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ABSTRACT

To determine the existence of a regular homotopy between two immersions, f,g: M —
N, is equivalent to showing that they lie in the same path component of the space Imm(M, N).
We identify the connected components, molmm(W,, M), of the space of immersions from a
closed, orientable, genus-g surface W, into a parallelizable manifold M. We also identify
the higher homotopy groups of Imm(W,, M) in terms of the homotopy groups of M and
the Stiefel space Vo(n). We then use this work to characterize immersions from tori into
hyperbolic manifolds as self covers of a tubular neighborhood of a closed geodesic up to
regular homotopy. Finally, we identify the homotopy-type of the space of framed immersions
from the torus to itself.
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INTRODUCTION

In this dissertation we consider immersions of orientable surfaces. An immersion is a
map between manifolds that locally is an embedding, and can be thought of as a way to
place one manifold inside of another. An interesting problem is how many topologically
different ways there are to immerse one manifold into another. That is, we would like to
not distinguish immersions which differ by a homotopy, or movie, of other immersions. Such
a homotopy is a path in the space of all immersions. So to determine the topologically
distinct immersions from M into N we consider the path components of the entire space of
immersions Imm(M, N).

The theory of immersions has a rich history. One of the first major results was the
Whitney-Graustein Theorem [26] which classified immersions of the circle S! into the plane.
This result can be stated as molmm(S',R?) = Z where Imm(S! R?) is the space of all
immersions of S! into R%. Given two immersions v;,7,: S! — R? there is a homotopy
through immersions from 7, to 7., called a reqular isotopy, if and only if both v, and ~,
have the same turning number. Here the turning number is defined to be the degree of the
tangential Gauss map for an immersed path. So the possible turning numbers, 7Z, classify
immersions of S! into R? up to regular homotopy.

In his Thesis [23], Smale generalized this result to the case of immersions of S! into an
arbitrary manifold. Later, Smale then classified immersions of spheres of arbitrary dimension,
5", into Euclidean spaces R™ [24]. A special case of this work was that molmm(S2, R") consists
of a single point, or that all immersions of the 2-sphere into 3-dimensional Euclidean space
are regularly homotopic. This proved the existence of sphere eversions, the act of turning

a sphere inside out, for S? C R3 which was previously not thought to be possible. Later,
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various people gave different algorithms and descriptions for how to accomplish such an
eversion.

In the 1960’s, Charles Pugh created various halfway models of a sphere eversion out of
chicken wire. These models were later stolen from UC Berkeley, perhaps to rebuild a chicken
coop. In 1978, French mathematician Bernard Morin and French Engineer Jean-Pierre Petit
gave an incredibly clear description of the steps for an eversion of the sphere, including all of
the self-intersecting curves [3]. The eversion Morin and Petit developed only had 14 singular
stages, and performing this eversion twice results in a loop in m;Imm(S?, R3), which generates
the entire group.

In [11] Hirsch extended Smale’s results using techniques from bundle theory. Essentially,
he gave a bijection between regular homotopy classes of an immersion f : M* — N™>* and
equivariant maps fi : V(M) — Vi N, where V(M) is the space of k—frames of M. He then
was able to classify immersions of an arbitrary manifold into Euclidean space.

The work of Hirsch and Smale in 1959 can be phrased as what is now referred to as the

Hirsch-Smale Theorem:

Theorem 1.0.1 (Hirsch-Smale). If M and N are smooth manifolds with M compact and
dim(M) < dim(N) then the map

Imm(M, N) = Imm" (M, N); f— Df

18 a weak homotopy equivalence.

Here Imm(M, N) is the space of immersions from M to N and Immf(M, N) is the space
of formal immersions of M to N defined to be the space of bundle injections between
tangent bundles T'M and T'N. At first this theorem might seem unnecessary or unhelpful
as Immf(M, N) is “larger” than Imm(M, N), in the sense that not all bundle injections

arise as the differential of an immersion. However, the utility of this theorem is that from
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the perspective of homotopy theory Immf(M ,N) can be analyzed much more easily than
Imm(M, N). We explain this more thoroughly in Chapter 2.

In Chapter 3 we apply the Hirsch-Smale Theorem and some classic results from bundle
theory to compute the homotopy groups of Imm(W,, M) for a path-connected orientable
surface W, of genus g and a parallelizable manifold M. Our motivation for this problem was
initially just to identify molmm(T? R*), and then try to apply this to compute invariants
of knotted tori in 4-space. Along the way, we discovered that our arguments could
be generalized to immersions of orientable surfaces of arbitrary genus into parallelizable
manifolds. Even, better we found a straightforward way to identify all of the higher homotopy
groups of Imm(W,, M). This is recorded in Theorem W which shows the existence of the

following isomorphisms for k£ > 1:

mdmm(W,, M) =2 1 M X (41 M)?? X mpoM X mpVa(n) X (mpe1Va(n))? X mpyaVa(n)

and a similar bijection for the connected components. In [18], the author studies immersions
from general compact surfaces into R® and gives conditions for which two immersions
are regularly homotopic, this characterization is compatible with our identification of the
connected components in Theorem W.

We find it unlikely that molmm(1W,, R*) will distinguish knotted surfaces. Indeed, in
the case for genus zero, Smale in [24] showed that there is only one immersion S? — R*
represented by an embedding, i.e. all knotted 2-spheres in R* are regularly isotopic. However,
an application of our work is that we are able to characterize immersions of 2-tori into
hyperbolic manifolds as self covers onto a tubular neighborhood of some closed geodesic. We
discuss this in greater detail at the end of Chapter 3 .

Next, in Chapter 4 we turn our attention to a separate problem regarding immersions.

Namely, we study immersions from the torus to itself which preserve, up to homotopy, a
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standard framing or vector field. Specifically we identify the group of framed diffeomorphisms
and the monoid of framed local-diffeomorphisms of a framed torus.

A framing is a trivialization of the tangent bundle. One way of thinking about a framing
is that of an everywhere non-vanishing vector field on T?. Given a framing ¢ on the torus, we
may apply an immersion f to the torus and D f composed with ¢ will supply a new framing.
We care about those immersions for which this new framing is homotopy equivalent to the
standard framing, in particular we would like to determine the homotopy type of the space
of framed immersions of the torus.

Restricting the monoid of framed immersions to its maximal subgroup results in the
group of framed diffeomorphisms. This group encodes the symmetries of a tangentially
straightened torus, and it forms a group by composing such symmetries. The collection of
3-strand braids also forms a group by stacking one braid on top of the other. Remarkably
there is a sense in which the group of framed diffeomorphisms is equivalent to the braid
group on 3 strands, Braids.

The main result of Chapter 4 is Theorem X, which identifies a homotopy equivalence
between the continuous group of framed diffeomorphisms of the torus and the semidirect
product T? x Braids. Theorem X also gives a canonical identification between the continuous
monoid of framed immersions of the torus, Imm®(T2), and the semidirect product T2 x EJ (Z)
where Ef (Z) is a monoid with maximal subgroup Braid; .

Before proving these results, Chapter 2 will introduce much of the necessary background

and language which we use in the following chapters.
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BACKGROUND

Topology Primer

We record some basic definitions and notions in topology that will be relevant for this
dissertation. For additional discussion on any of these topics the reader could consult a text
such as [9] or [14]. Whenever we refer to an object as a space we mean a topological space.
Whenever we refer to a map between two spaces we mean a continuous map. We start by

defining a smooth manifold, one of the fundamental objects we will be working with.

Definition 2.0.2. A n—dimensional smooth manifold is a second countable Hausdorff space

M™, with a collection of charts {M > U, LN /e R"} such that

open homeo open

1. Every point p € M is in the domain of some chart.

2. For two charts ¢,: U — U’ C R™ and ¢g: V — V' C R", the change of coordinates

Gats': d3(UNV) = ¢o(UNV)is C.
3. The collection of charts is maximal with respect to the above properties.

Unless otherwise specified, the term “manifold” will refer to a smooth manifold. For a

manifold M we will denote its tangent bundle as 7y := (T'M — M) where

TM :={(p,v) :pe M and v € T,M}.

It is naturally endowed with a smooth structure for which the projection 7'M PPN s a

smooth fiber bundle. A manifold is called parallelizable if its tangent bundle is homeomorphic
to the trivial bundle €} := (M x R™ — M). A parallelizable manifold equipped with a
trivialization of its tangent bundle is called a framed manifold.

Given a parallelizable manifold M™, we can consider the set of all possible framings of

M. This set can be given a topology which leads us to define the space of framings:
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Definition 2.0.3. For a parallelizable manifold M™, we define the space of framings of M
to be

Fr(M) := Isogai, (Tar, €1y) € Map(TM, M x R™) |

the set of bundle isomorphisms to the trivial bundle, which we give the subspace topology

of the C*—topology on the set of smooth maps between total spaces.

Convention 1. 1. For X,Y Hausdorff, locally-compact, topological spaces we denote
Map(X,Y) to be the set of all continuous maps from X to Y equipped with the

compact-open topology.

2. For XY smooth manifolds we denote Map(X,Y) to be the set of all smooth maps

from X to Y equipped with the C*—topology.

Remark 2.0.4. While Convention 1 presents conflicting notation, by the Smooth Approx-
imation Theorem and the Smooth Homotopy Theorem (see [27] for a modern perspective)

the underlying homotopy-type of Map(X,Y) is unambiguous.

Examples of manifolds that will be relevant for this dissertation include surfaces, such
as the torus T? = S! x S'. The torus is also an example of a parallelizable manifold. Other
examples of manifolds that will be important to us are the Stiefel spaces Vi (n), which are the
spaces of all orthonormal k-frames of R™. The set Vi (n) is a subset of R**™ where a k—frame
can be described as a k x n matrix A such that AAT = I. With the natural inclusion,
Vi(n) <= {k x n matrices} = R**" we endow Vi(n) C R¥" with the subspace topology
from Euclidean space with the standard topology.

For k < n, the group SO(n) acts transitively on Vi (n), that is to say any two k—frames in
R"™ are related by an orthogonal transformation. The stabilizer of any k—frame is isomorphic

to the group SO(n — k), therefore we can identify Vi(n) = SO(n)/SO(n — k).



7

Remark 2.0.5. We will often not require a k-frame in Vi(n) to be orthonormal because,
when considering Vi(n) up to homotopy, the Gram-Schmidt map describes a homotopy of

any k-frame to an orthonormal k-frame.

Definition 2.0.6. Let M"™ and N" be manifolds of dimensions m < n. A smooth map

f:M— N

is an ¢mmersion if the differential D, f: T,M — T}y, N is injective for every point p € M.

Remark 2.0.7. By the Inverse Function Theorem, in the case that the dimensions of the
manifolds are the same, m = n, the condition for f: M — N to be an immersion is the same
as saying that f is locally a diffeomorphism. As such we will substitute the word immersion

for local diffeomorphism, especially in Chapter 4.

We are interested in how many topologically distinct immersions there are from one
manifold to another. One way to do this is to consider the “space of all immersions”
and try to identify the number of connected components of this space. We will give the
set of all immersions the subspace topology Imm(M, N) C C*(TM,TN) inherited from
the space of smooth functions between their tangent bundles with the C>**—topology. The
topological space Imm(M, N), in most interesting cases, is not a smooth manifold or even
finite dimensional. However, it is a topological space and so we may proceed in using
topological invariants to study it. In particular, we will proceed to study it from the
perspective of homotopy theory. With this in mind, we give the precise definition of a

homotopy.

Definition 2.0.8. For topological spaces X and Y, a homotopy of maps from X to Y is a map
F: X x I —Y where I =[0,1] is the unit interval. Two maps fo: X - Y and f1: X =Y
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are homotopic if there exists a homotopy F' : X x I — Y for which F(z,0) = fo(x) and
F(z,1) = fi(z) for all x € X.

The relation “f is homotopic to ¢” is an equivalence relation that we will denote as
f =~ g. The equivalence class of maps homotopic to f will be denoted as [f]. Some of the
most important topological invariants of a space Z are its homotopy groups, which we define

now.

Definition 2.0.9. Let £ > 1. The k-th homotopy group of a pointed topological space

(Z, zp) is the set of homotopy classes:

(2, z0) 1= {(Sk, x) — (Z, Zo)}/ ~

In the case that Z is path-connected we will often leave out the base point and denote

(2, 20) as mp 2.

Remark 2.0.10. For £ > 1, mZ can be given a group structure by the following binary

operation: for [wi], [we] € T Z

[ k coIIapseSk,l
e

[wi] - [wo] = Sk sk 2 7,

That is [wi] - [wp] is the homotopy class of the map which first collapse S* along some
equator and then maps out of each wedge-summand by the corresponding maps w; and wy.
By an Eckmann-Hilton argument (see section 4.H of [9]), 77 is an abelian group for k£ > 2.
However, myZ is not a group as the above binary operation would not make sense, but instead

it is the set of path components of the space Z.

Definition 2.0.11. A map f: X — Y is a homotopy equivalence if there exists a map
g:Y — X such that go f ~idx and fog ~id,. Here idx,idy are the identity maps on the

indicated spaces. Such a ¢ is a homotopy inverse.
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We will also denote the relationship of homotopy equivalence as X ~ Y or say that X
and Y have the same homotopy-type. Based homotopy equivalent based spaces will have
isomorphic homotopy groups. (However, spaces do not necessarily need to be homotopy
equivalent to have the same homotopy groups.) A map between spaces which induces an
isomorphism on homotopy groups is said to be a “weak homotopy equivalence”, an example
of which is the map from Theorem 1.0.1. We will discuss this map and Theorem 1.0.1 in

greater detail in the next section as it will be the starting point for Chapter 3.

A Brief Introduction to the h-Principle

The condition for a map f: M™ — N™ to be an immersion from Definition 2.0.6 is a
condition imposed on the partial derivatives of f: namely we require the Jacobian D f to be
of maximal rank m for all p € M. We can describe this condition on partial derivatives by

considering the function
I : Map™®°" (M, N) — Matéﬁ,l S RO,

f = {k x k minors of Df} <det(M1),det(M2), ..., det (M(n)>>

m

which selects a vector in Euclidean space parametrized by the determinants of all the k x k
minors of Df.

The condition that f is an immersion is the same as the condition I(f) # 0. This is an
example of a partial differential relation R, which is generally any condition of equality or
inequality involving the partial derivatives of some function. Any partial differential relation
R has some underlying algebraic relation obtained by exchanging partial derivatives with
independent variables. A solution to this algebraic relation is called a formal solution of R

and is a necessary condition for there to be a genuine solution of SR. Then one can attempt to
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“deform” a formal solution into a genuine solution, and we say a partial differential relation
satisfies the h-principle if any formal solution can be deformed into a genuine solution,
and likewise for any compact family of formal solutions. By deforming a formal solution to
a genuine solution, we mean finding a homotopy, in the class of formal solutions, from the
formal solution to a genuine solution.

