) is another stratified topological space. Note that the product poset has the
partial order (p, p′) ≤ (q, q′) ⇐⇒ (p ≤ q)&(p′ ≤ q′).

Example 2.1.8. Let [1] be the poset {0 < 1} and let R≥0 → [1] be the map sending 0 7→ 0 and
t 7→ 1 for t > 0. By taking n-fold products, one obtains a stratified space

R×n≥0 → [1]n

where the stratifying poset is an n-cube. This is a C0 version of an 〈n〉-manifold as studied by
Laures [La] and Jänich [Jä].

Remark 2.1.9. Thom’s notion of a topological stratification [Th] is a special case of ours. Namely,
a filtration by closed subsets ∅ ⊂ X≤0 ⊂ . . . ⊂ X≤n = X defines a map X → Z≥0, and the ith
stratum is given by X≤i−X≤i−1. For further reading on the history of stratifications, we also refer
the reader to Section 1.0 of Goresky and MacPherson [GM1].
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Definition 2.1.10 (Stratified map). Let (X → P ) and (X ′ → P ′) be two stratified spaces. A
continuous stratified map f : (X → P ) → (X ′ → P ′) is a commutative diagram of topological
spaces

(2.1) X //

��

X ′

��
P // P ′.

Note there is an obvious notion of composition, given by composing the horizontal arrows.

Definition 2.1.11 (Open embeddings of stratified spaces). We say a continuous stratified map is
a (stratified) open embedding if both horizontal maps in (2.1) are open embeddings of topological
spaces. We denote by

StTopopen

the category whose objects are stratified spaces with an underlying space which is second countable
and Hausdorff. A morphism in this category is a stratified open embedding.

Example 2.1.12. Let ∆2 → [2] = {0 < 1 < 2} be the stratification sending the interior of a k-cell
to the number k. Fix some continuous map f : [2] → [1]. This defines another stratified space
(∆2 → [1]) by post-composing with f . The induced morphism

∆2 id //

��

∆2

��
[2]

f // [1]

is a continuous map between the stratified spaces (∆2 → [2]) and (∆2 → [1]), but is not an open
embedding of stratified spaces, since the bottom arrow is not an open embedding.

Remark 2.1.13. Note there is a natural notion of an open cover: A collection of morphisms
{(Ui → Pi)→ (X → P )}i∈I is an open cover whenever both {Ui → X}i∈I and {Pi → P}i∈I are.

The following construction plays a central role, as the singularities we consider all look like a
cone over another stratified space (possibly thickened by a copy of Ri).

Definition 2.1.14 (Cones). Let (X → P ) be a stratified topological space. We define its cone
C(X → P ) =

(
C(X)→ C(P )

)
as follows. The underlying space is the pushout topological space

C(X) := ∗
∐
{0}×X

R≥0 ×X.

The poset C(P ) is given by formally adjoining a minimal element ∗. It can likewise be written as a
pushout in posets

C(P ) := ∗
∐
{0}×P

[1]× P.

The stratification R≥0 → [1], given by 0 7→ 0 and 0 < t 7→ 1, induces a stratification C(X)→ C(P )
as the map between pushouts. (In particular, this map sends ∗ 7→ ∗.)

Now we define the category of C0 stratified spaces and give examples.

Definition 2.1.15 (C0 stratified spaces). Consider the full subcategories T ⊂ StTopopen satisfying
the following five properties:

(1) T contains the object (∅ → ∅).
(2) If (X → P ) is in T and both X and P are compact, then C(X → P ) is in T.
(3) If (X → P ) is in T, then the stratified space (X ×R→ P ), with stratification given by the

composition X × R→ X → P , is in T.
13



(4) If (U → PU ) → (X → P ) is an open embedding of stratified spaces, and if (X → P ) is in
T, then (U → PU ) is.

(5) If (X → P ) is a stratified space admitting an open cover by objects in T, then (X → P ) is
in T.

Let
⋂

T T ⊂ StTopopen be the smallest full subcategory satisfying the above properties (1)-(5). We
define

SnglrC
0

⊂
⋂
T

T ⊂ StTopopen

to be the full subcategory consisting of those objects whose underlying space X is paracompact.
We refer to objects of this category as C0 stratified spaces.

Example 2.1.16. The combination of (1) and (2) guarantees that the point, ∗ = C(∅ → ∅), is in T.
Further, (3) ensures that Rn with trivial stratification, (Rn → ∗), is in T, and any open subset of Rn
is in T by (4). As a result, (5) ensures that any topological manifold is in T. Since this is true for all

T, the category SnglrC
0

contains – as a full subcategory – the category of topological manifolds and
open embeddings among them. These are precisely those C0 stratified spaces (X → P ) for which
P has a single element.

Example 2.1.17. Regard a compact C0 manifold X as a C0 stratified space (X → ∗). Then the
cone C(X → ∗) is a C0 stratified space admitting an open embedding from the stratified space
(R>0 ×X → ∗).

Remark 2.1.18. The stratification map X → P is always a surjection for (X → P ) ∈ SnglrC
0

.
This is seen easily by verifying that the category Tsurj ⊂ StTopopen spanned by objects for which the
stratification is a surjection satisfies properties (1)-(5).

2.2. Basics for C0 stratified spaces

Just as Rn controls the local behavior of a C0 manifold, there are distinguished C0 stratified spaces
that control local behavior; that is, which characterize the possible singularities of an object in

SnglrC
0

. Lemma 2.2.2 formalizes this intuition.

Definition 2.2.1 (C0 basics). A C0 basic is a C0 stratified space of the form Ri × C(Z) where
i ≥ 0, Ri = (Ri → ∗) is given the trivial stratification, and Z is a compact C0 stratified space.

Note that if Z is an object of SnglrC
0

, then (2) and (3) guarantee that Ri×C(Z) is as well. When
the parameters i and Z are not relevant, we will typically denote C0 basics with letters such as U ,
V , and W .

Lemma 2.2.2 (Basics form a basis). Let X be a stratified second countable Hausdorff topological
space. Consider the collection of open embeddings

{U ↪→ X}

where U ranges among C0 basics. Then this collection forms a basis for the topology of X if and
only if X is a C0 stratified space.

Proof. If the collection forms a basis, then it is in particular an open cover, and it follows that X is
a C0 stratified space by Property (5).

Now consider the collection T of such X for which {U ↪→ X} forms a basis for its topology. We
must show T has properties (1)-(5).

(1) Certainly ∅ ∈ T.
(3) Let X ∈ T. Then the collection of product open embeddings R×U ↪→ R×X forms a basis

for the topology of R×X. It follows that R×X ∈ T.
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(2) Let X ∈ T and suppose it is compact. The collection of open embeddings R0×C(X)→ C(X)
which are the identity of the X-coordinate, form a local base for the topology of the cone
point ∗. Because C(X) \ ∗ = (0, 1)×X, the point just above implies C(X) ∈ T.

(4) Let Y ↪→ X be an open embedding and suppose Y ∈ T. From the definition of a basis for
a topology, we see Y ∈ T.

(5) Let U be an open cover of X and suppose U ⊂ T. From the definition of a basis for a
topology, we see X ∈ T.

�

Remark 2.2.3. A C0 stratified space (X → P ) is necessarily conically stratified in the sense of
Definition A.5.5 of [Lu2].

2.3. Strata

We prove that the strata of C0 stratified spaces are also C0 stratified spaces.

Definition 2.3.1 (Consecutive maps and X|Q). An injection j : Q ↪→ P of posets is consecutive if:

• j is full, i.e., the inequality x ≤ y holds in Q if and only if the inequality j(x) ≤ j(y) holds
in P .

• If p and p′′ are in the image of j, then the set {p′ ∈ P | p ≤ p′ ≤ p′′} is also contained in the
image of j.

We denote by X|Q = (X|Q → Q) the pullback of X along Q→ P .

Remark 2.3.2. Note that being consecutive is a property stable under pullbacks.

Lemma 2.3.3. If Q ↪→ P is consecutive, the pullback X|Q is a C0 stratified space. Further, the
map X|Q ↪→ X is the inclusion of a sub-stratified space: X|Q → X is a homeomorphism onto its
image.

Remark 2.3.4. If Q ↪→ P is not consecutive, one can show that X|Q need not even be a C0

stratified space. See Example 3.5.9.

Proof of Lemma 2.3.3. Let T be the collection of C0 stratified spaces for which the first statement
is true.

(1) Certainly ∅ ∈ T.
(3) Let (X → P ) ∈ T. Let Q ↪→ P be as in the hypothesis. Then (R ×X)|Q = R ×X|Q. So

(R×X → P ) ∈ T.
(4) Fix (X → P ) ∈ T. Let (U → P ′) ↪→ (X → P ) be an open embedding and Q ↪→ P ′ be as in

the hypothesis. Then U|Q = X|Q, and so (U|Q → Q) ∈ T.
(5) Let U be an open cover of (X → P ) with U ⊂ T. Let Q ↪→ P be as in the hypothesis.

Then the collection {U|Q → P ′ ∩Q | (U → P ′) ∈ U} is an open cover of (X|Q → Q); and so
(X → P ) ∈ T.

(2) Let (X → P ) ∈ T with X compact. Let Q ↪→ C(P ) be as in the hypothesis. Identify the
underlying set of Q with its image in C(P ). Denote by Q∗ ⊂ Q the smallest open set in Q
such that ∗ ∈ Q∗. There is the open cover

Q = Q \ ∗
⋃
Q∗\∗

Q∗

which gives the open cover C(X)|Q = C(X)|Q\∗
⋃

C(X)|Q∗\∗
C(X)|Q∗ . It is thus enough to

show that each term in this cover is a C0 stratified space. The first term is equal to
(R>0 ×X)|Q\∗, which is a stratified space by (3). Likewise for the middle term. The last
term is isomorphic to C(X|Q∗\∗) – since X|Q∗\∗ is compact, it remains to see that it is also

a C0 singular. This follows because X ∈ T and the inclusion (Q∗ \ ∗) ↪→ P is consecutive.
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The second statement follows from the definition of stratified topological spaces – since Q ↪→ P is
consecutive, X|Q inherits the subspace topology from X. �

As an example, for any element p ∈ P and (X → P ) a C0 stratified space; let Xp and X≤p denote
the obvious stratified spaces, and denote by X≮p the stratified subspace of points of X whose image
in P is not less than p.

Corollary 2.3.5. For any p ∈ P , the stratified spaces

X≤p and Xp and X≮p

are C0 stratified spaces; the middle stratified space Xp is, in particular, an ordinary C0 manifold.

2.4. Dimension and depth

Now we define fundamental local invariants of a C0 stratified space. Recall the notion of Lebesgue
covering dimension. For example, the Lebesgue covering dimension of an n-dimensional manifold
is n provided n ≥ −1.

Definition 2.4.1 (Dimension). Let X = (X → P ) be a non-empty C0 stratified space. The local
dimension of X at x ∈ X, denoted as dimx(X), is the covering dimension of X at x. We define the
dimension of X to be

dim(X) = sup
x∈X

dimx(X).

Finally, if the local dimension of X is constantly n, we say X has pure dimension n. We adopt the
convention that the dimension of ∅ is −1.

Remark 2.4.2. One can equally consider inductive dimension rather than covering dimension. The
two dimensions do not differ on the classes of spaces we consider, except for the empty manifold
(depending on conventions).

Remark 2.4.3. Local dimension is not locally constant. For example, let Z = pt
∐
S1 be the C0

manifold given by the disjoint union of a point with a circle. Then the C0 stratified space C(Z) is
connected, but has local dimension 1 near pt, and 2 near S1.

Definition 2.4.4 (Depth). Let X = (X
S−→ P ) be a non-empty C0 stratified space. The local depth

of X at x is

depthx(X) := dimx(X)− dimx(XSx),

i.e., the difference between the local dimension of at x, and the local dimension at x of the stratum
of X in which x belongs. We define the depth of X, denoted as depth(X), to be the supremum over
the local depths of X. We adopt the convention that the depth of ∅ is −1.

Example 2.4.5 (Cones and depth). Let Z be an ordinary n-dimensional C0 manifold which is
compact. As before, we regard it as a C0 stratified space by the constant stratification Z → [0].
Then the cone point ∗ ∈ C(Z) is a point of depth (n+ 1), and all other points are points of depth 0.

Example 2.4.6 (Products and depth). If X is a C0 stratified space of depth k and dimension n,
then RN ×X is a C0 stratified space of depth k and dimension N + n. More specifically, any point
(~v, x) ∈ RN ×X has depth depthx(X) and dimension N + dimx(X).

Example 2.4.7. Let U = Ri × C(Z) be a C0 basic. Combining the previous two examples,
depth(U) = dim(Z) + 1. This observation will be used repeatedly later on, when we define smooth
structures inductively.

Remark 2.4.8. From the definitions, we see that if X ↪→ Y is an open embedding between C0

stratified spaces, then

dim(X) ≤ dim(Y ) and depth(X) ≤ depth(Y ) .
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Following this observation, consider the poset

P ⊂ (Z)op × (Z)op

whose elements are pairs (k, n) with −1 ≤ k ≤ n integers. Note that the partial order means
(k, n) ≤ (k′, n′) if and only if k ≥ k′ and n ≥ n′.

Remark 2.4.9. For any i ∈ Z, the translation map

(k, n) 7→

{
(k,−1) , n+ i ≤ −1

(k, n+ i) , otherwise

is a continuous and open map.

Lemma 2.4.10. Let (X → P ) be a C0 stratified space. Assigning to each element x ∈ X its local
depth kx and its local dimension nx defines a continuous map X → P. Furthermore, this map
factors uniquely through a map of posets P → P.

Remark 2.4.11. Given an open embedding (X → P )→ (X ′ → P ′), the composition X → X ′ → P
is equal to the map X → P because local depth and local dimension are local invariants. As a
consequence, an open embedding of C0 stratified spaces always induces a commutative triangle

P //

��??????? P ′

��~~~~~~~~

P

fitting below the diagram (2.1). That is, any diagram in SnglrC
0

takes place over the poset P.

Remark 2.4.12. While the map X → P is a useful organizing tool, the map P → P is not
typically an injection (for instance, when X can contain different singularity types of equal depth
and dimension).

Proof of Lemma 2.4.10. First, note that any factoring map P → P is uniquely determined because
the stratification X → P is a surjection by Remark 2.1.18.

Now consider the full subcategory T ⊂ SnglrC
0

of those C0 stratified spaces X for which the
lemma is true. It is routine to verify that T possesses the five properties (1)-(5):

(1) The empty manifold (∅ → ∅) has a unique map to P.
(2) Let (X → P ) be a C0 stratified space. Example 2.4.6 shows that the points (t, x) ∈

C(X) r {∗} are sent to (depthx(X), dimx(X) + 1). Using that a : P → C(P ) is an injection,

we obtain an induced map C(P ) r {∗} a−1

−−→ P → P +(0,1)−−−−→ P. We extend this composition
to a map C(P ) → P via Example 2.4.5, which shows that the cone point ∗ ∈ C(X) is sent
to (depth(X) + 1, dim(X) + 1). The map C(P )→ P is obviously a map of posets, and hence
continuous. Thus the composition X → P → P is continuous.

(3) Example 2.4.6 shows that the map Ri ×X → P factors as a sequence of maps

Ri ×X // X // P
+(0,i) // P

where the last map is translation by i in the dimension component. Since this last map is
continuous, the composition is.

(4) Given any open embedding (U → PU ) → (X → P ), we set U → P to be the composition
U → X → P → P. This agrees with the definition x 7→ (depthx U, dimxU) because local
depth and local dimension are preserved under open embeddings. Since U → PU is a
surjection and U → X → P is the same map as U → PU → P , the composition PU → P → P
is a factorization.
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(5) Let {ji : (Ui → Pi) → (X → P )} be an open cover, and h : X → P the depth-dimension
map. Any open set Q ⊂ P has a pre-image given by

h−1(Q) =
⋃
i

Ui ∩ j−1
i (h−1(Q)).

This is a union of open sets. The map h factors through P because it does so for each
(Ui → Pi).

�

Definition 2.4.13 (SnglrC
0

≤k,≤n). Let −1 ≤ k ≤ n be integers. We define the full subcategory

SnglrC
0

k,n ⊂ SnglrC
0

to consist of the C0 stratified spaces of depth exactly k and of pure dimension exactly n. Similarly,
we denote by

SnglrC
0

≤k,n ⊂ SnglrC
0

≤k,≤n ⊃ SnglrC
0

k,≤n ,

the obvious full subcategories. For instance, the last consists of those C0 stratified spaces that need
not have pure dimension, with dimension at most n and depth exactly k. Finally,we let

SnglrC
0

≤k,≤∞

be the full subcategory of stratified spaces with depth at most k. We will utilize this category
repeatedly in Section 3.

Corollary 2.4.14. Let −1 ≤ k ≤ k′ and −1 ≤ n ≤ n′ be integers. The full inclusion

SnglrC
0

≤k,≤n ↪→ SnglrC
0

≤k′,≤n′

has a right adjoint implementing a localization.

Proof. That the inclusion is full is obvious, as both categories are defined as full subcategories

of SnglrC
0

. We define the right adjoint R by the assignment (X → P ) 7→ (X≤k,≤n → P≤k,≤n).
Specifically, we have a pullback of posets

(2.2) P≤k,≤n //

��

P

��
{(k′′, n′′)}k′′≤k,n′′≤n // P

where the right vertical map is given by Lemma 2.4.10. The map P≤k,≤n → P is a consecutive
injection, so let

(X≤k,≤n → P≤k,≤n) := X|P≤k,≤n .

Lemma 2.3.3 says this is a C0 stratified space.
Since any open embedding of C0 stratified spaces respects the maps to P by Remark 2.4.11, we

send any open embedding f : (X → P ) → (X ′ → P ′) to its restriction f |X≤k,≤n . By the universal
property of pullbacks (2.2) (or by checking), this assignment respects compositions.

There is an open embedding (X≤k,≤n → P≤k,≤n) ↪→ (X → P ) implementing a functor ε : R→ 1,
which is easily seen to satisfy the universal property of a counit. �

We now collect some results about how Properties (1)-(5) interact with depth and dimension.
We leave the proofs as an exercise to the reader, as most of them follow from previous examples.

Proposition 2.4.15. The collection of subcategories of SnglrC
0

introduced in Definition 2.4.13 has
the following properties:

(1) ∅ ∈ SnglrC
0

≤k,≤n for every k ≥ −1, n ≥ −1.

(2) Let X ∈ SnglrC
0

≤k,n be compact. Then C(X) ∈ SnglrC
0

n+1,n+1 .

(3) Let X ∈ SnglrC
0

k,n be non-empty. Then R×X ∈ SnglrC
0

k,n+1 .
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(4) Let X ∈ SnglrC
0

≤k,≤n and let U ↪→ X be an open embedding. Then U ∈ SnglrC
0

≤k,≤n .

(5) Let U be an open cover of X with U ⊂ ob SnglrC
0

≤k,≤n. Then X ∈ SnglrC
0

≤k,≤n .

Among these properties, (2) is the only one that increases depth, and it does so strictly.

3. Stratified spaces

In this portion of the paper we transition from C0 stratified spaces to stratified spaces – these are
C0 stratified spaces with a choice of an atlas with appropriate regularity among transition maps,
just as smooth manifolds are C0 manifolds with smooth atlases. This regularity is what we call
conical smoothness.

After defining stratified spaces by induction, we prove some basic properties of the category
of stratified spaces. Just as the category of smooth manifolds (and smooth embeddings) admits
an enrichment over Kan complexes, we prove that the category of stratified spaces (and conically
smooth embeddings) admits a Kan enrichment. We prove the category admits products, and that
the set of atlases forms a sheaf on the site of C0 stratified spaces. We then conclude the section with
examples of stratified spaces, with a categorical framework for examining stratified spaces with a
specified singularity type, and by introducing the appropriate analogue of composing cobordisms in
the stratified setting.

3.1. Differentiability along Ri

We begin by introducing the stratified version of a derivative. Let Z be a compact stratified
topological space, and consider the stratified space U = Ri × C(Z). We denote its points by
(u, [s, z]), where (u, s, z) ∈ Ri × R≥0 × Z – if Z = ∅ it is understood that [s, z] = ∗. Consider the
identification

(3.1) TRi × C(Z) ∼= Ri~v × Ri × C(Z) = Ri~v × U = {(~v, u, [s, z])}.
We have a homeomorphism

γ : R>0 × TRi × C(Z)→ R>0 × TRi × C(Z)

given by the equation

(t, ~v, u, [s, z]) 7→ (t, t~v + u, u, [ts, z]).

One can consider γ as a map (t, u) 7→
(
γt,u : Ri~v × C(Z)→ Ri~v × C(Z)

)
, and one has the identities

γt2,u2
◦ γt1,u1

= γt2t1,u2+t2u1
(γt,u)−1 = γ 1

t ,−
u
t
.

Remark 3.1.1. The map γ embodies the concept of scaling and translating – we see it as capturing
what remains of a vector space structure on a basic.

Definition 3.1.2 (f∆). Let Z = (Z → P ) and Z ′ = (Z ′ → P ′) be compact stratified topological

spaces. Let f : U = Ri×C(Z)→ Ri′×C(Z ′) be a continuous stratified map for which C(P )→ C(P ′)

sends the cone point to the cone point. We denote by f|Ri : Ri × {∗} → Ri′ × {∗} the restriction to
the cone-point stratum. Consider the map

Ri~v × U
f|Ri×f // Ri′~v′ × U ′.

Using the identification (3.1), we define f∆ to be the map

f∆ : R>0 × TRi × C(Z)
idR>0

×f|Ri×f // R>0 × TRi
′ × C(Z ′).

Example 3.1.3. If Z = Z ′ = ∅, then f is simply a function from Ri to Ri′ , and

(3.2) (γ−1 ◦ f∆ ◦ γ)(t, ~v, u) =

(
t,
f(t~v + u)− f(u)

t
, f(u)

)
.
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Note that the middle term is simply the usual difference quotient. Then f is C1 if the limit as t→ 0
exists everywhere – i.e., if there is a continuous extension

R≥0 × TRi
D̃f //______ R≥0 × TRi

′

R>0 × TRi

OO

γ−1◦f∆◦γ // R>0 × TRi
′
.

OO

For example, when i = i′ = 1, the existence of D̃f implies the existence of a right derivative
limt→0+

1
t (f(t+ u)− f(u)) at every u ∈ R. Moreover, this right derivative is a continuous function

of u since D̃f is. This ensures that f is differentiable, and continuously so.
In higher dimensions, the condition that limt→0+

1
t (f(t~v+u)−f(u)) exists for all u and ~v likewise

implies that all partial derivatives exist. Moreover, these partials must depend continuously on u

and ~v since D̃f is continuous; hence f must be differentiable. As a consequence, one can conclude

that the restriction of D̃f to t = 0 defines fiberwise linear maps Ri~v × {u} → Ri′~v′ × {f(u)}.

Definition 3.1.4 (Conically smooth along). Let Z = (Z → P ) and Z ′ = (Z ′ → P ′) be compact

stratified topological spaces. Let f : Ri × C(Z) → Ri′ × C(Z ′) be a continuous stratified map. We
say f is C1 along Ri if C(P ) → C(P ′) sends the cone point to the cone point, and if there is a
continuous extension

R≥0 × TRi × C(Z)
D̃f //______ R≥0 × TRi

′ × C(Z ′)

R>0 × TRi × C(Z)

OO

γ−1◦f∆◦γ // R>0 × TRi
′ × C(Z ′).

OO

If the extension exists, it is unique by continuity. We denote the restriction of D̃f to t = 0 by

(3.3) Df : TRi × C(Z)→ TRi
′
× C(Z ′).

Finally, we let Duf denote the composite Ri~v×{u}×C(Z)→ Ri′~v′×{f(u, ∗)}×C(Z ′)→ Ri′~v′×C(Z ′)
where last map is projection. For instance, on ~v := (~v, ∗) ∈ Ri~v × C(Z),

Duf(~v) := lim
t→0

γ 1
t ,

1
t f(u) ◦ f ◦ γt,−u(~v) ∈ Ri

′

~v′ × C(Z)

for any u ∈ Ri. For r > 1, we declare that f is Cr along Ri if it is C1 along Ri and if Df :
Ri×Ri×C(Z)→ Ri′ ×Ri′ ×C(Z ′) is Cr−1 along Ri×Ri. We say that f is conically smooth along
Ri if it is Cr along Ri for every r ≥ 1.

Remark 3.1.5. The notion of conical smoothness along Ri is less restrictive than the notion of
conical smoothness, which we will define in Definition 3.3.1. In fact, being conically smooth along
Ri imposes little regularity on the behavior of f away from Ri × {∗}. As an example, if i = 0 and
Z = ∗, the condition that f : R≥0 = C(Z) → C(Z) be C1 along Ri is the condition that f have
a right derivative at the cone point ∗ = 0 ∈ R≥0. And in this case, being C1 along the cone point
implies that f is conically smooth along the cone point, as Df : C(Z) → C(Z) is just a linear
function with slope given by the right derivative of f at 0. In Definition 3.3.1, we will require that
f also be smooth away from the cone point.

Remark 3.1.6. Notice that the map Df fits into a commutative diagram of stratified spaces

Ri~v × U
Df //

��

Ri′~v′ × U ′

��
Ri~v

f|Ri // Ri′~v′ .
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By Example 3.1.3, the restriction of Df to TRi × {∗} factors through TRi′ as the map of ordinary

tangent bundles induced by the ordinary (smooth) map f|Ri : Ri → Ri′ .

Example 3.1.7. The identity map is conically smooth along Ri, and D̃(id) is the identity map on
R≥0 × TRi × C(Z). More generally, let h : [0,∞) × Z → Z ′ be continuous and assume f lifts to a

map of the form f̃(u, s, z) = (g(u), s, hs(z)) ∈ Ri′ × R≥0 × Z ′ for s ≥ 0. Then D̃f |t=0 is given by

(1, ~v, u, [s, z]) 7→ (1, Dgu(~v), g(u), [s, h0(z)]).

Example 3.1.8. Let Z be a point and f : C(Z)→ C(Z) be given by f(s) = sk. Then (i) if k < 1,

D̃f does not exist, (ii) if k = 1, then D̃f is the identity map as in the previous example, and (iii) if

k > 1, D̃f |t=0 is the constant map to the cone point.

Example 3.1.9. While there is a polar coordinates identification of underlying topological spaces
C(Sn−1) ∼= Rn, conical smoothness at the cone point ∗ is weaker than smoothness at the origin
of Rn. Indeed, for f : Sn−1 ∼= Sn−1 an arbitrary homeomorphism, the map of stratified spaces
C(f) : C(Sn−1)→ C(Sn−1) is conically smooth at the cone point ∗.

Lemma 3.1.10 (Chain rule). Let U
f−→ V

g−→ W be maps of stratified spaces between C0 basics of
equal depths. Suppose both f and g are conically smooth along their respective Euclidean coordinates.
Then gf : U →W is conically smooth along its Euclidean coordinates, and Dg ◦Df = D(gf).

Proof. The proof directly follows that of the chain rule of multivariable calculus. �

Lemma 3.1.11 (Inverse function theorem (weak version)). Let f : U → U ′ be a conically smooth
map between C0 basics of equal depth; assume f is injective and open. Suppose Df : Ri~v × U →
Ri′~v′ ×U ′ is also an open embedding. Then there is an open embedding i : U ′ ↪→ U ′ which is conically

smooth along Ri′ , whose image lies in the image of f , such that the composite map

U ′
i−→ U ′

f−1

−−→ U

is conically smooth along Ri′ .

Proof. The map f−1 : U ′ 99K U is an open embedding, where it is defined. Conically smooth self-
embeddings U ′ ↪→ U ′ form a base for the topology about Ri′ – i.e., any other neighborhood of
Ri′ ×{∗} contains the image of a smooth self-embedding. So we must show f−1 is conically smooth

along Ri′ , where it is defined. The proof of this directly follows that of the inverse function theorem
of multivariable calculus. �

Corollary 3.1.12. Let f : U → V be an open embedding between C0 basics which is conically smooth
along the Euclidean coordinates of U . Suppose Df : Ri~v × U → Rj~v × V is also an open embedding.

Then Dkf : (Ri~v)×k × U → (Rj~v)
×k × V is an open embedding for all k ≥ 0.

3.2. The definition of stratified spaces

Based on the concept of conical smoothness along Ri of the previous section, we give a definition of
stratified spaces as C0 stratified spaces equipped with a maximal conically smooth atlas. The ad-
vantages of stratified spaces over C0 stratified spaces are the familiar ones from ordinary differential
topology; namely, consequences of transversality.

Before we give the definitions, we outline the construction for the benefit of the reader. The two
main players are a sheaf Sm of atlases, and a category Bsc of basic singularity types.

(1) It is convenient to define an equivalence relation on the set of possible atlases. This allows
us to define a presheaf

Sm : (SnglrC
0

)op → Set

where an element A ∈ Sm(X) will be a choice of such an equivalence class. As will be obvi-
ous, an equivalence class A will always have a preferred representative given by a maximal
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atlas. We will hence often refer to an element A as a maximal atlas for X. We will prove in
Lemma 3.4.1 that this presheaf Sm is in fact a sheaf.

(2) We introduce the notion of basic stratified spaces. While smooth manifolds admit covers
by manifolds that are all diffeomorphic to Rn, stratified spaces do not. Even so, stratified
spaces are locally standard – every point has a small neighborhood dictating the singularity
type of the point, and every singularity type is an object of the category Bsc. We call these
building blocks basics. At the end of the day, one should think of Bsc as a full subcategory
of Snglr, the category of all stratified spaces. We will prove it is, after all definitions are
complete, in Proposition 3.4.2.

(3) As we saw in Proposition 2.4.15 and Remark 2.4.8, the notions of depth and dimension give
us convenient parameters for inductive definitions. Following this intuition, we define Sm
and Bsc inductively by depth. When we write Bsc≤k,≤n, we mean the category consisting
of basics with depth ≤ k and dimension ≤ n. In the induction, we will define Bsc≤k+1,≤∞

by assuming we have defined Bsc≤k,≤∞ and the presheaf Sm on SnglrC
0

≤k,≤∞. Then we will
declare

Bsc =
⋃
k≥−1

Bsc≤k,≤∞.

(4) To implement the induction, it will be convenient to introduce a functor

(3.4) R×− : Bsc≤k,≤∞ → Bsc≤k,≤∞

that takes a basic U to the basic R×U . Note that we have also constructed an endofunctor

(R×−) defined on SnglrC
0

, which we do not distinguish in notation from the functor defined
on Bsc. The functor on Bsc≤k,<∞ will induce a natural transformation

(3.5) Sm(−)→ Sm(R×−)

for C0 stratified spaces of depth ≤ k. The philosophy is that an atlas on X determines an
atlas on R×X.

Definition 3.2.1 (The inductive hypothesis). When we assume the inductive hypothesis for k ∈
Z≥−1, we assume three things have been defined: (i) The category Bsc≤k,≤∞, (ii) the presheaf Sm

on the full subcategory (SnglrC
0

≤k,≤∞)op ⊂ (SnglrC
0

)op, and (iii) the functor (3.4) along with the
natural transformation (3.5).

Definition 3.2.2 (Base case: the empty manifold). Let ∅ ∈ SnglrC
0

≤−1,≤∞ be the empty C0 stratified
space. We declare the empty manifold to have a unique conically smooth atlas:

Sm(∅) = {∗}

and that there are no basics of negative depth. I.e.,

Bsc≤−1,≤∞ = ∅

is the empty category.

Remark 3.2.3. The inductive hypothesis is satisfied for k = −1, as the functor (3.4) and the
natural transformation (3.5) are uniquely determined.

Definition 3.2.4 (Basics). Assume the inductive hypothesis for k. An object of Bsc≤k+1,≤∞ is a
pair

(U,AZ)

consisting of a C0 basic U = Ri × C(Z) of depth at most k + 1, together with a maximal atlas
AZ ∈ Sm(Z).

Let U = (Ri×C(Z),AZ) and V =
(
Rj ×C(Y ),AY

)
be two objects of Bsc≤k+1,≤∞. A morphism

from U to V is the datum of an open embedding f : U ↪→ V of underlying stratified topological
spaces which satisfies the following properties.
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(1) If, on the level of posets, f sends the cone point to the cone point, then we require the
following properties.
• f is conically smooth along Ri.
• The map Df : Ri~v × U → Rj~v × V is injective.
• There is an equality

(3.6) A|f−1(V \Rj) = (f|f−1(V \Rj))
∗A|V \Rj .

(2) If, on the level of posets, f does not send the cone point to the cone point, then f factors as

open embeddings of stratified topological spaces f : U
f0−−→ Rj ×R>0×Y ↪→ V . We require

that {(U, f0)} is is a member of an atlas which represents ARj×R>0×Y

We call such a morphism f a conically smooth open embedding.

Remark 3.2.5. Note that to make sense of equation (3.6), we have utilized the natural transfor-
mation (3.5): The maximal atlas on V rRj = Rj×Y , for instance, is induced by the maximal atlas
on Y . We postpone the definition of this natural transformation until Definition 3.2.17, after we
have defined the notion of an atlas.

Example 3.2.6. Pick an f that sends the cone point to the cone point at the level of posets. By
Remark 3.1.6, Df restricts to a map of tangent bundles TRi × {∗} → TRj × {∗}. The injectivity
condition in (1) ensures that the restriction to the zero section f|Ri : Ri ↪→ Rj must be an embedding.
In Lemma 4.3.7, we will in fact see that if f is a conically smooth embedding sending the cone point
to the cone point at the level of posets, U and V must be isomorphic stratified spaces.

Definition 3.2.7. We will refer to an object of Bsc≤k+1,≤∞ as a basic (of depth at most k + 1).
We will often denote an object (U,AZ) of Bsc≤k+1,≤∞ by its underlying stratified topological space
U , with the element AZ understood.

Example 3.2.8. Note that (3.6) is satisfied for k = −1 automatically, as V \ Rj = ∅, and Sm(∅)
has a unique element. Hence the category Bsc≤0,≤∞ is equivalent to the category whose objects are
Ri for i ∈ Z≥0, and whose morphisms are smooth open embeddings with respect to the standard

smooth structures. In particular, there are no morphisms between Ri and Ri′ for i 6= i′.

Lemma 3.2.9 (Basics form a basis for basics). Let U = Ri ×C(Z) be a basic of depth k+ 1. Then
the collection of open subsets

{φ(V ) |V φ−→ U is a morphism in Bsc≤k+1,≤∞}
forms a basis for the topology of U .

Proof. We must show that for any open set V ⊂ U and any x ∈ V , there exists a morphism
i : W → U in Bsc≤k+1,≤∞ such that x ∈ i(W ) and i(W ) ⊂ V . We proceed by induction on k.

Assume x is in the cone stratum Ri × {∗}. Then we can choose some s0 ∈ R>0, and some open
ball R ⊂ Ri, such that V contains the open set

R× {[s, z] |0 ≤ s < s0, z ∈ Z}.
Fixing an smooth open embedding r : Ri → R, and choosing a decreasing smooth embedding
g : R≥0 → [0, s0), we set i : W = U → U to be the map (u, [s, z]) 7→ (r(u), [g(s), z]).

If x is not in the cone stratum Ri × {∗}, we can choose a basic chart ψ : U ′ → Ri × R>0 ×
Z ⊂ Ri × C(Z) containing x, and we may assume V to be contained in ψ(U ′). Since necessarily
depth(U ′) ≤ k, the proof is finished by induction. �

Definition 3.2.10 (Atlases). Assume the category Bsc≤k+1,≤∞ has been defined, and let X ∈
SnglrC

0

≤k+1,≤∞. An atlas for X is a collection of pairs

Ã = {
(
U, φ : U ↪→ X

)
} ,

in which U ∈ Bsc≤k+1,≤∞ and φ an open embedding of stratified topological spaces, and this
collection must satisfy the following properties.
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Cover: Ã is an open cover of X.

Atlas: For each pair (U, φ), (V, ψ) ∈ Ã and x ∈ φ(U) ∩ ψ(V ) there is a diagram U
f←− W

g−→ V in
Bsc≤k+1,≤∞ such that the resulting diagram of maps of stratified topological spaces

(3.7) W
g //

f

��

V

ψ

��
U

φ // X

commutes and the image φf(W ) = ψg(W ) contains x.

Two atlases Ã and Ã′ are declared to be equivalent if their union Ã ∪ Ã′ is also an atlas.

Lemma 3.2.11. The relation

Ã ∼ Ã′ ⇐⇒ Ã ∪ Ã′ is an atlas

is an equivalence relation.

Proof. The only non-obvious point is whether the relation is transitive. We proceed by induction
on depth, assuming the relation to be transitive for spaces of depth ≤ k.

Assume that Ã0∪Ã1 and Ã1∪Ã2 are atlases, and fix some x ∈ φ0(U0)∩φ2(U2) for charts (Uj , φj)

in Ãj . By the covering property of Ã1, the point x is also in the open set φ1(U1) for some chart in

Ã1. Since we have assumed Ãj ∼ Ãj+1, there are basics W01 and W12 fitting into the commutative
diagram

W01
//

f01

��

U0

φ0

��

W12
f12 //

��

U1

φ1

!!DDDDDDDD

U2
φ2 // X

where the maps to the Uj are morphisms in Bsc≤k+1,≤∞. We have now reduced to the problem of
exhibiting morphisms W →W01,W12 fitting into the upper-left corner of the commutative diagram.
By taking V ⊂ U1 to be the open subset given by f01(W01)∩f12(W12), an application of Lemma 3.2.9
and the Inverse Function Theorem (Lemma 3.1.11) completes the proof. �

Definition 3.2.12 (The sheaf of C∞ structures). Assume Bsc≤k+1,≤∞ has been defined, and let

X ∈ SnglrC
0

≤k+1,≤∞. An element A ∈ Sm(X) is an equivalence class A = [Ã] of atlases.
Given a stratified open embedding f : X → X ′, the map Sm(X ′)→ Sm(X) is the map induced by

pulling back atlases. Specifically, every chart φ : U → X ′ in Ã′ defines an open set φ−1(φ(U)∩f(X))
inside U . Applying Lemma 3.2.9 to these open sets for every chart, we obtain an atlas on X. The
equivalence class of this atlas is independent of the choices made when we apply Lemma 3.2.9.

Remark 3.2.13. Note that the pull-back of an atlas Ã′ is not defined in any natural way, but the
pull-back of the equivalence class A′ is.

Remark 3.2.14. LetX be a C0 stratified space, and let A ∈ Sm(X). Then the set of representatives
of A is a poset, ordered by inclusion of collections. Moreover, this poset has a maximal element

given by the union
⋃

Ã∈A Ã. Because of this, we will often identify an element of Sm(X) with a
maximal atlas for X.

Example 3.2.15. If X is a C0 stratified space with a single stratum, it is a topological manifold
by Example 2.1.16. An element A ∈ Sm(X) is a choice of (equivalence class of) smooth atlas on X,
which one can think of as a maximal smooth atlas on X.
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Example 3.2.16. Let X = U = R4×C(∅), and consider two different one-element atlases: An atlas

Ã consisting of the identity φ = id : R4 → X, and another atlas Ã′, where the chart ψ : R4 → X is

a homeomorphism that is not a diffeomorphism. Then Ã and Ã′ are not equivalent atlases: At any
point x ∈ R4 for which ψ is not smooth, it is impossible to find smooth maps g, f as in (3.7) such
that ψ ◦ g and φ ◦ f are both smooth.

Definition 3.2.17 (Products with R and the natural transformation). The functor

(R×−) : Bsc≤k+1,≤∞ → Bsc≤k+1,≤∞

(which also appears in (3.4)) is defined on objects and morphisms by the assignments

(U,AZ) 7→ (R× U,AZ) , (f : U → V ) 7→ (idR×f : R× U → R× V ).

Finally, an atlas on a C0 stratified space X induces an atlas on R×X by sending any chart (U, φ)
to the induced chart (R× U, idR×φ). This defines a natural map of sets

Sm(X)→ Sm(R×X).

Definition 3.2.18. Assume we have defined the presheaf Sm on the full subcategory SnglrC
0

≤k+1,≤∞.
We denote by

Snglr≤k+1,≤∞

the category whose objects are pairs (X,A) where X ∈ SnglrC
0

≤k+1,≤∞ and A ∈ Sm(X). A morphism
(X,A)→ (X ′,A′) is a stratified open embedding f : X ↪→ X ′ for which AX = f∗AX′ .

Example 3.2.19. As a special case, we let

Mfld := Snglr≤0,≤∞.

Parsing the definition, this category’s objects are smooth manifolds, and its morphisms are smooth
open embeddings. (See Example 3.2.15.)

In principle this inductive definition is finished, but we must account for stratified spaces who
may have unbounded depth – i.e., who do not lie in Snglr≤k,≤∞ for any finite k.

Definition 3.2.20 (Sm for stratified spaces with unbounded depth). Let

SnglrC
0

<∞,≤∞ =
⋃
k≥−1

SnglrC
0

k,≤∞

be the category of all C0 stratified spaces with bounded depth. We extend Sm by the right Kan
extension

(SnglrC
0

<∞,≤∞)op Sm //
� _

��

Set

(SnglrC
0

)op.

99ssssss

We double-book notation and refer to this extension as Sm as well. We prove it is a sheaf in
Lemma 3.4.1.

Definition 3.2.21 (Snglr). We define the category

Snglr

of (smoothly) stratified spaces and embeddings. An object is a pair (X,A) consisting of a C0

stratified space and an element A ∈ Sm(X). A morphism (X,A) → (X ′,A′) is a stratified open
embedding f : X ↪→ X ′ for which AX = f∗AX′ .

Remark 3.2.22. Unless the discussion requires it, we will typically denote a stratified space (X,A)
simply as its underlying stratified topological space X. We will sometimes refer to a section A ∈
Sm(X) as a conically smooth structure (on X).
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And we have the following conically smooth analogue of Lemma 2.2.2.

Proposition 3.2.23 (Basics form a basis). For X a stratified space, the collection {U ↪→ X}, of
all conically smooth open embeddings from basics into X, forms a basis for the topology of X.

Proof. Because X admits an atlas, then this collection of embeddings forms an open cover. The
lemma then follows from Lemma 3.2.9. �

3.3. Auxiliary maps and Strat

We introduce the concept of a conically smooth map between stratified spaces. This is a more general
concept than that of morphisms in Snglr, just as smooth maps are more general than smooth open
embeddings.

Definition 3.3.1 (Conically smooth). Let X and Y be stratified spaces. Let f : X → Y be a
continuous stratified map between their underlying stratified topological spaces. By induction on
the depth of Y , we define what it means for f to be conically smooth. If depth(Y ) = −1 then
X = ∅ = Y and we deem the unique such f to be conically smooth.

Suppose X = U = Ri × C(Z) and Y = V = Rj × C(Y ) are basics. In this case, say f is conically
smooth if it has the following properties.

(1) If, on the level of posets, f does not send the cone point ot the cone point, then f factors as

f : U
f0−−→ Rj ×R>0 × Y ↪→ Rj ×C(Y ). In this case, we require that f0 is conically smooth

– this is well-defined by induction.
(2) If, on the level of posets, f sends the cone point to the cone point, then we require that f

is conically smooth along Ri, and the restriction f−1(V \Rj)→ V \Rj is conically smooth.

For X and Y general, say f is conically smooth if for each pair of charts φ : U ↪→ X and ψ : V ↪→ Y
with f(φ(U)) ⊂ ψ(V ), the composition

ψ−1fφ : U → V

is conically smooth.

Example 3.3.2. If V has depth 0, then V r Rj is empty. Hence a conically smooth map U → V
is any map which is conically smooth along Ri. In particular, if U also has depth 0, a conically
smooth map U → V is simply a smooth map from Ri to Rj . (As a consequence, if X and Y have
depth 0, then a conically smooth map in our sense is just a smooth map in the usual sense.)

Example 3.3.3. A smooth map M →M ′ between smooth manifolds is an example of a conically
smooth map.

Example 3.3.4. Let (X → P ) be a smoothly stratified space, and let Q ⊂ P be a consecutive full
sub-poset. Then XQ ↪→ X is a conically smooth map.

The following basic property, that conically smooth maps are closed under composition, follows
by a routine induction argument on depth.

Proposition 3.3.5. For X
f−→ Y

g−→ Z conically smooth maps of stratified spaces, the composition
gf is again conically smooth.

Example 3.3.6. Let X be a smoothly stratified space, and consider the product stratified space
of §3.4.1. Then the diagonal map

X
diag−−→ X ×X

is an example of a conically smooth map. To see this, it is enough to work locally and assume
X = U = Ri × C(Z) is a basic. Inspecting the structure of X × X as a smoothly stratified space

(§3.4.1), the problem amounts to showing the map to the join Z
diag−−→ Z ×Z

{ 1
2}−−→ Z ?Z is conically

smooth. After Proposition 3.3.5, this follows by induction on depth, with the case of depth zero an
instance of Example 3.3.3.
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In the next section we will prove the following compatibility between the definition of a morphism
in Definition 3.2.21 and conically smooth stratified open embeddings:

Proposition 3.3.7. Let (X,AX) and (X ′,AX′) be stratified spaces. Let f : X ↪→ X ′ be a stratified
open embedding. Then f is conically smooth if and only if f∗(AX′) = AX .

There is the following fundamental result.

Lemma 3.3.8 (Inverse function theorem). Let f : X → Y be a conically smooth map between
smoothly stratified spaces, and let x ∈ X be a point. Then there is an open neighborhood x ∈ O ⊂ X
for which the restriction f|O : O → Y is an open embedding if and only if there are centered

coordinates (U, 0)
φ−→ (X,x) and (V, 0)

ψ−→ (Y, f(x)) for which the derivative of the composite
D0(ψ−1fφ) : T0U → T0V is an isomorphism.

Proof. The “only if” statement is manifest. Suppose Dxf is an isomorphism. The problem is
a local one, so we can assume (X,x) = (U, 0) and (Y, f(x)) = (V, 0) are centered basics. After
Lemma 3.1.11, it is enough to show that f : U → V is open near 0 ∈ U . Because D0f is an
isomorphism, then in particular it is open. So for each open neighborhood 0 ∈ O ⊂ U such that
0 ∈ D0f(O) ⊂ V is an open neighborhood. Because V is locally compact and Hausdorff, there is
an open neighborhood 0 ∈ P ⊂ P ⊂ D0f(O) whose closure is compact and contained in this image
open subset. Because D0f = lim

t→0
γ 1
t ,0
◦ f ◦ γt,0, then for t large enough there remains the inclusion

P ⊂ γ 1
t ,0
◦ f ◦ γt,0(O), and thereafter the inclusion γt,0(P ) ⊂ f

(
γt,0(O)

)
. Provided O has compact

closure, then the collection of open subsets
{
γt,0(O) | t ≥ 0

}
form a base for the topology about

0 ∈ U . We conclude that f restricts to an open map on some neighborhood of 0 ∈ U , as desired. �

Definition 3.3.9 (Strat). The category of (smoothly) stratified spaces,

Strat ,

has objects which are stratified spaces; its morphisms are conically smooth maps.

Observation 3.3.10. We make three observations about Strat.

• Proposition 3.3.5 grants that morphisms in Strat indeed compose.
• Proposition 3.3.7 grants that Snglr ⊂ Strat is the subcategory consisting of the same objects

and only those morphisms which are open embeddings.
• Corollary 3.4.10, to come, grants that Strat admits finite products.

3.4. Basic properties of Snglr

By Remark 2.1.13, there is a natural notion of open cover, hence a Grothendieck topology, for

SnglrC
0

.

Lemma 3.4.1. The presheaf Sm : (SnglrC
0

)op → Set is a sheaf.

Proof. Let U ⊂ SnglrC
0

/X be a covering sieve of X. We must explain why the universal map of sets

Sm(X) −→ Sm(U) := lim
O∈U

Sm(O)

is an isomorphism. To see that this map is injective, notice that if two atlases Ã and Ã′ on X
restrict to equivalent atlases on each O ∈ U, then they are equivalent. To see that the map is

surjective, let (AO) ∈ Sm(U). Choose a representative ÃO for each AO, and consider the collection

Ã :=
⋃
O∈U
{U φ−→ O ↪→ X | (U, φ) ∈ ÃO}. This collection is an atlas on X (for instance, by applying

Lemma 3.2.9). Moreover, its restriction to each O ∈ U is equivalent to ÃO. �

The ∞-category of basics should be thought of as a full subcategory of all stratified spaces. We
justify this with the following:
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Proposition 3.4.2. There is a full and faithful functor

Bsc ↪→ Snglr.

Example 3.4.3. Restricting to the full subcategories Bsc≤0,≤∞ → Snglr≤0,≤∞, we recover that

the category spanned by the smooth manifolds Ri, i ≥ 0, (where morphisms are smooth open
embeddings between them) is a full subcategory of the category of all smooth manifolds (where
morphisms are smooth open embeddings between them).

To prove Proposition 3.4.2, we must first produce an atlas on every basic. This philosophy was
of course implicit when we defined Bsc≤k+1,≤∞ in Definition 3.2.4, and we makes the atlas explicit
in the following Lemma.

Lemma 3.4.4. Let Sm|cpt be the restriction of Sm to the full subcategory of compact, stratified
spaces. For each i ≥ 0 there is a natural transformation

Sm|cpt(−) −→ Sm
(
Ri × C(−)

)
.

Proof. Let U = (Ri × C(Z),AZ) be a basic. We must exhibit a section of AU ∈ Sm
(
Ri × C(Z)

)
.

We proceed by induction on depth(U) = dim(Z) + 1. The base case is the map Sm(∅) = ∗ →
Sm(Ri) which plucks out the standard smooth structure on Ri. By induction, conically smooth open
embeddings V ↪→ U \ Ri form a basis for the topology of U . Conically smooth open embeddings
U ↪→ U form a base for the topology along Ri ⊂ U . It follows that the collection AU := {V → U} of
morphisms in Bsc forms an atlas for U . We will show that this collection is a basis for the underlying
topological space of U . Let f : V ↪→ U be an open embedding between basics. Write V = Rj×C(Y ).
Suppose there is a collection of conically smooth open embeddings W ↪→ V which cover V and for
which each composition W ↪→ V ↪→ U is conically smooth. It follows that V is conically smooth
along Rj . By induction, the map f−1(U \ Ri) ↪→ U \ Ri is conically smooth. It follows that AU is
maximal. The functoriality of the assignment AZ 7→ AU among stratified homeomorphisms in the
variable Z is evident, by induction. �

Proof of Proposition 3.4.2. An object of Bsc is a pair (Ri × C(Z),AZ). Since it comes equipped
with an atlas for a compact stratified space Z, we can apply Lemma 3.4.4 to define the functor on
objects: An atlas for the basic is given by the image of AZ under the natural transformation of the
Lemma.

We must now prove that any morphism between basics is a morphism in Snglr – that is, that
a morphism f : U → V of basics satisfies the property f∗AV = AU . This is proven in a similar
method as in the proof of Lemma 3.4.4: by induction on the depth of V (which, by Remark 2.4.8,
is always ≥ the depth of U).

That it is faithful follows because the composite Bsc → Snglr → SnglrC
0

is faithful. That it is
full follows from the definition of morphisms in Snglr. �

Via the faithful functor Snglr → SnglrC
0

, all definitions and results from §2.4 have an evident
modification for stratified spaces. Since depth and strata will serve important functions later on,
we highlight two analogues here.

Below is the conically smooth analogue of Lemma 2.3.3.

Lemma 3.4.5. Let X = (X → P,A) be a stratified space, and let Q ↪→ P be a consecutive map
of posets. the C0 stratified space X|Q = (X|Q → Q) naturally inherits the structure of a stratified

space, with respect to which X|Q → X is a conically smooth map. In particular, for p ∈ P , the C0

stratified spaces
X≤p , Xp , X≮p

are sub-stratified spaces of X, the middle being an ordinary smooth manifold.

Proof. The statement is a local one, so we can assume dim(X) < ∞. We proceed by induction on
depth(X). If depth(X) ≤ 0, then no distinct elements of P are related, and the statement is trivially
true.
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Suppose X = U = Ri × C(Z) is a basic. Write the stratification Z → P0 and let Q ↪→ C(P0) be
as in the hypothesis. Identify the underlying set Q ⊂ C(P0) with its image. If ∗ 6∈ Q, U |Q equals
Ri × R>0 × Z|Q, and naturally inherits a smooth atlas, by induction. If ∗ ∈ Q, note that Z|Q−∗
is downward closed (and Q − ∗ is still consecutive in P ) so Z|Q−∗ ⊂ Z is a closed subspace (and

therefore compact). So X|Q ∼= Ri × C(Z|Q−∗) is a C0 stratified space. Since Z has lower depth
than X, by induction Z|Q−∗ naturally inherits the structure of a smooth atlas, and therefore so does

Ri × C(Z|Q−∗) by Lemma 3.4.4. For X general, consider an atlas {(φ : U ↪→ X}. Let Q ↪→ P be
as in the hypothesis. Then {U|Q ↪→ X|Q} is an open cover of X|Q. It follows that X|Q canonically
inherits the structure of a stratified space, with respect to which X|Q → X is conically smooth. �

Corollary 3.4.6. Let X be a stratified space. For each k ≥ −1, the locus

Xk := {x ∈ X | depthx(X) = k} ⊂ X

of depth k points of X is a union of strata of X, and is thus itself an ordinary smooth manifold.

Example 3.4.7. If X = (X → P ) is a stratified space with Q ⊂ P a consecutive subposet, then
the inclusion X|Q → X is conically smooth and is constructible in the sense of Definition 3.6.1.

3.4.1. Products of stratified spaces

For two spaces Z and W , let Z ? W denote their join. Recall that ∅ ? W ∼= W , and there is a
homeomorphism

(3.8) C(Z)× C(W ) ∼= C(Z ?W ).

For example, if Z and W are non-empty, denote a point in Z ?W by [z, a, w] where a is in the closed
interval [0, 1]. A homeomorphism is given by

([t, z], [s, w]) 7→ [s+ t, [z,
t

s+ t
, w]].

Note that if Z and W are stratified (empty or not), there is a natural stratification on Z ?W making
(3.8) an isomorphism of stratified spaces.

Lemma 3.4.8 (Products). Let X and Y be C0 stratified spaces. Then the product stratified space
X × Y is a C0 stratified space, and there is a natural transformation

Sm(−)× Sm(−)→ Sm(−×−).

If both X and Y are compact, then the join X ?Y is a compact C0 stratified space. Moreover, there
is a natural transformation

Sm|cpt(−)× Sm|cpt(−)→ Sm|cpt(− ?−).

Corollary 3.4.9. Let U and V be C0 basics. Then the C0 stratified space U × V is a C0 basic. If
U and V be basics, the product U × V is naturally a basic.

Corollary 3.4.10. The category of C0 stratified spaces, and continuous stratified maps among them,
admits products. Likewise, the category Strat of stratified spaces, and conically smooth maps among
them, admits products.

Proof of Lemma 3.4.8. Because C0 stratified spaces admit open covers by C0 stratified spaces with
finite dimension (Lemma 3.2.23), it is enough to prove the statement assuming each of the dimensions
of X and Y are finite. We perform induction on the dimension of X × Y and X ? Y – specifically,
the statement for dimX ×Y = k will imply the statement for dimX ?Y = k, which then implies the
statement for dimX × Y = k+ 1, and so forth. The base case k = 0 is obvious since discrete spaces
are C0 stratified, and also admit a unique maximal atlas. (Likewise for the case k = −1, since ∅
admits a unique atlas.)

Through Lemma 2.2.2, the collection of product open embeddings

{
(
Ri × C(Z)

)
×
(
Rj × C(W )

)
↪→ X × Y }
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forms a basis for the topology of X × Y . Thus, to verify that X × Y is C0 stratified with an
induced atlas, it is sufficient to consider the case X = Ri × C(Z) and Y = Rj × C(W ). If i+ j ≥ 1,
Ri+j×C(Z)×C(W ) ∼= Ri+j×C(Z ?W ), which is a C0 stratified space with an atlas by Lemma 3.4.4
and induction on dimension. So we may assume i = j = 0. Finally, we may assume both Z and W
are non-empty since C(∅)× C(W ) = C(W ) is a basic.

Then dim(Z) = dimX − 1 and dim(W ) = dimY − 1. Since dim(Z ? W ) = dimX + dimY − 1 <
dimX×Y , by induction Z?W is a C0 stratified space with an atlas. Since Z?W is further compact,
C(Z)× C(W ) ∼= C(Z ?W ) is a C0 stratified space with an atlas by property (2) and Lemma 3.4.4.

It remains to prove that if all stratified spaces of the form X × Y with dimension k are C0

stratified with an atlas, then so are stratified spaces of the form Z ? W of dimension k. Observe
that Z ?W admits an open cover by three sets:

Z ?W ∼= C(Z)×W
⋃

Z×W×R
Z × C(W ).

The middle term is a C0 stratified space with atlas by Lemma 3.4.4 and induction, since dimZ ×
W < dimZ ? W . The two other terms are C0 stratified spaces with an atlas because they are
products, of dimension k. One simply notes that the inclusions Z×W ×R ↪→ C(Z)×W , Z×C(W )
are conically smooth open embeddings by definition.

�

3.5. Examples of basic opens and stratified spaces

Example 3.5.1 (Stratified spaces of dimension 0 are countable discrete spaces). When n = 0, we see
that Bsc0,0 = {(R0 → ∗)} is the terminal category consisting of the stratified space R0 = R0×C(∅),
equipped with the unique atlas on ∅. So a 0-dimensional stratified space is a countable set, equipped
with its unique atlas. In other words, Snglr0,0 is the category of countable sets and injections.