The term “h-principle”, or homotopy principle, was introduced by Gromov in [6] but
the idea appeared earlier in work such as [7]. This general phenomena of the h-principle
was discovered even earlier in work such as the Whitney-Graustein Theorem and Smale and

Hirsch’s work on differential immersions.

A bundle injection between fiber bundles £ = (F' — B) and v = (E' — B') is a bundle

map
E r E

which is an injection on each fiber Fy: E, — E}(b) for all b € B. We denote the set of all bundle
injections between & and v as Bunlnj({, v). There is the natural injection BunlInj(¢,v) —
Map(E, E") which forgets all the data of the bundle injection except the map between total
spaces. We will then endow Bunlnj(¢, v) with the subspace topology from this injection where
Map(E, E') is equipped with the compact-open topology.

In the case that we have two bundles over a common base space, £ = (E — W) and
v = (E' — W), a bundle injection is a map ¢ : E — E’ such that ¢ maps E, to E
injectively. Alternatively, it is a bundle injection between £ and v where the map between
base spaces is the identity. We denote the set of all bundle injections between £ and v over W
as BunlInj (£, v) and again endow it with the subspace topology from Map(E, E) equipped

with the compact-open topology.

Definition 2.0.12. Let M™ and N™ be manifolds of dimensions m < n. We define the space



11

of formal immersions

Imm® (M, N) := Bunlnj(7ar, 7w).

As mentioned earlier there, is the natural map
Imm(M, N) — Imm‘(M,N);  f~ Df (2.1)

which is clearly an injection. However, there are many bundle injections which do not arise as
the differential of an immersion. For example, consider any framed embedding e: S — R?
such that the framing is everywhere orthogonal to the embedding. These are referred to as

framed knots and can be seen as sections of the normal bundle, or a bundle injection

TSt v(e(S')) c TR?

| |

St - R3.

We call Immf(M, N) the space of formal immersions because they consist of the formal
solutions to the immersion condition I(f) # 0. Then because immersions satisfy the h-
principle, there is a homotopy of every formal solution to a genuine solution which leads to
the Hirsch-Smale Theorem.

The Hirsch-Smale Theorem 1.0.1 states that the map (2.1) is a weak homotopy
equivalence and therefore we have that mImm(M, N) = mdlmmf(M, N) for all k > 0. The
essential reason formal immersions are easier to access through homotopy theory is that they

fit into the following fibration:

Immf(M, N)

Buninj,y, (7ar, f*7)

jforget

* ) Ma I:)smooth (M, N)
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where f*T'N is the pullback bundle. This allows us to analyze the long exact sequence on

homotopy groups:
oo = M1 Map ™o (M, N) — mBunlnj o (1ar, f*7v) = mplmmf(M, N) — mMap™°™ (M, N) — w1 Bunlnj p (7ar, f*73) — ... (22)

where both Bunlnj ,(7as, f*7n) and Map*me°th (M, N) often have fairly computable homotopy

groups.

Homotopy Pullbacks and Homotopy Pushforwards

We record some properties regarding homotopy pullbacks and pushouts. These are the
appropriate notions of pullback and pushout when working in homotopy theory. We broadly

cite [15] and direct the reader there for proofs and additional discussion.

Definition 2.0.13. The standard homotopy pullback of A L od Bis
Ax¢ B:=AxcCl xe B={(a,7,b) : f(a) =(0),9(b) = v(1)}

along with the projection maps:

A x2 B B
LPVOJ'A 9
A ! C.
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and a homotopy H between the maps go h 2 fok.
Proposition 2.0.15. The following are equivalent:
o A homotopy commutative diagram as in definition 2.0.14
e AmapQ:D — AxLB

Definition 2.0.16. The homotopy commutative square (2.3) is a homotopy pullback square

if the map 2 is a homotopy equivalence.

Proposition 2.0.17. The strict pullback where one map is a fibration is homotopy equivalent

to the homotopy pullback.

Proposition 2.0.18 (Diagram Pasting). Given the following homotopy commutative dia-

gram
D E F,

1. If both of the smaller individual squares are homotopy pullback squares, then the larger

square 1s a homotopy pullback square as well.

2. If the outer large square and the smaller right hand square are homotopy pullback

squares, then the smaller left hand square is a homotopy pullback square as well.

Definition 2.0.19. The standard homotopy pushout of maps C' <~ A Iy Bis the topological

space C' Ugayxo A % [0,1] Ugayx1 B along with the natural maps

A / B

g i

C ‘o CUg(A)XoAX [0, 1] Uf(A)><1 B.
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Definition 2.0.20. A homotopy commutative square

A— 7 B
4 L
C h D

is called a homotopy pushout square if there exists a homotopy h o g Eko f such that the
map

C Ug(a)x0 A X [0, 1] Urayx1 B — D, (2.4)
c— h(c), b k), (a,t)— F(a,t)
is a homotopy equivalence.

Proposition 2.0.21. The strict pushout, where one map is a cofibration is homotopy

equivalent to the homotopy pushout.

Suppose we have that the following diagram,

A B (2.5)
| |
C D,

is a homotopy pushout square.

Proposition 2.0.22. Applying the contravariant functor Map,(—,Z) to the homotopy

pushout (2.5) results in a homotopy pullback:

Map, (D, Z) Map, (B, Z)
Map, (C, Z) Map, (A4, Z).
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Proposition 2.0.23. Applying the reduced suspension to the homotopy pushout (2.5) results

i a homotopy pushout:

ZjA ZlB
xC XD.

Grassmannians Represent Vector Bundles

We give a synopsis of the book [17].
Let 0 < d < n. We first explain how the Grassmannian Grg(n) is a smooth manifold
representing smooth vector subbundles of trivial rank n bundles. Its underlying set is that

of d-dimensional vector subspaces of R™:
Gray(n) = {V C R" d-dimensional vector subspace} :
Its smooth structure is such that, for each smooth manifold W, the map
SubBdly-, (W) :=

smooth r
{E Ct W xR | 7m: E < W xR* % W is a smooth vector bundle of rank d}

submanifold

=, Map (W, Gry(n)) ,* (2.6)
E — (W por ), Grd(n)> )

defines a bijection. Furthermore, this bijection is contravariantly functorial in the argument

'Here, Map is understood as the topological space of smooth maps, as it is endowed with the C* topology.
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W. Each smooth map f: W — W’ determines a commutative diagram

SubBdlgc, (W) — 22— Map (W, Gry(n))
Eﬁfl(E)l jOf
SubBdlgc (W) — 2L~ Map (W, Gry(n)).

Notation 2.0.24. For W C R" a d-dimensional smooth submanifold, the smooth map
Tw: W — Grg(n)

is that representing (through (2.6)) the vector subbundle TW C W x R" of the trivial bundle
over W. Also, the smooth map

el W — Grg(n)

is that representing (through (2.6)) the vector subbundle W x RY C W x R"™ of the trivial

bundle over W, where R C R” is the span of the first d coordinates.

Now, for each 0 < d < m < n, the inclusion R™ C R" as the first m coordinates defines

a smooth embedding:

Grg(m) < Grg(n) .

Denote the colimit (topological space) as n — oo:

BO(d) := Gry(co) = UGrd(n) = cgg(r)n Grg(n) .

This topological space serves as a classifying space for smooth vector bundles of rank d.

Indeed, it has the following features.
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1. Firstly, for SubBdljcoo (W) := COEB” SubBdly-,, (W), there is a canonical bijection:
SubBdlscoe (W) 2 Map(W,BO(d)) |

for W compact.

2. Secondly, every smooth rank d vector bundle over a smooth manifold W of constant
dimension is isomorphic to a vector subbundle of x C €}, for some N.? Furthermore,
given two such smooth rank d vector subbundles x C ely, and x C e{){,’ , an isomorphism
X %“ X' determines a rank d vector subbundle x, C el g for some M > N, N’ for
which there are identifications Re. X x = (Xa)wxr.. and Ro1_c X X' = (Xa)wxro, .- I
this way, for W a smooth manifold of constant dimension, there is a canonical bijection
between the set of isomorphism-classes of smooth rank d vector bundles over W and

the set of path-components of maps from W to BO(d):
SUdeldCoo(W)/isomorphism = mo Map(W BO(d)) ) (27)

for W compact.

3. Lastly, the bijection (2.7) can be improved. Namely, for each smooth manifold
W, consider the groupoid Bdl;(W) of smooth rank d vector bundles over W and
isomorphisms among them. Pullbacks of smooth vector bundles makes this groupoid

Bdls(W) contravariantly functorial in the argument W:

Manifolds®® — Groupoids . (2.8)

2Indeed, through a partition of unity argument, any smooth vector bundle n = (E — W) of rank d (and
whose base is of a constant dimension) admits a smooth bundle injection e: 1 < €}, for some N > 0.
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Consider the smooth submanifold A? := {(ty,...,t,) € R | >0 ¢ = 1} C RPHL

These smooth manifolds organize as a cosimplicial smooth manifold
A — Manifolds , [p] — AP .
In this way, the functor (2.8) lifts as a functor to simplicial groupoids:
Manifolds®® — Groupoids®™ | W i— Bdlg(W x A?) . (2.9)

Taking geometric realizations of nerves defines a presheaf of spaces:

( op  |Nerves|

Bdl;: Manifolds®? @9, Groupoids® Spaces , (2.10)

W +— |Nerve, Bdly(W x A?)] .

Finally, the classifying space BO(d) represents this presheaf of spaces: for each smooth

manifold W, there is a canonical homotopy-equivalence between spaces:
Bdly(W) ~ Map(W,BO(d)) . (2.11)

Taking path-components of (2.11) recovers the identity (2.7).

A consequence of (2.11) is that, for n and y two smooth vector bundles over W of
rank d, the space of triples (1, x, @), consisting of two smooth rank d vector bundles over W
together with an isomorphism between them, is canonically homotopy-equivalent with the

space of homotopies between their classifying maps:

{(n,x,n %X)} ~ Map(W x [0,1],BO(d)) ,  over Map(W,BO(d))™” .
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Even more, for each smooth rank d vector bundle 7 over a smooth manifold W, and for each

n > d, the diagram among spaces

image

Bdllnj(7, €l ) ——%~ SubBdlye, (W)

[~23

Map (W, Gry(n)) (2.12)

|

w Map (W, BO(d))

¥ Bl (W)

is a homotopy-pullback.

Now, there is a similar situation for oriented bundles. Namely, let 0 < d < n. The
smooth manifold Gr(n) represents oriented rank d vector subbundles of trivial rank n

bundles. Forgetting orientation defines a 2-to-1 covering

Gry(n) — Grg(n) ;

for 0 < d < n, this is a universal cover. So, an orientation o on a smooth manifold W is

precisely the data of a smooth lift in a commutative diagram:

Grg (n)

W """~ Gry(n).

The standard orientation oganq on R? determines a canonical lift:

Grg (n)
(E(‘i/vvo'standL -7 L

~
- d

WZ—"" - Gry(n).

Now, for each 0 < d < m < n, the inclusion R™ C R" as the first m coordinates defines a



20

smooth embedding:

Gry(m) — Grf(n) .

Denote the colimit (topological space) as n — oo:

BSO(d) = Grj(o0) = UGrgr(n) = colim Gry(n) .

n>0

This space is a classifying space for smooth oriented rank d vector bundles: succinctly, there

is a canonical homotopy-equivalence between spaces:
Bdlg' (W) =~ Map(VV, BSO(d)) , (2.13)

where the lefthand term is defined in the same way as Bdly(W). As in the unoriented
case, each smooth oriented rank d vector bundle 1 over a smooth manifold W, and for each

n > d > 0, the diagram among spaces

Bdllnj(n, €}y) — =~ SubBdIS., (W) ———— Map (W, Gr¥ (n)) (2.14)
H o Bl (W) = Map (W, BSO(d))

is a homotopy-pullback.

For d > 0, the fact that any two (oriented) vector spaces are (oriented) isomorphic
implies that both BSO(d) and BO(d) are path-connected. Forgetting orientation defines a
continuous map

BSO(d) —s BO(d) .

This map witnesses a universal cover, because it does for finite n > d > 0. In particular,

BSO(d) is path-connected and simply-connected.
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Definition 2.0.25. Let £ = B be a map between spaces. For X 1 Ba map between

spaces, the space of sections of m over X is the homotopy-fiber:
Map (X, E) := hofib;(Map(X, E) == Map(X, B)) .

That is, there is a homotopy-pullback diagram:

Map/B(X7 E) Map<X7E)
* o) Map(X, B).

Let 0 < d < n. Let W be a smooth d-manifold. The expression (2.11) can be rephrased

as a canonical homotopy-equivalence:
Bunlnj (1w, €3y) — Map o) (W, Gra(n)) - (2.15)

For o an orientation on W, the expression (2.13) can be phrased as a canonical homotopy-
equivalence:

BunInj sy, (7w, €iy) — Map gso(a) (W, Gry (n)) . (2.16)

Simple Spaces

We discuss simple topological spaces, as they will play a central role in Chapter 3.

Definition 2.0.26. An H—space is a based space (Z, zp) with a product p: Z x Z — Z
for which the maps

z> u(z,20) and  z+— (2o, 2)

are both homotopic to id .
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Any topological group with its group multiplication is an H —space. However, a general
H-space need not have inverses and its product is not required to be associative. Let G
be topological group (or, even an H-space for which 7y is a group). There is an action of
70(G) on m,_1(G) given by [g] - [a] := [gag™']. In the case that G = QZ for Z a based

path-connected space, this an action of 7m1(Z) on m,(Z2).

Definition 2.0.27. A based path-connected space is simple (or, sometimes called “abelian”)

if the action of m(Z) on m,(Z) is trivial for all n.
We record the following Proposition proved in [15]:
Proposition 2.0.28. Any H—space, and therefore any topological group, is simple.

Lemma 2.0.29. Let H C G be a connected closed subgroup of a connected Lie group. If the
homomorphism w1 (H) — m(G) is surjective, then the quotient G/H is path-connected and

simply-connected. In particular, G/H is a simple space.

Proof. We have the following homotopy fiber sequence:

G/H — BH — BG.

This induces the long exact sequence on homotopy groups:

coo — M1 (G/H) — m(H) — m(G) — m(G/H) — 71 (H) — ...