Example 3.5.2 (Smooth manifolds). As defined in Example 3.2.19, stratified spaces of depth 0 and
smooth manifolds are one and the same. Specifically, Bsc0,n is a Kan-enriched category consisting
of a single object, which is the smooth manifold

Rn × C(∅) = Rn ;

and whose Kan complex of morphisms Emb(Rn,Rn), the familiar (singular complex of the) space of
smooth embeddings and smooth isotopies among them. In this case, Snglr0,n is the familiar category
of smooth n-manifolds and smooth embeddings among them, endowed with a Kan-enrichement
consistent with the weak C∞ Whitney topology on smooth embedding spaces.

Example 3.5.3 (Cones on compact manifolds). Manifestly, for M a closed smooth manifold, then
the (open) cone C(M) canonically inherits the structure of a stratified space.

Example 3.5.4 (Stratified spaces of dimension 1 are graphs). The first instance of non-smoothness
occurs with Bsc≤1,1 – basic stratified spaces of pure dimension 1, and depth at most 1. Explicitly,

ob Bsc≤1,1 = {R} t {R0 × C(J) | ∅ 6= J finite}

where the underlying space of a basic is either R, or is the noncompact ‘spoke’ C(J). We think of
it as an open neighborhood of a vertex of valence |J |.

The category Snglr1 is summarized as follows. Its objects are (possibly non-compact, possibly
empty) graphs with countably many vertices, edges, and components. A graph with no vertices
(which is a 1-dimensional stratified space of depth 0) is simply a smooth 1-manifold.

Example 3.5.5 (Simplices). The topological simplex ∆n can be given the structure of a strati-
fied space: Note there is a homeomorphism of stratified spaces ∆n ∼= ∆n−1 ? ∆0, then appeal to
Lemma 3.4.8.
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Example 3.5.6 (Simplicial complexes). Let S be a finite simplicial complex such that, for a fixed
n, every simplex of dimension < n is in the boundary of a simplex of dimension n. We now describe
how to naturally endow the geometric realization |S| with the structure of a compact n-dimensional
stratified space. (We leave it to the reader to verify that, when S = ∆n, the following construction
yields the same maximal atlas as specified above.)

For any simplex σ ⊂ S, let Kσ be the union of all n-simplices that contain σ, and Uσ the interior
of Kσ. Then Uσ can be identified with Rn−k × C(Lσ) where Lσ = Link(σ) and (n − k) is the
dimension of σ. By induction on dimension, the link is a compact k−1-dimensional stratified space,
so the collection {Uσ}σ⊂S forms an open cover of |S| by stratified basics.

For any two simplices σ and σ′, let F be the highest-dimensional simplex such that σ ∪ σ′ ⊂ F .
Then Uσ ∩ U ′σ = UF (when F is empty, this intersection is empty as well). So to verify that {Uσ}
forms an atlas, one need only verify that the topological embedding UF ↪→ Uσ is in fact a conically
smooth embedding. If depthUF = 0 (i.e., dimF = n) this is obvious, as UF ↪→ Uσ is the inclusion of
Euclidean space into a depth-zero stratum of Uσ. Noting that Link(F ) ⊂ Link(σ) is an embedding
into a higher-depth basic whenever σ 6= σ′, we are finished by induction on depth.

Example 3.5.7 (Permutable corners). For a fixed n, consider the subcategory of Bsc≤n,n spanned
by the objects of the form {Rn−k × C(∆k−1)}0≤k≤n. Here, ∆k−1 has the atlas specified in the
examples above, and by ∆−1, we mean the empty manifold. Note that we have an identification
of stratified spaces Rn−k × C(∆k−1) ∼= Rn−k × [0,∞)k. If a n-dimensional stratified space M is
given an atlas consisting only of charts from objects in this subcategory, we call M a manifold with
permutable corners. Manifolds with permutable corners will be examined more systematically as
Example 5.1.6.

An example of a 2-manifold with permutable corners is the teardrop in Figure 3.5.10. Here are
two examples of a 2-manifold with permutable corners that are isomorphic in Snglr2, with the atlases
implicit:

• The closure of the first quadrant in R2, given by M = {(x1, x2) |x1, x2 ≥ 0}.
• The complement of the open third quadrant in R2, given by M ′ = {either x1 or x2 is ≥ 0}.

Note that there is no smooth embedding f : R2 → R2 such that f(M) = M ′, so no identification of
these subspaces can be witnessed through an ambient smooth embedding of R2. Regardless M ∼= M ′

in Snglr2. This is in contrast to other definitions of manifolds with corners, such as [La]. See also
Section 7.2.

Example 3.5.8 (Embedded submanifolds). Let Mn be a smooth n-manifold and Ln−k ⊂ Mn

a properly embedded (n − k)-dimensional smooth submanifold. This data is an example of a n-
dimensional stratified space of depth k as follows; we will denote it as (L ⊂M). The stratification

map is M
S−→ {n− k < n}, given by declaring S−1(n− k) = L and S−1(n) = M \ L. To verify that

this is a stratified space notice that it is covered by stratified open embeddings from the stratified
spaces Rn → {n} and Rn−k×C(Sk−1)→ {n− k < n}. It is thus equipped with the atlas consisting

of those stratified open embeddings {Rn φ−→M} ∪ {Rn−k × C(Sk−1)
ψ−→M} for which Rn φ−→M \ L

is smooth, ψ| : Rn−k → L is smooth, and ψ| : Rn−k × (R>0 × Sk−1) → M \ L is smooth. It is
routine to verify that this indeed defines an atlas. Notice how the smooth structures of M \ L and
L are exploited, yet not the entirety of the smooth structure about L. The map (L ⊂ M) → M
is conically smooth in the sense of Definition 3.3.1, and is a typical example of a refinement in the
sense of Definition 3.6.1.

Example 3.5.9 (Bsc2). The underlying space of an object of Bsc2 is R2, R × C(J) with J a non-
empty finite set, or C(Y ) where Y is a non-empty compact graph. Heuristically, an object of Snglr2

is a space which is locally equivalent to one of the three types of stratified spaces. An example
of such an object is the geometric realization of a (countable) simplicial complex for which each
simplex is contained in some 2-simplex. (See Example 3.5.6.) In Figure 3.5.13 we also picture a
basic open obtained from the 1-skeleton of the 2-simplex. Another example of an object of Snglr2

is a nodal surface – here the depth 2 points are the nodes and there are no depth 1 points.
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Figure 3.5.10. The teardrop is a 2-manifold with corners, and in particular a 2-dimensional strat-
ified space of depth 2. The unique point of depth 2 is the tip of the teardrop. The interior, indicated
by grey, contains only points of depth 0, and the solid border consists of points of depth 1.

(a) (b)

Figure 3.5.11. (a) The basic C(S1). The marked point is the cone point ∗ ∈ C(S1) (of depth 2)
and the dashed boundary indicates this space is noncompact. (b) The basic open U = R1 × C(S1).
U has depth 2, and is a local model for a 1-manifold embedded in a 3-manifold.

Figure 3.5.12. A drawing of the basic open C(Y ), where Y is the compact 1-dimensional stratified
space given by the 1-skeleton of a tetrahedron. This basic open has a single point of depth 2, depicted
as a black dot at the center. Each colored face – in grey, blue, et cetera – is a region whose points
all have depth zero. The red solid lines indicate points of depth 1 – the subspace of depth 1 points is
a union of copies of R, one copy for each vertex of Y .

In Figure 3.5.12 we consider C(Y ) when Y is the 1-skeleton of the tetrahedron ∆3. The stratifi-
cation C(Y )→ P = {(2, 2) ≤ (1, 2) ≤ (0, 2)} ∼= [2] is given by sending a point to its local depth and
dimension. Consider a poset Q = {0 ≤ 2}, and the non-consecutive inclusion Q ↪→ P = [2]. Then
X|Q is not even a C0 stratified space, as the neighborhood around ∗ does not admit a neighbor-
hood of the form Ri × C(X) for a compact space X. This shows the necessity of consecutiveness in
Lemmas 2.3.3 and 3.4.5.

Example 3.5.14. For each 0 ≤ k ≤ n, there is a standard identification of the underlying space
UnSk−1

∼= Rn through, say, polar coordinates. However, we point out that UnSk−1
∼= UnSl−1 implies

k = l. This follows immediately from the definition of morphisms between basics. (See §4.3 for a
thorough discussion.)

Example 3.5.15 (Whitney stratifications). The Thom-Mather Theorem [Mat1] ensures that a
Whitney stratified manifold M is locally homeomorphic to stratified spaces of the form Rn−k×C(X),
and thus – by induction on dimension of C(X)– is an example of a C0 stratified space. Even more,
these local homeomorphisms can be taken to restrict to local diffeomorphisms on each stratum; and
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(a) (b)

Figure 3.5.13. (a) A 1-dimensional stratified space X given by the natural stratification on the
1-skeleton of ∆2. The black vertices represent depth 1 points, while the grey edges contain only depth
0 points. (b) The basic open R2×C(X), with the original manifold X drawn using dotted lines. The
central point is a point of depth 2, and the other colors encode the same depths as before – the black
edges are depth 1, while the grey areas are depth 0 (i.e., smooth) points. Note this also encodes the
singularity type found at a corner of the surface of a cube.

further, Whitney’s conditions A and B give that these local diffeomorphisms can be taken to be
conically smooth, thereby exhibiting an atlas. In particular, the underlying topological spaces of
real algebraic varieties are examples of stratified spaces in the sense above. though the morphisms
between two such are vastly different when regarded as varieties versus as stratified spaces.

Example 3.5.16 (Global quotients). Let X be a stratified space. Let G be a finite group acting
on X so that, for each subgroup H ⊂ G, the invariants XH ⊂ X is a constructible embedding (see
Definition 3.6.1). Let us explain that the coinvariants XG canonically inherits the structure of a
stratified space.

Because G is finite, we can assume that X has bounded depth, on which we will induct. Let x ∈ X
and denote the subgroup Gx := {g | g ·x = x}. Again, the finiteness of G grants that there is a pair

of centered charts (U, 0) ↪→ (Ũ , 0) ↪→ (X,x) for which Gx ·U ⊂ Ũ . Through the conclusions of §4.3,
there results a map Gx → GL(U). We conclude that there exists a centered chart (U ′, 0) ↪→ (X,x)
that is Gx-equivariant. So the problem of constructing the structure of a stratified space on XG

reduces to the case that X = U = Rn × C(Z) and the homomorphism G→ Aut(U) factors through
O(Rn) × Aut(Z) (see Definition 4.3.3). Splitting off the trivial representation, Rn = RT × RA,
we conclude an action of G on SA−1 ? Z that induces the given action on U = Rn × C(Z) ∼=
RT ×C

(
SA−1 ?Z

)
. By induction on depth, (SA−1 ?Z)G has the structure of a stratified space. And

so UG = RT × C
(
(SA−1 ? Z)G

)
as the structure of a stratified space.

Example 3.5.17 (Isotropy stratification). Let G be a finite group. Let G
ρ−→ GL(Rn) be a homo-

morphism. Regard the set Pquot(G) := {H ⊂ G} of subgroups of G as a poset, ordered by reverse
inclusion. The map of sets Rn → Pquot(G) given by x 7→ {g | gx = x} is continuous, and the
standard smooth structure on Rn equips this stratified topological space with the structure of a
stratified space.

Now, because G is finite, it acts orthogonally on Rn ∼= RT ×RA, where here we have made visible
the trivial representation. In particular, G acts on the unit sphere SA−1. The above stratification
on Rn is invariant with respect to scaling by a positive real number, and so its restriction to SA−1

inherits the structure of a stratified space. An inductive argument on the dimension of SA−1 (see
Example 3.5.16) verifies that the stratified topological space which is the coinvariants (SA−1)G
canonicallly inherits the structure of a stratified space. And so, (Rn)G ∼= RT × C

(
(SA−1)G

)
is a

basic stratified space.
Likewise, let X be an orbifold. A choice of an orbifold atlas for X witnesses an open cover of

the underlying topological space of X, with each inclusion in the open cover being one as stratified
spaces. There results a stratification of X together with an atlas in the present sense, thereby
witnessing the structure of a stratified space.
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Example 3.5.18 (Coincidences). Let I be a finite set. Consider the poset Pquot(I) for which an
element is an equivalence relation P ⊂ I × I, with P ≤ P′ meaning P′ ⊂ P. Let P be a poset.
Consider the poset Pquot(I) o P for which an element is a pair (P, c) consisting of an equivalence

relation on I together with a map of underlying sets I/P
c−→ P , with (P, c) ≤ (P′, c′) meaning

P′ ⊂ P and cq ≤ c′ – here q : I/P′ → I/P is the quotient map. Notice the maps of posets

Pquot(I)← Pquot(I) o P → P I .

Let X = (X
S−→ P ) be a stratified space. There is the map of underlying sets

XcI :=
(
XI → Pquot(I) o P

)
given by (I

c−→ X) 7→
(
{(i, i′) | c(i) = c(i′)}, [i] 7→ Sc(i)

)
. Immediate is that this map is continuous,

and therefore defines a stratified topological space. Also clear is that a conically smooth map X → Y
and a map I → J together induce a continuous stratified map XcJ → Y cI , compatibly as these two
types of maps compose. Furthermore, if X → Y is constructible/open then so is XcJ → Y cI .

Proposition 3.5.19. Let I be a finite set, and let X = (X
S−→ P ) be a smoothly stratified space.

The following statements are true.

(1) The stratified topological space XcI =
(
XI → Pquot(I) o P

)
has a standard structure of a

smoothly stratified space with respect to which the stratified continuous map XcI → XI is
conically smooth.

(2) In the case that X = U is a basic, then so is U cI .
(3) Furthermore, for X ↪→ Y a conically smooth embedding and I → J is a map of sets, then

the induced map XcJ → Y cI is a conically smooth embedding.

Proof. Let U be an open cover of X. Consider the collection{ ∏
[i]∈I/P

(O[i])
c[i] | P ∈ Pquot(I) and I/P

O−−−→ U is a map of sets
}

of subsets of XcI . This collection is an open cover, by inspection. So the Statement (1) and
Statement (3) follow from Statement (2) together with showing that, for U ↪→ V a conically smooth
embedding between basics, the map U cJ → V cI is conically smooth embedding. We focus on
Statement (2). Write U = Rn × C(Z) ∼= Rn ×

(
∗
∐
{0}×Z

R≥0 × Z
)
. Consider the map

U cI → Rn × R≥0

given by assigning to I
c−→ Rn × C(Z) the sum and the scale:( ∑
i∈I

prRn(ci) ∈ Rn ,
∑
i∈I
‖prRn(ci)‖2 +

∑
i∈I
|prR≥0

(ci)|2
)

– this map is conically smooth, by direct inspection. Define the sub-stratified topological space L as
the fiber of this map over the point (0, 1). The compactness of Z grants the properness of this map,
and thereafter the compactness of L. The map γ : Rn × R≥0 × U → U at the beginning of §3.1)
implements translation and scaling, and acts diagonally on U cI to give the conically smooth map

Γ: Rn × R≥0 × U cI → U cI .

From the construction of L, the restriction Γ: Rn × R≥0 × L −→ U cI descends to a stratified
homeomorphism Rn × C(L) ∼= U cI , through which L can be seen to inherit the structure of a
smoothly stratified space. Because L is compact, this witnesses U cI as a basic, thereby proving
Statement (2).

Now let U
f−→ V be a conically smooth embedding between basics, and let I → J be a map of

sets. The conical smoothness of the diagonally defined map f c(I→J) : U cJ → V cI can be tested by

the conical smoothness of the composite map U cJ → UJ
fI→J−−−→ V I . This is the case because f I→J
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is conically smooth and because, by construction, the map U cI → U I is conically smooth. That
f c(I→J) is an embedding immediately follows because f I→J is an embedding. �

Notice that the standard ΣI -action on the stratified topological space XcI is conically smooth.
Furthermore, for each subgroup H ⊂ ΣI , the invariants (XcI)H ↪→ XcI is a constructible embedding
from a stratified space.

Remark 3.5.20. Note that the map XcI → XI is a homeomorphism of underlying topological
spaces (and so, is a refinement in the sense of Definition 3.6.1).

3.6. Classes of maps

Recall the definition of a conically smooth map among stratified spaces, Definition 3.3.1. There are
several classes of such maps that are useful to isolate.

Definition 3.6.1. Let f = (f, f) : (X
S−→ P ) → (Y

T−→ Q) be a conically smooth map among
stratified spaces with underlying posets P and Q.

(Consecutive) inclusion of strata: We say f is an inclusion of strata if the diagram of
topological spaces

X
f //

S

��

Y

T

��
P

f // Q

is a pullback. If, in addition, the map f is consecutive (in the sense of Definition 2.3.1), we
say f is a consecutive inclusion of strata.
Refinement: We say f is a refinement if it is a homeomorphism of underlying topological
spaces, and for each p ∈ P the restriction f| : Xp → Yfp is an isomorphism onto its image

(as smooth manifolds).

Proper embedding: We say f is a proper embedding if there is a factorization f : X
f̃−→

Ỹ
r−→ Y with f̃ a consecutive inclusion of consecutive strata, and r a refinement.

Submersion: Consider the collection {Oα×U ↪→ X}α∈A indexed by commutative diagrams
of conically smooth maps

Oα × U //

pr

��

X

f

��
U // Y

in which the horizontal arrows are open embeddings, and the left vertical map is the pro-
jection. We say f is a submersion if this collection is a basis for the topology of X.
Bundle: Consider the collection {U ↪→ Y }β∈B indexed by pullback diagrams of conically
smooth maps

Fβ × U //

pr

��

X

f

��
U // Y

in which the horizontal arrows are open embeddings, and the left vertical map is the projec-
tion. We say f is a conically smooth fiber bundle if this collection is a basis for the topology
of Y .
Constructible: We say f is a constructible bundle if, for each q ∈ Q, the restriction
f| : Xf

−1
q
→ Yq is a bundle.
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Weakly constructible: A continuous map X
f̃−→ Y is weakly constructible if there is a

diagram of conically smooth maps X
r←− X̃

g−→ Y with r a refinement and g constructible

for which f̃ r = g.

Example 3.5.8 and Example 3.5.19 demonstrate some typical examples of refinements. In Ex-
ample 3.4.7 we saw examples of constructible bundles which are not fiber bundles. In §8 we will
examine an important class of weakly constructible bundles: collar-gluings (see Remark 8.3.3).

Example 3.6.2.
• An ordinary smooth fiber bundle is an example of a conically smooth fiber bundle.
• The projection from a product X × F → X is a conically smooth fiber bundle.

• Let L
π−→ X be a proper conically smooth fiber bundle. Then the fiberwise cone

C(π) := X
∐
{0}×L

(R≥0 × L)

canonically inherits the structure of a stratified space, and the projection C(π) → X is a
conically smooth fiber bundle whose fibers are isomorphic to basics. Notice the cone-locus
section X → C(π).

3.7. The Ran space

We endow the space of finite subsets S ⊂ X of a connected stratified space with bounded cardi-
nality |S| ≤ i with the structure of a smoothly stratified space. Fix a stratified space X. Recall
Example 3.5.18 introducing the stratified space XcI . Consider the sub-stratified space

XsI ⊂ XcI

consisting of those I → X for which the map to connected components I → [X] is surjective – this
subspace is a connected component. Furthermore, for each surjection I → J the evident induced
map XsJ → XsI is conically smooth – this is direct from the definition of XcI . In fact, this map is
a consructible embedding in the sense of Definition 3.6.1. These values assemble as a functor

Xs• : (Finsurj)op −→ Strat

from nonempty finite sets and surjective maps to stratified spaces and conically smooth maps.

Definition 3.7.1 (Ran≤i(X)). Let i be a cardinality. Let X be a C0 stratified space. The Ran
space (of X) is the C0 stratified space that is the colimit

Ran≤i(X) := colim
(

(Finsurj,≤i)op Xs•−−→ Strat→ StTop
)
.

In the case that i is infinite, we omit the subscript.

Remark 3.7.2. A wonderful result of Bott ([Bo]) demonstrates a homeomorphism Ran≤3(S1) ∼= S3.
In [Tu], this result is extended to show Ran≤2k+1(S1) ∼= S2k+1.

Remark 3.7.3. For X a connected, the underlying topological space Ran(X) is weakly contractible.
This is originally due to Curtis & Nhu in [CN]; Beilinson & Drinfeld give a concise proof in [BD]
and they credit Jacob Mostovoy with having independently found a similar proof.

Remark 3.7.4. LetX = (X
S−→ P ) be a stratified topological space. The stratified topological space

Ran≤i(X) is stratified by the poset ZP≥0 consisting of maps of sets P
c−→ Z≥0 for which

∑
p∈P cp ≤ i,

with c ≤ c′ meaning the subset {p | cp > c′p} contains no maxima of P .

Notice that a Ran≤i(X) is functorial among conically smooth inclusions in the argument X and
relations in the argument i. Notice also that, for i ≤ j, the map

Ran≤i(X) −→ Ran≤j(X)
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is a constructible embedding among stratified topological spaces. Also notice that, for I a finite set,
the map

Image : XcI −→ Ran≤|I|(X)

is a quotient map, and that it factors through the coinvariants XcI → (XcI)ΣI .

Proposition 3.7.5. Let i be a finite cardinality. Let X be a smoothly stratified space. Then the
Ran space Ran≤i(X) canonically inherits the structure of a smoothly stratified space. Moreover, for
each conically smooth embedding f : Y ↪→ X, and each inequality j ≤ i, the map

Ran≤j(Y ) ↪→ Ran≤i(X)

is a conically smooth embedding. Furthermore, if X = U is a basic, then so is Ran≤i(U).

Proof. We explain the following pushout diagram among stratified topological spaces

colim
I→J

XsJ //

��

colim
I

XsI

��
colim
L

XsL // colim
K

XsK .

• The bottom right colimit is indexed by the category Finsurj,≤i whose objects are finite sets
of cardinality at most i, and whose morphisms are surjective maps among them. Recognize
this colimit as Ran≤i(X).

• The bottom left colimit is indexed by the category Finsurj,<i whose objects are finite sets
of cardinality strictly less than i, and whose morphisms are surjective maps among them.
Recognize this colimit as Ran<i(X).

• The top right colimit is indexed by the category Finsurj,=i whose objects finite sets of car-
dinality i, and whose morphisms are isomorphisms among them. Recognize this colimit as
(XsI)ΣI for some choice of finite set I of cardinality i.

• The top left colimit is indexed by the category Finsurj,<i= whose objects are surjective maps
I → J from a set of cardinality i to one of strictly less cardinality, and whose morphisms
are maps of such maps which are isomorphisms on the coordinate I and surjections on the
coordinate J .

The arrows in the diagram are evident. To see that the diagram is pushout amounts to a comparison
of indexing categories.

By inspection, there is an equivalence of categories:

Finsurj,<i
∐

Finsurj,<i=×{0}

Finsurj,<i=×[1]
∐

Finsurj,<i=×{1}

Finsurj,=i '−−→ Finsurj,≤i .

This identification witnesses a colimit over the target of this functor as such an iterated pushout
of restricted colimits. Because Finsurj,<i= → Finsurj,<i is coCartesian, and the functor Finsurj,<i= →
Finsurj,= is Cartesian, this iterated pushout can be simplified as a pushout. For the case at hand,
this gives the above square and justifies that it is pushout.

Let us argue that the top horizontal map is a constructible embedding (see Definition 3.6.1).

The salient point to check is that the map is injective. So consider two maps I � J
c−→ X and

I ′ � J ′
c′−→ X for which there is an isomorphism I ∼= I ′ over X. Because of the surjective-injective

factorization system on maps among spaces, there is a I ′′ � J ′′
c′′−→ X with c′′ injective, and

morphisms (I → J) → (I ′′ → J ′′) ← (I ′ → J ′) in Finsurj,<i= taking place over X. Injectivity
follows. By further inspection, it is a constructible topological embedding. From Example 3.5.16,
(XsI)ΣI has a standard structure of a smoothly stratified space. Thereafter, the top left term in
the diagram inherits the structure of a sub-smoothly stratified space. That the left vertical map
is conically smooth follows by direct inspection. By induction on i, we assume Ran<i(X) has the
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structure of a smoothly stratified space; the base cases i = 0, 1 being trivially true. The result follows
from Lemma 3.7.6. The functoriality is immediate from the construction. For the final statement,
let U be a basic. The argument verifying that Ran≤i(U) is a basic is the same argument as that
verifying that U cI is a basic (Proposition 3.5.19(2)), for the map U cI → Rn×R≥0 constructed there
factors through the quotient map U cI → Ran≤|I|(U). �

In the following, we use the notion of a constructible bundle, which we defined in Definition 3.6.1.

Lemma 3.7.6. Let B
p←− E

i−→ X be a diagram of constructible bundles among stratified spaces.
Suppose p is proper and i is an embedding. Then the pushout among stratified spaces and conically
smooth maps among them

B
∐
E

X

exists, and its underlying stratified topological space agrees with the pushout there.

Proof. An elaboration of Proposition 8.2.3 grants the existence of a conically smooth regular neigh-
borhood of E ⊂ X, which is to say there is a proper constructible bundle L→ E together with an
open embedding from its fiberwise cone CE(L) ↪→ X. So we recognize the pushout

B
∐
E

X ∼= B
∐
E

(
CE(L)

⋃
R×L

X \ E
)
.

And so we witness an open cover of the pushout B
∐
E

X ∼= CB(L)
⋃
R×L

X \ E involving the fiberwise

cone of the composite L→ E → B. �

4. Basic properties and the tangent classifier

4.1. Snglr as an ∞-category

We describe a natural enrichment of Snglr over the monoidal category Kan× of Kan complexes with
Cartesian product. This enrichment comes from a more primitive enrichment over the category of
(set-valued) presheaves on Strat with Cartesian product. The Observation 3.3.10 that Strat admits
finite products, and that conically smooth maps compose, validates the following definition.

Definition 4.1.1 (Strat and Snglr). We use the notation Strat for the category, enriched over
Fun
(
(Strat)op,Set

)
, for which an object is a stratified space, and for X and Y stratified spaces,

Strat(X,Y ) :=
(
Z 7→ StratZ(X,Y ) :=

{
f : Z ×X → Z × Y | prZ ◦ f = prZ

})
.

Likewise, we use the notation Snglr for the category, enriched over Fun
(
(Strat)op,Set

)
, for which an

object is a stratified space, and for X and Y stratified spaces,

Snglr(X,Y ) :=
(
Z 7→

{
f ∈ StratZ(X,Y ) | f is an open embedding}

)
.

We use the notation

Mfld , Bsc ⊂ Snglr

for the full sub-enriched categories consisting of the objects of Mfld and Bsc, respectively.

Definition 4.1.2 (∆p
e). Define the standard cosimplicial manifold as the functor

∆•e : ∆ −→ Strat

given by [p] 7→ ∆p
e := {t : {0, . . . , p} → R |

∑
i ti = 1}. For all p, ∆p

e is a smooth, noncompact
manifold of dimension p.

Restriction along ∆
∆•e−−→ Strat defines a product preserving functor

(4.1) (−)|∆ : Fun
(
(Strat)op,Set

)
→ sSet .
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Lemma 4.1.3. Let X and Y be stratified spaces. Both of the simplicial sets Strat(X,Y )|∆ : [p] 7→
Strat∆p

e
(X,Y ) and Snglr(X,Y )|∆ : [p] 7→ Snglr∆p

e
(X,Y ) are Kan complexes.

Proof. We first show that Strat(X,Y ) is a Kan complex. For U ⊂ Snglr/X a covering sieve, the

canonical map of simplicial sets Strat(X,Y ) → lim
O∈U

Strat(O, Y ) is an isomorphism. So we can

assume that X has bounded depth.
Consider the consider the sub-stratified space Xd ⊂ X which is the deepest stratum. The

inclusion Xd ↪→ X has a conically smooth tubular neighborhood by Proposition 8.2.3. It is routine
that, then, the restriction map of simplicial sets Strat(X,Y )→ Strat(Xd, Y ) is a Kan fibration. We
are thus reduced to the case that X = M is an ordinary smooth manifold. Write the stratifying
poset Y = (Y → Q). Then the evident map of simplicial sets

∏
q∈Q

Strat(M,Yq)→ Strat(M,Y ) is an

isomorphism. For each factor, both M and Yq are ordinary smooth manifolds, and Strat(M,Yq) =
C∞(M,Yq) is a Kan complex.

We now show that the sub-simplicial set Snglr(X,Y ) ⊂ Strat(X,Y ) is a Kan complex. Choose

0 ≤ i ≤ p. Choose a p-simplex σ : ∆[p]→ Strat(X,Y ), which we write asX×∆p
e
f−→ Y×∆p

e, such that
for each subset i /∈ S ⊂ [p] the composite ∆[S] ↪→ ∆[p]→ Strat(X,Y ) factors through Snglr(X,Y ).
Lemma 3.3.8 grants that, for each such S, there is an open neighborhood ∆S ⊂ OS ⊂ ∆p for which
the restriction ft : X×{t} → Y ×{t} is a conically smooth open embedding for each t ∈ OS . Choose
a smooth embedding α : ∆p

e ↪→ ∆p
e extending the identity map on each ∆S whose image lies in the

union
⋃

i/∈S⊂[p]

OS ⊂ ∆p
e. The composition f ◦α : X×∆p

e → Y ×∆p
e now defines a filler in Snglr(X,Y )

of the horn σ|Λi[p]. �

Convention 4.1.4. The Fun
(
(Strat)op,Set)

)
-enrichments of the categories in Definition 4.1.1 re-

strict to Kan-enrichments – this is a consequence of the product preserving functor (4.1) and
Lemma 4.1.3. In a standard manner, for instance via the simplicial nerve functor (see [Co], or
Section 1.1.5 of [Lu1]), we then regard these Kan-enriched categories as ∞-categories. We will
double book notation and again write

Strat, Snglr, Mfld, Bsc

for these respective ∞-categories. Note in particular that Bsc is a full ∞-subcategory of Snglr via
an iteration of Proposition 3.4.2.