Our assumption 7 (H) — m(G) is surjective implies that mo(G/H) = 0 = m(G/H). O

After Proposition 2.0.28 and Lemma 2.0.29 we have that the based path-connected
spaces BO(2), BSO(2), Gry'(n), and Vy(n) are all simple. Here, Gry'(n) is the “oriented

Grassmannian”, which is defined to be

GrS'(n) := SO(n)/(SO(2) x SO(n — 2)).
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Other examples of a simple space are Eilenberg-Maclane spaces K (m,n). An Eilenberg-
Maclane space is a topological space for which 7,7 = 7 andn,Z = 0 for all k # n. Therefore,
K (m,n) spaces where n > 2 are simple because of course w1 K (7, n) is trivial. K (m,1) spaces
are simple when 7 is abelian because the action of m K (7, 1) on itself is conjugation.

Examples of K(mw,1) spaces abound, for example any topological space with a
contractible universal cover such as tori T" or connected compact hyperbolic manifolds.

Here we see that T™ are simple whereas hyperbolic manifolds are not.
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HOMOTOPY GROUPS OF THE SPACE OF IMMERSIONS

This chapter studies the space of immersions of orientable surfaces into parallelizable
manifolds. Specifically, we identify the set of path-components, as well as all homotopy
groups, of this space in terms of the homotopy-type of the target manifold and Stiefel spaces.

We immediately state our main result:

Theorem W. For W, a smooth, compact, orientable surface of genus g and M™ a smooth,
parallelizable manifold of dimension n > 2, there is an isomorphism between homotopy

groups: for k > 1
Wklmm(Wg,M) = 7TkM X (7Tk+1M)2g X 7Tk+2M X kag(n) X (7rk+1V2(n))2g X 7Tk+2V2(n) .

For k =0, there is an action of T (M) on ((WlM)Qg X 7T2M> for which there is a bijection:

Com

molmm(W,, M) = mM x ((WIM)éim x WZM)/ oy X TOVa() X (1Va(0)* X mVa(n)
T

Remark 3.0.30. Here (m; M)Z.  is defined to be the set

Com

(mM)¥ =

Com

{([041]7 [B1], - - [ag), [By]) € (mM)?* : [an, B[z, Ba] - . - [ag, By] = [6]} C (mM)*

and the action of m M restricted to (miM )%gom is simultaneous conjugation on each

component. The action of w1 M restricted to mo M is the canonical action. However, generally

the action of 7y M on (m M )égom x mo M will not be the product of these two simple actions.

Note the lack of symmetry in regard to molmm(W,, M), namely we might expect

molmm(W,, M) =
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7TOM X ((7T1M)2g X WQM)

Com

x moVa(n) x ((ﬂlvg(n))é%m X 7T2V2(n)> )

/m1(M) /m1(V2(n))

This is true and agrees with Theorem W, it is just that Va(n) is a simple space and therefore
mVa(n) is abelian which implies (m1Va(n))& = (m1Va(n))? and the action of mVa(n) on
<(7r1V2(n))QC%m X ngg(n)) is trivial. In the case that M is simple, there is the following

reduction in the identification of connected components of Imm(W,, M):
Corollary 3.0.31. For M a simple, smooth, parallelizable manifold there is the following
bijection:

Wolmm(Wg,M) = 7TOM X (7T1M)29 X TI'QM X (7'(1\/2(71))29 X 7r2V2(n) .

Another interesting case of Theorem W is when our target manifold is 4—dimensional.

Corollary 3.0.32. For M* a smooth, connected, parallelizable manifold of dimension 4, we

have the following isomorphisms for k > 1 :
T lmm(W,, M*) =

2 2 2\2 2 3 312 3
7TkM X (7Tk+1M) 9 x 7Tk+2M X 7TkS X (7Tk+1S ) 9 x 7Tk+25 X 7TkS X (7Tk+15 ) g ><7Tk+25 s

along with the bijection

molmm(W,, M*) = ((mM)é{)m x 7r2M>/ gy X (TSP X (M X 7282 x y°
m

~ (7 MY wa> <7 .
(( 1 )Com 2 I (M)

Proof. The Stiefel space Vy(4) is homeomorphic to the unit tangent bundle of S®. As S3 is

parallelizable, we have that 7gs &~ €;, and therefore V5(4) ~ S* x S2. O
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Corollary 3.0.32 shows that one can compute the homotopy groups of Imm(W,, M*)
to the extent that one can compute the homotopy groups of M, S?, and S®. In particular,
melmm(WW,, R*) can be classified completely in terms of the homotopy groups of S? and S?,
which for k£ > 3 we have that m,5? = 7,53, It’s been shown in [12] that 7,5 # 0 for all

k > 1 and so for £ > 3 we have that

ﬂklmm(Wg,R4) = (7Tk52)2 X (7Tk+152)4g X (7Tk+252)2 #0.

Through Corollary 3.0.32 we also see that the connected components of Imm (W, R?*) simplify
drastically to molmm(W,, R*) 2 m,(S?) = Z. The table below records the first few homotopy

groups of the space of immersions of W, into R*.

k| mplmm (W, RY)

01Z

1 ZZg+2

2 | Z49+1 x (2/22)?

3 | 22 x (2/22)"+?

4| (Z)2Z)%9+2 x (Z/12Z)?

5| (Z)22)* x (Z/12Z)*

6 | (Z/2Z)'+2 x (Z/12Z)?

T | (Z)22)9+2 x (Z/3Z)?

Table 3.1: Homotopy Groups of Imm(W,, R?)

Higher dimensional tori give other examples of simple, parallelizable manifolds for which
Theorem W applies. With the identification of Vy(4) ~ S? x S3, we may compute that

molmm(W,, T*) = Z3 mlmm(W,, T*) = 72976 and mplmm (W, T) = 7 dlmm(W,, R*) for
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k > 2. Because V3(3) = SO(3) ~ RP?, we may compute 7;V2(3) as S? is the universal cover
of V(3). This allows us to compute milmm(W,, T?) for k as large as we can compute 715%.

We record the first few homotopy groups of Imm(W,, T?) below.

k| melmm(W,, T?)

0 | Z% x (2/2Z)%

1| 24 x (2/22)

2 | 2% x (2)22)

3| Z x (2/22)%+

4 | (Z)27)%+ x (Z,/127)

5 | (Z)27)* x (Z.)127.)%

Table 3.2: Homotopy Groups of Imm(1V,, T?)

The figures below show two embedded genus two surfaces in a 3-torus, Wo < T3, which
do not lie in the same path component of Imm(Wy, T?). Here we represent T? as a solid cube

with opposite faces identified.

= AR
@ !"-. |
' J T | l

Figure 3.1: An embedding Wy «— T3 Figure 3.2: A different embedding W, — T3

The reason that these embeddings lie in different path components is because restricting
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each embedding to the 1—skeleton, which are colored red and green in the figures, yield
different elements of (m;T?)%.
Next, we identify a weak homotopy equivalence between Imm(W,, M) and mapping

spaces which will have computable homotopy groups.

A Homotopy Equivalence Between Bundle Injections and Mapping Spaces

Recall that by the Hirsch-Smale Theorem 1.0.1 we have that Imm(W,, M) is weakly
homotopy equivalent to Immf(W,, M), the space of formal immersions which we defined

(Definition 2.0.12) as fiberwise bundle injections between tangent bundles:
Imm’(W,, M) := Bunlnj(tw,, Tar) -
Under our assumption that M is parallelizable, we have that there is a homeomorphism
Imm®(W,, M) := Bunlnj(ryw,, 7ar) = Bunlnj(rw,, €4;) (3.1)

from a choice of trivialization of the tangent bundle of M.

Convention 2. Recall from Convention 1 that we endow Map(X,Y’) with the appropriate
topology depending on whether or not X and Y are smooth manifolds. Natural subspaces
such as immersions, Imm(W,, M) — Imm (W,, M) C Map(TW,, TM), or based maps
Map, (X,Y) C Map(X,Y), will be equipped with the subspace topology. Similarly, we equip
both Bunlnj(rw,,72) C Map(TW,, TM) and Bunlnj (E — W, E" — W) C Map(E, E')

with the appropriate subspace topology.

Lemma 3.0.33. There is a homeomorphism between spaces

h = Map®™**™ (W,, M) x Bunlnj y, (Tw,, €y, ) — Bunlnj(7w,, €};)
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given by

TW, — R x W, TW, —E R x W, 225 Re x M

(W, 5 M), \Ml/ > \ l f l

W, —1 M

Proof. The map h is continuous as it the composition of continuous maps with regard to the

topologies in Convention 2. We can define the inverse map as follows:

TW, — R* x M TW, —E R x W,

B l f l = w, L m), \ Ml/

Wy —— M

where for v € T,W, we have that F(v,z) = (F.(v), 2) € R® x W,. This is again a continuous

map and therefore h is a homeomorphism. O

Definition 3.0.34. Given continuous maps A Iy ¢ and B % C we defined the homotopy

pullback of these maps to be
Ax¢ B:=AxcCl xo B={(a,7,b) : f(a) =(0),9(b) = v(1)}

along with the projection maps:

Axh B _p
lPI’OJA g
A ! C .

In the case that A = *x and f selects out the point ¢y € C, this homotopy pullback is the

homotopy fiber of g over ¢y and we denote it as hofib,, (B % C).

We will use properties of homotopy pullbacks frequently in this dissertation.
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Remark 3.0.35. Recall that a homotopy commutative diagram

D—*% .B

is called a homotopy pullback diagram if the associated map D % A x1 B from Proposition
2.0.15 is a homotopy equivalence. This alternative definition of a homotopy pullback will

often be much more convenient to work with.

We will now discuss how one can think of the tangent bundle of W, as an element of
Map(W,, BO(2)). Choose some embedding e : W, < RY so that e(W,) C R is a smooth

submanifold. Then define the map
Te: Wy — Gra(N);  p (Tope(W,) C TpyRY =RY) .

Then the map
T, - Wy =5 Gra(N) < Gry(co) = BO(2)

describes an element in Map(W,,BO(2)). By the Whitney Embedding Theorem, this map
Tw, 1s independent of the choice of embedding up to homotopy.

Therefore, it makes sense to consider the homotopy fiber of the map
Map(W,, Gra(n)) 2= Map(W,, BO(2))

over Ty, where 7, is the natural inclusion Gry(n) < Gry(co) = BO(2). We take this homotopy

fiber as the definition of Map jgo ) (Wy, Gra(n)), i.e.

Map go(a) (W, Gra(n)) := hofib,,, (Map(WW,, Gray(n)) == Map(W,, BO(2))).
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Observation 3.0.36. Applying Equation (2.15) to W,, we have the canonical homotopy-
equivalence:

Bunlnj vy, (Tw,, €1,) — Map go()(Wy, Gra(n)) .

Specifying an orientation o on W,, Equation (2.16) give the canonical homotopy-equivalence:

Bunlnj/Wg (ng, GTVLVg) — Map/Bso(Q)(Wg, Grgr(n)) .

Remark 3.0.37. Recall that by the Smooth Approximation Theorem [27] there is a

homotopy equivalence Map™°*(XY) ~ Map(X,Y).

To summarize what we have done in this section, we have shown that there is a weak

homotopy equivalence

Theorem 1.0.1 Lemma 3.0.33
—_— —_—

Imm(W,, M) Imm"(W,, M) Map*™" (W, M) x Bunlnj . (7w, , €jy,)

~

(3.2)

Remark 3.0.37x Observation 3.0.36\

Map(Wy, M) x Map/BSO(z)(WmGr;r(n))‘

~

We will examine the homotopy groups of each of these factors in later sections. Our
method of attack will be to first calculate mMap(W,, Z) for Z a general based topological

space. Then we identify a homotopy equivalence Map jgsq ) (Wy, Gry'(n)) == Map(W,, Va(n)).

Homotopy Groups of Mapping Spaces

In this section we relate the homotopy groups of Map(W,, Z) to the homotopy groups
of Z, where Z is a based, path-connected topological space. We begin with the homotopy
groups myMap(W,, Z) for k > 0, and deal with the set of path components, moMap(W,, Z),

in the next section.
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Lemma 3.0.38. For based topological spaces (X, xg), (Y, yo) we have that the following spaces

are homotopy equivalent:

Map(X, 2,,Y) >~ Map, (X, Q,,Y) x Q, YV

where we take the constant map S* —'Y at yo to be the base point of QY.

Proof. Consider the map

F: Map<X? Qonv> — Map*<X7 Qon’> X Qonv; f = ((f(xO))*f?f<x0))

where (f(z¢))* € Q,,Y is the loop f(z() with the opposite orientation. Now consider the
map

G: Map,(X,9Q,,Y) x Q,)Y — Map(X,Q,,Y); (9,7) — 79 -
We will show that F o G ~ id(Map*(X7Qy0Y)><QyOY) and Go F ~ idMap(Xﬂyoy) . First
(FoG)(g,7) = ((vg(x0))"(79); 79(x0)) = ((VY0) (V9)s YV00) = (VY V9> VV00) == (9,77)

where the last homotopy is due to 7, ~ v and v*y ~ v,,. Lastly,

(G o F)(f) = fwo)(f(wo))"f =~ f

showing that F' and G are homotopy inverses proving our claim. O

Observation 3.0.39. Note that the argument above can also be used to show that for a

based space (X, xy) and a topological group G, that

Map(X,G) ~ Map,(X,G) x G .
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Lemma 3.0.40. For based topological spaces (X, xo),(Y,v0) in which xg € X has a
neighborhood that deformation retracts onto {x¢}, we have that for k > 1 there is an

isomorphism of groups:

mMap(X,Y) = mMap, (X, Y) x .Y |

where we take the constant map at yo to be the base point of Map,(X,Y) and Map(X,Y).

Proof. Consider the following pullback diagram,

Map, (X,Y) Map(X, Y) (3.3)
M (o) v

The assumption ensures * —» X is a cofibration. Therefore, ev,, is a fibration and thus
(3.3) is a homotopy pullback. So from (3.3) we get the associated long exact sequence on

homotopy groups:

. ._>7Tk+]_Map*(X, Y) 7Tk-+]_Map(X, Y) '/Tk+]_Y
Ok
mMap, (X, Y) mMap(X,Y) Y —— ...