Remark 4.1.5. Most natural functors in the non-enriched setting admit a Kan-enrichment, simply
by declaring F (∆•e ×X) = ∆•e × F (X) for any such functor F .

4.2. Interlude: Presheaves and right fibrations

Before we move on, we set some notation and recall some general facts about the Grothendieck
construction for ∞-categories.

Definition 4.2.1. For any ∞-category C, let

PShv(C) := Fun(Cop, Spaces)

denote the∞-category of contravariant functors from C to the∞-category Spaces. We call an object
F ∈ PShv(C) a presheaf on C.

Definition 4.2.2. Let f : E → C be a functor of ∞-categories. Then we say f is a right fibration
if the diagram

Λpi
//

��

E

��
∆p //

??~
~

~
~

C
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can be filled for any 0 < i ≤ p. Here, Λpi ↪→ ∆p is the usual inclusion of a horn into the p-simplex.
Given two right fibrations E → C and E′ → C the simplicial set FunC(E,E′) of maps over C has a
maximal sub-Kan complex, naturally in E and E′. And so, there is the Kan-enriched category of
right fibrations over C

RFibC ,

which we regard as an ∞-category.

Remark 4.2.3. A model-independent way to define a right fibration is to require that f has the
right lifting property with respect to all final functors K0 → K. Note that we use the term final for
what Lurie calls cofinal—our terminology is in line with that of Joyal [Jo2].

In Section 2.2.1 of [Lu1], Lurie defines an∞-categorical version of the Grothendieck construction,
which he calls the unstraightening construction. This produces a right fibration E → C from any
presheaf on C. He then goes onto prove:

Theorem 4.2.4 (Proposition 2.2.3.11, Theorem 2.2.1.2 of [Lu1]). The unstraightening construction
induces an equivalence of ∞-categories

(4.2) PShv(C)
'−−→ RFibC .

We will make use of this equivalence freely.

Remark 4.2.5. Note there is a left adjoint R : (Cat∞)/C � RFibC to the full inclusion, which we
might refer to as right fibration replacement.

Since being a right fibration is a right lifting property, it is stable under pullbacks:

Proposition 4.2.6. In the pullback square

A′ //

f ′

��

A

f

��
B′ // B

if f is a right fibration, so is f ′.

Remark 4.2.7. The above is just a statement that functors compose: A functor Bop → Spaces
induces a functor (B′)op → Spaces by pre-composing with B′ → B.

Example 4.2.8. In particular, the Yoneda embedding C → PShv(C) determines a right fibration,
and for any object X ∈ C, the right fibration is given by the forgetful functor C/X → C. When
C = Snglr, an edge in Snglr/X is given by a diagram

Y
g //

f   @@@@@@@@ Y ′

f ′~~}}}}}}}}

X

in the ∞-category Snglr. Explicitly, it is the data of the three open, conically smooth embeddings
g, f, f ′ as indicated in the diagram, together with an isotopy from f ′ ◦ g to f .

We will use the following in the proof of Lemma 6.1.8.

Lemma 4.2.9. Let E
p−→ C be a right fibration over a quasi-category. Composition gives an equiva-

lence of ∞-categories

(4.3) − ◦ p : RFibE
'−−→ (RFibC)/E .
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Proof. The functor fits into a diagram among ∞-categories

RFibE

−◦p //

��

(RFibC)/E

��
(Cat∞)/C

−◦p //
(
(Cat∞)/C

)
/E

.

The vertical functors are fully faithful, by definition. The bottom horizontal functor is an equiva-
lence, formally. It follows that the top horizontal functor is fully faithful. The result follows upon
verifying that the top horizontal functor is essentially surjective.

Let X → C be a right fibration and let X → E be a map over C. Through the contravariant model

structure on sSet/E ([Lu1], §2.1.4), there is a factorization X
'−→ X̃ → E by a weak equivalence fol-

lowed by a right fibration. Moreover, the contravariant model structure is a Bousfield localization of
the model structure on sSet/E induced by the Joyal model structure on sSet. Thus any contravariant
equivalence between right fibrations is an equivalence of∞-categories. We conclude that the functor
is essentially surjective. �

4.3. Computing Bsc

The main result of this section, Theorem 4.3.1, indicates that an∞-category of basics is a reasonable
datum to specify in practice – the result articulates in what sense the∞-category Bsc is a poset (of
singularity types) up to ∞-groupoid ambiguity. Write

[Bsc] := {[U ] | U ∈ Bsc}
for the set of isomorphism classes of objects of Bsc, the ordinary (un-enriched)∞-category of basics.
It is equipped with the relation {([U ], [V ]) | ∃ U → V } consisting of those pairs of isomorphism
classes for which there is a morphism between representatives. We prove in Theorem 4.3.1(3) that
this defines a partial order relation.

Theorem 4.3.1 (Basics are easy).
(1) For each object U = Ri × C(Z) ∈ Bsc, the inclusion of Kan monoids O(Ri) × Aut(Z) ↪→

Bsc(U,U) into the monoid of endomorphisms is an equivalence of Kan complexes. In par-
ticular, Bsc(U,U) is group-like.

(2) Let U
f−→ V be a morphism in Bsc. Then exactly one of the following is true:

(a) f is an equivalence in the ∞-category Bsc.
(b) The depth of U is strictly less than the depth of V .

(3) The relation on [Bsc] is a partial order.
(4) The canonical functor between ∞-categories [−] : Bsc → [Bsc] is conservative. In other

words, a morphism U → V in the ∞-category Bsc is an equivalence if and only if U and V
are isomorphic in Bsc.

(5) The map of sets depth : [Bsc]→ Z≥0 is a map of posets. In other words, the existence of a
morphism U → V implies depth(U) ≤ depth(V ).

After Lemma 3.2.9, Theorem 4.3.1(3) gives the following reassuring result.

Corollary 4.3.2 (Unique local types). Let X be a stratified space and let x ∈ X be a point. Let
(U, 0) ↪→ (X,x) ←↩ (V, 0) be two coordinate charts about x. Then there is an isomorphism U ∼= V .
In particular, writing U = Ri × C(Z) and V = Rj × C(Y ), we have i = j and Z ∼= Y .

For the rest of this section we fix a basic U =
(
Ri × C(Z),AZ

)
. As usual, we will identify Ri

as the stratum Ri × ∗ ⊂ U . As so, we will abbreviate the element (0, ∗) ∈ Ri × C(Z) by simply
writing 0 and refer to it as the origin. We are about to examine the Kan monoid Bsc(U,U) of
endomorphisms of U . We write O(Ri) for the orthogonal group, and Aut(Z) for the group Kan
complex of automorphisms of Z in Snglr.
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Recall the map γ : Singsm(R≥0 × Ri)→ Bsc(U,U), adjoint to the map from §3.1.

Definition 4.3.3. We define the sub-Kan monoids

(4.4) Bsc(U,U) ⊃ Bsc0(U,U) ⊃ Aut0(U) ⊃ GL(U) ⊃ O(U)

as follows. Let f : ∆p
e × U → ∆p

e × U be a p-simplex of Bsc(U,U).

• This p-simplex belongs to Bsc0(U,U) provided f(t, 0) = (t, 0) for all t ∈ ∆p
e.

• This p-simplex belongs to Aut0(U) provided f(t, 0) = (t, 0) and f|{t}×U is an isomorphism
for each t ∈ ∆p

0.
• This p-simplex belongs to GL(U) if it satisfies the equation

(4.5) T ◦ γt,v = γt,(Tv)Ri
◦ T

for all (t, v) ∈ R≥0 × Ri – here we have used the subscript Ri to indicate the projection to
Ri. The case Z = ∅ reduces to the consideration of those open embeddings T : Ri → Ri for
which T (t~u+ ~v) = tT~u+ T~v (i.e., elements of GL(Ri)). See Lemma 4.3.4.

• O(U) := O(Ri) × Aut(Z). This is regarded as a submonoid of Bsc0(U,U) by acting on the
evident coordinates of U = Ri × C(Z). That its image lies in GL(U) is a simple exercise.

Lemma 4.3.4. There is an inclusion GL(U) ⊂ Aut0(U) of sub-Kan complexes of Bsc(U,U). More-
over, if S, T ∈ GL(U) then T ◦ S ∈ GL(U).

Proof. T (0) = 0 because γt,0(0) = 0. We need to show that each morphism U
T−→ U in GL(U) is a

surjective map of underlying topological spaces. This follows from the defining equation (4.5) after
the following two observations:

• the collection {0 ∈ O ⊂ U}, of open neighborhoods of the origin with compact closure,
covers U ;

• for each open neighborhood of the origin 0 ∈ O ⊂ U with compact closure, the collection of
images {γt,0(O) | t > 0} is a local base for the topology about the origin 0 ∈ U .

The second statement is immediate by inspecting the defining equation (4.5). �

Recall from Definition 3.1.4 the derivative D0f : U → U of a conically smooth self-open embed-
ding f : U → U .

Lemma 4.3.5. The assignment f 7→ D0f describes a homomorphism of Kan monoids

D0 : Bsc0(U,U) −→ GL(U) .

Moreover, this map is a deformation retraction of Kan complexes.

Proof. The string of equalities

D0f ◦ γt,v =
(
lim
s→0

γ 1
s ,0
fγs,0

)
◦ γt,v

= lim
s→0

γ 1
s ,0
fγts,sv

= lim
s→0

((
γ1,− 1

s f(−sv)γ1, 1s f(−sv
)
◦
(
γ 1
s ,0
fγst,sv

))
= lim

s→0

((
γ1,− 1

s f(−sv)

)
◦
(
γ 1
s ,0
γ1, 1s f(−sv)fγst,sv

))
=

(
lim
r→0

γ1, 1r f(rv)

)
◦
(

lim
s→0

(
γ 1
s ,0
◦ ( lim

p→0
γ1,f(−pv)fγst,pv)

))
= γ1,D0f(v) ◦

(
lim
s→0

γ 1
s ,0
fγst

)
= γ1,D0f(v) ◦

(
lim
s′→0

γ t
s ,0
fγs,0

)
= γ1,D0f(v)γt,0 ◦

(
lim
s′→0

γ 1
s ,0
fγs,0

)
= γt,D0f(v) ◦D0f
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verifies that D0f ∈ GL(U). Moreover, T ∈ GL(U) implies γ 1
t ,0
Tγt,0 = T for all time t > 0, so

D0T = T , meaning D0 is a retract. The path of maps Singsm([0, 1]) × Bsc0(U,U) → Bsc0(U,U)
given by (s, f) 7→ γ 1

s ,0
fγs,0 is a homotopy from D0 to the identity map. �

Lemma 4.3.6. Each of the inclusions in (4.4) is a homotopy equivalence of Kan complexes.

Proof. It is enough to witness the following deformation retractions:

• There is a deformation retraction of Bsc(U,U) onto Bsc0(U,U) given by (t, f) 7→ γ1,tf(0) ◦f .

• The deformation retract of Bsc0(U,U) onto GL(U) is Lemma 4.3.5.
• There is a deformation retraction of GL(U) onto O(U) given in coordinates as

(t, T ) 7→
(

(u, [s, z]) 7→ (GrSmt(D0T|Ri)(u), (1− t) + tD0T [s, z]R, T (0, [0, z])C(Z)

])
– here GrSmt is the Gram-Schmidt deformation retraction at time t, and the subscript
notation is used to denote the projection to the named coordinate.

�

Lemma 4.3.7. Let U = Ri × C(Z) and V = Rj × C(Y ) be basics. Suppose there exists a conically
smooth open embedding U ↪→ V . Then the following are equivalent.

(1) There is an equality of depths depth(U) = depth(V ).
(2) There is a conically smooth open embedding f : U ↪→ V for which the intersection f(U) ∩

Rj ⊂ V is non-empty.
(3) The inclusion of the isomorphisms

Iso(U, V )
'−−→ Bsc(U, V )

is a weak equivalence of Kan complexes.
(4) There is an isomorphism U ∼= V .
(5) There is an equality i = j and an isomorphism of stratified spaces Z ∼= Y .

Proof. We show (5) =⇒ (4) =⇒ (3) =⇒ (2) =⇒ (1) =⇒ (5). That (5) =⇒ (4) is
obvious. (4) =⇒ (3) through Lemma 4.3.6. That (3) =⇒ (2) is obvious, from the definition
of morphisms in Bsc. That (2) =⇒ (1) follows because the existence of an open embedding
Ri×C(Z) ↪→ Rj ×C(Y ) implies Z and Y have the same dimension. Assume (1). Let f : U ↪→ V be
a conically smooth open embedding. Directly after Definition 3.1.4 of conically smooth, there is a

conically smooth open embedding f̃ : Ri×R≥0×Z ↪→ Ri×R≥0×Y over f . Restricting f̃ gives the
conically smooth open embedding Z = {(0, 0)}×Z ↪→ {(f(0), 0)}× Y = Y . Because Z is compact,
this map is an inclusion of components. If this map misses a connected component, the map of
cones {0} × C(Z)→ {f(0)} × C(Y ) is not open. We therefore conclude (5). �

Proof of Theorem 4.3.1. (1) This is Lemma 4.3.6.
(2) This is an immediate consequence of Lemma 4.3.7.
(3) The existence of identity morphisms implies the named relation contains the diagonal relation.

Composition of morphisms witnesses transitivity for the named relation. Lemma 4.3.7 verifies that
[U ] = [V ] whenever [U ] ≤ [V ] and [V ] ≤ [U ]. This proves that [Bsc] is a poset. Hence [Bsc] defines
a category, whose nerve is an∞-category. Since the non-emptiness of Bsc(U, V ) is equivalent to the
non-emptiness of π0 Bsc(U, V ), one has a well-defined functor of ∞-categories Bsc → [Bsc] which
factors through the homotopy category of Bsc.

(4) Let U
f−→ V be a morphism with U ∼= V . Lemma 4.3.7 gives that f is an equivalence in the

∞-category Bsc.
(5) Lemma 4.3.7 immediately verifies that depth : [Bsc]→ N is a map of posets. �

43



4.4. Tangent classifiers, smooth and singular

Recall the tangent classifier from Definition 1.1.3 , and the right fibration τX : Ent(X)→ Bsc from
Definition 1.1.5.

Definition 4.4.1 (Ent[U ](X)). Let U = Ri × C(Z) be a basic. Denote the pullback ∞-categories

Ent[U ](X) //

(τX)|

��

Ent(X)

τX

��
Bsc[U ]

//

��

Bsc

[−]

��
{[U ]} // [Bsc].

Since τX is a right fibration, so is (τX)|, by Proposition 4.2.6.

Remark 4.4.2 (EU versus E[U ].). Recall also that we defined the ∞-category EU (X) in Defi-
nition 1.1.5. This is the fiber of Ent(X) → Bsc over the vertex {U} ↪→ Bsc, and is in fact an
∞-groupoid (i.e., Kan complex) because Ent(X)→ Bsc is a right fibration. Meanwhile, E[U ](X) is
the fiber over the entire sub-groupoid Bsc[U ] ' B Aut(U). (Up to equivalence, this is a Kan-enriched
category with a single object, whose endomorphism Kan complex is Aut(U).) For example:

(1) E[U ](U) has a terminal object given by the identity morphism of U , while the equivalence
classes of objects in EU (U) are in bijection with isotopy classes of self-embeddings U ↪→ U .

(2) If X is a smooth n-manifold, the image of the right fibration Ent(X) → Bsc lands in the
subcategory D ' BO(n) ' BAut(Rn). Setting U = Rn, EntU (X) is homotopy equivalent to
the frame bundle of X, while Ent[U ](X) is homotopy equivalent to X itself.

Here is an immediate consequence of Theorem 4.3.1.

Corollary 4.4.3. The ∞-category
∐

[U ]∈[Bsc]

Bsc[U ] is the maximal sub-∞-groupoid of Bsc. Further-

more, for each stratified space X the ∞-category
∐

[U ]∈Bsc

Ent[U ](X) is the maximal sub-∞-groupoid

of Ent(X).

Recall from Lemma 2.4.10 that a stratified space (X → P ) determines a map of posets P → P.
But rather than projecting to P = {(depth, dim)}, one can remember the singularity type of a specific
point in X. The following result gives a stratification X → [Bsc] for any stratified space X.

Lemma 4.4.4. Let X be a stratified space with stratification X → P . Then the composite map
X → P → P factors through a continuous map to the poset [Bsc]. The map to [Bsc] respects open
embeddings X → X ′ – i.e., the composite X → X ′ → [Bsc] is equal to the map X → [Bsc].

Proof. Fix x ∈ X. Consider the set of all U ∈ Bsc such that x is in the image of some open
embedding U ↪→ X. Since the U form a basis for X by Proposition 3.2.23, the set of U is non-
empty. Since x has a local depth, the depth of all such U is bounded by depth(x). Hence there is
an element of maximal depth, U0. By Lemma 4.3.7, this element is unique, and this gives a map of
sets X → [Bsc] sending x 7→ U0.

Now we prove the map X → [Bsc] is continuous. If X is empty, this is trivially true. By induction,
assume that X → [Bsc] is continuous for all singular X of depth d. Then the map α : U → [Bsc] is
continuous for all singular basics U of depth d+ 1, as follows: Any point x ∈ Ri × {∗} ⊂ Ri × C(Z)
is sent to [U ] ∈ [Bsc]. By definition of the order on [Bsc], any open set containing U must contain
the whole image of α, so the pre-image of any such open set (being all of U) is open. Any other
open set in α(U) consists of [V ] ∈ [Bsc] with strictly smaller depth, so the inductive hypothesis
guarantees that their pre-images are open in Ri × R>0 × Z ⊂ U . Now we prove α : X → [Bsc] is
continuous for all singulars of depth d+ 1.
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Choose an open cover of X by basics, {φi : Ui ↪→ X}. Note that the map αUi : Ui → [Bsc] is the
composite α ◦ φi : Ui ↪→ X → [Bsc]. Fix an open set W ⊂ [Bsc]. Then

α−1(W ) ∩ φi(Ui) = φi
(
(α ◦ φi)−1(W )

)
Note that (α ◦ φi)−1(W ) = α−1

Ui
(W ) ⊂ Ui, so it is open in Ui because the map αUi is continuous for

basics. The result follows by remembering that φi is an open embedding.
Now that we have proven continuity for all stratified spaces with bounded depth (and hence all

basics), it follows that α is continuous for arbitrary stratified spaces. Simply repeat the argument
from the previous paragraph verbatim. �

Definition 4.4.5 (X[U ]). Let U = Ri × C(Z) be a basic. Denote the pullback topological space

X[U ] //

��

X

��
{[U ]} // [Bsc]

and refer to it as the [U ]-stratum – it is the locus of those points in X about which embeddings
U ↪→ X form a local base. It follows from Corollary 3.4.5 that X[U ] is a smooth manifold of
dimension i := dim(U)− depth(U).

Example 4.4.6. If U is a basic, then then the natural map U[U ] ↪→ U is the inclusion Ri ↪→
Ri × C(Z).

Proposition 4.4.7. Fix a singular basic U . Then the assignment

(−)[U ] : Snglr→Mfld

is a functor of Kan-enriched categories. More generally, given a consecutive embedding Q ↪→ [Bsc],
the assignment (−)Q : Snglr→ Snglr is a functor of Kan-enriched categories.

Proof. Lemma 4.4.4 tells us that conically smooth open embeddings respect the map to [Bsc]. Hence,
since X[U ] is defined via pull-back, any conically smooth open embedding j : X ↪→ X ′ defines a
map X[U ] ↪→ X ′[U ]. This map is also conically smooth, since it is given by restricting j to a sub-

singular-manifold. In particular, any conically smooth open embedding from ∆p
e ×X ↪→ ∆p

e ×X ′
defines an open embedding (∆p

e×X)[Rp×U ] ↪→ (∆p
e×X ′)[Rp×U ]. By functoriality of pull-backs, these

assigments respect the face and degeneracy maps of the morphism Kan complexes.
The second statement follows mutatis mutandis. �

By construction, there is a natural equivalence of spaces

EntU (X) ' Snglr(U,X)

between the fiber of Ent(X)
τX−−→ Bsc over U and the Kan complex of embeddings of U into X. It

is useful to think of an element of this embedding space as a very small neighborhood of a point
in X at whose singularity type is [U ], together with a parametrization of this neighborhood (which
one might think of as a choice of framing about the point). Our first goal is to make this intuition
precise – this is Lemma 4.4.8.

After Lemma 4.3.6, there is a map of ∞-groupoids Bsc[U ] → BO(Rd) for d = dim(U)− depth(U).

Lemma 4.4.8. Let X be a stratified space. Let U = Ri × C(Z) be a basic. There is a natural
equivalence of maps of spaces(

Ent[U ](X)
(τX)|−−−→ Bsc[U ] → Bsc[Ri]

)
'
(

Sing
(
X[U ]

) τX[U]−−−→ BO(Ri)
)

from the restriction of the tangent classifier in the sense of Definition 1.1.3 to the ordinary classifying
map for the tangent bundle of the smooth manifold X[U ].
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Proof. Recall from Definition 4.3.3 the Kan-group Aut0(U) of based automorphisms of U . There

is likewise the sub Kan-enriched category Bsc0
[U ] ⊂ Bsc[U ] consisting of the same objects and those

p-simplices of morphisms ∆p
e × U ′

f−→ ∆p
e × U ′′ for which f(t, 0) = (t, 0). Lemma 4.3.6 gives that

each of the functors B Aut0(U)
'−→ Bsc0

[U ]
'−→ Bsc[U ] is an equivalence of ∞-categories (in fact, of

∞-groupoids). Consider the restricted right fibrations Entbdl
[U ] := Ent[U ](X)|B Aut(U) → B Aut0(U) and

Ent0
[U ] := Ent[U ](X)|Bsc0

[U]
→ Bsc0

[U ] – each of the functors Entbdl
[U ](X)

'−→ Ent0
[U ](X)

'−→ Ent[U ](X)

is an equivalence of ∞-groupoids. Evaluation at 0 ∈ U gives functors Entbdl
[U ](X) → Sing(X[U ]) and

Ent0
[U ](X)→ Sing(X[U ]) to the singular complex of the [U ]-stratum. The isotopy extension theorem

gives that each of these functors is a Kan fibration between Kan complexes. We now argue that
each of these Kan fibration is trivial. We do this by demonstrating that, for each x ∈ X, each map
K → Entbdl

[U ](X)x to the fiber from a simplicial set with finitely many non-degenerate simplices can

be extended to a map K/ → Ent0
[U ](X)x.

Fix x ∈ Sing(X[U ]), and let K → Entbdl
[U ](X)x be such a map. Explicitly, this is represented by the

data of a fiber bundle E → |K|, equipped with a section z, whose fibers are (non-canonically) based

isomorphic to (0 ∈ U), together with a map E
f−→ |K| ×X, over |K| that restricts over each t ∈ |K|

as a conically smooth open embedding sending z(t) to x. So, the image of f contains a neighborhood
of |K| × {x}. Because of the finiteness assumption on K, and because based conically smooth open
embeddings (0 ∈ U) → (x ∈ X) form a base for the topology about x (Proposition 3.2.23), then
there is such an embedding φ : U ↪→ X for which φ(U) ⊂ ft(Et) for each t ∈ |K|. We are left with a
map f−1φ : |K| ×U → E over |K| that is fiberwise a based conically smooth open embedding. The
topological space |K/|×U

∐
|K|×U

E over |K/|, with its given section, together with its fiberwise based

conically smooth open embedding to |K/| ×X, represents a map K/ → Ent0
[U ](X)x extending the

composite map K → Entbdl
[U ](X)x → Ent0

[U ](X)x. We have established the sequence of equivalences
of ∞-groupoids

Ent[U ](X)
'←− Ent0

[U ](X)
'−→ Sing(X[U ]) .

The left equivalence lies over an equivalence Bsc[U ]
'←− Bsc0

[U ] by construction. The right equivalence

lies over the projection (−)[U ] : Bsc0
[U ] → Bsc0

[Ri] ' BO(Ri), as seen using a choice of exponential
map TX[U ] 99K X[U ]. �

Finally, the following justifies why τ is a generalization of the usual tangent-classifying map from
(1.2).

Corollary 4.4.9 (Classical tangents). Let X be an ordinary smooth n-manifold. There is a natural
equivalence of spaces (

Ent(X)
τX−−→ Bscn,0

)
'
(
X

τX−−→ BO(n)
)

between the tangent classifier in the sense of Definition 1.1.3 and the classical classifying map for
the tangent bundle of the smooth manifold X.

Example 4.4.10. Here are some explications of the domain of the tangent classifier. With the
exception of the first, these expressions are validated through Remark 1.2.9 which follows from
work yet to come.

• Let M be an ordinary smooth manifold. Then there is a canonical equivalence of quasi-
categories Ent(M) ' Sing(M).

• There is a canonical equivalence of ∞-categories Ent(R×p≥0) ' ([1]×p)op.

• Consider the standard unknot S1 ⊂ S3. Regard this pair as a stratified space via Exam-
ple 5.1.7. Then Ent(S1 ⊂ S3) ' Sing(S1) ? Sing(S1) is the ∞-categorical join; and we see
that the classifying space B

(
Ent(S1 ⊂ S3)

)
' S1 ? S1 ∼= S3 is the topological join.
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• More generally, consider a properly embedded smooth submanifold W ⊂ M , which we
regard as a stratified space whose singularity locus is W . Write LnkW⊂M for the unit
normal bundle of this embedding, with respect to a chosen complete Riemannian metric on
M . Then there is a canonical equivalence of ∞-categories

Ent(W ⊂M) ' Sing(W ) F
Sing
(

LnkW⊂M

) Sing(M \W )

to the parametrized join: For I ← K → J a diagram of ∞-categories, IF
K
J := I

∐
K×{0}

K ×

[1]
∐

K×{1}
J is the iterated pushout of ∞-categories.

4.5. Proof of Propositions 1.2.12 and 1.2.13

We are now prepared to prove Proposition 1.2.12, whose statement we recall here.

For each stratified space X, the functor Entδ(X)→ Ent(X) witnesses a localization

Entδ(X)[W−1
X ]

'−−→ Ent(X)

where WX ⊂ Entδ(X) is the subcategory consisting of the same objects (U ↪→ X) but only
those morphisms (U ↪→ X) ↪→ (V ↪→ X) for which U and V are abstractly isomorphic.

Proof of Proposition 1.2.12. Immediate from Lemma 4.3.1 is that the functor Entδ(X) → Ent(X)
factors through the named localization, and in fact it does so conservatively. To show that this
functor is an equivalence, we show it is an equivalence on underlying ∞-groupoids, and that it is
an equivalence on spaces of morphisms. From Lemma 4.4.8, the underlying ∞-groupoid of Ent(X)
is canonically identified as the coproduct

Ent(X)∼ '
∐
[U ]

X[U ]

of the underlying spaces of the indicated smooth manifolds which are defined in Definition 4.4.5
– here, the coproduct is indexed by isomorphism classes of basics. The underlying ∞-groupoid
of Entδ(X)[W−1

X ] is the classifying space BWX . In light of the above coproduct, consider the full

subcategory W
[U ]
X ⊂WX consisting of those (V ↪→ X) for which V ∼= U . We thus seek to show that

the functor W
[U ]
X → X[U ] witnesses an equivalence from the classifying space BW

[U ]
X ' X[U ]. We

will do this by first showing that the functor X[U ] ∩ − : W
[U ]
X → WX[U]

induces an equivalence on
classifying spaces, then observing a canonical equivalence of spaces BWX[U]

' X[U ]. Consider the

slice category (W
[U ]
X )(R↪→X[U])/. An object is an object (U ′ ↪→ X) of W

[U ]
X for which R ⊂ U ′, and

a morphism is an inclusion of such. Because such (U ′ ↪→ X) form a base for the topology about

(R ↪→ X[U ]), then this category is filtered. In particular, the classifying space B(W
[U ]
X )(R↪→X[U])/ ' ∗

is contractible. It follows that the functor X[U ] ∩ − : W
[U ]
X → WX[U]

induces an equivalence on
classifying spaces, as desired. Now, let M be a smooth manifold. The category WM is a basis for
the standard Grothendieck topology on M , in particular it is a hypercover of M . It follows from
results of [DI] that the canonical map of topological spaces

colim
(R↪→M)∈WM

R
'−−→ M

is a homotopy equivalence. Because each term R in this colimit is contractible, then this colimit is
identified as the classifying space

BWM ' colim
(R↪→M)∈WM

R .
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Applying this to the case M = X[U ], we conclude that BWX[U]
' X[U ]. In summary, we have verified

that the map of underlying ∞-groupoids(
Entδ(X)[W−1

X ]
)∼ '−−→

(
Ent(X)

)∼
is an equivalence. We now show that the functor induces an equivalence on spaces of morphisms.
Consider the diagram of spaces(

Entδ(U)[W−1
U ]
)∼ //

(U↪→X)

��

Ent(U)∼

(U↪→X)

��(
Entδ(X)[W−1

X ]
)(1) //

ev1

��

Ent(X)(1)

ev1

��(
Entδ(X)[W−1

X ]
)∼ // Ent(X)∼

where a superscript (1) indicates a space of morphisms, and the upper vertical arrows are given as
(V ↪→ U) 7→

(
(V ↪→ X) ↪→ (U ↪→ X)

)
. Our goal is to show that the middle horizontal arrow is an

equivalence. We will accomplish this by showing that the diagram is a map of fiber sequences, for
we have already shown that the top and bottom horizontal maps are equivalences.