Note that we have a section of spaces

s:Y - Map(X,Y); y+ (const,: X —=Y),

that is ev,, o s = idy. This induces a section of homotopy groups s* : m,Y — mMap(X,Y)

and implies that ev; will be surjective and therefore all boundary maps are trivial, d = 0.
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Therefore our long exact sequence is divided into short exact sequences of the form:

0 — mMap,(X,Y) — mMap(X,Y) — m,Y — 0 . (3.4)

For k > 2, the existence of s* and the Splitting Lemma immediately implies that (3.4) splits:

mMap(X,Y) &2 mMap, (X, Y) x 1Y .

For k = 1, we can rewrite (3.4) as

0 —> moMap, (X, Q,,Y) — meMap(X,Q,,Y) — mf2,,Y — 0

and Lemma 3.0.38 implies that this short exact sequence is split as a product as well.

Therefore for kK > 1 we have that

meMap(X,Y) 2 mMap, (X,Y) x 7Y .

O

Remark 3.0.41. Dual to the definition of homotopy pullback, there is the notion of
homotopy pushout for which we gave an explicit definition in Chapter 2. One property

we will use frequently is that if the following diagram is a pushout:

w—J . x
I ;
Y k 7

and either f or g are cofibrations, then it also realizes a homotopy pushout diagram.
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Geometric Crux

The following geometric argument is the insight which enabled us to consider homotopy
groups of Imm(W,, M) for arbitrary g > 0. This extends Smale’s result [24] which identifies
the homotopy groups for genus 0, i.e. mIlmm(S?, M). We start by recalling the definitions

of some basic operations on pointed topological spaces.

Definition 3.0.42. Let (Z, zy) be a pointed topological space. The reduced suspension of
Z is defined to be

27 := (2% D/((Z x {0) U ({20} x DU(Z x {1}))

where I = [0, 1].
Definition 3.0.43. Given pointed topological spaces (Z, z9) and (W, wy), the wedge sum of
Z and W is defined as
ZNW = (ZUW)/{z} ~ {wo}) -
We denote the iterated wedge sum of (Z, z9) with itself n—times as Z¥".

Observation 3.0.44. Consider the following pushout diagram,

8]])15‘1 c (sll)vw (3.5)
D? W,

where [¢] € 7((SY)V%) is the product of commutators a;bya; by’ ... a,ba; bt As the

inclusion 7 : D% — D? is a cofibration, the diagram is a homotopy pushout diagram.

Lemma 3.0.45. There is a homotopy equivalence between spaces,

SWy ~ 5(S? v (Sh)Y?9)
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Proof. Taking the reduced suspension of all spaces and maps in diagram (3.5) results in the

homotopy pushout diagram:

pICETCm——C— ] (SN (3.6)
5 L
yD? YW,

Note that the homomorphism
(a1,b1,. .., an, by) = 71((51)V2g) 5 72(2(51)\/29)3 V] = [EA]

must factor through the abelianization of 7 ((S')"?9) since m(X(S51)¥%) is abelian. That

is, there exists a unique map such that the following diagram commutes,

<CL1, bl, vy Qp, bn> = 77‘1((51)\/29) L} 71-1((51)\/2g)Ab ~ ZQg

— |

T (E(Sl)wg)

where the map ¢ is the canonical quotient map. Now clearly [c] = a1bia; by . . . apbna; bt
is in the kernel of ¢ and therefore it is also in the kernel of ¥, i.e. Yc is homotopic to the

constant map at the basepoint. Now in (3.6), we have identified

DSt = B((Sh)V)
YW, = hopush l&.

Y2

As this is a homotopy pushout, we may replace any spaces with homotopy equivalent spaces

and any maps with homotopic maps and the resulting homotopy pushout will be homotopy
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equivalent. Therefore

» gl c E((Sl)\/2g) » gl const, E((SI)VQg)
YW, = hopush l&« =~ hopush l! ~
Y D? *

g1 const- ((SI)VZg)
>. | hopush l!

12

*

by (* Us1xo Stx I Usgix1 ((SI)WQ)) ~ E(SQ V (Sl)\/2g) .
O

Proposition 3.0.46. Let Z be based, path-connected topological space. Then consider the
based space of all continuous maps, Map(W,, Z), with the constant map const,, serving as

its base point. Then, for k > 1, we have the following isomorphism of groups:
WkMap(Wg, Z) = 7TkZ X <7Tk+1Z)2g X 7Tk+QZ.
Proof. Consider the following homotopy pushout diagram,

(51—,

D2/0D? = §2

*

where the map i : (S*)V* — W, the inclusion of the 1-skeleton into Wy, is a cofibration.

We may then apply Map,(—,Z) to this diagram to get the following homotopy pullback
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diagram,
Map, (S2, 2) = 027 Map, IV, Z) (3.7)
* Map, (1), Z) = (22)% .

The Puppe sequence, see Theorem 11.39 of [22], then implies that following is also a

homotopy pullback diagram,

Q(Q27) QMap, (W, Z) = Map, (W, Z) (3.8)
* Q(QZ)% .

Now from Lemma 3.0.45 we have that YW, ~ 3(5? v (51)%) and so we have the following

homotopy equivalence:

Map, (XW,, Z) ~ Map,(2(S? v (S1)%), Z) ~ QMap,(S? V (S, Z) ~ Q(Q*Z x (22)%) .

This shows that the homotopy pullback above splits. So we have that

OMap, (W, Z) ~ Q(Q*Z) x Q(QZ)* . (3.9)

Therefore for 7 > 0,

WjQMap*(Wg, Z) = 7T]'+1Map*(Wg, Z) = 7Tj+3Z X (7Tj+2Z>2g = WJQ(Q2Z> X WJQ(QZ)zg .

So after relabeling k = 7+ 1, for k£ > 1,

mMap, (W, Z) & (1431 2)% X Tpy0Z . (3.10)
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By equation (3.10) and Lemma 3.0.40 we have shown that there is the following isomorphism

for k>1:

mMap(W,, Z) = m,Z x myMap,(W,, Z) & 1.7 x (m5412)% X o Z .

Connected Components of Mapping Spaces

We will now examine the set moMap(W,, Z) again considering Z to be a based, path-

connected, topological space. We first record the following Lemma which is proven in [15].

Remark 3.0.47. Given a based map f : (X,z9) — (Z, z9) and a loop vy € m Z, there is a
homotopy H : X x I — Z such that Hy = H|xxq0y = f and H|g3x1 = 7. The existence
of such a homotopy is due to the Covering Homotopy and Extension Property, which also

can be used to show [H;] only depends on [v] and [f].

Lemma 3.0.48. For (X, xg) a based, path-connected, CW complex and (Z, zy) a based, path-

connected space there is a left action m(Z; z9) ~ moMap, (X, Z) defined by

[w] - [f] = Hi (3.11)

where Hy; is the homotopy from Remark 3.0.47. The natural map moMap,(X,Z) —

moMap(X, Z) induces a bijection from the quotient

moMap, (X, Z2)/m1(Z; z) = moMap(X, Z) .

If we take X = S™ then the action from Lemma 3.0.48 becomes an action of ;2 on

T,
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Definition 3.0.49. If the action (3.11) 7,2 ~ myMap,(S™, Z) ~ m(Z; 2p) is trivial for all

n > 1, then the space Z is called simple.
For a simple space we immediately get the following Corollary of Lemma 3.0.48 .

Corollary 3.0.50. For (Z,zy) a based, path-connected, simple space there is a bijection

moMap, (W,, Z) = myMap(W,, Z) .

This will help us relate path components of unbased maps to those of based maps, under
the assumption that our space Z is simple. In Chapter 2 we recorded some properties of
simple spaces and justifications for why some of the spaces we are concerned with are simple.
We now work to identify moMap, (W, Z), and we will start by examining a particular group
action of m3Z on myMap, (W,, Z).

First consider the following collapse map:

collapse

D? S? v D?
ajy % ajy

which collapses a circle lying completely in the interior of D? except at the basepoint. See

Figure 3.3 below. This induces a map between diagrams:

ID)2 - 3]1)2 = Sl{fl

i
lcollapse jidaDQ jidsk1

SV D? 0D ——— sky

which then induces the map between pushouts:

collapse

W, —— W, Vv S* . (3.12)
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collapse

Note that because the circle we collapse along in D? 5?2 v D? is contained in the

collapse

interior of D? except at the basepoint, the map W, W, V 52 does not alter the

1-skeleton of Wj.

Collapse

Figure 3.3: The collapse map, D? “2%%% 52 2 |

Lemma 3.0.51. Take (Z, zo) to be a based, path-connected, topological space. Now consider

the map:
o Z x moMap, (W, Z) — moMap, (W, Z)
(w:S%— Z),[f : W, = Z]) > [W, 25 g2 v W, 29 7) = [w] - [f] - (3.13)

This map defines a left group action of moZ on the set moyMap, (W, Z).

Proof. Recall from Remark 2.0.10 that the addition rule of moZ can be described as

w1

(S 22 Z) 4+ [S? S Z) =[S

9 collapses1
_—

§2y 52 L2

collapsesl

where the map 5> 52V 52 collapses some fixed great circle containing the basepoint.

Then we have that

[(UQ] ) ([wl] ) [f]) _ [w2] ) [Wg collapse 52 v Wg w1V f Z] _ [Wg collapse 52 v Wg waV(wi-f) Z]

wg\/(wl Vf)

_ [Wg collapse S2 v Wg waVeollapse 52 v (52 v Wg) Z]
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_ [Wg collﬂ) S2 vV Wg collapse g1 Vid SQ V. SZ V. Wg waVwi Vf ] _ ([WQ] + [Wl]) . [f] )

constz,

Next, the identity element of mpZ is [e] = [S? Z], the constant map at the base point.

Then
collapse constz, V f f
[e] - [f] = W, == S* VW, —== Z] = [W, = Z] = [f] .
Therefore the map (3.13) does indeed define a group action. ]

Consider the set

(M1 2) G = { (], [B1], - [ag], [B]) € (M 2)% = [an, Bul[aa, Ba] - - [vg, By] = [e]} € (11 2)*
where [y, Bi] = a;Bia; B, is the commutator of o; and 3;. Now consider the map

@ : moMap, (W, Z) /79 Z — (1 2)& (3.14)

Com

W, L 2 (Flaa)s [l -5 [Flay)s [F10))

where a;, b; are the 1-cells of W.

Let (Z,2p) be a based space. Restricting a based map W, — Z along its one skeleton,
(S1)V29 =~ sky — W, — Z, results in a map Map,(W,, Z) — Map,((S*)V%¥,2) = (Q2)%.

Applying 7 to this map results in the map

® : moMap, (W,, Z) — (m Z)* .
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Observation 3.0.52. The map d factors

moMap, (W,, Z) ¢ s (mZ)%
lq inc.]\
moMap, (W, Z) /72 ——— (mZ),., .

Indeed, for a based map f : W, — Z, the commutative diagram:

oD2 —— s gy
D2 s W, —L 7

reveals that EI;([ f]) € (m2Z)E .. Furthermore, the map (3.14) is well defined. Indeed, W, is
obtained by gluing the boundary of a 2-disk to the 1-skeleton by a;bya; b7 . .. agbgaglbgl. So
given a continuous based map, f: W, — Z, restricting to the 1-skeleton results in based loops
Flavs Floss- - Flags Floy 0 Z for which Flay flo flsLfl50 -« Flay Floy 12 fI; i contractible.
Suppose [f] = [w] - [g], i.e. [f] and [g] are in the same orbit of (3.13). As the disk we
collapse along in our action does not intersect the 1-skeleton on W, other than at the
base point, restricting f and ¢ to the 1-skeleton will be equal up to homotopy. That is
[fla] = [9lai], - [fs,] = [g]p,], and so the map (3.14) is well defined.

Lemma 3.0.53. Let (Z, zy) be a based space. The map ® from equation (3.14) is surjective.

Proof. To see that (3.14) is surjective take any ([a1], [B1], .- - (o], [By]) € (m1Z2)% for which

la, Bi]]ag, Bo] - ... [O‘gv Bg] = le] .

We can construct [f] € moMap, (W,, Z) as follows: f maps the 0-cell of W, to the base point

of Z. For the 1-skeleton of W, we have f(a1) = o, f(b;) = 5;. And finally the 2-cell of W is
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mapped to the disk bounded by [, B1][w, Ba] - . - [y, B,]- Then

(@ o q)([f]) = [ou, Billaz, Ba] . . - [ag, Byl,

which shows ® o ¢ is surjective, this implies that ® is also surjective. O

Lemma 3.0.54. Fiz some ([a],[5]) = ([au], [B1],---[ag], [Bs]) € (mZ)E., and fir some
f € Map,(W,, Z) such that ®([f]) = ([a],[B]). Let [g] € ®'([a],[B]). Then there is some

representative grep € [g] such that Greplsk, = flsky -

Proof. The inclusion sk; < W, is a cofibration. Therefore, the restriction map
R : Map, (W,, Z) — Map,(sk1,Z); g+ glsk,

is a fibration. There is a homotopy 7 in Map,(ski, Z) from g¢|s, to f|sk,. Consider the

following diagram:

{0} ——~ Map,(W,, 2)

5 -

1=—~ Map, (sk1, Z) .

Given that R is a fibration and the path-lifting property, there is a lift 4 : I — Map, (W, Z).
Then take g,ep = (1), and as the diagram commutes we will have that grep|sk, = flsk,, and

9 = Grep- O

For a based map f : W, — Z such that ®([f]) = ([a], [3]) and [g] € ®~([a],[5]), define the

map
U
(grep gluc f) : 5 = D? Ugpe D? L2202, 7
where flpz = flp2z o “flip”. Here the map “flip” : D* — D? is an orientation reversing

diffeomorphism which preserves the basepoint of D?.
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Lemma 3.0.55. For [w] € meZ we will show that for some representative (Wf)ep € [wf],

that
((Wf)fep)skl = flsr, and [(Wf)rep glue f] = [w] .

Proof. Choose a representative (wf),ep € [wf] such that (wf)rep|sky = flsk,» this is possible
by Lemma 3.0.54. As the disk whose boundary we collapse along in w f avoids the 1-skeleton
of W, (except at the basepoint) we see that the map ((wf),ep glue f) is homotopic with the

composition

9 collapse 41 2 WV (frep glue f)
- 2 e

S S?v S 7 (3.15)

for some f,¢, € [f] (here we can take f,., = f). Now we will show that ( f,., glue f) =~ const,,
and as such we see that (3.15) is homotopic to w. We have that the map (f,., glue f) factors
as follows:

idpa U“flip” i

S? = D2 Uyp: D? , D2 y 7

~_

(frep glue f)

and as D? is contractible this map is null homotopic. Therefore, as (3.15) is homotopic to w
and we have that [(wf).ep glue f] = [w].
m

Lemma 3.0.56. Let [g] € ®'([al, [B]). Let grep € [g] be such that greplsk, = flskys as from
Lemma 3.0.54. Then [(grep glue f)]-[f] = lg]-

Proof. Fix some map between pairs h : (I?,0I* — I,,,) — (D? *) that restricts to interiors
as a homoeomorphism, where I? := [0,1]*? and h collapses the bottom, left, and right
components of 9I%. Now take the rectangle R := [0,1] x [0, 3] with subrectangles I3 :=

0,1] x [0,1], I? :== [0,1] x [1,2], and 1% := [0, 1] x [2, 3]. Consider the piecewise map

V:R—Z
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given by

/

flp2 o h(s,t —2) (s,t) € I3

U(s,t) =9 flpeoh(s,2—1t) (s,t) €I

Grep|p2 © (s, t) (s,t) € I3 .
\

Note that ¥ is well defined because f|pz o h(s,1) = grep|p2 © h(s,1) as h(s,1) € OD? and

flop2 = Greplop2. Now consider the following commutative diagram

2 b, 2 e g2y 2
ST l(grepUaDQ f)vfI]D)Q
R Y >y 7

where s : R — I? is the rescaling map (z,y) — (z, %). Note the identity:

(Grep Uan2 f) V flp2 o collapse = ((grep glue f) - f)|Dz )
Now observe the following strict pushout diagram:

am (hos)|0% 8D2

lmc, linc.

) QL )

Combining this with the pushout (3.5) we have that the following is also a pushout diagram:

l’mc. lmc. linc.

R hos ., 2 W, .

om —on L gpe e (g1yvae

Then crossing all maps with the interval I we have that the following diagram is also a
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pushout diagram:

o x [ ooy g eXid L giyvag o f

linc. xid li'ﬂ& xid l@'nc. xid

Rx ] — P9 ey oW, I

Therefore a homotopy H: W, x I — Z between two maps fo, fi is equivalent to a homotopy
H: M xI — Z between maps fo = folpzohos and fi= fi|p2 o hos that satisfy the following
conditions on the boundary:

H‘(am_[top)xj = COI’]S’CZ0 (316&)
H |,opx1 is constant in the I direction, i.e. H |1,opx1 factors through the map

PrOj1 0y,

Liop X T ——5 Iy, = sk . (3.16D)

In other words, applying Map,(—, Z) to the homotopy pushout diagram (3) results in the

homotopy pullback diagram below,

Map, (W, x I,7Z) ———— Map,(sky x I, Z) ——— Map,(0D? x I, Z)

l l (3.17)

Map,(D? x I,Z) ——— Map,(R x I, Z) ——— Map,(0R x I, 7).

Then given a homotopy H e Map, (R x I,Z) between maps fo and fl which satisfies the
conditions on the boundary specified above, (3.16a) and (3.16b), there exists an element
Hg., € Map,(sky x I, Z) for which H and H,, are mapped in diagram (3.17) to the same
element of Map,(0R x I,Z). Therefore, there exists an element of H € Map, (W, x I,Z)
which maps to both H and Hgy, . In particular, H = H|p2 o hos and as H was a homotopy

between fo and f; we must have that H is a homotopy between fy and fi,
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Now consider the following map ® : | 3 I? L p2 % Z. We will show that
U is homotopic to ¢ and furthermore that this homotopy satisfies the conditions (3.16a)
and (3.16b). As both ¥ and ® begin by rescaling R to I? by a basic homeomorphism we
will consider a homotopy from I2, and so we will indicate a map H : I2 x I — Z. Then
precompose by scaling to get a homotopy Ho (sxid) - Rx I — Z.

Recall that for a map v : I — Z, the map y*~ : [ — Z, defined by rescaling the domain
and concatenating is nullhomotopic. A diagram for such null-homotopy is given below in
Figure 3.4. This generalizes to higher dimensions. Specifically for a map f : I? — Z we
may rescale the domain and concatenate to get the map f x f : I? — Z which is again
nullhomotopic. Now ¥ U1 = fxfro const,, and so W ~ const,, * grep = grep- Therefore we
have that grep >~ U =~ (grep glue f) - f and thus [g] = [grep] = [(grep glue f) - f]. Figure 3.5

indicates this homotopy H. Notice that for every t we have that f[t| Lopx{t} Maps to Z by

f(sk1)

h‘ top (&
Liop % {t} N N Z .

Also for every t, we have H |(912—1,0,)x{t} 18 mapped into Z by

h|812—1t0p (Zo)\

(017 — I,y x {t} * 5 7 .

Therefore our homotopy H satisfies the conditions (3.16a) and (3.16b) above. Thus we
have that the associated maps g,e,: W, — Z and (grep glue f) - f: W, — Z, to & and ¥

respectively, are also homotopic. So finally [g,e,] = [(grep glue f)- f], proving our Lemma. [
Proposition 3.0.57. Let f € Map,(W,, Z). Consider its orbit by the action (3.13):

Orbit(f) : mZ — meMap,(W,, Z)
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grep

Figure 3.4: A basic homotopy from 4~ to

const,,. The shaded region indicates the Figure 3.5: The homotopy H from ¥ to ®.
map being constant in the z—axis The red indicates I,, and the blue indicates

OI*—I1,p. The shaded region indicates H being
constant along the r—axis.

W] = [w] - [f] = [wf].

The map Orbit(f) is injective. Furthermore, the image of this orbit map equals the preimage

by ® of O([f]) :
Image(Orbit(f)) = & 1(d(f)) C meMap, (W,, Z) .

Proof. Denote ([d],[ﬁ]) = O([f]). For a based map ¢g: W, — Z for which ¢|s, = flsk;s
recall the map

(grep glte f) 1 §2 = D? Ugpe D2 222202, 7

where f|p2 = f|p2 o (“fip” D?).

Now we’ll use Lemmas 3.0.55 and 3.0.56 to show that there is a bijection

T'mage(Orbit(f)) = &~ ([a], [8])

and that Orbit(f) is injective for all f.
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Suppose we have [g] € moMap,(W,, Z) for which there exists some [w] € mZ such that

@] - [f] = [g]. Then q([g)) = q([f]) and hence ®([g]) = P([f]) = ([a],[5]). Therefore

[g] € ®~*([a],[B]) showing that Image(Orbit(f)) C EIvfl([éz], 18]).

Now let [g] € ®([a],[B]). By Lemma 3.0.54, there is some representative Grep € [g] for
which Greplsk, = flsky- Use this gyep to construct the map (g, glue f) and by Claim 3.0.56,

we have that

[(grep glue f)] ’ [f] = [g] :

Therefore [g] € Image(Orbit(f)) showing ®~([a], [3]) C Image(Orbit(f)), and so we have
that Image(Orbit(f)) = &~1([al, [5]).

We now show that Orbit(f) is injective. Suppose that

Orbit(f)([wn]) = [wif] = [w2f] = Orbit(f)([wa]) -

Then we know by claim 3.0.55 that there are some representatives (wy f)rep € w1 f] = [w2f] 2

(waf)rep such that
[wi] = [(Wif)rep glue f]  and  [wo] = [(waf)rep glue f] .
Now as (w1 f)rep = (waf)rep we have that ((wlf),,ep glue f) ~ ((wzf)mp glue f), therefore

[wi] = [(Wlf)rep glue f] = [(WQf)rep glue f] = [wy]
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showing that the map Orbit(f) is injective. ]

Proposition 3.0.58. The map ® defined in (3.14) is a bijection of sets. Furthermore the
action of myZ on moMap, (W,, Z) described above is free, thus by the Orbit-Stabilizer Theorem
there is bijection

moMap,(Wy, Z) = 17 X (1 Z)E

Com *

Proof. We've already shown that & is surjective, so we now turn to injectivity. Consider the

following diagram:
7T-OI\/lap*(Vng Z)

s

moMap, (Wy, 2) /102 —2— (1 2)&

Com °*

Given [f], [g] € moMap, (W, Z) /w2 Z for which ®([f]) = ®([g]). Then there are corresponding

/1, [g] € moMap, (W, Z) such that (®oq)([f]) = (Poq)([g]). Therefore, [f] and [g] lie in the

preimage for some fixed element of (7, 2)g i.e.

[f]v [f]] € (QD © Q)_l(([al]> WIL st [ag]’ [59])) :

By Proposition 3.0.57 there is some [w] € m,Z for which [w] - [f] = [§]. Therefore

showing that ® is injective.

We showed in Proposition 3.0.57 that for each f € Map, (W, Z) the orbit map
Orbit(f) : mZ — moMap, (W, Z);  [w] = [w] - [f]

is injective, therefore only [const,,| — [const,,| - [f] =~ [f]. All other [w] € mZ must map to
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other distinct elements in moMap, (W, Z). Therefore for any [f] € moMap,(W,, Z) we have

that [w] - [f] ~ [f] implies that [w] ~ [const,,] showing that our action is free. O

Corollary 3.0.59. We have the following bijection of sets:

moMap(W,, Z) = moMap,(Wy, Z) jry 7 = ((wlZ)%%m X 7T2Z)/7TIZ .

In the case that Z is a simple space this reduces to
WoMap(Wg,Z) = (7T12>2g X 7TQZ .

Proof. The first bijection is Lemma 3.0.48 and the second bijection is Proposition 3.0.58.

In the case that Z is simple we have that (m,2)% = (m,Z)g . and the action of 7, Z on

((71'12)29 x mZ) will be trivial, as in Corollary 3.0.50. O

Com

Comparing Homotopy Fibers

Lemma 3.0.60. Let n > 2. There is a homotopy-equivalence between homotopy-fibers
hofibg, <Map (W,, G (n)) — Map (W, BSO(2))> ~

hofib,,,, (Map (W,, GrS"(n)) — Map (W, 550(2))) .

Proof. Because the topological group SO(2) is abelian, then the classifying space BSO(2) ~
CP* has the structure of a continuous group. From Observation 3.0.39, and Equation 3.9

there are homotopy-equivalences among continuous groups:

Map(W,,BSO(2)) ~ BSO(2) x Map,(W,,BSO(2)) =~
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2

BSO(2) x QBSO(2)% x Q2BSO(2) ~ BSO(2) x SO(2)¥ x Z ,

n— <77|*ﬂ7|sk1(wg)7x(77)> :

In particular, there is a bijection 7 Map(WW,, BSO(2)) = Z, and every map W, - BSO(2) is
homotopic with a map for which the restrictions 7, = * and 7, ski(W,) = const, are constant.
Now, fix a map (W, - BSO(2)) € Map(W,, BSO(2)) for which the Euler class x(n) € Z is
even.

Recall from Observation 3.0.44 the pushout among topological spaces:

8]D)2 < Skl(Wg)

|

]DQ

A

Because the left vertical map is a cofibration, this pushout is a homotopy-pushout. Therefore,
for each space Z, applying Map(—, Z) to this square results in a pullback square, which is

also a homotopy-pullback square:

Map(Wg, Z) restriction Map(]D)z, Z)
restrictionl Lrestriction

Map(sk; (W), Z) —=Hetion . Map(0D?, Z).

This homotopy-pullback square is evidently functorial in the space Z. There results a

homotopy-pullback square among homotopy-fibers:

hofibn(Map (W,, GrS"(n)) — Map (W, BSO(2))> = hofib, , (Map (D2, Gt (n)) — Map (D?, 350(2)))

| |

(Map (ski (), GrS' (1)) — Map (sky (1), 550(2))) —— hofib, , (Map (D2, Gr'(n)) — Map (9D?, 550(2))).
(3.18)

hofib

M) skq (Wg)
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Now, let A — W, be any of the canonical maps from sk;(1,) or dD? or D?. Note that the
restriction 14 is homotopic with a constant map at the base point of BSO(2). Therefore,

the homotopy-fiber is homotopy-equivalent with a space of maps to a Stiefel-space:

hofib,, =~ hofibeons, (3.19)

~ Map(A, hofib,)

12

Map(A, Va(n)).

Next, the canonical right-action SO(2) ~ SO(n)/som-2) = Va(n) determines a canonical

right-action:

7 = QS0(2) ~ Q(QBSO(2)) — Q(Map(S', BSO(2))) ~ 2 Map(S!, Va(n)) .

With respect to this action, and the above homotopy-equivalences of homotopy-fibers, the

homotopy-pullback diagram (3.18) is homotopy-equivalent with an outer homotopy-pullback

diagram:
hofibn(Map (W,, Gr'(n)) — Map (W,, 350(2))) O, Va(n)
l j restriction
Map (sky (W), Va(n)) = Map (0D?, Vo (n)) ) Map (0D?, Va(n)),
(3.20)

where [, is the homotopy-pullback in the right square, and where the horizontal map in
the bottom right is the group-action by the element x (7). Because X(E‘Q/Vg) =0 € Z, then
the horizontal map in the bottom right is the identity map, which implies the canonical
map Df%v ’ — Vy(n) is the identity map. Since group-actions are by homotopy-equivalences,

then the proof is complete upon constructing a homotopy-equivalence filling a homotopy-
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commutative square:

Vo(n)— — = —— ==~~~ -V, (n) (3.21)

restriction l l restriction

Map (9D, Vs (n)) — " Map (D2, Va(n)).

We make the downrightward map in (3.21) explicit. For each 1 < k, ¢ < n, right- and
left-multiplication make SO(n) into a SO(k)°® x SO(¢)-space. In particular, taking orbits

with respect to this right action results in a SO(¢)-equivariant map
Orbitso(k)opi SO(TL) — Map(SO(k),SO(n)) s A (B — AB) .

Note that these SO(¢)-equivariant orbit maps fit into a commutative diagram among SO(¢)-

spaces:

Orbitso(3)op

SO(n) Map(SO(3), SO(n)) (3.22)

l restriction

Map(SO(2), SO(n)).

Orbit50(2>op

Now, using that x(n) is assumed to be even, choose an extension:

G,: OD? —==50(2) 222 50(2)
D2

Applying Map(—,SO(n)) to this diagram, and concatenating the result with (3.22),

determines a commutative diagram among SO(¢)-spaces:

Orbitso(g)op

Map(SO(3), SO(n)) — "~ Map(D?, SO(n)) —=~SO(n)  (3.23)

orbitso(g)op lrestrlctlon lrestrlctlon

Map(SO(2), SO(1)) — <"~ Map(9D?,SO(n)).