The right vertical sequence is a fiber sequence is because such evaluation maps are coCartesian
fibrations, in general. Then, by inspection, the fiber over (U ↪→ X) is the underlying ∞-groupoid
of the slice Ent(X)(U↪→X). This slice is canonically identified as Ent(U). Let us show that the left

vertical sequnce is a fiber sequence. The space of morphisms of
(
Entδ(X)[W−1

X ]
)(1)

is the classifying

space of the subcategory of the functor category FunWX
(
[1],Entδ(X)

)
⊂ Fun

(
[1],Entδ(X)

)
consisting

of the same objects but only those natural transformations by W . We claim the fiber over (U ↪→ X)
of the evaluation map is canonically identified as in the sequence(

Entδ(U)[W−1
U ]
)∼ (U↪→X)−−−−−−→

(
Entδ(X)[W−1

X ]
)(1) ev1−−−→

(
Entδ(X)[W−1

X ]
)∼

.

This claim is justified through Quillen’s Theorem B, for the named fiber is the classifying space of the
slice category (WX)/(U↪→X) which is canonically isomorphic to WU . To apply Quillen’s Theorem B,
we must show that each morphism (U ↪→ X) ↪→ (V ↪→ X) in WX induces an equivalence of spaces
B
(
(WX)/(U↪→X)

)
' B

(
(WX)/(V ↪→X)

)
. This map of spaces is canonically identified as BWU → BWV .

Through the previous analysis of this proof, this map is further identified as the map of spaces∐
[B]

U[B] →
∐
[B]

V[B] induced from the inclusion U ↪→ V . Because U and V are abstractly isomorphic,

then Lemma 4.3.1 gives that each such inclusion is isotopic through stratified open embeddingst to
an isomorphism. We conclude that Quillen’s Theorem B applies.

�

We now prove Proposition 1.2.13, whose statement we recall here:

Let X̃
r−→ X be a refinement between stratified spaces. Then there is a canonical functor

Ent(X̃) −→ Ent(X)

which is a localization.

Proof of Proposition 1.2.13. Each of the functors into the poset of open subsets, ordered by inclu-
sion,

Image : Entδ(X̃)→ Op(X̃) = Op(X)← Entδ(X) : Image

is the inclusion of a full subcategory. The image of the first functor consists of those Õ ⊂ X̃ for

which Õ is abstractly isomorphic to a basic stratified space, while the image of the second functor
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consists of those O ⊂ X for which O is abstractly isomorphic to a basic. For Ũ → U a refinement

with Ũ a basic, then U too is a basic, by inspection. There results a fully faithful functor

Entδ(X̃)
'−−→ Entδ(X) .

We are about to apply Proposition 1.2.12, and so we will adopt the notation of its statement.
Consider the composite functor

Entδ(X̃) −→ Entδ(X) −→ Ent(X) .

Because objects (Ũ ↪→ X̃) of Entδ(X̃) form a basis for the underlying topological space of X̃,
which is identical to that of X, then this functor is essentially surjective. From the definition of

W̃ ⊂ Entδ(X̃), this functor factors through an essentially surjective functor

Ent(X̃) −→ Ent(X) .

That this functor is a localization follows from Proposition 1.2.12.
�

5. Categories of basics

Recall from the introduction the following.

Definition 5.0.1. An ∞-category of basics is a right fibration B → Bsc. Given an ∞-category of
basics B, the ∞-category of B-manifolds is the pullback

Mfld(B) := Snglr ×
RFibBsc

(
(RFibBsc)/B

)
,

and there is the further pullback ∞-category We will use the notation for the pullback

Mfld(B) := Snglr ×
Snglr

Mfld(B) .

Remark 5.0.2. By definition, there is a fully faithful inclusion of∞-categories, B ↪→Mfld(B). The
intuition is as follows: In examples, an object U ∈ B can be thought of as an object U ∈ Bsc together
with some structure g. Meanwhile, an object of Mfld(B) is specified by a natural transformation
from the representable functor Snglr(−, U) to the presheaf defined by B. This natural transformation
should be thought of as pulling back structures: given any morphism f : U ′ → U , one obtains a
pullback structure f∗g ∈ B(U ′).

We will now give examples of categories of basics. As we mentioned in the introduction, any
∞-category of basics B→ Bsc factors as an essentially surjective functor followed by a fully faithful
functor. The latter aspect of this factorization corresponds to a class of singularity types, and the
former to tangential structures on these singularity types.

5.1. Specifying singularity type

Definition 5.1.1. Let C be a Kan-enriched category. A subcategory L ⊂ C is a sieve if d ∈ ob L and
homC(c, d) 6= ∅ implies c ∈ ob L and homL(c, d) = homC(c, d). Notice that a sieve is in particular a
full subcategory.

Let B ⊂ Bsc be a sieve. Let X be a stratified space. Denote by XB ⊂ X the sub-stratified space
which is the open subspace

XB =
⋃

B3U
φ−→X

φ(U) ⊂ X

where the union is taken over the set of conically smooth open embeddings from objects of B.
Because B is a sieve, the collection {U ↪→ X | U ∈ B} is a basis for the topology of XB. Con-
versely, given a stratified space X, the full subcategory BX ⊂ Bsc consisting of those U for which
Snglr(U,X) 6= ∅, is a sieve.
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Remark 5.1.2. It is useful to think of a sieve B ⊂ Bsc as a list of singularity types, this list being
stable in the sense that a singularity type of an arbitrarily small deleted neighborhood of a point in
a member of this list is again a member of the list.

Definition 5.1.3 (B-manifolds). Let B ⊂ Bsc be a sieve. A B-manifold is a stratified space for which
XB ↪→ X is an isomorphism. Equivalently, a stratified space X is a B-manifold if Snglr(U,X) = ∅
whenever U /∈ ob B.

Example 5.1.4. Let −1 ≤ k ≤ n. The inclusion Bsc≤k,n ⊂ Bsc is a sieve. A Bsc≤k,n-manifold
is a stratified space of pure dimension n and depth at most k. We point out that the inclusion
Bsck,n ⊂ Bsc is not a sieve whenever k > 0.

Example 5.1.5. Let B ⊂ Bsc1 be the full subcategory spanned by R and C({1, 2, 3}). Then B is a
sieve and a B-manifold is a (possibly open) graph whose vertices (if any) are exactly trivalent.

Example 5.1.6 (Boundaries and permutable corners). Let D∂
n ⊂ Bsc be the full subcategory

spanned by the two objects Rn and Rn−1×C(∗). Then D∂
n is a sieve and a D∂

n-manifold is precisely
a smooth n-manifold with boundary.

As a related example, let D
∂
n ⊂ Bsc be the full subcategory spanned by the objects {Rn−k ×

C(∆k−1)}0≤k≤n where it is understood that ∆−1 = ∅−1. (See Example 3.5.5 to understand ∆k−1 as
a stratified space.) By induction, conically smooth open embeddings Rn−k × C(∆k−1) ↪→ ∆n form

a basis for its topology. It follows that D
∂
n ⊂ Bsc is a sieve. A D

∂
n-manifold is what we called an

n-manifold with permutable corners in Example 3.5.7.

Example 5.1.7 (Embedded submanifolds). Here we follow up on Example 3.5.8 where we stated
that a properly embedded submanifold Ld ⊂ Mn of a smooth n-manifold can be regarded as a
stratified space of dimension n, whose locus of positive depth is precisely L.

Let DKink
d⊂n ⊂ Bsc be the sieve with the two objects {Rn , Rn−d×C(Sn−d−1)}, the second of which

we will write as Rd⊂n for now. The morphism spaces (actually, Kan complexes) are as follows:

• DKink
d⊂n(Rn,Rn) = Emb(Rn,Rn) – the space of smooth embeddings. This space is a monoid

and receives a homomorphism from O(n) which is an equivalence of underlying spaces.
• DKink

d⊂n(Rd⊂n,Rn) = ∅.
• DKink

d⊂n(Rn,Rd⊂n) = Emb(Rn,Rn r Rd) – the space of smooth embeddings which miss the

standard embedding Rd × {0} ⊂ Rn. This space receives a map from O(n) × Sn−d−1 as a(
O(n),O(d)×Diff(Sn−d−1)

)
-bimodule, and the map is an equivalence of underlying spaces.

• Cylindrical coordinates Rd×R≥0×Sn−d−1 Cyl−−→ Rn induce a homeomorphism of underlying
topological spaces Rd⊂n ≈ Rn – this homeomorphism canonically lifts to a PL isomorphism,
but not a smooth isomorphism. The morphism space DKink

d⊂n(Rd⊂n,Rd⊂n) is the space of
those continuous open embeddings f : Rn → Rn for which the diagram

Rd × R≥0 × Sn−d−1

Cyl

��

f̃ //___ Rd × R≥0 × Sn−d−1

Cyl

��
Rn

f // Rn

can be filled with f̃ a smooth map between manifolds with boundary. This space is a
monoid and receives a homomorphism from O(d)×Aut(Sn−d−1) which is an equivalence of
underlying spaces.

Write DPL
n for the Kan-enriched category with the single object RnPL and whose morphism space is

EmbPL(Rn,Rn) – the space of PL self-embeddings of Rn. Notice the evident enriched functor

DKink
d⊂n −→ DPL

n .

A DKink
d⊂n-manifold is the data of
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• a smooth n-manifold M̃ with boundary ∂M̃ ,
• a smooth d-manifold L,

• a smooth fiber bundle ∂M̃ → L whose fibers are diffeomorphic to a sphere.

Such data in particular determines the pushout topological space M := Lt
∂M̃

M̃ . This topological
space M is a topological n-manifold, and, directly from its defining expression, it is equipped with a
canonical PL structure. Moreover, this PL manifold M is equipped with a properly embedded smooth
submanifold L ⊂M as well as a smooth structure on M \L, in addition to further smoothness along
L which, among other things, provides a tubular neighborhood of L and thus a smooth link about L.
We refer to a DKink

d⊂n-manifold as a kink submanifold L ⊂ M . Examples of such come from properly

embedded smooth d-manifolds in a smooth n-manifold. Not all DKink
d⊂n-manifolds are isomorphic to

ones of this form – this difference will be addressed as Example 5.2.10.

5.2. Examples of ∞-categories of basics

By construction, there is a fully faithful functor B → Mfld(B). There results restricted Yoneda
functor

(5.1) τ : Mfld(B) −→ PShv
(
Mfld(B)

)
−→ PShv(B) '

Rec 4.2.4
RFibB .

Example 5.2.1. Let Θ: Bscop → Kan be a fibrant functor between Kan-enriched categories. The
unstraightening construction applied to the coherent nerve of Θ gives a right fibration

BΘ → Bsc

whose fiber over U is a Kan complex canonically equivalent to Θ(U).

Example 5.2.2. Let X be a stratified space. Then Ent(X)→ Bsc is an ∞-category of basics. The

data of a stratified space Y together with a conically smooth open embedding Y
f−→ X determines

the Ent(X)-manifold
(
Ent(Y ),Ent(f)

)
. In general, it is not the case that every Ent(X)-manifold

arises in this way.

Definition 5.2.3. Let C be an ∞-category. We say a ∞-subcategory L ⊂ C is a sieve if the
inclusion L→ C is a right fibration. Equivalently, L ⊂ C is a sieve if it is a full subcategory and for
each c ∈ L the homotopy type C(c′, c) 6= ∅ being non-empty implies c′ ∈ L. Thus, a ∞-subcategory
L ⊂ C being a sieve is a condition on its vertices.

Remark 5.2.4. Note that the coherent nerve of a sub-Kan-enriched category L ⊂ C is a sieve in
the sense of Definition 5.1.1 if and only if it is a sieve as ∞-categories.

Example 5.2.5 (Dn). Define the ∞-category of basics

Dn → Bsc

as the coherent nerve of Bsc0,n. A Dn-manifold is precisely an ordinary smooth manifold.

Example 5.2.6 (Framed 1-manifolds with boundary). Consider the sieve I′ ⊂ Bsc≤1,1 whose set of
objects is {R, C(∗)}. We point out that C(∗) = R≥0. Define by I → I′ the (unique) right fibration
whose fiber over R is a point {R} and whose fiber over R≥0 is two points {R≥0} t {R≤0}. As
the notation suggests, the space of morphisms between two objects of I is the space of smooth
open embedding which preserve orientation. An I-manifold is an oriented smooth 1-manifold with
boundary.

Remark 5.2.7. We point out that the presented definition of I describes it as a Kan-enriched
category (with three objects and with explicit morphism spaces).

Example 5.2.8 (Framed manifolds). Denote the right fibration Dfr
n := (Dn)/Rn → Dn. This is the

unstraightening the topological functor Dop
n → Kan given by Dn(−,Rn). For example, its value on

Rn (the only object) is Emb(Rn,Rn) ' O(n). As so, it is useful to regard a vertex of Dfr
n as a framing
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on Rn, that is, a trivialization of the tangent bundle of Rn. Because Dn is an∞-groupoid, the over-
∞-category Dfr

n ' ∗ is equivalent to ∗. A Dfr
n-manifold is a smooth manifold together with a choice

of trivialization of its tangent bundle. A morphism between two is a smooth embedding together
with a path of trivializations from the given one on the domain to the pullback trivialization of the
target. Composition is given by composing smooth embeddings and concatenating paths.

Example 5.2.9. Let G
ρ−→ GL(Rn) be a map of topological groups. There results a Kan fibration

between Kan complexes BG → BGL(Rn). Set DG
n := BG and define the right fibration DG

n → Dn

through the equivalence of Kan complexes BGL(Rn)
'−→ Dn. A DG

n -manifold is a smooth manifold
with a (homotopy coherent) G-structure on the fibers of its tangent bundle. A morphism of DG

n -
manifolds is a smooth embedding together with a path from the fiberwise G-structure on the domain
to the pullback G-structure under the embedding. Examples of such a continuous homomorphism
are the standard maps from Spin(n), O(n), and SO(n). The case ∗ → GL(Rn) of the inclusion of
the identity subgroup gives the category of basis Dfr

n of Example 5.2.8.

Example 5.2.10 (Submanifolds). Recall the sieve DKnk
d⊂n of Example 5.1.7. There was a map

DKnk
d⊂n → DPL

n to the monoid of PL self-embeddings of Rn. Also note the standard map Dn → DPL
n .

Define the ∞-category Dd⊂n as the pullback

Dd⊂n //

��

Dn

��
DKnk
d⊂n

// DPL
n

though we warn that the horizontal maps do not lie over Bsc. Nevertheless, Dd⊂n → DKnk
d⊂n is a

right fibration, and therefore Dd⊂n is an ∞-category of basics. We describe Dd⊂n explicitly. The
map Dd⊂n → DKnk

d⊂n is an equivalence on the first three of the four mapping spaces (according to the
order presented in Example 5.1.7). To identify the remaining space of morphisms, we explain the
homomorphisms

O(d)× O(n− d)
'−−→ Emb

(
(Rd ⊂ Rn), (Rd ⊂ Rn)

) '−−→ Dd⊂n(Rd⊂n,Rd⊂n)

which are equivalences of spaces. The middle space consists of those smooth self-embeddings of Rn
which restrict to self-embeddings of Rd and Rn \ Rd. The first map is the evident one, and it is an
equivalence of spaces with homotopy inverse given by taking the derivative at the origin 0 ∈ Rn.
The second map is the evident one, and it is an equivalence of spaces via smoothing theory. Using
smoothing theory (à la [KiSi]), a Dd⊂n-manifold is a smooth manifold equipped with a properly

embedded smooth d-manifold. Provided n − d ≤ 3, the inclusion O(n − d)
'−→ Diff(Sn−d−1) is

a homotopy equivalence (which is Smale’s conjecture for the case n − d = 3) and thus the map

Dd⊂n
'−→ DKnk

d⊂n is an equivalence of ∞-categories. For this range of d then, there is no distinction

between a Dd⊂n-manifold and a DKnk
d⊂n-manifold. The case (n, d) = (3, 1) is of particular interest .

Example 5.2.11. Let A be a set whose elements we call colors. Denote by DA
d⊂n → Dd⊂n the right

fibration whose fiber over Rn is a point and whose fiber over Rd⊂n is the set A. A DA
d⊂n-manifold

is a collection {Lα}α∈A of pairwise disjoint properly embedded smooth d-submanifolds of a smooth
manifold M .

As a related example, let S ⊂ A×A be a subset and denote by DS
n the∞-category of basics over

the objects Rn and Rn−1⊂n whose fiber over the first object is the set A of colors, and whose fiber
over the second object is S. The edges (and higher simplices) are given from the two projections
S → A. A DS

n-manifold is a smooth manifold together with a hypersurface whose complement is
labeled by A, and the colors of two adjacent components of this complement are specified by S. We
think of such a geometric object as a (S-indexed) defect of dimension n.
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Example 5.2.12 (Framed submanifolds). Recall the∞-category of basics Dd⊂n of Example 5.2.10.
Define the ∞-category Dfr

d⊂n as the pullback in the diagram of ∞-categories

Dfr
d⊂n

//

��

Dfr
n

��
Dd⊂n // Dn

– though we warn that the horizontal maps do not lie over Bsc. Nevertheless, both of the projections
Dfr
d⊂n → Dd⊂n → Bsc are right fibrations, and therefore Dfr

d⊂n is an ∞-category of basics.

Observe that Dfr
n embeds into Dfr

d⊂n as the fiber over Rn. The fiber of Dfr
d⊂n over the other

vertex Rd⊂n is what one can justifiably name the Kan complex of framings of Rd⊂n. Via §4.3, this
terminology is justified through the identification of the fiber over Rd⊂n being canonically equivalent
to the product O(k) × Aut(Sn−k−1) which is the Kan complex of choices of ‘trivializations of the
tangent stalk of Rd⊂n at it center’. Consider the map of ∞-categories Dd⊂n → ∆1 determined
by {Rn} 7→ 0, {Rd⊂n} 7→ 1. The composite map Dfr

d⊂n → Dd⊂n → ∆1 is an equivalence of ∞-

categories. This is analogous to (and restricts to) the equivalence Dfr
n ' ∗ . A Dfr

d⊂n-manifold is
a framed manifold M and a properly embedded smooth d-submanifold L equipped with a null-
homotopy of the Gauss map of this submanifold: L→ Grd(Rn) – this null-homotopy is equivalent
to a trivialization of both the tangent and normal bundle of L, compatible with the trivialization
of M .

Example 5.2.13 (Specified intersections). Fix a smooth embedding e : Sn−k−1 t Sn−l−1 ↪→ Sn−1.
Regard the datum of e as a singular (n − 1)-manifold, again called e, whose underlying space is
Sn−1 with singularity locus the image of e. Consider the sieve D′k,l⊂en → Bsc whose set of objects

is {Rn,Rk⊂n,Rl⊂n,C(e)}. As with Example 5.2.10, there is a functor D′k,l⊂en → DPL
n . Define

the ∞-category of basics Dk,l⊂en := D′k,l⊂en ×
DPL
n

Dn. A Dk,l⊂en-manifold is a smooth manifold M

together with a pair of properly embedded smooth submanifolds K,L ⊂ M of dimensions k and
l, respectively, whose intersection locus is discrete and of the form specified by e. As a particular
example, if k + l = n and e is the standard embedding into the join, then a Dk,l⊂en-manifold is a
pair of submanifolds (of dimensions k and l) of a smooth manifold which intersect transversely as a
discrete subset.

Example 5.2.14 (Manifolds with corners). This example will be foreshadow of Section §7.2, where
singular manifolds with corners is developed. Let I be a finite set. Consider the poset P(I) of subsets

of I, ordered by reverse inclusion. For each J ⊂ I, consider the continuous map RIrJ>0 ×RI≥0 → P(I)

given by (I
x−→ R≥0) 7→ {i | xi = 0} – it is a stratified space, and as so it is (non-canonially)

isomorphic to a basic.
Consider the Kan-enriched category D〈n〉 → Bsc for which an object is a finite subset J ⊂

{1, . . . , n} =: n, and for which the Kan complex of morphisms from J to J ′ is that of conically

smooth open embedding RnrJ>0 × RJ≥0 ↪→ RnrJ
′

>0 × RJ′≥0 over the poset P(n). There is an evident
functor D〈n〉 → Bsc. In Section §7.2 it is explained that this functor is a right fibration, and so D〈n〉
is an ∞-category of basics. A D〈n〉-manifold is a smooth n-manifold corners, in the sense of [La].

Construction 5.2.15 (Stratum-wise structures). We give a brief general account of independent
structures – these structures are simply structures on each stratum of a stratified space separately,
requiring no compatibility. The data required to specify independent structures is far simpler than
for general structures. Consider the maximal sub-∞-groupoid Bsceq ⊂ Bsc. From Theorem 4.3.1,
it can be described as the ∞-subcategory of depth-preserving morphisms. Let E0 → Bsceq be any
Kan fibration. We now construct a right fibration E→ Bsc – this construction is completely formal.

We define the map of simplicial sets E → Bsc by defining for each p ≥ 0 and each ∆[p]
σ−→ Bsc

a the set Eσ[p] of p-simplices in E over σ; that these sets assemble to define a right fibration
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among simplicial sets is clear from the construction. For p = 0, define E[0] = E0
σ[0] using that

Bsceq[0] = Bsc[0]. Assume Eσ′ [p
′] has been defined whenever p′ < p. Let 0 ≤ k ≤ p be maximal

such that the map ∆{0, . . . , k}
σ|−→ Bsc factors through Bsceq. If k = p define Eσ[p] = E0

σ[p]. If
k < p define Eσ[p] = Eσ|∆{k+1,...,p} [p− k − 1].
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Part 2. Structures are sheaves are 1-excisive functors

Now we are equipped to give the proofs of the main theorems from the introduction:

• Theorem 1.2.1: presheaves on Bsc are equivalent to sheaves on Snglr.
• Theorem 1.2.5: sheaves relative to X are equivalent to constructible sheaves on X.
• Theorem 1.2.15 generalizes the previous two theorems to the case of stratified spaces with

arbitrary structure B.
• Theorem 1.2.18: sheaves on B-manifolds are equivalent to 1-excisive functors, and covariant

functors out of B (i.e., co-presheaves) are precisely the q-excisive functors on Mfld(B).

6. Sheaves and constructible sheaves

The following definition is from [TV], and subsequently used in [Lu1] (cf. Definition 5.1.1).

Definition 6.0.16. For C an ∞-category, a sieve is a fully faithful right fibration U → C. For
X ∈ C, a sieve on X is a sieve UX → C/X for the slice ∞-category.

We now make concrete what we mean by sheaf on the site of stratified spaces. To this end,
consider the un-enriched category of stratified spaces, Snglr. For every stratified space X, there is
a functor

Image : Snglr/X → Op(X), (φ : U ↪→ X) 7→ φ(U)

which maps the category of open embeddings U ↪→ X to the poset of open subsets O ⊂ X, simply by
taking the image of an open embedding. Because objects of Snglr are C0 stratified spaces equipped
with a section of the sheaf Sm, the functor Image is a Cartesian fibration whose fibers are equivalent
to the terminal category. (The functor, in particular, is an equivalence.) And so, there is a standard
Grothendieck topology on Snglr where a sieve U ⊂ Snglr/X on a stratified space X is a covering

sieve if its image in Op(X) is a covering sieve in the standard sense.

Definition 6.0.17. Define the full subcategory

Shv(Snglr) ⊂ PShv(Snglr)

to be the ∞-category of sheaves on Snglr. These are the functors F : (Snglr)op → Spaces such

that, for each covering sieve U ⊂ Snglr/X , the composition (Uop)/ → (Snglr)op F−→ Spaces is a limit

diagram. In particular, the canonical map of spaces F(X)
'−→ lim

U∈U
F(U) is an equivalence. More

generally, a contravariant functor F : (Snglr)op → C to an ∞-category C is called a C-valued sheaf if

the composition (Uop)/ → Snglrop F−→ C is a limit diagram in C.

Definition 6.0.18. The ∞-category of sheaves on Snglr is the pullback in the diagram among
∞-categories

(6.1) Shv(Snglr) //

��

PShv(Snglr)

��
Shv(Snglr) // PShv(Snglr) .

So an object of Shv(Snglr) is a functor Snglrop F−→ Spaces for which the composition (Snglr)op →
Snglrop F−→ Spaces is a sheaf. An analogous pullback defines the category of C-valued sheaves on
Snglr.

Definition 6.0.19 (Constructible sheaves). Let X
S−→ P be a stratified topological space. The

∞-category of (S-)constructible sheaves on X is the full ∞-subcategory

Shvcbl(X) ⊂ Shv(X)

of those F : Op(X)op → Spaces where, for each p ∈ P , the restriction F|S−1p : Op(S−1p)op → Spaces
is a locally constant sheaf (see Definition A.1.12 of [Lu2].)
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We record a variation of Definition 6.0.18 that accounts for B-manifolds. To present this def-
inition we make a couple notational observations. The natural projection Mfld(B) → Snglr gives
an adjunction PShv(Snglr) � PShv

(
Mfld(B)

)
given by restriction and right Kan extension. Be-

cause Mfld(B) → Snglr is a right fibration, each open hypercover U of the underlying stratified
space of a B-manifold X, which we regard as a poset by inclusion, canonically determines a functor
U. →Mfld(B).

Definition 6.0.20. For B an ∞-category of basics, the ∞-category of sheaves on Mfld(B) is the
pullback in the diagram among ∞-categories

(6.2) Shv
(
Mfld(B)

)
//

��

PShv
(
Mfld(B)

)
��

Shv(Snglr) // PShv(Snglr) .

So an object of Shv
(
Mfld(B)

)
is a functor Mfld(B)op F−→ Spaces for which, for each open hypercover U

of the underlying stratified space of a B-manifold X, the composition (Uop)/ →Mfld(B)op F−→ Spaces
is a limit diagram. An analogous pullback defines the category of C-valued sheaves on Mfld(B).

6.1. Constructible sheaves and Ent(X): Proof of Theorem 1.2.5(Cbl)

Fix a stratified space X. Recall the enter-path ∞-category Ent(X) from Definition 1.1.5 – it comes
with a natural right fibration to Bsc, whose fiber over U is the space of embeddings from U to X.
Also recall the∞-category of constructible sheaves Shvcbl(X) from Definition 6.0.19. We prove here
the equivalence (Cbl) in Theorem 1.2.5:

Shvcbl(X) ' PShv(Ent(X)).

In a nutshell, we prove Theorem 1.2.5 (Cbl) by showing that both sides of the equivalence respect
coverings, crossing with R, and applying the cone C.

6.1.1. Characterizing the tangent classifier

For each sieve U ⊂ Snglr/X , we have a composite functor

U ⊂ Snglr/X → Snglr/X
Ent−−→ PShv(Bsc)/ Ent(X)

and hence a map

(6.3) colim
O∈U

Ent(O) −→ Ent(X) .

of right fibrations over Bsc.

Lemma 6.1.1. For each covering sieve U ⊂ Snglr/X the map (6.3) is an equivalence in RFibBsc.

Proof. Let U ⊂ Snglr/X be a covering sieve. Because colimits of presheaves are taken objectwise,

the map of right fibrations colim
O∈U

Ent(O) → Ent(X) is an equivalence if and only if the restriction

of this map colim
O∈U

Ent[U ](O) → Ent[U ](X) is an equivalence of spaces for each isomorphism class of

a basic [U ]. Let [U ] be such an isomorphism class. Through Lemma 4.4.8, this map of spaces is
an equivalence if and only if the map colim

O∈U
Sing(O[U ]) → Sing(X[U ]) is an equivalence. Because

the collection {O[U ] → X[U ]} is a covering sieve, and because X[U ] admits partitions of unity
(Lemma 7.1.1), the result follows from Proposition 4.1 of [Se]. If one does not want to invoke the
partitions of unity result, one can also appeal to Theorem 1.1 of [DI]. �
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Consider the composite functor

(6.4) PShv
(
Ent(−)

)
: (Snglr)op −→ (Snglr)op τ−−→ (RFibBsc)

op PShv−−−−→ (Cat∞)PShv(Bsc)/ −→ Cat∞ .