SO(n)
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Note that the top horizontal composite map is the identity map on SO(n), and is in particular
a homotopy-equivalence. Taking SO(¢)-quotients, for / = n — 2, results in a homotopy-

commutative diagram among spaces,

Vy(n) Map(D?,SO(n)) s0(n—2) ———— Va(n) (3.24)

~

l jrestriction

Map(9D2, SO(n)) js0(n_2) —= Map(D?, Va(n)),

in which the top horizontal composite map is a homotopy-equivalence. Direct inspection
reveals that the composite map Vy(n) — Map(9D? Vy(n)) in (3.24) agrees with the down-
then-right composite map in (3.21). So this diagram (3.24) supplies the sought filler in (3.21).

[

Proof of Theorem W

We will now apply the work from the previous sections to prove the main theorem of

this Chapter.

Proof of Theorem W.

Recall from Equation (3.2) that the space Imm(W,, M) is weakly homotopy equivalent to
the space
Map(Wy, M) x Map 550y (W, Gry'(n)) .

Therefore, for £ > 0 we have

mlmm(W,, M) = mMap(W,, M) x m:Map g0 2) (Wy, Gry'(n)) . (3.25)
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Now by Lemma 3.0.60 we have that
hofib,s, (Map (W,, Gr'(n)) — Map (W, BSO(2))) ~

hofibry, (Map (W, GrS'(n) — Map (W, BSO(2)) ) =: Mapgso(a) (W, Gr (n))

and we have that

hofib,s, (Map (Wy, G (n)) — Map (W,, BSO(2))> ~
Map(W,, hofib.(GrS" (n) 22 BSO(2))) ~ Map(W,, Va(n)) .

Therefore, we may rewrite Equation (3.25) as
mElmm(Wy, M) = m;Map(W,, M) x m;Map(Wg, Va(n)) . (3.26)
For k£ > 1, Proposition 3.0.46 implies that
TMap(Wy, M) = m. M X (T 1 M) X g0 M (3.27)

and

WkMap(Wg,Vg(n)) = WkVQ(n) X (7rk+1V2(n))29 X 7Tk+2V2(n) . (3.28)

Combining equations (3.27) and (3.28) results in the isomorphism
wklmm(Wg,M) = 7TkM X (7Tk+1M)29 X 7Tk+2M X 7TkV2<n) X (7rk+1V2(n))29 X 7rk+2V2(n)

for k£ > 1.
Now turning our attention to the connected components of Imm (W, M), we first consider the

case where M is connected.

Lemma 3.0.61. For M" a smooth, connected, paralleizable manifold of dimension n > 2, we have
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the following bijection:

molmm(W,, M) = ((m M)&, % mM)

Com

YRS (m1Va(n))* x mVa(n) .

Proof. From Equation (3.26) we have that
molmm(W,, M) = moMap(Wy, M) x mgMap(Wy, Va(n)) .
Corollary 3.0.59 shows the bijection,

moMap(Wy, M) = ((m M), x maM)

Com

e (3.29)

Now it is true that Va(n) is simple, as discussed in Chapter 2, and so by Corollary 3.0.59 we have
that

ToMap(W,, Va(n)) = (11Va(n))?* x mVa(n) . (3.30)

Then combining equations (3.29) and (3.30) we have that

molmm(Wy, M) = ((m Mg, x maM)

Com

Jm M X (7T1V2(n))2g X 71'2V2(n) .

O]

Observation 3.0.62. Because W, is connected, the image of any immersion W, — M must be

contained in a single connected component of M. Therefore, we have the following homeomorphism

I 1mm(Wy, Ma) =5 Imm (W, M)
aEmgM

where the M,’s are the connected components of M. Thus, we have the following bijection

H molmm(Wy, M,) = molmm(Wy, M).

aemgM
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Then for the case that M is not necessarily connected, using both Lemma 3.0.61 and

Observation 3.0.62 we have that

molmm(Wy, M) = H molmm(Wy, M) = moM X ((ﬂ'lM)%%m ><7r2M)/mM x (m1Va(n))29 x moVa(n)
acEmgM
which completes the proof of Theorem W. O

Immersions from Tori

Self-Covers

In the case of genus 1, each immersion T? Iy M determines a host of others that are
attained by precomposing f by a self-cover, or isogeny, of T2. This is succinctly phrased as an
action of the topological monoid Imm(T?, T?)°" on Imm(T?, M). For considering homotopy
groups, it is convenient to consider based immersions, for some choice of base point of T?
and of M, which is an action of the topological monoid Immg(T?, T?)°" on Immy(T?, M).
In Chapter 4, this topological monoid Immg(T?,T?) is explicitly identified up to homotopy-

equivalence, as the discrete monoid of invertible 2 x 2 matrices with integer coefficients:
Hy: Immg(T? T?) = Ey(Z) = {2><2 integral matrices with nonzero determinant} C GLy(R) .
So, for each k > 0, we have a canonical action

Eo(Z)P ~ 7 Imm(T?, M) . (3.31)

So our characterization of immersions from tori (Theorem W) can be refined by identifying
how E2(Z)°P acts on the righthand side of Theorem W, thereby characterizing immersions of
tori up to isogeny. For simplicity, we assume M is path-connected and simple, so that our

characterization of 7xImm(T?, M) in Theorem W becomes uniform.
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Proposition 3.0.63.

1. For each space Z, pre-composition defines a continuous action
Imm(T?, T?)°" ~ Map(T?, Z) .
Furthermore, for each map between spaces A 2 Z, the continuous map
Map(T?, A) £ Map(T?, Z)

is Imm(T?, T?)°P-equivariant.

2. The tangent bundle Tr= € Map(T? BO(2)) canonically lifts to the homotopy-fized-points:
702 € Map(T? BO(2))Mmm(T*TI™

Also, the trivial bundle ex2 € Map(T? BO(2)) canonically lifts to the homotopy-fived-
points:

er2 € Map(T?, BO(2))MmmT=T%
3. There are continuous actions on the homotopy-fibers,
Imm(T?,T%)°" ~ hofiber,, (Map(TQ, Gry'(n)) — Map(T?, BO(2))>

and

Imm (T, T%)° ~ hofiber, , (Map(']r?, GrS'(n)) — Map(T?, BO(2))> ,

with respect to which the canonical maps

hofiber,., <|\/|ap(T2, GrS'(n)) — Map(T?, 30(2))) —s Map(T2, Gr'(n))
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and
hofiber, , (Map(qr?,crgf(n)) —» Map(T?, BO(2))> s Map(T2, Gr'(n))

are Imm(T?, T?)°P-equivariant.

Proof. Statement (1) is clear.
Statement (3) follows formally from statement (2). Indeed, let M be a monoid acting
on spaces X and Y. Let X Loy an M -equivariant map. Let y € Y be a point. A lift of

y € Y to the homotopy-fixed-points y € Y is precisely the structure of the map

>l<(y> v

being M-equivariant. So, let y € Y™ be such a lift. Then consider the homotopy-pullback

in M-spaces:

hofiber})' () X
L /
M (v) Y

Because the forgetful functor from M-spaces to spaces preserves homotopy-limits, then the
underlying space of hofibery (f) is hofiber,(f). In other words, hofiber,(f) has the structure
of an M-action, with respect to which the forgetful map hofiber,(f) — X is M-equivariant.

It remains to prove statement (2). As ep2 € Map(T?,BO(2)) is the constant map, it is
clearly fixed with respect to the Imm(T?)°P-action by precomposition. In other words, each

immersion T2 L T2 determines a pullback among vector bundles:

fxid

T? x R? T? x R?
TZ f TZ.
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for T2 2 T? another immersion, clearly (g o f,id) = (g,id) o (f,id). Next, each immersion

T2 25 T2 determines a pullback among vector bundles:

Df

TT2— 27 | T2
’JIl‘Q ! ']I‘L

For T? % T? another immersion, the chain rule grants an identity D(go f) = Dgo Df.

[l
Observation 3.0.64. Let V be an abelian group.
a b
1. There is a canonical action of Ey(Z)°P on V? given as follows. For A = , and
c d
for (u,v) € V2, then
ol au + cv
A (u,v) == A =
v bu + dv
a
2. There is a canonical action of E5(Z)°P on V' given as follows. For A = , and for
c d
v € V2, then
A-v = det(AT)v = (ad —bc)v .
a
3. There is a canonical action of E5(Z)°P on V given as follows. For A = , and for
c d
v € V2, then

A-v = |det(AD)|v = |(ad — be)|v .
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Observation 3.0.65. Let M be a framed based n-manifold that is path-connected and
simple. For each k > 0, pre-composition defines an action of the monoid Ey(Z)°P (3?1)
7o Immg(T?, T?)°P of path-components of based self-immersions of the torus on the abelian
group 7 Imm(T? M). Under our assumption that M is simple, m;M must be abelian.
Therefore all of the factors under the identification in Theorem W will be abelian, so indeed

mrlmm(T?, M) will be abelian for all k. We now give an explicit description of this action.

For A € E3(Z)° and [w] = [S* = Imm(T?, M)] where w(p) = w, : T?> — M, we define
A [w] == [S* 2 Imm(T2, M)]

where A*w(p) = w, o (T? 4 T?). For k& = 0 we have that E5(Z)°® > A acts on [f] €

7o Imm(T?, M) by A-[f] = [f o A].

Proposition 3.0.66. The bijection of Corollary 3.0.59,
molmm(T?, M) 22 (7, M)? x moM x (71 Va(n))? x moVa(n)

is equivariant with respect to the Eo(Z)°P-action of Observation 3.0.65 on the lefthand side,
and the Eo(Z)°P-actions of Observation 3.0.64 on the righthand side. Specifically, for T? ER

M a based immersion and for
((ar,bp)scrs (ug,vp),df) € (MM)? x m2M x (miVa(n))* x m2Va(n) ,

its corresponding element through Corollary 3.0.59, then the action on this element by A €
E2(Z) 18
[f oAl = (AT(ay,by), det(AT)ey, A (up,vp), | det(AT)|dy) -

Remark 3.0.67. The action explicated in Proposition 3.0.66 is rather simple for n large.
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Indeed, the only natural number n for which mVa(n) # 0 is the case n = 3, in which case
mVa(n) = Z/27; the only natural number n for which mVy(n) # 0 is the case n = 4, in
which case mVs(n) = Z.

Proof of Proposition 3.0.66. In route to Theorem W we had the homotopy equivalence
Imm(T?, M) = Map(T?, M) x Map/BO(2)(T2, Gry'(n)) .

which is Ey(Z)°P—equivariant.

Notice the action
E2(Z)°P — GLy(R)°P ~ Vi(n) , A-B:=BA. (3.32)

This action, together with the precomposition-action by E9(Z)°" C Imm(T?, T?)°P, define an

action

diagonal

Eo(Z)°P Es(Z)% x Eo(Z)® ~ Map(T?, Va(n)) . (3.33)

Claim 3.0.68. There is a homotopy equivalence
Map go o) (T, Grs'(n)) = Map(T?, Va(n))

which is Ey(Z)°P—equivariant with respect to the Ey(Z)°P-action on Map o) (T?, Gry'(n)) of
Proposition 3.0.63, and the Ey(Z)°P-action on Map(T?,Vy(n)) of (3.33).
Proof. Observe the sequence of homotopy-equivalences, each of which is evidently

Ey(Z)°P—equivariant:

Map /g0 (T, Gr3'(n)) := hofib,., (Map(T?, Gr'(n)) 2275 Map(T?,B0O(2)))
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% hofib,z, (Map(T?, Gr3'(n)) 22 Map(T, BO(2))

2 Map(T2, hofib, (GrS'(n) 2 BO(2)))
% Map(T?, Va(n)) -

The homotopy equivalence (1) is because 712 =~ €7, as elements of Map(T? BO(2)). The

homotopy equivalence (2) is due to the universal property of homotopy fibers:
hofibeonst, (Map(X, E) — Map(X, B)) ~ Map(X, hofibeonst, (£ — B)) .

The homotopy equivalence (3) is because the following is a homotopy pullback diagram:

Consequently, we have a Ey(Z)°P-equivariant homotopy-equivalence:
Imm(T?, M) ~ Map(T?, M) x Map(T?,Vy(n)) = Map(T?, M x Vy(n)) .

So we will consider Map(T?, Z) for Z a general path-connected, simple space with a Ey(Z)°P-

action. Recall from Corollary 3.0.50 the following bijection:
moMap, (T2, Z) = moMap(T?, Z),

which is Ey(Z)°P—equivariant because the action Eo(Z) ~ T? preserves 0 € T? and Z is
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simple. Now for Z path-connected and simple, observe that the map
Map, (T?, Z) mi), Homo(m T?, 7, Z)

is evidently Ey(Z)°P—equivariant.

The map
Homo(mT?,mZ) — mZ%,  hes (h(l,O),h(O, 1)) ,
is an isomorphism as 77 is abelian. Applying 7y results in a projection map:
Tolmm(T2, M) = moMap, (T?, M x Vs(n)) — (m M)? x (1,Va(n))? . (3.34)

Claim 3.0.69. The map (3.34) is Ey(Z)°P—equivariant with respect to the action on the

domain induced by (3.33), and the formal action of Observation 3.0.64(1) on the codomain.

Proof. The action (3.32) determines an action of
E2(Z)0P N T (Vg(n)) s (335)

and thereafter an action of Ey(Z)° on m;(Vy(n))?. By inspection, this action commutes with
the formal action of Ey(Z)°P on m;(Va(n))? of Observation 3.0.64(1), resulting in a diagonal
action:

Eo(Z)% 280 B (Z)%P x Eo(Z)%P A 1 (Va(n))? . (3.36)

This action, together with the formal action of Observation 3.0.64(1) on 7;(M)?, results in

a diagonal action of Ey(7Z)°P:

diagonal
e

Ey(Z)°P Eo(Z)° x Eo(Z)°P ~ my(M)? x m(Va(n))? = 7 (M x Vo(n))? . (3.37)
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Now, by construction of the E5(Z)°P-action on the domain of the map in the claim, this
map is clearly equivariant with respect to the action (3.37) on the codomain. So it remains
to show that the action (3.37) agrees with the formal action of Observation 3.0.64(1). This

is to show that the action (3.35) is trivial. Because

Z)2Z ifn=3
m(Va(n)) = :
0 ifn>3

then the group of automorphisms Aut(m;(Va(n))) is trivial. Therefore, the action (3.35) is
trivial.

[]

Now, for Z a path-connected simple space with a E5(Z)°P-action, because the induced
action Ey(Z)°P ~ (mZ)? fixes (0,0), the action Ey(Z)°® ~ moMap,(T?, Z) restricts as an
action

E2(Z)° ~ Fiber( o) (moMap, (T?, Z) & (1 Z)%) = 7o 7 . (3.38)

Claim 3.0.70. In the case that Z = M x Va(n), with a Ey(Z)®P-action given by the trivial
action on M and the action (3.32) on Vy(n), the action (3.38) agrees with the formal action
of Observation 3.0.64: for ¢ € m(M) and d € my(Va(n)), the action by A € Eo(Z)°P is given
by

A-(c,d) = (det(A")c,|det(A")|d) .

Proof. 1t is enough to consider the cases in which Z = M with the trivial Ey(Z)°P-action,
and Z = Vq(n) with the Eo(Z)°P-action of (3.32), separately. So, in what follows, take Z to

stand for either such case.
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Applying Hy to based maps Map, (T?, Z) results in a continuous map
Map, (T2, Z) 22 Homo(H,T? HaZ) | (3.39)

which is E5(Z)°P—equivariant. Because the target of (3.39) is discrete it factors through 7,

and we obtain the Ey(Z)°P—equivariant map:

Fiber evy
197 —% roMap, (T, Z) 22 Homo(HoT?, Hy Z) <% HyZ (3.40)

Fiber
where 7 —— %, moMap, (T?, Z) is the inclusion into the fiber of the map moMap, (T?, Z) =

(M Z)? X moZ prol, (m1Z)? at (0,0) and ev; is evaluation of the fundamental class. Note that

HoT? = Hy(T?/sky), and therefore Homo(HoT? HyZ) LM Homo(Hy(T?/sk;), HaZ). This

R

results in the commutative diagram:

moMap, (T2, Z) — 2 Homo(H,T2, HyZ) —— X H,Z

Fiber(070>T %T/slﬂ I (3.41)

M7 — 25 Homo(Hs(T2/sk; =~ 52),HyZ) —2s HoZ |

The lower composite map is the Hurewitz homomrphism, which we will denote as Hur.
Fib
Denote the composite F': mZ ——<2 moMap, (T2, Z) 22 Homo(H,T2, H,Z). Because the

above diagram commutes we have I’ equals the composite map
F: 17 22 Homo(Hy(T?/sky ~ S2),Hy2) iR Homo(H,T? HyZ) .

We would like to show that the action of E5(Z)°® on mZ given by the diagonal action
(of the precomposition and the action on the simple space Z) is the same as the action
named in the claim. The precomposition action of Ey(Z)% = mo(Imm(T?,T?)) on Hy(Z) is

given as follows.
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For A = [f] € E3(Z)°P = mo(Imm(T?,T?)), and w € Hy(Z), the action is given by

[f]-w = deg(flw = det(AT)w,

scaling by the determinant.

So, should the given action of E5(Z)°P on Z be trivial, as in the case that Z = M, then the
diagonal action (of the precomposition and the action on the simple space Z) is given by

scaling by the determinant:

Aw = det(ADw .

We now consider the case in which Z = Vy(n), with the E2(Z)°? action (3.32). By definition

of the action (3.32), the induced map on homology factors:

EQ(Z)OP — T GLQ(R) m HQ(VQ(TL)) .

Note that the homomorphism det: GLy(R) — GL;(R) induces an isomorphism 7y GLy(R) —
7o GL1(R) = O(1). Note that the resulting homomorphism sign(det): GLy(R) — O(1) has a

section

10
0(1) Z GLy(R) , vV
0 v

With respect to this section, an O(2)-action restricts as a O(1)-action. Recall the standard

fiber sequence:

S"2 5 Vy(n) — S™7L.

With respect to the antipodal O(1)-action on S™~2, the first map in this fiber sequence is

evidently O(1)-equivariant. By the Hurewitz Theorem for n > 3, and by explicit computation
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for n = 3, the first map in this fiber sequence induces a O(1)-equivariant isomorphism:
Hy 8" 2 =5 HyVa(n) .

We conclude that the Ey(Z)°P-action on HaVa(n) induced by (3.32) is given by scaling by the
sign of the determinant:

A-w = sign(det(AT))w .

Therefore, the diagonal action (of the precomposition and the action (3.32) on Viy(n)) is

given by scaling by the absolute value of the determinant:
A-w = |det(AT)|w .

Compiling these identifications of actions of E5(Z)°° on Hy(Z), commutativity of the
diagram (3.41) of E5(Z)°P-equivariant homomorphisms implies the Hurewitz homomorphism
interacts with the E5(7Z)°P-action as:

det(AT)Hur([a]) = Hur(det(AT)[a]) it Z=M

?

Hur(A - [a]) = .
| det(AT)[Hur([a]) = Hur(] det(AT)|[a]) , if Z = Vy(n)

In the case that Z is simply connected, the Hurewitz Theorem implies that the Hurewitz
map Hur, which agrees with the composite map (3.40), is an isomorphism. In particular, the

Hurewitz map is injective, which implies that

det(AT)[a] it Z=M
A-fa] =

|det(AT)|[a] . if Z = Vs(n)

Putting these two cases together directly implies the Ey(Z)°P-action on mZ from (3.38) is
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the action named in the claim.
In the case that M is path-connected and simple, the universal cover Mol ap

. . . —~ mo(universal)
induces an isomorphism 7o M

moM which is Eg(Z)°P—equivariant. Then by the
argument above we know that, A - [a] = det(AT)[a] for [a] € mM because M is simply
connected. Then applying the Ey(Z)°P—equivariant isomorphism 7o (universal) implies that

A-[a] = det(AT)[a] for all [a] € mM. The space Vy(n) is simply connected except for n = 3,

in this case its universal cover is S and so mVo(3) is trivial.

Immersions from Tori Into Thickened Circles

In this subsection, we use Theorem W to characterize immersions T? — S! x R*!, up

to homotopy-through-immersions. Let n > 3. We will refer to
Stand: T2 = ' x g dxincwsion , g1 @2y g1 R™L . (0,¢) — (0,6%,0), (3.42)

as the standard embedding of the torus into S! x R"~!. Note that, for g: T> — T? a cover,
then the composite

Stand
_—

Stand o ¢: T? 5 T? St x R

is an immersion. We call such an immersion a cover of Stand. In the case that n = 4, recall
that each framing ¢ of S* x R"™! determines an element d(f) € mVq(4) = Z. We state the

main Theorem of this section now and prove it after Remark 3.0.75.

Theorem 3.0.71. Let n > 3. Let f: T?> — St x R"! be an immersion from a torus. Let

Q1 Tgixrn—1 = €a1 g be a framing. Assume f is not null-homotopic.
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1. If n # 4, then f is homotopic through immersions to a cover of a unit normal bundle

of the standard embedding Stand.
2. Ifn =4, and if the induced element d(f) € mVo(4) = 7Z is trivial, then f is homotopic
through immersions to a cover of Stand.

Via product, the standard framing on S* together with the standard framing on R"!

determines a standard framing on S* x R~ !

TglyRn—1 = Tg1 X Tpn-1 = 6}91 X Eﬂ%;,ll = eglanfl .

Recall from Chapter 2 that for a parallelizable manifold M, we have the associated

space of framings Fr(M) from Defintion 2.0.3.

Observation 3.0.72. Let n > 3. The space Fr(S' x R"™!) of framings on S! x R"™! has a
canonical action by the topological group Map(S1 x R1 O(n)) The orbit with respect to

this action of the standard framing on S* x R"~! determines a homeomorphism
Orbitgana: Map(S' x R"™1,0(n)) — Fr(S' x R"71) .
In particular, there is a canonical bijection among sets:
7o Fr(S' x R™1) +— m, Map(S' x R"", O(n)) =5 10(n) x m0(n) = Z/2Z x O(1) .

Through this bijection,

e the element (0,+1) is represented by the standard framing, which is the product of

the standard framing on S! and the standard framing on R"~!;

e the element (0,—1) is represented by the product of the opposite of the standard

framing on S' and the standard framing on R"1;
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e the element (1,+1) is represented by the product of the standard framing on S and

the standard framing on R"™! twisted by a generator of m;SO(n);

e the element (1, —1) is represented by the opposite of the standard framing on S and

the standard framing on R"~! twisted by a generator of m;S0(n).

Observation 3.0.73. Let ¢: Tgi rn-1 = €41, po1 be a framing on St x R . Theorem W

associates to this framing a bijection:

Wolmm(Tz,Sl X Rnil) = Z2 X (71'1\/2(7?,))2 X 72\/2(77,) .

Stiefel spaces have m;Vi(n) trivial for i < n — k. Therefore mVa(n) = mVa(n) = * for n > 5.
For n = 4 we have mVa(n) = % and mVs(n) = Z. For n = 3 we have mVy(n) = Z/27 and

mVa(n) = x. So we have the following three cases:

(

72 x (Z)27)* n =3

molmm(T?, ST xR =272 o 7 n=4

7?2 n > 5.

\

Lemma 3.0.74. Let ¢: Tgiggn-1 = €k pnt be a framing on S* x R"*. Through the

bijection of Theorem W,

2 ol n—1 ~ 2 2
molmm(T%, §' X R =7 ((mv2(n)) ><7r2V2(n)),
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the path-component of the standard embedding corresponds to the element

(1,0 (0.1:0) , if [l = (0.%1)

[Stand]r—> .
(L0 (1,150)  if ] = (1,%1)

Proof. We will first consider the case of n = 3, and to distinguish this case we denote the
standard embedding as Stands;. We will often switch between the identification R? = C. If
we endow S x R? with a framing ¢ and T? with the standard framing fry2, then for any

immersion f : T? — S x R2, we have the following bundle map:

T2 x R2 2% 772 2L (51 % R2) —%~ (1 x R?) x R? (3.43)
T
proj
T2 — - g1 x R?

Labeling the composite map between total spaces in Equation (3.43) as ®, we see that f

determines a bundle injection

T2 x R2 2~ (S x R?) x R

L proj j proj

T2— L gl xR
which we can then use to define the map
T? — Inj"™(R% R = Vy(3);  pr> O4(p, —). (3.44)

Given an immersion f : T? — S! x R? and a framing ¢ of S' x R2, calculating which

L In this expression, it is understood that 1 € m1V3(n) is understood as 0 € 71 Va(n) if 71 Va(n) = 0.



5

element of

7? x (2.)27)* = (m(S* x R?))? x (mV2(3))? x maVya(n)

corresponds to [f] € molmm(T?, ST x R?) is done by restricting f and ®; to the 1-skeleton of
T2. In other words if we denote the 1-skeleton as {(e’?,e®®) U (e, ¢")} = S} v S5 C T?, then

we have

molmm(T?, 5" x R%) 3 [f] < (([fls), [f1sy)): ([@sls1]; [@s]s3])) € Z° x (Z/22)*.

First endow S' x R? with the standard framing ¢ 1) for which [p 1)) = (0,+1).

Now Stands is a product of maps, that is
Stands : T2 = S* x §! X% g1 C |
and so we may write ®giana, as the linear map
R x R 2% T,S' x T,§" PwidxDzinc mp g1 o Tine(uw)C PO R % C .

Suppose w = ¢ and z = €Y. Then (u,v) € R? is mapped to (u,iv) € R x C
by ®giana; (€72, €¥), =), or under the identification of C = R? we have that (u,v)
(u, —vsin(f),vcos(0)). Considering this element of V5(3) as a 3 X 2 matrix, i.e. the column

vectors describe a 2-frame in R?, we have that

1 0
Dstana; ((67,€7), =) = [0 —sin(6)| € V2(3) .
0 cos(0)

We then see that restricting ®giana,((€7?, ), —) to {(e*?,e?)} is constant and restricting
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Dgands (€2, €), —) to {(e, "))} describes the generator of mVs(3). Therefore the element
of (m1V2(3))? corresponding to [Stand]s is (0,1). Clearly, restricting Standz to {(e*?,e?))}
describes the generator of m;(S! x R?) while restricting Standz to {(e®,e?))} is null-
homotopic. Therefore, when S x R? is equipped with the standard framing ¢ 1), we
have that

[Stands] s ((1,0); (0,1); o) € 72 x (mVs(3))? X mVa(3) .

Now for any other framing ¢ € Fr(S* x C), there is the following map:
% : Imm(T?, S* x C) — Map(T?,0(3)) x Map(T?, V5(3)) — Map(T?, V,(3)) (3.45)

[ (po f,0%) — (p = (po f(p))@ff(p)))

where @‘}t is the map from (3.44) with S! x C equipped with the standard framing. We
will apply Equation (3.45) for f = Stands, and for each of the other three representatives of
o Fr(S* x C). Now if [p(,—1)] = (0, —1) we can describe the map S* x C — O(3) by

~10 0
(e 2)— 10 1 0

0 01
and therefore
-1 0 0] |1 0 —1 0
oo =10 1 0| |0 —sin@|=1]0 —sin®)
0 0 1| |0 cos(f) 0  cos(0)
Again, we see restricting @& to {(e?,e”)} is constant and restricting @ to

{(e® €%)} describes the generator of mVy(3). Therefore the element of (m;Va(3))? corre-
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sponding to [Stand]; when S* x C has the framing ¢ 1) is (0, 1).

If [pa1,+1)] = (1,4+1) we can describe the map S* x C — O(3) by

1 0 0
(€i¢, z2)— |0 cos(¢p) —sin(o)
0 sin(p) cos(o)

and therefore

1 0 0 1 0 1 0
<I>§§;;If; =10 cos(¢p) —sin(¢p)| |0 —sin(@)| = |0 —sin(6 + ¢)
0 sin(¢p) cos(o) | [0 cos(6) 0 cos(8+¢)

In this case, restricting ®g,7) to either {(e’?,e)} or {(e”, )} results in the generator of
m1V2(3). Therefore the element of (71V2(3))? corresponding to [Stand]3 when S x C has the
framing ¢ 41y is (1,1).