Here is a direct consequence of Lemma 6.1.1.

Corollary 6.1.2. The functor PShv
(
Ent(−)

)
is a Cat∞-valued sheaf.

Because both R and R≥−∞ are basics, Corollary 3.4.9 tells us that the inclusion R ↪→ R≥∞
induces a natural transformation between the direct product functors (R × −) → (R≥−∞ × −).
Hence we have a diagram

(6.5) Ent(−) //

��

Ent(R×−)

��
[1]× Ent(−) // Ent(R≥−∞ ×−)

which is a diagram in the ∞-category of functors, Fun(Snglr,Cat∞). The lower-left corner is the
product with the nerve of the poset {0 < 1}, and the right vertical arrow is the inclusion of {0} ↪→ [1].

Lemma 6.1.3. In the diagram (6.5), the horizontal arrows are equivalences (of Cat∞-valued func-
tors).

Proof. That Ent(−)→ Ent(R×−) is an equivalence follows from Lemma 4.4.8. For each morphism

U
f−→ R≥−∞×X from a basic, U|R

f|−→ R×X is again morphism from a basic. Let ν : Spaces→ {0, 1}
be an indicator function for non-empty spaces, so ν(X) = 0 if X = ∅, while ν(X) = 1 otherwise.

The assignment (U
f−→ R≥−∞ × X) 7→

(
ν
(
U|{−∞}

)
, U|R

f|−→ R × X
)

is an inverse to the bottom
horizontal functor. �

In what follows, let Ent(X). denote the ∞-category obtained by adjoining a terminal vertex to
Ent(X). Put another way, it is the join of the simplicial set Ent(X) with a 0-simplex.

Lemma 6.1.4. Let X be a compact stratified space. There is an equivalence of ∞-categories

Ent(X).
'−−→ Ent

(
C(X)

)
.

Proof. We construct a functor Ent(R≥−∞×−) −→ Ent
(
C(X)

)
by declaring it to extend the functor

Ent(R × X) → Ent
(
C(X)

)
induced from the standard inclusion, and to be the constant functor

{C(X)
=−→ C(X)} elsewhere – this indeed defines a functor, in light of Lemma 6.1.3. By construction,

this functor factors as Ent(X). → Ent
(
C(X)

)
as in the statement of the lemma. This functor

restricts as the equivalence Ent(X)
'−→ Ent(R × X) of Lemma 6.1.3. After Corollary 4.4.3, on

maximal sub-∞-groupoids this functor is the map of spaces

∗ q
∐
[U ]

Ent[U ](X)→ Ent[C(X)]

(
C(X)

)
q
∐
[U ]

Ent[U ](R×X)

that lies over the map of indexing sets [U ] 7→ [R × U ]. It remains to show this functor induces an
equivalence between mapping homotopy types whose source or target is not a cofactor in the indexed
coproduct. But these mapping spaces are consistently either empty or terminal, by inspection. �

6.1.2. Characterizing constructible sheaves

Any ∞-category has a Yoneda embedding C → PShv(C). By the Grothendieck construction (4.2),
one obtains a functor C/− : C → RFibC, which sends an object X to the right fibration C/X → C.
Let C = Snglr and consider the composite functor

PShv
(
Snglr/−

)
: (Snglr)op

Snglr/−−−−−−−→ (RFibSnglr)
op PShv−−−−→ (Cat∞)

PShv
(

Snglr
)
/
−→ Cat∞
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which sends an object X to the category of presheaves on Snglr/X . We also have the functors Shv(−)

and Shvcbl(−) : (Snglr)op → Cat∞, which take an object X to the ∞-category of sheaves on X, and
of constructible sheaves on X (with respect to the stratification X → P ). Note that for every X,

Shvcbl(X) ⊂ Shv(X) ⊂ PShv(Snglr/X) is a sequence of full subcategories.

In Corollary 6.1.2, we showed that presheaves on Ent(−) form a sheaf. Now we show that
categories of constructible sheaves also glue together:

Lemma 6.1.5. The functor Shvcbl(−) is a Cat∞-valued sheaf.

Proof. This is formal. Let s : U ↪→ Snglr/X be a covering sieve. Restrictions give the diagram
consisting of left adjoints among presentable ∞-categories

PShv(Snglr/X) s∗ //

��

PShv(U)

'
��

lim
O∈U

PShv(Snglr/O)
(s∗|O)O∈U // lim

O∈U
PShv(U/O) .

The right vertical functor is an equivalence because colim
O∈U

U/O
'−→ U is an equivalence of∞-categories.

Because s is a sieve, the bottom horizontal functor is an equivalence. Because s is fully faithful, the
top horizontal functor is a left adjoint of a localization. Since the right adjoint s∗ is the right Kan
extension functor, the local objects are precisely those presheaves F on Snglr/X for which

F(Y )
'−→ lim

O∈U/Y
F(O)

is an equivalence of spaces for any object Y ∈ Snglr/X . Hence the top horizontal arrow restricts

to an equivalence Shv(Snglr/X) ' Shv(U). Moreover, the ∞-category of constructible sheaves is
a full subcategory of both of these ∞-categories, and a sheaf on Snglr/X is constructible if and
only if its restriction to U is. So we see that the top horizontal functor restricts to an equivalence

Shvcbl(X)
'−→ Shvcbl(U) ' lim

O∈U
Shvcbl(O). �

Analogous to (6.5), there is the diagram in Fun
(
(Snglr)op,Cat∞

)
(6.6) Shvcbl(R≥−∞ ×−) //

��

Shvcbl(−)[1]

ev1

��
Shvcbl(R×−) // Shvcbl(−) .

The left vertical functor is restriction along the natural transformation R×− ↪→ R≥−∞×−, which
we also utilized in constructing (6.5). The upper-right functor assigns X to the functor ∞-category

Fun([1],Shvcbl(X)), and the right vertical functor is evaluation at 1 ∈ [1]. The bottom horizontal
functor is pulling back along the natural transformation transformation − ↪→ R × −. The top
horizontal functor is restriction along the pair of natural transformations − ↪→ (R ↪→ R≥−∞)×−.
The following is the analogue of Lemma 6.1.3 for constructible sheaves.

Lemma 6.1.6. The horizontal arrows in (6.6) are equivalences.

Proof. The result follows immediately after showing that the stratified maps R→ ∗ and R≥−∞ → [1]
are a equivalences on constructible shapes. That the first map is an equivalence on constructible
shapes is obvious, because R is contractible. That the second map is an equivalence on constructible

shapes follows, for instance, because the functor among ∞-categories Sing[1](R≥−∞)
'−→ Sing[1]([1])

is essentially surjective and fully faithful, by simple inspection. �
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Restriction along the stratified transformation − → ∗ to the terminal stratified space gives the
transformation of functors (Snglr)op → Cat∞

Shvcbl(∗) −→ Shvcbl(−)

from the constant functor at Shvcbl(∗) = Spaces. Denote the pullback ∞-category

Shvcbl(X)[1]∗ //

��

Shvcbl(X)[1]

��
Spaces // Shvcbl(X) .

Lemma 6.1.7. Let X be a compact stratified space. There is a canonical equivalence of∞-categories

Shvcbl
(
C(X)

) '−−→ Shvcbl(X)[1]∗ .

Proof. Witness the conically stratified space C(X) ∼= ∗
∐

{−∞}×X
(R≥−∞ ×X) as the pushout among

stratified spaces, each of which is conically stratified. There results an equivalence Shvcbl
(
C(X)

) '−→
Shvcbl

(
∗) ×

Shvcbl(X)
Shvcbl(R≥−∞ ×X). Apply Lemma 6.1.6. �

6.1.3. Comparing characterizations

There is a composite transformation of functors (Snglr)op → Cat∞

Γ: PShv
(
Ent(−)

) ι∗−→ PShv
(
Snglr/−

) |Snglr−−−→ PShv
(
Snglr/−

)
in which the transformation ι∗ is given by right Kan extension along the transformation ι : Bsc/− →
Snglr/− over the constant transformation Bsc → Snglr. Through the equivalence PShv

(
Ent(−)

)
'

RFibEnt(−) of Theorem 4.2.4, Γ evaluates as

ΓX :
(
E→ Ent(X)

)
7→
(
O 7→ MapEnt(X)

(
Ent(O),E

))
.

Lemma 6.1.8. There is a canonical factorization

Γ: PShv
(
Ent(−)

)
−→ Shvcbl(−) ⊂ PShv(Snglr/−)

through the constructible sheaves. Furthermore, this factorization sends the square PShv(6.5) to the
square (6.6).

Proof. In this proof we will make use of Lemma 4.2.9: There is an equivalence of ∞-categories

(RFibC)/E
'←− RFibE, where E→ C is an arbitrary right fibration among small ∞-categories.

Let X be a stratified space. Let us explain the diagram of ∞-categories

Snglr/X
Ent|Snglr //

(−)[U]

��

(RFibBsc)/ Ent(X)

|Bsc[U]

��
(RFibBsc[U]

)/ Ent[U](X)

Snglr/X[U]

Ent|Snglr // (RFibBsc[Ri]
)/ Ent(X[U])

' (−)∗[U]

OO

– that this diagram commutes will be manifest from its description. The horizontal functors the
composition of Ent followed by restriction along Snglr → Snglr. The top right vertical functor is
given by pulling back along the fullly faithful emedding Bsc[U ] → Bsc. The left vertical functor
is the [U ]-stratum functor, after Proposition 4.4.7. The bottom right vertical functor is restriction
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along the [U ]-stratum functor. That this bottom right vertical functor is an equivalence follows
from Lemma 4.4.8.

Now, that Γ factors through Shv(−) is immediate after Lemma 6.1.1. From the above paragraph,
we arrive at a commutative diagram

Shv(X)

��

PShv
(
Ent(X)

)Γoo

��
PShv

(
Ent[U ](X)

)

Shv(X[U ]) PShv
(
Ent(X[U ])

)
.

Γoo

'

OO

By Lemma 4.4.8, the bottom horizontal functor factors through Shvcbl(X[U ]) ' PShv
(
Sing(X[U ])

)
.

This proves that Γ factors through Shvcbl(−). It is routine to verify that Γ sends PShv(6.5) to
(6.6). �

We now prove Theorem 1.2.5(Cbl), which we restate here for the reader’s convenience.

Theorem 6.1.9 (Theorem 1.2.5(Cbl)). For each stratified space X there is natural equivalences of
∞-categories

Shvcbl(X) '
Cbl

PShv
(
Ent(X)

)
.

Proof of Theorem 1.2.5(Cbl). We show that ΓX : PShv
(
Ent(X)

)
→ Shvcbl(X) is an equivalence.

Corollary 6.1.2 and Lemma 6.1.5 give that the domain and codomain of Γ are sheaves, so we can
assume X has bounded depth. After Lemma 6.2.2, again through Lemmas 6.1.2 and 6.1.5 we can
assume X = U = Ri × C(Z) is a basic. After Lemmas 6.1.3, 6.1.4, 6.1.6, and 6.1.7, the second
statement of Lemma 6.1.8 gives that the statement is true for X = Ri×C(Z) provided it is true for
Z. The result follows by induction on depth(X), which we have assumed is finite. �

6.2. Presheaves on basics and sheaves: Proofs of Theorem 1.2.3 and Theorem 1.2.5(Rel)

Consider the ordinary (un-enriched) full subcategory Bsc ⊂ Snglr consisting of the basic stratified
spaces. For each sieve U ⊂ Snglr/X on a stratified space X consider the pullback U|Bsc := Bsc ×

Snglr
U ⊂

Bsc/X .

Definition 6.2.1 (Shv(Bsc)). We denote by

Shv(Bsc) ⊂ PShv(Bsc)

the full subcategory consisting of those presheaves F : (Bsc)op → Spaces for which the canonical

map F(U)
'−→ lim

(V→U)∈U|Bsc

F(V ) is an equivalence for each covering sieve U ⊂ Snglr/U of an object

U ∈ Bsc.

Like the adjunction (1.8), restriction and right Kan extension define an adjunction

(6.7) ι∗ : PShv(Snglr)� PShv(Bsc) : ι∗ .

Lemma 6.2.2. The adjunction (6.7) restricts to an equivalence of ∞-categories Shv(Snglr) '
Shv(Bsc).

Proof. Proposition 3.2.23 gives that Bsc is a basis for the standard Grothendieck topology on Snglr.
�
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Recall the adjunction ι∗ : PShv(Snglr) � PShv(Bsc) : ι∗ of (1.8). Because ι is fully faithful, the
right adjoint ι∗ is fully faithful, and so the adjunction is a localization. Explicitly, the value of ι∗
on a right fibration E→ Bsc is the assignment

X 7→ MapBsc

(
Ent(X),E

)
.

Proof of Theorem 1.2.3. Let F ∈ PShv(Snglr) be a presheaf. We must argue that the following two
conditions on F are equivalent:

(1) The restriction ι∗F is a sheaf.

(2) The unit map F
'−→ ι∗ι

∗F is an equivalence.

Lemma 6.1.1 gives that ι∗ι∗ι∗F is a sheaf. And so (2) implies (1). Suppose ι∗F is a sheaf. Af-
ter Lemma 6.2.2, then the map F → ι∗ι

∗F is an equivalence if and only if ι∗F → ι∗ι∗ι
∗F is an

equivalence. Because ι∗ι∗ ' idBsc, (1) implies (2) �

Sketch proof of Theorem 1.2.5(Rel). This proof is identical to that of Theorem 1.2.3 just given,
replacing Bsc and Snglr by Bsc/X and Snglr/X , respectively, as with their discrete versions. We
leave the details to the reader. �

We are now prepared to prove Theorem 1.2.15, which we now recall for the reader’s convenience.

Theorem 6.2.3 (Theorem 1.2.15). The following statements are true concerning an ∞-category of
basics B.

(1) There is a natural equivalence of ∞-categories Shv
(
Mfld(B)

)
' PShv(B) .

(2) For each B-manifold X = (X
S−→ P,A, g) there are natural equivalences of ∞-categories

Shvcbl(X) '
Cbl

PShv
(
Ent(X)

)
'
Rel

Shv
(
Mfld(B)/X

)
.

We first make an observation, which follows immediately from B → Bsc, and Mfld(B) → Snglr,
being right fibrations for each ∞-category of basics B.

Observation 6.2.4. For each ∞-category of basics B, and each B-manifold (X, g), the canonical
projections

Mfld(B)/(X,g)
'−−→ Snglr/X and B/(X,g)

'−−→ Bsc/X

are equivalences of ∞-categories.

Proof of Theorem 1.2.15. Notice that the square among ∞-categories

B //

��

Mfld(B)

��
Bsc // Snglr

is a pullback, and the vertical functors are right fibrations. After Theorem 1.2.3, Statement (1)
follows quickly from the definition of Shv

(
Mfld(B)

)
.

The proof of Statement (2)(Cbl) is identical to that of Theorem 1.2.5(Cbl) after the identification
B/X ' Bsc/X of Observation 6.2.4.

Statement (2)(Rel) follows in the same way as Statement (1), again using Observation 6.2.4.
�
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6.3. Excisive functors: Proof of Theorem 1.2.18

Lemma 6.3.1. Let B be an∞-category of basics, X be a B-manifold, and X
f−→ R be a collar-gluing.

Then the diagram of right fibrations over B

(6.8) Ent(R× ∂) //

��

Ent(X≤∞)

��
Ent(X≥−∞) // Ent(X)

is a pushout diagram.

Proof. Any collar-gluing gives rise to an open cover, as depicted in diagram (8.3), hence determines a
sieve U ⊂ Snglr/X . The category U receives a functor from the category

(
X≥−∞ ← R×∂ → X≤∞

)
,

which is final. So

colim
O∈U

Ent(O) ' Ent(X≥−∞)
∐

Ent(R×∂)

Ent(X≤∞) .

We then apply Lemma 6.1.1 to the lefthand side of this equivalence. �

We mirror Definition 8.3.7 with the following.

Notation 6.3.2 (Seq-finite presheaves). Let C a small ∞-category. The ∞-category of seq-finite
presheaves, C ⊂ PShvseq-fin(C) ⊂ PShv(C), is the smallest full subcategory containing the repre-
sentable presheaves that is closed under finite pushouts and sequential colimits.

After Theorem 8.3.11(1), Lemma 6.3.1 has the following immediate consequence.

Proposition 6.3.3. The tangent classifier factors

τ : Snglr −→ PShvseq-fin(Bsc) ⊂ PShv(Bsc)

through the seq-finite presheaves.

We now prove Theorem 1.2.18, which we restate for the reader’s convenience.

Theorem 6.3.4 (Theorem 1.2.18). For each∞-category of basics B, and for each∞-category C that
admits finite pushouts and sequential colimits, there is a natural equivalence among ∞-categories

Fun(B,C) ' Funq-exc

(
Mfld(B),C

)
.

Proof of Theorem 1.2.18. The fully faithful inclusion ι : Bsc → Snglr gives the (a priori, partially
defined) adjunction

ι! : Fun(Bsc,C)� Fun(Snglr,C) : ι∗

with right adjoint given by restriction along ι and with left adjoint given by left Kan extension.
While ι∗ is everywhere defined, we argue that ι! is defined. For this, notice that its value of ι! on

B
A−→ C is the composition

ι!A : Snglr
Ent−−→ PShvseq-fin(Bsc)

PShvseq-fin(A)−−−−−−−−→ PShvseq-fin(C)
colim−−−→ C

where the leftmost arrow is through Proposition 6.3.3, and the rightmost arrow exists because C

admits finite pushouts and sequential colimits, by hypothesis.
We will now show that this (ι!, ι

∗)-adjunction restricts to an equivalence

Fun(Bsc,C) ' Funq-exc(Snglr,C) .

The (ι!, ι
∗)-adjunction is a colocalization because ι is fully faithful. That ι! factors through the

q-excisive functors follows from Lemma 6.1.1 and then Lemma 6.3.1. It remains to show the counit
of the (ι!, ι

∗)-adjunction is an equivalence. The full ∞-subcategory of Snglr for which this is the
case contains Bsc, and, manifest from the definition of q-excisive, is closed under the formation of
collar-gluings and sequential unions. The result follows from Theorem 8.3.11. �
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Part 3. Differential topology of stratified spaces

Here are three classical results in differential topology:

(1) Tubular neighborhoods: Let W ⊂M be a properly embedded submanifold of M . Then

there is a sphere bundle LW⊂M
π−→ W associated to a tubular neighborhood of W . Setting

C(π)→W to be the fiberwise open cone on LW⊂M , one obtains an open embedding C(π) ↪→
M living under W . Moreover, the locus of cone points defines a section W → C(π).

(2) Handlebody decompositions: Let M be the interior of a compact manifold, possibly
with boundary. Then M admits a finite open handlebody decomposition.

(3) Compact exhuastions: Let M be a smooth manifold. Then there is a sequence of codi-
mension zero compact submanifolds with boundary M0 ⊂ M1 ⊂ · · · ⊂ M whose union is
M , with each Mi the interior of a compact manifold with boundary.

In Part 3 we establish versions of (1), (2), and (3) for stratified spaces.
To arrive at a notion of tubular neighborhoods for stratified spaces, we first develop a notion

of stratified spaces with corners, and show that every stratified space can be resolved by a smooth
manifold with corners. The rough idea is to replace a stratum Xk ⊂ X by a spherical blow-up –
as an example, if Xk is a smooth submanifold, we replace Xk ⊂ X by the sphere bundle associated
to its normal bundle. In general this results in a stratified space with boundary. Iterating this
spherical blow-up stratum by stratum, one arrives at an ordinary smooth manifold with corners.
This story is the topic of Section 7, where we call this resolution unzipping. Then the existence of
collar neighborhoods of corners, which is classical, gives the existence of tubular neighborhoods of
Xk ⊂ X, which is our stratified version of (1). See Corollary 7.3.7.

We prove the stratified space analogue of (2) in Theorem 8.3.11 by induction on depth, with base
case that of ordinary smooth manifolds. The inductive step relies on the decomposition

C(πk)
⋃

R×Lk(X)

(X \Xk) ∼= X

which we now explain. Here, X is a stratified space of depth k, and Lk(X) is the link about the
depth k stratum of X. This is the generalization of the sphere bundle associated to a normal
bundle, and is in fact a fiber bundle of stratified spaces as defined in Definition 3.6.1. The bundle is

equipped with a projection Lk(X)
πk−→ Xk, and C(πk) is the fiberwise cone. In fact, the existence of

an open embedding C(πk) ↪→ X is another way to state the stratified space version of (1). Finally,

the existence of conically smooth proper functions X
f−→ R gives (3) without much trouble.

Remark 6.3.5. We comment on our usage of conically smooth structures on stratified spaces. In
the presence of smooth structures on ordinary manifolds, (1) follows easily from the existence of open
tubular neighborhoods, and from the homomorphism O(d)×O(n−d)→ Emb

(
(Rd ⊂ Rn), (Rd ⊂ Rn)

)
being a homotopy equivalence (as seen by taking derivatives, then ortho-normalizing). (2) follows
easily through Morse theory, and (3) follows easily from the existence of proper smooth functions,
and transversality. Without the presence of smooth structures, work of Kirby-Siebenmann [KiSi]
and others accomplishes (2) and (3); however there is a genuine obstruction to (1). This is essen-

tially because the continuous homomorphism Homeo(Dn)
�−→ Homeo(Rn) is not a weak homotopy

equivalence (see [Br]); in general the situation is marbled with pseudo-isotopy.
Accordingly, we acknowledge that much of our use of C∞ structures on stratified spaces is merely

for convenience until the aspects which give us the stratified version of (1) (and we further empha-
size that this can be accomplished only in the presence of C∞ structures along strata (see Defini-
tion 3.1.4)). Because of the inductive nature of stratified spaces, our methods are such that the
singular version of (2), and thereafter the practice of using the singular version of (3), relies on the
singular version of (1). Through this line of conclusion, we see the results of this article as depending
fundamentally on conically smooth structures (at least along strata) of stratified spaces – it is this
local regularity that prompts the care we have taken in this article.
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7. Resolving singularities to corners

7.1. Partitions of unity and generalities on bundles

We generalize some familiar notions from classical differential topology to the stratified setting.
This is useful for several reasons: For instance, our main result on resolutions of singularity, Theo-
rem 7.3.8, identifies the links of singularities as a bundle of stratified spaces (see Definition 3.6.1).

We quickly record two facts about stratified spaces which are akin to standard facts in differential
topology.

Lemma 7.1.1 (Conically smooth partitions of unity). Every stratified space admits a conically
smooth partition of unity.

Proof. This follows the classical arguments founded on the existence of smooth bump functions –
the essential observations are these:

• Conically smooth open embeddings U ↪→ X from basics to a stratified space, form a basis
for the underlying topology of X – this is Proposition 3.2.23.

• For any ε > 0, there is a conically smooth map φ′ : R≥0 → [0, 1] which is 1 on [0, ε/2] and 0

outside [0, ε). So the composition φ : Ri×C(Z) ≈ C(Si−1)×C(Z) ≈ C(Si−1 ?Z)
pr−→ R≥0

φ′−→
[0, 1] is a conically smooth map whose support is in an ε-neighborhood of 0 ∈ U .

The remaining points are typical given that C0 stratified spaces are paracompact, by definition. �

Lemma 7.1.2. For any stratified space X, there exists a conically smooth proper map f : X → R.

Proof. The statement is true for X = U = Ri × C(Z) a basic because it is true for Ri and C(Z) in
a standard way. Choose a cover {Uα ↪→ X} of X by basics. Choose a conically smooth proper map
fα : Uα → R for each α. Choose a conically smooth partition of unity φα subordinate to this cover.
The expression f :=

∑
α φα · fα is a conically smooth proper map X → R. �

In what follows, recall the notion of a conically smooth fiber bundle from Definition 3.6.1.

Lemma 7.1.3. Let E
π−→ B be a conically smooth fiber bundle. The following statements are true:

(1) Let B′
f−→ B be a conically smooth map. Then the pullback stratified space f∗E := B′ ×

B
E

exists, and the projection f∗E → B′ is a conically smooth fiber bundle.
(2) For each isomorphism α : B ∼= B0 × Ri × C(Z), there is a conically smooth fiber bundle

E0 → B0 and an isomorphism

α̃ : E ∼= E0 × Ri × C(Z)

over α to a product conically smooth fiber bundle.
(3) For E′ → E a conically smooth fiber bundle then the composition E′ → E → B is a conically

smooth fiber bundle.

Taking B0 = ∗, we obtain the following:

Corollary 7.1.4. Suppose B ∼= U is isomorphic to a basic. Then there is an isomorphism E ∼= U×
π−1(0) over U .

Proof of Lemma 7.1.3. These arguments are conically smooth versions of the standard ones in dif-
ferential topology.

Statement (1) is local in B′, so we can assume B′
f−→ B factors through a basic U ↪→ B with

respect to which there is an isomorphism E|U ∼= E0 × U over U . So we can assume E → B′ is a
projection E0 ×B → B. This makes the problem obvious.

We now prove statement (2). Choose a conically smooth map R ×
(
Ri × C(Z)

) φ−→ Ri × C(Z)
having the following properties.
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• There is an equality φt(x) = x whenever t belongs to R≤0 or x is near the origin 0 ∈
Ri × C(Z).

• The collection of images {Im(φt) | t ∈ R} is a basis for the topology about the origin
0 ∈ Ri × C(Z).

• There is an inclusion of the closure Im(φs) ⊂ Im(φt) whenever 0 < t < s, and this closure is
compact.

Choose a trivializing open cover U0 of B = B0 × Ri × C(Z). Choose a conically smooth map

B0
λ−→ R such that, for each b ∈ B0, the closure of the image Im(φλ(b)) lies in a member of U0.

(Such a λ exists, as in the proof of Lemma 7.1.1.) Consider the conically smooth map Λ: R×
(
B0×

Ri × C(Z)
)
→ B0 × Ri × C(Z) over B0 given by Λt : (b, x) 7→

(
b, φtλ(b)(x)

)
. Consider the pullback

Λ∗E → R×
(
B0 × Ri × C(Z)

)
. From the choice of λ, in a standard way there is an isomorphism

E|B0×{0} × Ri × C(Z) ∼= Λ∗1E

over B0 × Ri × C(Z). Because φ0 is the identity map, this reduces statement (2) to the case that
Ri × C(Z) is simply R.

Suppose B0 is compact. Consider the largest connected subset 0 ∈ D ⊂ R for which there exists
an isomorphism E|B0×D

∼= E|B0×{0} × D. For t in the closure of D, compactness of B0 and the
definition of a conically smooth fiber bundle grants the existence of ε > 0 for which there is an
isomorphism E|B0×(t−ε,t+ε) ∼= E|B0×{t} × (t − ε, t + ε). Without loss in generality, we may assume
t is the supremum of D, so (t− ε, t) ⊂ D. Then we obtain isomorphisms that patch together as an
isomorphism E|B0×D∪(t−ε,t+ε) ∼= E|B0×{0} ×

(
D ∪ (t− ε, t+ ε)

)
over D ∪ (t− ε, t+ ε). We conclude

that D is both open and closed, so D = R, thereby concluding (2) when B0 is compact.

For a non-compact B0, choose a proper conically smooth map B0
p−→ R. (Such a p exists by

way of Lemma 7.1.2.) For each a ∈ Z, the subspace p−1(a − 1, a + 1) ⊂ B0 lies in a compact
subspace, and so there exists an isomorphism αa : E|p−1(a−1,a+1)×R ∼= E|p−1(a−1,a+1)×{0} × R over

p−1(a − 1, a + 1) × R. These αa patch together as an isomorphism α∞ : E −→ E|B0×{0} × R over
E × R.

Statement (3) is local in B, so we can assume B is a basic. For this case, statement (2) yields
an isomorphism E ∼= E0 × B over B. Another application of statement (2) yields an isomorphism
E′ ∼= E′0 ×B over this isomorphism. In particular, E′ → B is a conically smooth fiber bundle. �

7.2. Corners

The spherical blow-up of a properly embedded smooth submanifold W ⊂ M results in a manifold
with boundary. A choice of collar for this boundary is a choice of a tubular neighborhood of W ;
and such a choice gives an identification of the boundary of this spherical blow-up, which we will
take to be the link, with the unit normal bundle W ⊂M . This is an especially useful way to arrive
at this link, for it is canonical. (See also [AK].)

Likewise, the simultaneous spherical blow-up of a finite collection {Wλ ⊂M} of mutually trans-
verse properly embedded smooth submanifolds results in a manifold with corners; and the corners
of this spherical blow-up, also referred to as links, are identified as the unit normal bundles of the
various intersection locii – these identifications are parametrized by collarings of corners, the spaces
of which is weakly contractible. Again, constructing links in this way is without choices. Toward
proving the existence of tubular neighborhoods of singular strata, in this section we will introduce
the notion of a stratified space with corners.

Let I be a finite set. We will use the notation P(I) for the poset of subsets of I, ordered by
reverse inclusion: T ≤ T ′ means T ⊃ T ′. For each T ⊂ I notice the inclusion P(T ) ⊂ P(I), and the
natural identification P(I)≤T ∼= P(I \ T ).
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Example 7.2.1. Let I be a finite set and let T ⊂ I be a subset. There is a stratification (R>0)I\T ×
(R≥0)T → P(T ) given by (I

x−→ R≥0) 7→ x−1(0). The standard smooth structure on R≥0 gives this
stratified topological space the structure of a stratified space.

Definition 7.2.2 (Topologically coCartesian). Let X = (X → P ) be a stratified space. We say

a continuous map X
c−→ P(I) is topologically coCartesian if it factors through a map of posets

P
c−→ P(I), and if the following condition is satisfied.

For each subset T ⊂ I, the inclusion of the stratum XT ↪→ X extends to a conically smooth
open embedding

(R≥0)T ×XT ↪→ X

over the inclusion of posets P(T ) ↪→ P(I).

Example 7.2.3. If P = ∗ so X is a smooth manifold, there is a unique topologically coCartesian
map. It sends all of X to ∅ ∈ P(I).

Let (X → P ) be an arbitrary stratified space, and I = ∗ be a singleton set. Then a topologically
coCartesian map to P(∗) determines two subspaces of X: A boundary X∗ = c−1(∗), and an interior,
X∅ = c−1(∅). Both are themselves stratified spaces.

Remark 7.2.4. We point out two easy facts about a topologically coCartesian map X
c−→ P(I).

• The factorization P
c−→ P(I) is unique, because X → P is surjective, as noted in Re-

mark 2.1.18.

• For each conically smooth open embedding f : Y ↪→ X, the composition Y
f−→ X

c−→ P(I)
is a topologically coCartesian map – this amounts to the fact that conically smooth open
embeddings (R≥0)T ×Z ↪→ (R≥0)T ×Z, under Z and over the identity map of posets, form
a base for the topology about Z (after Proposition 3.2.23).

Definition 7.2.5 (Mfld〈I〉). Let I be a finite set. We define the Kan-enriched category Bsc〈I〉 as

follows. An object is a basic U together with a topologically coCartesian map U
c−→ P(I). The Kan

complex of morphisms from
(
c : U → P

c−→ P(I)) to
(
d : V → P

d−→ P(I)
)

is the pullback

Bsc〈I〉
(
(U, c), (V, d)

) //

��

Bsc(U, V )

��
MapP(I)(P,Q) // Map(P,Q)

where MapP(I)(P,Q) consists of those maps respecting c and d. Because the bottom horizontal
map is an inclusion of sets, the top horizontal map of Kan complexes is an inclusion of components.
Composition is evident. After the facts just above, it is straightforward to verify that the projection

Bsc〈I〉 → Bsc is an ∞-category of basics, thereby defining the ∞-category

Snglr〈I〉 := Mfld(Bsc〈I〉)

of stratified spaces with 〈I〉-corners.

Given a stratified space with 〈I〉-corners X = (X, c), the pre-image int(X) := c−1(∅) is a stratified

subspace of X. This defines a functor int : Snglr〈I〉 → Snglr.

Definition 7.2.6 (Mfld〈I〉(B)). For B an ∞-category of basics, we define the ∞-category of B-
manifolds with 〈I〉-corners by the pullback

Mfld〈I〉(B) //

��

Snglr〈I〉

int

��
Mfld(B) // Snglr .
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We will typically denote B-manifolds with 〈I〉-corners as X. When I = {∗}, we use the notation

Mfld∂(B) := Mfld〈{∗}〉(B)

and refer to its objects as B-manifolds with boundary.

Remark 7.2.7. Let I be a finite set. Regard the poset P(I) as a stratified topological space, by way

of its identity map. The forgetful functor Snglr〈I〉 → StTop factors through Snglr〈I〉 → StTop/P(I).

Definition 7.2.8 (Faces). Let I be a finite set. As a consequence of Proposition 4.4.7, for each
subset T ⊂ I, the assignment X 7→ (XT ↪→ X≤T ) determines a natural transformation of functors

∂T ↪→ ∂T : Mfld〈I〉(B) −→Mfld(B) ⊂Mfld〈I\T 〉(B) .

We refer to the value ∂TX as the T -face (of X), and the value ∂TX as the closed T -face (of X).
We use the special notation int(X) := ∂∅X which we refer to as the interior of X.

Example 7.2.9 (Basic corners). We follow up on Example 7.2.1. Let I be a finite set, and let
T ⊂ I be a subset. Let X be a stratified space. Consider the stratified space (R≥0)T × X. The
composite continuous map

c : (R≥0)T ×X → (R≥0)T → P(T )→ P(I)

is manifestly topologically coCartesian, thereby witnessing this stratified space as a stratified space
with 〈I〉-corners.

Remark 7.2.10. We point out that the action of ΣI on the stratified space (R≥0)I does not lift to
an action as a stratified space with 〈I〉-corners. This observation has the consequence that, there
are stratified spaces with “permutable corners,” in the sense of Example 3.5.7, that do not admit a
〈I〉-structure.

Proposition 7.2.11 (Basic corners form a basis). Let I be a finite set. Let X = (X, c) be a stratified
space with 〈I〉-corners. Then the collection{

φ
(
(R≥0)T × U

)}
is a basis for the topology of X – this collection is indexed by subsets T ⊂ I, basics U , and morphisms
φ : (R≥0)T × U ↪→ X of stratified spaces with 〈I〉-corners (after Example 7.2.9).

Proof. This is immediate after Proposition 3.2.23 and Definition 7.2.2 of topologically coCartesian.
�

Example 7.2.12. Proposition 7.2.11 immediately gives some familiar identifications. In the case

I = ∅, there is an identification Mfld〈∅〉(B) ' Mfld(B). In the case I = ∗, and B = D, there is an

identification Mfld〈∗〉(Dn) 'Mfld∂n, which we use to justify the ∂-superscript notation.

More generally, as the case I = {1, . . . , n} and B = Dn, there is an identification Mfld〈I〉n 'Mfld〈n〉
with 〈n〉-manifolds in the sense of [La] (see Example 3.5.7), which we use to justify the 〈−〉-notation.
In particular, every point of a manifold with 〈I〉-corners has a neighborhood covered by a chart of
the form RT≥0 × Rn−|T | for some T ⊂ I.

Example 7.2.13. Let M̃ be an ordinary smooth n-manifold. Consider an ordered pair of transverse

codimension zero submanifolds with boundary W1 t W2 ⊂ M̃ . Then the intersection X = W1 ∩
W2 ⊂ M̃ canonically inherits the structure of an n-manifold with 〈{1, 2}〉-corners. Here are examples
of some of its faces: ∂{1,2}X = ∂W1 ∩ ∂W2, and ∂{1}X = ∂W1 ∩ int(W2).

Observation 7.2.14 (Products). Let I and J be finite sets. The canonical map P(I t J)
∼=−→

P(I)× P(J) is an isomorphism. There results a functor

Snglr〈I〉× Snglr〈J〉
×−−→ Snglr〈ItJ〉
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canonically lifting the product functor Snglr× Snglr
×−→ Snglr, and that restricts to a functor

Bsc〈I〉×Bsc〈J〉 → Bsc〈ItJ〉.

Definition 7.2.15 (Interior depth). Let X be a stratified space with corners. We define the interior
depth of X as

depth〈−〉(X) := depth
(
int(X)

)
the depth of the interior. The depth 〈k〉 stratum X〈k〉 ⊂ X is the largest sub-stratified space with

corners whose interior int(X〈k〉) = int(X)k is the depth k stratum of the interior. For k ≥ −1, we
use the notation

Snglr
〈I〉
≤〈k〉 ⊂ Snglr〈I〉

for the full subcategory consisting of those stratified spaces with interior depth ≤ k.

Warning 7.2.16. The interior depth of a stratified space with corners X = (X, c) does not typically
agree with the depth of the underlying stratified space X. For instance, as a stratified space, (R≥0)I

has depth |I|, the cardinality of I, while as a stratified space with corners via Example 7.2.9, it has
interior depth zero.

We will make use of interior depth to induct on it, which is premised on the following example.

Example 7.2.17. Let U = Ri × (R≥0)I × C(Z) be a basic with corners. Then depth〈−〉(U) =

dim(Z) + 1. Consider the stratified space with corners Ũ := Ri × (R≥0)I × R≥0 × Z. Then

depth〈−〉(Ũ) = depth〈−〉(Z) ≤ dim(Z) < depth〈−〉(U) .

Example 7.2.18. Let Y = RI≥0 × X be a stratified space with 〈I〉-corners as in Example 7.2.9.

Then Y 〈k〉 = RI≥0 × int(X)≥k, where int(X)≥k is the sub-stratified-space of int(X) of depth ≥ k.

7.3. Unzipping

Here we use conical smoothness to associate to each n-dimensional stratified space an n-manifold
with corners in the sense of [La] (see Example 5.2.14). We call this association unzipping, and see
it as a functorial resolution of singularities. This construction appears very close to that previously
introduced in [ALMP], which is based on unpublished work of Richard Melrose. As we will see
later on, unzipping serves as our conduit for efficiently transferring results in classical differential
topology to the setting of stratified spaces.

The basic picture is that the stratified space C(Z) admits a conically smooth map from Z ×R≥0

collapsing Z × {0} to the cone point. We view this map as resolving the singularity at the cone
point by a stratified space with boundary Z × {0}. By iterating this process for locii of all depths,
one obtains from X a stratified space Unzip(X) whose local structure is no longer determined by
arbitrary singularity types, but by 〈I〉-corners. (See Figure 7.3.1.)

We characterize this construction using a universal property in Definition 7.3.2. In Lemma 7.3.5,
we show that the local construction satisfies this universal property, and that the local construction
can be glued together. We exhibit the functor Unzip in Theorem 7.3.8.

Definition 7.3.2 (Unzipk). Let k be a finite cardinality. Let X = (X, cX) be a stratified space

with 〈I〉-corners, whose interior depth is at most k. Consider the category Resk
X

defined as follows.

An object is a stratified space with 〈∗ t I〉-corners (Y
cY−−→ P(∗ t I)), and a conically smooth map

p : Y → X, satisfying the following conditions.

• The map Y
p−→ X

cX−−→ P(I) agrees with the projection Y
cY−−→ P(∗tI) ∼= P(∗)×P(I)→ P(I).

• The two subspaces

∂∗Y , p
−1X〈k〉 ⊂ Y

agree.
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Figure 7.3.1 (Unzipping). The leftmost space is the open cone X = C(Y ) on a compact graph Y
with three exterior vertices and one interior vertex. By successively resolving the strata of greatest
depth, can resolve X by R≥0 × Y , then by a space whose only singularities are 〈I〉-corners.

We will typically denote such an object simply as Y
p−→ X. A morphism from (Y, cY , p) to (Y ′, cY ′ , p

′)

is a conically smooth map Y → Y
′

over P(∗ t I) ×X. Composition is evident. A k-unzip (of X),
denoted

πk : Unzipk(X) −→ X ,

is a final object of ReskX .

Definition 7.3.3 (Links). For Unzipk(X)
πk−→ X a k-unzip, we will use the notation

Lk(X)
πk−→ Xk

for the restriction (πk)| : ∂{∗} Unzipk(X)→ Xk, and refer to the domain as a link (of Xk ⊂ X).

Example 7.3.4. Let W ⊂M be a properly embedded smooth submanifold of an ordinary smooth
manifold. Via Example 5.2.10, regard this data as a stratified space, with singular locus W , and with

depth equal to the codimension, d. Consider a smooth map (0, 1]
γ−→M that meets W transversely

at 1, and only at 1. This data is an example of an object of ResdW⊂M . Another example of an object

of ResdW⊂M is the spherical blow-up of M along W – this is also a d-unzip. (See [AK].) So a link of
W ⊂M is exhibited by a unit normal bundle.

Lemma 7.3.5 (Unzipk facts). Let I be a finite set, and let X = (X, c) be a stratified space with
〈I〉-corners. Let k be a finite cardinality, and suppose the interior depth of X is at most k.

(1) If a k-unzip of X exists, then it is unique, up to unique isomorphism (in ReskX).
(2) Suppose the interior depth of X is less than k. Then the identity map

X
=−→ X ,

together with the corner structure X
c−→ P(I) ↪→ P(∗ t I), is a k-unzip of X.

(3) Let O
f−→ X be a conically smooth map among stratified spaces with 〈I〉-corners. Let

Unzipk(X)→ X be a k-unzip of X. Then the pullback stratified topological space

Unzipk(O) := O ×
X

Unzipk(X)

has a canonical structure of a stratified space with P(∗ t I) corners, and the projection

Unzipk(O) → O is a k-unzip of O. In particular, the full subcategory of Snglr
〈I〉
≤k consisting

of those X that admit a k-unzip, is a sieve; and on this sieve,

Unzipk : Snglr
〈I〉
≤〈k〉 99K Snglr

〈∗tI〉
<〈k〉

can be made into a covariant functor.
(4) Let U be a hypercovering sieve of X. Suppose each O ∈ U admits a k-unzip, Unzipk(O)→ O.

Then the colimit stratified topological space

Unzipk(X) := colim
O∈U

Unzipk(O)

admits a structure of a stratified space with 〈∗ t I〉-corners, and the map Unzipk(X) → X
is a k-unzip.
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(5) Let Unzipk(X) → X be a k-unzip, and let M be a manifold with 〈J〉-corners. Then the
product

M × Unzipk(X)→M ×X
is a k-unzip.

(6) Let Z be a non-empty compact stratified space of dimension (k− 1). Then the quotient map

R≥0 × Z → C(Z)

is a k-unzip.

Statements (5) and (6) say k-unzips exist for basic corners, as defined in Proposition 7.2.11.
Moreover, (4) tells us we can glue k-unzips together, so we conclude that a k-unzip exists for any
X as in the hypothesis of the Lemma. By the universal property for Unzipk as a final object, this
assignment is functorial, so we have the following:

Corollary 7.3.6. The k-unzip defines a functor

Unzipk : Snglr
〈I〉
≤〈k〉 → Snglr

〈∗tI〉
<〈k〉 .

For the next result, we use the notation StTopδ/P(I) for the category of stratified topological

spaces whose stratifying poset is equipped with a map to P(I). We also make use of the functor

Snglr〈I〉 → StTopδ/P(I) given by forgetting the atlas.

Corollary 7.3.7. The diagram of categories

Snglr
〈∗tI〉
<〈k〉

��
Snglr

〈I〉
≤〈k〉

//

Unzipk

99ssssssssss

StTopδ/P(I)

commutes up to a natural transformation Unzipk
πk−→ 1 exhibiting k-unzips. Second, the restriction

of this natural transformation

Lk(X)
πk−→ Xk

as defined in Definition 7.3.3, is a bundle of compact stratified spaces with 〈I〉-corners. Finally,
the canonical transformation

(−)k
∐
Lk(−)

Unzipk(−)
∼=−−→ (−)

is an isomorphism.

Proof of Corollary 7.3.7. Lemma 7.3.5(2)(5)(6) gives that (R≥0)T × U admits a k-unzip for each
basic U of depth at most k and each subset T ⊂ I. Through Lemma 7.2.11, Lemma 7.3.5(4)
gives the first statement of the corollary, after Lemma 7.3.5(3). By way of Lemma 7.3.5(3), the
second statement is true if and only if it is true locally. Using Lemma 7.2.11, it is enough to verify
the second statement for (R≥0)T × U for U a basic. From Lemma 7.3.5(5) we need only verify
the statement for C(Z) for each compact stratified space Z. This case follows by inspecting the
statement of Lemma 7.3.5(6).

Likewise, both sides of the arrow in the third statement send open covers to open covers, and the
statement is true for (R≥0)T × Ri × C(Z), by inspection. �

Proof of Lemma 7.3.5. Statement (1) is standard. Statement (2) follows by inspecting definitions.
Statement (3) follows quickly from universal properties. Statement (4) follows because pullbacks of
open covers are open covers, and conically smooth maps C∞(−, X) between manifolds is a sheaf.
Statement (5) follows using (3) on the projection M ×X → X.

Statement (6) is farther away. Let Z be a compact (k − 1)-dimensional stratified space. Let

Y
p−→ C(Z) be an object of Res1

C(Z). By continuity, any two morphisms f, g : Y → R≥0 × Z in
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Res1
C(Z) must be equal. So we concentrate on the existence of such a morphism. If the interior depth

of Y is less than k, then p factors through R>0 × Z, and the morphism to R≥0 × Z is manifest.

So suppose the interior depth of Y is equal to k. It is enough to work locally, so we suppose
Y = R≥0 × U for U a basic.

For W a stratified topological space, there is the stratified homeomorphism γ of R>0×R≥0×W
given by γ(s, t, w) = (s, st, w), and in the case that W 6= ∅ it descends to a homeomorphism of the
quotient R>0 × C(W ). From Definition 3.1.4 of conically smooth, the dashed arrow in the diagram

R≥0 × (R≥0 × U)
D̃p //______ R≥0 × C(Z)

R>0 × (R≥0 × U)

OO

γ−1pγ // R>0 × C(Z).

OO

exits and is conically smooth. Let us explain the commutative diagram of stratified spaces

R≥0×U

p

--

ι // R≥0×(R>0×U)

��

//________ R≥0×(R>0×Z)

��

pr // R≥0×Z

πk

qq

R≥0×R≥0×U
D̃p // R≥0×C(Z)

C(Z) .

The arrow labeled by ι is given by ι : (v, t, z) 7→
(
t, v, (1, z)

)
. The inner vertical arrows are the

inclusions. All other arrows are as indicated. The dashed arrow exists because of the criterion
{0} × U = p−1(∗); that it satisfies the desired properties is manifest from its construction. �

Let X = (X → P ) be a n-dimensional stratified space. After Lemma 2.4.10, there is the map
of posets depth : P → [n]op. Notice the map of posets Max : P(n) → [n]op. In the next result, for

M =
(
M

c−→ P(n)
)

an 〈n〉-manifold, we will use the notation ∂≤kM = c−1
(
Max−1k

)
⊂ M . Also

recall the notation Mfld〈n〉 from Example 7.2.12.

Theorem 7.3.8 (Unzip). There is a functor

π : Unzip : Snglrn −→ Mfld〈n〉

equipped with a natural transformation Unzip→ 1 by conically smooth maps of stratified spaces that
satisfies the following properties.

• For each n-dimensional stratified space X = (X → P ), smooth maps among manifolds with
〈n〉-corners M → Unzip(X) are in bijection with conically smooth maps M → X over the
map of posets Max : P(n)→ [n]op.

• For each 0 ≤ k ≤ n, the restriction π : ∂≤k Unzip(X)→ Xk is a bundle of compact 〈k − 1〉-
manifolds.

Proof of Theorem 7.3.8. There are canonical identifications Snglrn ' Snglr
〈∅〉
≤〈n〉,n, and Mfld〈n〉n =

Snglr
〈n〉
≤〈0〉,n . Define

Unzip := Unzip1 ◦ · · · ◦ Unzipn .

That Unzip possesses the named property follows from Corollary 7.3.7. �

Lemma 7.3.9. There is a preferred lift of Unzip and of Unzipk to a Kan-enriched functor.

Proof. The details are straightforward so we leave them to the interested reader. Let X and Y be
stratified spaces with 〈I〉-corners each with interior depth at most k. Corollary 7.3.7 gives the map

Snglr〈I〉(X̃, Ỹ ) −→ Snglr〈∗tI〉
(
Unzipk(X̃),Unzipk(Ỹ )

)
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functorially among stratified spaces X̃ and Ỹ with 〈I〉-corners of depth bounded above by k. Apply

this to the case X̃ = ∆•e × X and Ỹ = ∆•e × Y . Use Lemma 7.3.5(5), and notice that a map

∆p
e × Unzipk(X)

Unzipk(f)−−−−−−→ ∆p
e × Unzipk(Y ) lies over ∆p

e whenever f does. �

The construction of Unzipk(X) can be improved from one concerning (Xk ⊂ X), where Xk is
the deepest stratum of a stratified space, to a construction UnzipY (X) concerning a pair (Y ⊂ X),
where Y is a closed constructible sub-stratified space of a stratified space. In what appears below,
LinkY (X) is the corresponding generalization of Lk(X) from Definition 7.3.3.

Proposition 7.3.10. Let Y ↪→ X be a proper constructible embedding among stratified spaces.
Then there is a stratified manifold with corners UnzipY (X) fitting into a diagram among stratified
spaces (with corner structure forgotten)

LinkY (X) //

πY

��

UnzipY (X)

��
Y // X

satisfying the following conditions.

• The diagram is a pullback, and is a pushout.
• Each arrow is a conically smooth proper and constructible bundle.
• The map LinkY (X)→ UnzipY (X) is the inclusion of the closed face of UnzipY (X).
• The restriction UnzipY (X)|XrY → X r Y is an isomorphism.

Furthermore, this diagram is unique, up to unique isomorphism.

Proof. This argument follows the same pattern as the other parts of this section, so we will be brief.
First, we extend the statement of the proposition for Y ↪→ X replaced by a proper constructible

embedding among stratified spaces with corners for which

(7.1) Y ∩ int(X) = Y .

So the closure of the intersection with the interior is agin Y . The modification to the conclusion of
the proposition is clear.

In a routine way, the problem is local in X. So we can assume X has finite interior depth, and
therefore Y too has finite interior depth. We proceed by induction on the interior depth of Y .
Should Y have depth zero, then Y ⊂ X is identified as a (union of components of the) interior-
deepest stratum of X. Again, working locally in X, we can assume Y is exactly the interior-deepest
stratum of X. This case follows from Lemma 7.3.5 and its Corollary 7.3.7.

We proceed by induction on the interior depth of Y , and assume the interior depth of Y is
positive. Again, because the problem is local in X, we can assume X = Ri × C(Z)×RS≥0 is a basic

with corners. In this case the condition (7.1) easily gives an identification Y = Ri × C(L)× RS for
some closed constructible sub-stratified space L ⊂ Z. Because the interior depth of Y is positive,
then, in particular, L is not empty. In this case we declare LinkY (X) := R≥0 × LinkL(Z)× RS and
UnzipY (X) := R≥0 × UnzipL(Z) × RS . These declarations canonically fit into the desired square
satisfying the listed properties. The functoriality of these declarations for open embeddings among
(Y ↪→ X) follows the same argument proving Lemma 7.3.5.

�

Definition 7.3.11. Let Y ↪→ X be a conically smooh proper and constructible embedding among
stratified spaces.

The unzip along Y ⊂ X is the stratified space with corners UnzipY (X) from Proposition 7.3.10,
equipped with the proper and constructible bundle UnzipY (X)→ X.

The link of Y ⊂ X is the stratified space LinkY (X), given as the face of UnzipY (X) as in
Proposition 7.3.10. Note it is equipped with the proper and constructible bundle

LinkY (X)
πY−−−→ Y .
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8. Collar-gluings

Gluing manifolds with boundary along common boundary is a useful way to construct manifolds,
and it accommodates inductive arguments by dimension. In this subsection we give this construc-
tion for stratified spaces, and show that a stratified space can be constructed by gluing a regular
neighborhood of its deepest stratum to its remainder. We use this to prove Theorem 8.3.11, which
states that stratified spaces (like smooth manifolds) admit open handlebody decompositions.

8.1. Vector fields

Using the functor Unzip, we give a notion of a vector field on a stratified space. This allows us
to flow along vector fields for sufficiently small non-negative times. Parallel vector fields are those
for which flow by a given positive time is an automorphism; so we think of these as infinitesimal
automorphisms.

Notation 8.1.1. We fix the following notation:

• For M a smooth manifold, we write χ(M) = Γ(TM → M) for the vector space of smooth

vector fields on M . So for each smooth map E
f−→ B there is a restriction linear map

χ(B)
f∗−→ Γ(f∗TB → E) as well as a derivative linear map χ(E)

Df−−→ Γ(f∗TB → E).
• Let M be a smooth manifold with corners as in Definition 5.2.14. We write χ(M) for the

vector space of smooth vector fields on a M . This sheaf is determined by declaring

χ
(
Ri × Rj≥0

)
:= Γ

(
TRi+j
|Ri×Rj≥0

−→ Ri × Rj≥0

)
as the the smooth sections of TRi+j defined near Ri × Rj≥0. We write

χ‖(M) ⊂ χin(M) ⊂ χ(M)

for the sub-vector spaces consisting of those vector fields that are tangent to each face
∂SM of M , and the sub-vector space consisting of those vector fields that do not point
outward along each face. Locally, these sub-sheaves are determined by declaring a section

Ri×Rj≥0
V−→ Ri+j to belong to χ‖(Ri×Rj≥0), respectively to χin(Ri×Rj≥0), if, for each subset

S ⊂ {1, . . . , j}, the restriction V|Ri×RS>0×{0} is tangent to Ri × RS>0 × {0}, and respectively

projects non-negatively to each coordinate of RjrS the complementary coordinates. So, for
each face ∂SM ⊂M , there is a restriction linear map (−)|∂S : χ‖(M)→ χ(∂SM).

• For X = (X → P ) a stratified space, recall the constructible bundle Unzip(X)
π−→ X of §7.3.

For each linear subposet S ⊂ P , the restriction of π to the face ∂S Unzip(X) ⊂ Unzip(X)
is a smooth fiber bundle πS : ∂S Unzip(X) → XMin(S). (We adopt the convention that
XMin(S) = ∅ whenever S = ∅.)

Definition 8.1.2 (Vector fields). Let X = (X → P ) be a stratified space. The vector space χ(X)
of parallel vector fields (on X) is the pullback in the diagram among vector spaces

χ(X)

(−)|X−

��

(̃−) // χ‖
(
Unzip(X)

)
(−)|∂−
��∏

S ⊂
linear

P

χ
(
∂S Unzip(X)

)
Dπ−

��∏
p∈P

χ(Xp) (π−)∗ //
∏

S ⊂
linear

P

Γ
(
π∗STXMin(S) → ∂S Unzip(X)

)
.
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Likewise, for X = (X → P, c) a stratified space with corners, the vector space χin(X) of inward
vector fields (on X) is the limit in the diagram among vector spaces

χin(X)

(−)|X−

��

(̃−) // χin
(
Unzip(X)

)
(−)|∂−
��∏

S⊂P
linear

χin
(
∂S Unzip(X)

)
Dπ−

��

D(∂−↪→Unzip(X)) //
∏
S⊂P
linear

Γ
(
T Unzip(X)|∂S → ∂S

)

∏
p∈P

χin(Xp)
(π−)∗ //

∏
S⊂P
linear

Γ
(
π∗STXMin(S) → ∂S Unzip(X)

)
.

Definition 8.1.2 is designed precisely for the following lemma:

Lemma 8.1.3 (Flows). For X = (X → P ) a stratified space, and for V a parallel vector field on
X, there is a conically smooth map

γV : X × R 99K X ,

defined on an open neighborhood of X × {0}, satisfying the following conditions.

• For each conically smooth map X
ε−→ R, the composition

X
(idX ,ε)−−−−→ X × R

γV

99K X

is an isomorphism, provided it is defined.
• There is an equality

γVt
(
γVs (x)

)
= γVs+t(x)

whenever defined.
• For each point x ∈ X belonging to a stratum x ∈ Xp ⊂ X,

d

dt
γVt (x)|t=0 = V|Xp(x) .

Likewise, for X = (X → P, c) a stratified space with corners, and for V an inward vector field on
X, there is a conically smooth map

γV : X × R≥0 99K X

defined on an open neighborhood of X × {0}, satisfying the following conditions.

• For each conically smooth map X
ε−→ R≥0, and for each linear subposet S ⊂ P , the compo-

sition

∂S Unzip(X)
(id,ε|∂S )
−−−−−→ ∂S Unzip(X)× R≥0

γV

99K Unzip(X)

is a refinement onto its image, provided it is defined.
• There is an equality γVt

(
γVs (x)

)
= γVs+t(x) whenever defined.

• For each point x ∈ X belonging to a stratum x ∈ Xp ⊂ X,

d

dt
γVt (x)|t=0 = V|Xp(x) .

Definition 8.1.4. We call such a map γV a flow of V .

Proof of Lemma 8.1.3. This is classical in the situation of a smooth manifold, from the existence
of smooth solutions to smooth first order ordinary differential equations with smooth dependence
on initial conditions. We thus have such a flow γV|Xp for each stratum Xp ⊂ X. Likewise for the
situation of a smooth manifold with corners, since we demand tangency along faces. We thus have
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such a flow γṼ for Unzip(X), and, for each linear subposet S ⊂ P it restricts to a flow γṼ|∂S on the

face ∂S Unzip(X). By design, for each conically smooth map X
ε−→ R, and for each linear subposet

S ⊂ P , the diagram

XMin(S)

γ
V|Xp

��

∂S Unzip(X) //πSoo

γ
Ṽ|∂S

��

Unzip(X)

γṼ

��
XMin(S) ∂S Unzip(X) //πSoo Unzip(X)

commutes. Iterating the pushout expression of Corollary 7.3.7, it follows that γṼ : Unzip(X)×R 99K
Unzip(X) descends to a conically smooth map γV : X × R 99K X. This map satisfies the named

conditions because γṼ does. This proves the first statement.
The second statement follows the same logic, premised on the case that X is a smooth manifold

with corners, which follows because it is the inward vector fields that are considered. �

Remark 8.1.5 (Tangent bundles for 〈I〉-manifolds). One advantage of unzipping a stratified space
is that one can resolve the strata of X to all be of the form RT≥0×Rk>0. In particular, one can define

a tangent bundle for Unzip(X).
Classically, a manifold X with boundary has a tangent bundle – in the interior, it agrees with

the usual notion, and along the boundary, the tangent bundle is a direct sum of T∂X (the tangent
bundle of ∂X as a smooth manifold) with a trivial line bundle (its normal bundle). Moreover, the
trivial line bundle comes with a natural orientation pointing inward.

The situation remains analogous for manifolds with 〈I〉-corners. One can define a vector bundle
on all of X such that, along each stratum XT ⊂ X, we have

TX |XT
∼= TXT ⊕ RT .

Note that the trivial bundle RT is no longer oriented for |T | ≥ 2, as the preferred inward pointing
sections do not have a preferred order. The construction of the tangent bundle is as follows: First,
note that we define the tangent bundle on RT≥0 to be the trivial rank |T | vector bundle as usual. To

understand the setting of manifolds with 〈I〉-corners, one simply has to unravel the atlas structure
on products of basics as in Section 3.4.1. Let f be a transition between charts of the form RT≥0.

Then the transition maps from one trivializing bundle RT≥0 × R|T | to another is given fiberwise on

the R|T | by values of the derivative Df . By the continuity of D̃f and conical smoothness of the
transition functions, one sees that these fiber-wise functions are conically smooth and linear on the
fibers.

Note also that one has a notion of a Riemannian metric on an 〈I〉-manifold once we have defined
a tangent bundle.

Example 8.1.6. Let X ∈ Mfld〈1〉. Then the interior of X is a smooth 1-manifold, and hence is

equipped with the usual tangent bundle. We know that an open chart along the boundary ∂∗X, is
given by conically smooth maps C(∗) ∼= R≥0 ↪→ X for whom the derivative Df is injective. (See
Definition 3.2.4). Recall that if a map R≥0 → R≥0 is conically smooth, it has a right derivative
at the cone point 0; the injectivity of Df forces this right derivative to be a non-zero number, and

continuity of D̃f forces the number to be positive. Given two charts covering a boundary point
of X, we can write a transition function for the tangent bundle in the usual way, where all the
transition functions along the boundary stratum are given by positive numbers. Hence we have a
non-vanishing section of a trivial line bundle defined on ∂∗X. This trivial line bundle is the tangent
bundle of ∂∗X.

8.2. Tubular neighborhoods

By way of the functor Unzip, we prove the existence of tubular neighborhoods of singular strata.
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Lemma 8.2.1. Let X be a n-dimensional stratified space with 〈I〉-corners. Let ∗ ∈ I be an element.
Then there is a morphism of n-dimensional stratified spaces with 〈I〉-corners

R≥0 × ∂∗X ↪→ X

under the closed ∗-face ∂∗X.

Corollary 8.2.2. Let X be a n-dimensional stratified space with 〈I〉-corners. Let T ⊂ I. Then
there is a morphism of n-dimensional stratified spaces with 〈I〉-corners

(R≥0)T × ∂TX ↪→ X

under the T -face ∂TX.

Proof of Lemma 8.2.1. Suppose the interior depth ofX is zero. Then the result follows from classical
methods. For instance, consider the short exact sequence of vector bundles over the manifold with
corners ∂∗X

0 −→ T∂∗X −→ TX |∂∗X −→ N∂∗X −→ 0

– this quotient is 1-dimensional and oriented. Choose a vector field V : X 99K TX, defined in a
neighborhood of the closed ∗-face ∂∗X, satisfying the following conditions.

(1) For each ∗ /∈ T ⊂ I, V is tangent to the T -face, which is to say the restriction V| : ∂TX →
TX |∂TX factors through T∂TX.

(2) The composition

∂∗X
V|−→ TX |∂∗X → N∂∗X

is positive.

Such a choice is possible locally (i.e., for the case X ∼= Ri × (R≥0)n−i), and a global choice is
facilitated from local choices through smooth partitions of unity. Flowing along V gives a smooth
map

γV : R≥0 × ∂∗X 99K X

defined in a neighborhood of ∂∗X. Condition (1) on V grants that γV is stratified. Condition (2) on
V grants that γV is a stratified open embedding near ∂∗X. Stratified smooth open self-embeddings
e : R≥0 × ∂∗X ↪→ R≥0 × ∂∗X under ∂∗X form a basis for the topology about ∂∗X. So there exists
such a self-embedding e that composes with γV as a desired smooth open embedding

γV ◦ e : R≥0 × ∂∗X ↪→ X .

Now suppose X = (c : X → P
c−→ P(I)) is a general n-dimensional stratified space with 〈I〉-

corners. Consider Unzip(X) as an n-manifold with 〈n t I〉-corners. Then one can choose a vector
field V : Unzip(X) 99K T Unzip(X), defined in a neighborhood of the closed ∗-face ∂∗ Unzip(X),
satisfying conditions (1) and (2) as in the above case in addition to the following condition.

(3) Let p ∈ P and consider stratum Xp – it is a smooth manifold. Consider the restriction

π|Xp : Unzip(X)|Xp → Xp – it is a conically smooth map which is a bundle of compact
manifolds with corners. There is diagram involving vector bundles

T Unzip(X)|Xp
Dπ|Xp //

��

TXp

��
Unzip(X)|Xp

π //

V|Xp

BB

Xp

V p

ii

j {

�

C

whose straight square commutes, and whose left upward arrow is the restriction of V . We
require that the composition Dπ|Xp ◦ V|Xp factors through Xp, as indicated.
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Such a choice is possible locally over X, and a global choice is facilitated through conically smooth
partitions of unity (Lemma 7.1.1). As in the above case, flowing along V gives a map γV : R≥0 ×
∂∗ Unzip(X) 99K Unzip(X), defined in a neighborhood of ∂∗ Unzip(X). Condition (1) gives that γV

is stratified, where it is defined; condition (2) gives that this map is a stratified open embedding near
∂∗ Unzip(X); condition (3) gives that γV descends to a stratified map

γV : R≥0 × ∂∗X 99K X ,

defined in a neighborhood of ∂∗X, where it is an open embedding. Stratified conically smooth open
self-embeddings of R≥0×X under {0}×X being a basis for the topology about ∂∗X, there is such
a self-embedding e for which the composite

γV ◦ e : R≥0 × ∂∗X ↪→ X

is everywhere defined and is a conically smooth open embedding. This proves the result. �

Let X be a stratified space of depth at most k. Recall from Definition 7.3.3 the conically smooth

map Lk(X)
πk−→ Xk – Corollary 7.3.7 states that it is a bundle of compact (k − 1)-dimensional

stratified spaces. Example 3.6.2 exhibits the fiberwise cone C(πk)→ Xk, which is equipped with a
conically smooth section.

Proposition 8.2.3 (Tubular-neighborhoods of strata). Let X be a stratified space of dimension
less or equal n and of depth at most k. There is a conically smooth open embedding

C(πk) ↪→ X

under Xk.

Proof. From Lemma 8.2.1 there is the conically smooth open embedding

R≥0 × Lk(X) ↪→ Unzipk(X)

under Lk(X). There results a conically smooth open embedding

C(πk) ∼= Xk

∐
Lk(X)

(
R≥0 × Lk(X)

)
↪→ Xk

∐
Lk(X)

(
Unzipk(X) \Xk

) ∼=
Cor 7.3.7

X

under Xk. �

Remark 8.2.4. We see Proposition 8.2.3 as a focal statement that summarizes the attributes of
conically smooth stratified spaces. Indeed, while the statement of Proposition 8.2.3 has an evident
C0 version, that statement is false. For, consider a fiber bundle E → B among topological manifolds,
equipped with a section, whose fibers are based-homeomorphic to (0 ∈ Rn). Regard (B ⊂ E) as a
C0 stratified space whose singularity locus is B. The fiber bundle E → B is classified by a map
B → BHomeo0(Rn). There is the subgroup Homeo0(Dn) ⊂ Homeo0(Rn) consisting of those origin
preserving homeomorphisms that extend (necessarily, uniquely) to a homeomorphism of the closed
n-disk. Because

Homeo0(Rn)/Homeo0(Dn) ' Top(n)/Homeo(Sn−1)

is not contractible, it is possible to choose E → B so that the spherical fibration E \B → B is not
concordant to a sphere bundle.

We record an improvement of Proposition 8.2.3 from a statement concerning a deepest stratum
Xd ⊂ X to a statement concerning a closed constructible subspace Y ⊂ X. Recall from Defini-

tion 7.3.11 the link LinkY (X)
πY−−→ Y .

Proposition 8.2.5 (Regular neighborhoods). Let Y ↪→ X be a proper constructible embedding
among stratified spaces. Then there is a conically smooth map

C(πY ) −→ X

under Y ↪→ X such that

(1) the map is a refinement onto its image,
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(2) the image is open, and

(3) C(πY ) is the fiberwise open cone of the constructible bundle LinkY (X)
πY−−→ Y .

Proof. Like in the argument proving Proposition 8.2.3, the statement is implied upon proving the
existence of a conically smooth map

LinkY (X)× R≥0 −→ UnzipY (X)

under LinkY (X) satisfying (1) and (2). Also like in that argument, by applying Unzip the statement
reduces to showing that, for M a smooth manifold with boundary, and for ∂M ⊂ M the union of
its positive codimension faces, there is a conically smooth map

∂M × R≥0 −→M

under ∂M satisfying (1) and (2). This again follows by the existence of positive-time flows along
smooth inward vector fields for smooth manifolds with corners. To finish, we must verify that
there exists such an inward vector field that is non-vanishing along each positive codimensional
face. Conically smooth partitions of unity grant the existence of such a vector field, provided the
existence of such for a basic corner RS × RT≥0. For this, take the vector field

∑
t∈T ∂t.

�

The isotopy extension theorem is a standard consequence of the existence of regular neighbor-
hoods of submanifolds from ordinary differential topology. Here we state an analogous result for the
stratified setting. We use the notation Aut(X) ⊂ Snglr(X,X) for the sub-Kan complex consisting
of the automorphisms; and Emb(Z,X) ⊂ Strat(Z,X) for the sub-Kan complex consisting of those

conically smooth maps Z ×∆p
e
f−→ X ×∆p

e over ∆p
e for which, for each t ∈ ∆p

e, the map ft : Z → X
is an embedding.

Proposition 8.2.6 (Isotopy extension theorem). Let Z ↪→ X̃ be a proper and constructible embed-

ding among stratified spaces with Z compact, and let X̃ → X be a refinement. Then both of the
restriction maps

Aut(X) −→ Emb(Z,X) and Emb(X,X) −→ Emb(Z,X)

are Kan fibrations.

Proof. We concern ourselves with the second map.
In a standard way, because Strat admits countable coproducts and finite products, the extended

cosimplicial stratified space ∆•e : ∆ → Strat induces a functor from countable simplicial sets to
simplicial stratified spaces. We will employ this maneuver implicitly in the coming argument. In
doing so, for K a finite simplicial set, by k ∈ K we mean an element of a member of the diagram
associated to K.

Let K be a finite simplicial set. It is sufficient to prove that every diagram among simplicial sets

(8.1) K //

{0}
��

Emb(X,X)

��
K ×∆[1] //

55kkkkkkk
Emb(Z,X)
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can be filled. Let us unwind this, through standard adjunctions. Consider a solid diagram among
diagrams of stratified spaces

(8.2) Z ×K //

{0}
��

X ×K

{0}
��

eX

��

Z ×K × [0, 1] //

eZ
;;

X ×K × [0, 1]

ẽ

((QQQQQQQ

X ×K × [0, 1]

in which the horizontal arrows are the standard ones, and the diagonal arrows lie over K × [0, 1]
and, for each (k, t) ∈ K × [0, 1], the restriction eZk,t is an embedding and the restriction eXk,0 is an

isomorphism. The desired filler in (8.1) is supplied by finding a filler in (8.2) by an embedding over
K × [0, 1].

For each k ∈ K, the expression
d

dt

(
(eXk,0)−1 ◦ eZk,t

)
|t=s

defines a time-dependent parallel vector field V Zk,s of X which, at time s is defined on the image

eZk,s(Z) ⊂ X. The flow of this time-dependent parallel vector field is a conically smooth map

γV
Z

: X × K × [0, 1] 99K X × K × [0, 1] over K × [0, 1], which is defined on the image of eZ . By
construction, the composition with this flow recovers the conically smooth map

Z ×K × [0, 1]
eZ|Z×K×{0}×id[0,1]−−−−−−−−−−−−→ X ×K × [0, 1]

γV
Z

99K X ×K × [0, 1] , (z, k, t) 7→ eZk,t(z)

over K × [0, 1].
Using Proposition 8.2.5, the assumption on Z ⊂ X implies there is a regular neighborhood

eZ(Z) ⊂ O ⊂ X ×K × [0, 1] over K × [0, 1]. In particular, there is an extension of this K-family
of time-dependent vector fields V Zk,s to a K-family of time-dependent parallel vector fields of X

defined on this neighborhood O. With a K × [0, 1]-family of partitions of unity subordinate to the
K× [0, 1]-family of open covers {O|(k,s), XreZk,s(Z)}, one can thereafter easily construct a K-family
of time-dependent parallel vector fields Vk,s on all of X extending the named one along the image of
eZ and which is zero outside of a compact neighborhood of this image. The flow for this K-family
of time-dependent parallel vector fields Vk,s is a conically smooth map

γV : X ×K × [0, 1] 99K X ×K × [0, 1]

over K× [0, 1], which is a priori defined on an open neighborhood of X×K×{0}. The construction
of Vk,s grants that, in fact, this flow is everywhere-defined. The desired filler can be taken to be the
composition

ẽ : X ×K × [0, 1]
eX×id[0,1]−−−−−−→ X ×K × [0, 1]

γV−−−→ X ×K × [0, 1] .

This demonstrates a filler for (8.2), as desired, and therefore proves that the second map in the
proposition is a Kan fibration.

Because, necessarily, the flow γV is an isomorphism, then ẽ too is an isomorphism provided eX is
an isomorphism. This above argument thus specializes to prove that the first map of the proposition
too is a Kan fibration.

�

8.3. Finitary stratified spaces

We introduce a convenient class of finitary structured stratified spaces – these are those stratified
spaces that admit finite open handlebody decompositions.
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Notation 8.3.1. We will use the notation R = [−∞,∞] for the closed interval. It contains sub-
spaces R≥−∞, R, and R≤∞.

Definition 8.3.2. A collar-gluing is a continuous map X
f−→ R from a stratified space for which

f−1(0) ⊂ X is a sub-stratified space, together with an isomorphism α : f−1(R) ∼= R × f−1(0) over
R. Given such a collar-gluing, we will sometimes denote the sub-stratified spaces of X:

X≥−∞ := f−1(R≥−∞) , ∂ := f−1(0) , X≤∞ := f−1(R≤∞) .

We will often denote a collar-gluing (X
f−→ R, α) simply as (X

f−→ R), or even asX = X≥−∞
⋃
R×∂

X≤∞,

depending on emphasis.

Remark 8.3.3. In a collar-gluing (X
f−→ R, α) the map f is a weakly constructible bundle in the

sense of Definition 3.6.1. Conversely, given a weakly constructible bundle f : X
f−→ R, the collection

of trivializations α forms a contractible groupoid. In this sense, we regard a collar-gluing simply as
a weakly constructible bundle to a closed interval.

Example 8.3.4. Let M be an ordinary manifold, and let ∂ ⊂M be a hypersurface that separates
M . The choice of a collaring R × ∂ ↪→ M determines a collar-gluing f : M → R by declaring f to
be the projection on the collaring.

Example 8.3.5. Let X be a stratified space of depth at most k. After Proposition 8.2.3, there is
a collar-gluing

C(πk)
⋃

R×Lk(X)

X \Xk = X .

Definition 8.3.6. The category of finitary stratified spaces, Bsc ⊂ Snglrfin ⊂ Snglr is the smallest
full subcategory containing the basics that is closed under the formation of collar-gluings, in the
following sense:

Let X
f−→ R be a collar-gluing. Suppose f−1(R≥−∞) and f−1(0) and f−1(R≤∞) are finitary.

Then X is finitary.

A collar-gluing X
f−→ R determines the a pullback diagram of stratified spaces

(8.3) R× ∂ //

��

X≤∞

��
X≥−∞ // X

witnessing an open cover of X.

Definition 8.3.7 (Finitary). The category of finitary stratified spaces B ⊂ Snglrfin ⊂ Mfld(B) is
the smallest full subcategory containing basics which is closed under the formation of collar-gluings
in the following sense:

Let X
f−→ R be a collar-gluing. Suppose X≥−∞ and ∂ and X≤∞ are each finitary. Then X

is finitary.

Definition 8.3.8. Let B be an ∞-category of basics. A collar-gluing among B-manifolds is a

B-manifold (X, g) together with a collar-gluing X
f−→ R of its underlying stratified space. The

∞-category of finitary B-manifolds, B ⊂ Mfldfin(B) ⊂ Mfld(B) is the smallest full ∞-subcategory
containing B that is closed under the formation of collar-gluings.

Example 8.3.9. Here some examples of stratified spaces that are finitary.

• Each basic U = Ri × C(Z) is finitary, by definition.
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• Because the product of basics is a basic, it follows that X ×X ′ is finitary whenever X and
X ′ are finitary.

• A compact manifold with boundary M is finitary.

Here are some examples of stratified spaces that are not finitary:

• An infinite disjoint union of Euclidean spaces is not finitary.
• An infinite genus surface is not finitary.
• Consider R3 with a trefoil knot in a small ball around each vector with integer coordinates.

By way of Example 5.1.7 this data determines a stratified space. This stratified space is not
finitary.

Lemma 8.3.10. Let X = (X
S−→ P ) be a stratified space. Let E

π−→ X be a conically smooth fiber
bundle. Suppose X is finitary, and each fiber π−1(x) is finitary. Then E is finitary.

Proof. By inspection, products distribute over collar-gluings. This verifies the assertion for the case
of a trivial bundle.

Consider the collection of those stratified spaces X for which the assertion is true. Through

Lemma 7.1.3(3), this collection contains the basics, because it is true for trivial bundles. Let X
f−→ R

be a collar-gluing among stratified spaces that belong to this collection. Let E
π−→ X be a conically

smooth fiber bundle with finitary fibers. Lemma 7.1.3(2) gives an isomorphism E|R ∼= R×E|∂ over
the isomorphism X|R ∼= R×∂. We are thus witnessing E as a collar-gluing among finitary stratified
spaces. �

We will prove the following result in the subsections that follow.

Theorem 8.3.11 (Open handlebody decompositions). Let X be a stratified space.

(1) Suppose there is a compact stratified space with corners X and an isomorphism int(X) ∼= X
from its interior. Then X is finitary.

(2) There is a sequence of open subsets X0 ⊂ X1 ⊂ · · · ⊂ X with
⋃
i≥0

Xi = X and each Xi

finitary.

We draw an easy corollary of Theorem 8.3.11.

Corollary 8.3.12. Let X = (X → P ) be a stratified space. Let Q ⊂ P be a consecutive full
sub-poset. Suppose X is finitary. Then XQ is finitary.

Proof. Necessarily, X has finite depth. We will proceed by induction on depth. If X has depth zero,
the result is tautological.

Suppose X = U = (Ri × C(Z) → C(P0)) is a basic. If Q ⊂ C(P0) contains the cone point, then
UQ is again a basic, and is in particular finitary. Suppose Q ⊂ C(P0) does not contain the cone
point. Then Q ⊂ P and UQ ∼= Ri × R × ZQ. After Lemma 8.3.10, UQ is finitary provided ZQ is
finitary. By induction on depth, ZQ is finitary provided Z is finitary. Because of Theorem 8.3.11(1),
compactness of Z implies it is finitary.

Now suppose X is general, but finitary. Observe that a collar-gluing
(
X

f−→ R,R × f−1(0) ∼=

f−1(R)
)

restricts to a collar-gluing
(
XQ

f|−→ R,R× f−1(0)Q ∼= f−1(R)Q
)
. So the assertion is true if

and only if it is true for X a basic, which was verified in the previous paragraph. �

8.4. Proof of Theorem 8.3.11(1): handlebody decompositions

Here we prove that compact stratified spaces with boundary admit finite open handlebody decom-
positions. More precisely, we prove Theorem 8.3.11(1) which asserts that the interior of a compact
stratified space with boundary is finitary in the sense of Definition 8.3.7.
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Proof of Theorem 8.3.11(1). Let X be a compact stratified space with corners whose interior is
identified as X. By compactness, n := dim(X) and k := depth(X) = depth(X) are finite, and so we
proceed by induction on k.

Suppose k = 0, so that X is an ordinary smooth manifold, and X is a compact manifold with 〈n〉-
corners. For this case fix a Riemannian metric on X. Let us use the terminology “open disk”/“closed
disk”/“sphere” for a manifold with corners that is isomorphic to the standard open disk/closed
disk/sphere in Rn intersected with Ri × Rn−i≥0 . We proceed by induction on the dimension, n.

Should d = 0 then necessarily X ∼= (R0)tI is a finite set, and the assertion is easily verified.
Consider the collection of smooth maps f : X → [−1, 1] for which

• for each n /∈ T ⊂ {1, . . . , n}, the f| : ∂TX → [−1, 1] is a Morse function, and the restriction

of the gradient (∇f)|∂TX is tangent to ∂TX,

• for each n ∈ T ⊂ {1, . . . , n}, the restriction f|∂TX is constant.

Each member of this collection has a finite number of critical points; choose a member f that
minimizes this number, r.

If r = 0, then X ∼= [−1, 1] × f−1(0) as witnessed by gradient flow. By induction on dimension
n, int(f−1(0)) is finitary, and thereafter X = (−1, 1) × int(f−1(0)) too is finitary. Suppose r = 1
and let p ∈ X be the unique critical point of f , with critical value a ∈ (−1, 1). Consider the locus
of those x ∈ X for which the gradient flow from x limits to p in either positive or negative time.
This locus intersects f−1−1 ⊂ ∂{n}X as a S ⊂ ∂{n}X, and the normal bundle of this sphere is

equipped with a trivialization. Choose a closed tubular neighborhood S ⊂ ν ⊂ ∂{n}X, and denote

its sub-sphere bundle as ν0 ⊂ ∂{n}X. Write C := ∂{n}Xr(ν \ν0) for the complement of the interior
– it is a sub-manifold with corners. Gradient flow gives determines the product sub-manifolds with
corners ν0× [−1, 1] ⊂ X and C × [−1, 1] ⊂ X, as well as the sub-manifold with corners D ⊂ X that
is the flow of ν. By construction, D contains the critical point p in its interior which is isomorphic

as to an open disk, which is a basic manifold with corners. Now, choose a map X
g−→ [−1, 1] that

restricts to a fiber bundle over (−1, 1), and such that ν0 × [−1, 1] = g−10, thereby witnessing a

collar-gluing X = C̃× [−1, 1]
⊔

ν0×[−1,1]

D̃ – here we are denoting D ⊂ D̃ ⊂ X and C ⊂ C̃ ⊂ X for the

open sub-manifolds wtih corners obtained by adjoining collars onto interior faces. Because D̃ is a
basic, we conclude this case of r = 1 through the inductive hypothesis on n.

Suppose r > 1. We can assume there are two distinct critical values a < b of f , otherwise
locally perturb f through Morse functions in a standard fashion. Choose a < e < b. By induction
on r, each of f−1([−1, b)), f−1(a, b) ∼= (a, b) × f−1(e), and f−1((a, 1]) is finitary. Because X =
f−1([−1, b))

⋃
(a,b)×f−1(e)

f−1((a, 1]) is a collar-gluing, we conclude that X is finitary. Now suppose

k > 0. Proposition 8.2.3 gives the collar-gluing

C(πk)
⋃

R×Lk(X)

(X \Xk) ∼= X .

We will explain that the collar-gluands are each finitely, from which it will follow that X is finitary.

X \Xk: Because the map Unzipk(X)→ X is proper, and the codomain is compact, then the domain,
too, is compact. Because this codomain has strictly less interior depth than that of X, then
by induction on k, int

(
Unzipk(X)

)
is finitary. Through the isomorphisms of stratified spaces

int
(
Unzipk(X)

)
= int

(
Unzipk(X) \ ∂k Unzipk(X)

) ∼=−→ X \ Xk we conclude that X \ Xk is
finitary.

Lk(X): The deepest locus Xk ⊂ X is a closed sub-stratified space with corners. Because X is
compact, Xk too is compact. Because the depth of Xk is zero, then Xk is finitary, by

the base case of the induction. There is the conically smooth fiber bundles Lk(X)
πk−→ Xk.

Because the fibers of πk are compact and have strictly less depth than X, then Lemma 8.3.10
gives that Lk(X) is finitary.
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C(πk): There is the fiberwise cone C(πk)→ Xk. Because the fibers of πk are compact, the fibers of
C(πk)→ Xk are basics, and Lemma 8.3.10 gives that C(πk) is finitary.

�

8.5. Proof of Theorem 8.3.11(2): compact exhaustions

We prove Theorem 8.3.11(2) which asserts that every stratified space is a sequential open union of
finitary stratified spaces. The arguments follow those in ordinary differential topology.

Definition 8.5.1. Let X = (X
S−→ P ) be a stratified space and let f : X → R be a conically smooth

map. Say a ∈ R is a regular value (for f) if, for each p ∈ P , a is a regular value for the restriction
f| : S

−1(p)→ R.

Lemma 8.5.2. Let f : X → R be a conically smooth map from a stratified space of dimension ≤ n.
Let a < b ∈ R be regular values for f . Then the subspace f−1([a, b]) ⊂ X canonically inherits the
structure of a stratified space with boundary ∂f−1([a, b]) = f−1({a, b}).

Proof. Consider the composite map Unzip(X)
π−→ X

f−→ R – it is a smooth map from a manifold with
〈n〉-corners. Both a and b are regular values for fπ; and it is classical that (fπ)−1([a, b]) ⊂ Unzip(X)
has the structure of a stratified space with 〈n〉-corners, with boundary. The quotient stratified
topological space f−1([a, b]) = π

(
(fπ)−1([a, b])

)
⊂ X thus canonically inherits the structure of a

stratified space with boundary. �

Lemma 8.5.3. Let X be a stratified space, and let f : X → R be a conically smooth proper map.
Then the set of regular values for f is a dense subspace of R.

Proof. Write X = (X → P ). From Lemma 2.4.10 there is the coarser stratification depth : X →
P → N. The statement is true if it is true for f|(a,b) : f−1(a, b) → (a, b) for each a < b ∈ R. Let
a < b ∈ R. The set of regular values for f|(a,b) is the intersection of the set, indexed by k ∈ N, of

regular values for the (ordinary) smooth map f| : f
−1(a, b) ∩ depth−1(k)→ R. Because f is proper,

there are only finitely many k ∈ N for which f−1(a, b) ∩ depth−1(k) is non-empty. The statement
follows from Sard’s theorem. �

Proof of Theorem 8.3.11(2). Use Lemma 7.1.2 and choose a conically smooth proper map f : X →
R. Choose a sequence of regular values (ai) and (bi) such that ai+1 < ai < 0 < bi < bi+1 and
ai → −∞ and bi →∞ – that such sequences exist follows from Lemma 8.5.3. Through Lemma 8.5.2,
the subspace f−1([ai, bi]) ⊂ X has the canonical structure of a stratified space with boundary, and
it is compact because f is proper. We conclude the argument by taking Xi := f−1(ai, bi) ⊂ X. �
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[TV] Toën, Bertrand; Vezzosi, Gabrielle. Segal topoi and stacks over Segal categories. Unpublished work. Available

for at math.AG/0212330.

[We] Weinberger, Shmuel. The topological classification of stratified spaces. Chicago Lectures in Mathematics. Uni-
versity of Chicago Press, Chicago, IL, 1994.

[Wh1] Whitney, Hassler. Elementary structure of real algebraic varieties. Ann. of Math. (2) 66 (1957), 545–556.

[Wh2] Whitney, Hassler. Local properties of analytic varieties. 1965 Differential and Combinatorial Topology (A
Symposium in Honor of Marston Morse) pp. 205–244 Princeton Univ. Press, Princeton, N. J.

[Wh3] Whitney, Hassler. Tangents to an analytic variety. Ann. of Math. (2) 81 (1965), 496–549.

[Wo] Woolf, Jon. The fundamental category of a stratified space. J. Homotopy Relat. Struct. 4 (2009), no. 1, 359–387.

Department of Mathematics, Montana State University, Bozeman, MT 59717

E-mail address: david.ayala@montana.edu

Department of Mathematics, Northwestern University, Evanston, IL 60208

E-mail address: jnkf@northwestern.edu

Department of Mathematics, Harvard University, Cambridge, MA 02138

E-mail address: hirolee@math.harvard.edu

85