Finally, in the case that [p(1,—1)] = (1, —1) we can describe the map S* x C — O(3) by

—1 0 0
(e 2)— | 0 cos(¢) —sin(9)

0 sin(¢) cos(9)

and therefore

—1 0 0 1 0 —1 0
(I)gt(;,n_dlg,) =10 cos(¢p) —sin(p)| [0 —sin(@)| = | 0 —sin(d+¢)
0 sin(¢) cos(9) 0 cos(0) 0 cos(0+¢)

So again, restricting ®g ) to either {(e™,e®)} or {(e”,e®)} results in the generator of
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m1Va(3). Therefore the element of (m;Vy(3))? corresponding to [Stand]z when S' x C has
the framing ¢ 1) is (1,1). Restricting Stands to {(¢’?,e™))} describes the generator of
71 (St x R?) while restricting Stands to {(e, ¢))} is null-homotopic, regardless of the choice

of framing. Thus, we have shown that

((1,0):(0,1):0) ., if [¢] = (0, 1)

(Los (L0 . if [l = (121

[Standg} —

Now note that the standard embedding of T? into S* x R"~! must factor through Stands,

i.e. we have the following commutative diagram:

St x C
Sty k
TQ Stand 51 « Rn_l

This results in the commutative diagram

Wolmm(TZ,Sl X (C) = 7?2 x (7T1V2(3))2 X 7T2V2<3)

| |

Wolmm(TQ,Sl X Rn—l) 72 x (7T1V2(Tl))2 X 7r2V2(n)

where [Stands] +— [Stand] by the left vertical map. Now as mV2(3) = 0 and we have

calculated that

[Stand } — <(170); (©, 1);()) , if o] = (0,£1)

(L) (1L,1);0) i ] = (1,£1)
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we must also have that

((1L,0):(0,1);0) . if [g] = (0,%1)

[Stand] — :
(L0 (1,1):0) , if [g] = (1,41)

Remark 3.0.75. We now proceed to the prove Theorem 3.0.71.

Proof of Theorem 3.0.71. Let f: T? — S' x R*! be an immersion. Assume f is not null-
homotopic and that n # 4. By Theorem W there is some ((af,bf), (uf,vf),O) € 7Z? x
((mvg(n))2 X 7T2V2(n)) associated to [f] € molmm(T?, S* x R"~!). As f is not null-homotopic
we know that (as,bf) # (0,0), without loss of generality we will assume a; # 0. Now what
[Stand] corresponds to in Z?* x ((7T1V2(n))2 X 7r2V2(n)> depends on the homotopy class of the
framing ¢ of S' X R"! as in Lemma 3.0.74. In the cases that [Stand] ((1, 0); (0,1); 0>

ar b
take A= | 7 7| where tf = uy (mod 2) and vy = vy (mod 2). If det(A) = 0 we must
iy Uy
N o . ar by :
have a;0; = byty, in this scenario let A" = and we will have det(A’) # 0 as
iy Oy 42

ap(f + 2) # a0y = bptp. So if det(A) = 0, redefine A as A’ so that A € Eo(Z). Then by
Theorem 3.0.66

[Stand o A] = (AT(l,O); AT(0,1);) det(AT)\O> = ((af,bf); (uf,vf);O) )
In the cases that [Stand] — ((1, 0); (1,1); 0> take

a b
B— f f

uf+af—i-2j Uf+bf+2k
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with j, k € Z. If det(B) = 0 we must have asbs + 2ark = bpuy + 2bsj, in this scenario let

B ay by
uf+af+2j Uf+bf+2(k+1)

and we will have det(B’) # 0 as
arb +2ap(k + 1) # asby + 2ak = bpuy + 2bysj .
So if det(B) = 0, redefine B as B’ so that B € Ey(Z) and we have that
[Stand o B] = (BT(LO);BT(L 1);\det(BT)\0> = ((ay, by); (s, v5);0) .

Therefore, regardless of which homotopy class ¢ belongs to, we have that f is homotopic
through immersions to a cover of Stand. When n = 4, the above argument holds so long as

d(f) = 0. O

Immersions from Tori Into Compact Hyperbolic Manifolds

We will now look at an application of Theorem W, which in particular associates to
each immersion, T? %5 M, from a 2-torus into a framed manifold an element d(f) € mVa(n).
In the case that n = 4, such an element is an integer: d(f) € mVq(4) = Z. For n # 4,

mVa(n) is trivial and so the associated d(f) € mVa(n) will also be trivial.

Theorem 3.0.76. Let M be a connected, compact, orientable, hyperbolic manifold of
dimension n > 2. Let f: T? — M be an immersion from a torus. Assume f is not null-

homotopic.

1. If n = 3, then f is homotopic through immersions to a cover of a unit normal bundle

of a closed geodesic in M.
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2. If n =4, and if M admits a framing with respect to which the induced element d(f) €
Vo (4) = Z is trivial, then f is homotopic through immersions to a cover of a unit

normal bundle of a closed geodesic in M.

3. Ifn >4, and if M is parallelizable, then f is homotopic through immersions to a cover

of a unit normal bundle of a closed geodesic in M.
In this section, we fix a compact connected framed hyperbolic manifold M.
Remark 3.0.77. Note that any orientable compact 3-manifold admits a framing. (See [17].)

We prove Theorem 3.0.76 after Remark 3.0.83 below. Here is an outline of the proof.

We first show that all immersions T2 % M which are not null-homotopic must factor up

to homotopy as a map T2 2 S x R*1 2 M, where v, is the unit normal bundle for a

closed geodesic v : S' — M. We then improve upon this using Theorem W to show that

T2 L5 M oand T2 B S' x R 5 M are homotopic through immersions. Then by the

previous section, barring some conditions on the dimension n, we know that the map A must
Stad

be homotopic by immersions to a map of the form T2 2 T2 52% g1 x R*~1, Therefore, we

will have T2 25 M homotopic through immersions to
T2 & 72 224 g Rt 2

Recall the following Theorem due to Preissmann.

Theorem 3.0.78 (Preissmann, [19]). Let M be a connected, compact, orientable, hyperbolic
manifold. Then every nontrivial abelian subgroup A C m M 1is infinite cyclic. Even more,

there exists a closed geodesic y : S* — M such that A = Image(m(7)).

Corollary 3.0.79. Let M be a connected, compact, orientable, hyperbolic manifold. Let

f:T? — M be an immersion. If f is not null-homotopic, then there is a closed geodesic
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v: St — M and a factorization of the homomorphism between fundamental groups:

m1(f)

7T1T2 7T1M
N
AN
\x %(7)
7'['151

Proof. We scrutinize the bijection

12

7o Map(T?, M)

Com

7TOM X <(7T1M)2 X 7T2M>
JmM

of Corollary 3.0.59. By assumption, M is connected; so mgM = % is trivial. The universal
cover of M is diffeomorphic with a Euclidean space, and is therefore contractible; so moM = 0

is trivial. So the above expression reduces to the bijection

7o Map(T?, M) = ((wlM)%om)/mM , [f] > [Image(mi(f))] ,

which is implemented by taking the image of induced homomorphisms on fundamental
groups. We conclude that f is not null-homotopic if and only if Image(m(f)) € mM is
not trivial.

Now, the assumption that f is not null-homotopic implies Image(m(f)) is not trivial.
Because m(T?) is abelian, then this image Image(m(f)) C mM is abelian. Using
Preissmann’s Theorem 3.0.78, this image agrees with the image of some closed geodesic

v in M: in symbols, Image(m;(f)) = Image(m1(7)). The result follows. O

Recall from Chapter 2 that 2-tori, connected hyperbolic manifolds, and circles are all
K(m,1)’s, which is to say that they are path-connected, and their homotopy-groups in degrees
above 1 are trivial. The next classical result articulates that maps up to homotopy among

such spaces can be scrutinized in terms of their fundamental groups.
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Proposition 3.0.80 (Proposition 1B.9. of [9]). Consider a solid diagram (the diagram

without the dashed arrow) among groups:

N
N /
N
N h

B

This diagram induces a solid diagram among FEilenberg-Maclane spaces:

K(C,1) Kol)

~N
~

~ K (h,1)

K(B,1)

K(A,1)

(3.46)

(3.47)

Applying 1 defines a bijection from the set of path-components of the space of homotopy-

commutative fillers of (3.47) to the set of fillers of (3.46).

In the next two results, for v: S' < M a closed geodesic, its normal bundle can be

trivialized. Using the tubular neighborhood theorem, there exists a smooth open embedding:

vy SEX RN M

onto such a tubular neighborhood of v(S') C M.

Corollary 3.0.81. Let M be a connected compact hyperbolic manifold. Let f: T? — M be

an immersion. If f is not null-homotopic, then there is a closed geodesic v: S' — M, an

extension v,: S' x R"™* < M as an open embedding onto a tubular neighborhood of it, and

a factorization up to homotopy:
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Proof. Apply Proposition 3.0.80 using Corollary 3.0.79, noting that T? and M and S' x R*~!
are all K(m,1)’s. O

The next result is a consequence of Corollary 3.0.81, using Theorem W.

Corollary 3.0.82. Let M be a parallelizable, connected, compact, orientable, hyperbolic
manifold. Let f: T?> — M be an immersion. If f is not null-homotopic then there is a closed
geodesic v: S* — M, an extension v,: S' X R"™1 < M as an open embedding onto a tubular

neighborhood of it, and a factorization up to homotopy through immersions:

~N
~N
~N
~ Uy

Al
St x R 1

Proof. Let v: S — M be a closed geodesic as in Corollary 3.0.79. Choose an open
embedding onto a tubular neighborhood: v,: S* x R"' < M. The sought assertion is

equivalent to [f] € mo Imm (T?, M) being in the image of the map between sets:
vyt mo Imm (']T2, St R”fl) — 7o Imm (T2,M) ) (3.48)

Now, note that the framing on M pulls back along this open embedding v, as a framing
on St x R*!. In this way we regard S' x R""! as a smooth framed n-manifold. Applying

Theorem W to both M and S' x R"! results in a commutative diagram among sets,

o Imm (T2, S' x R"1) —=— 7y Map (T2, S* x R™1) x my Map (T2, Vy(n))

V«Yl lVWXid

7o Imm (T?, M) 7o Map (T?, M) x 7o Map (T?, Vay(n)),

1%

whose horizontal maps are bijections, and whose downward maps are induced by v, with the

left vertical map being (3.48). So [f] € moImm (T? M) is in the image of the map (3.48) if
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and only if [f] € my Map (T?, M) is in the image of the map
vy mo Map (’]I‘2, St x R”_l) — w9 Map (’]I‘Q, M) .

Corollary 3.0.81 implies just this. O]
Remark 3.0.83. We will now prove Theorem 3.0.76

Proof of Theorem 3.0.76. Let M™ be a connected, compact, orientable, hyperbolic manifold.
Let f: T2 — M" be an immersion. Assume that f is not null-homotopic. Suppose
first that n = 3. Then we know that M3 admits a framing by Remark 3.0.77. Then as
M is parallelizable, Corollary 3.0.82 implies there is closed geodesic v : S' — M and a
corresponding extension v, : S' x R"™' < M for which f factors by a homotopy through

immersions to a map

IR SRV L LN

By Theorem 3.0.71, the map T2 % S x R*~! must be homotopic through immersions to the
a cover of the unit normal bundle of [Stand]. Therefore, f is homotopic through immersions
to a cover of the unit normal bundle of ~.

In the case n = 4, if M* admits a framing for which 0 = d(f) € mV5(4), then the above
argument is still valid. For the case n > 4, so long as M™ admits any framing the above

argument is valid. This completes the proof. ]
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FRAMED IMMERSIONS OF THE TORUS

The main result of this chapter identifies the continuous group of framed diffeo-
morphisms, and the continuous monoid of framed local-diffeomorphisms, of a framed
torus.

We state and contextualize this result right away as Theorem X and direct a reader to

the body of the chapter for definitions and proofs.
Conventions.

e We work in the oco-category Spaces of spaces, or co-groupoids, an object in which is a space.
This co-category can be presented as the co-categorical localization of the ordinary category
of compactly-generated Hausdorff topological spaces that are homotopy-equivalent with a
CW complex, localized on the weak homotopy-equivalences. So we present some objects in

Spaces by naming a topological space.

e By a pullback square among spaces we mean a pullback square in the co-category Spaces.
Should the square be presented by a homotopy-commutative square among topological spaces,
then the canonical map from the initial term in the square to the homotopy-pullback is a

weak homotopy-equivalence.

e By a continuous group (resp. continuous monoid) we mean a group-object (resp.
monoid-object) in Spaces. A continuous monoid N determines a pointed (oo, 1)-category BN,
which can be presented by the Segal space A°P Bar'—(N)> Spaces which is the bar construction
of N. For X € X an object in an oco-category, and for N a continuous monoid, an action
of N on X, denoted N ~ X, is an extension (X): * — BN <N—mX>—> X. The oo-category of
(left) N-modules in X is

Mody (X) := Fun(BN,X) .

e For G ~ X an action of a continuous group on a space, the space of coinvariants is the
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colimit

X = coIim(BGm—).Spaces) € Spaces .

Should the action G ~ X be presented by a continuous action of a topological group on
a topological space, then this space of coinvariants can be presented by the homotopy-

coinvariants.

e We work with co-operads, as developed in [13]. As so, they are implicitly symmetric. Some
oo-operads are presented as discrete operads, such as Assoc, while some are presented as

topological operads, such as the little 2-disks operad Es.

Here we state our first result, which identifies the entire symmetries of a framed torus.

The braid group on 3 strands can be presented as
Braid3 = < T 5, T2 ‘ T1T2T1 — T2T1T2 > . (41)
Through this presentation, there is a standard representation

<T1’—>U1,7’2’—)U2> 11 1 0

®: Braids GLy(Z) , where Uy := and U; =

(4.2)
The homomorphism ® defines an action Braids 2 GLy(Z) ~ T? as a topological group. This

action defines a topological group:

T? % Braids .
The following result, which is essentially due to Milnor, is the starting point of this
paper.

Proposition 4.0.84 (see §10 of [16]). The image of ® is the subgroup SLo(Z); the kernel of

® is central, and is freely generated by the element (1y72)® € Braids. In other words, ® fits
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into a central extension among groups:

(i)

1— 7 =’ Braid; —» SLy(Z) — 1 . (4.3)
Furthermore, this central extension (4.3) is classified by the element
6 (rs)

[BSLQ(Z)—Z>BSL2(R) ~ BQZ} € H(SLy(Z);Z)

which 1s to say there is a canonical top horizontal homomorphism making a pullback among

groups:
Braid; - - — — - - SL, (R)
P universal cover
w |
SL2 (Z) standard SL2 (R)

Consider the subgroup GLj (R) C GLy(R) consisting of those 2 x 2 matrices with positive

determinant — it is the connected component of the identity matrix. Consider the submonoid
R®: Ef(Z) c GLJ(R)
Z

consisting of those 2 x 2 matrices with positive determinant whose entries are integers.

Consider the pullback among monoids:

~ -~ +
Ef(2) GLs (R) (1.4)
‘l/l/ luniversal cover
R® ,
Es(Z) GL; (R).

This morphism W supplies a canonical action EJ (Z) kN E; (Z) ~ T? as a topological group.
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This action defines a topological monoid
T2 % Ef (Z) .

Convention 3. By way of §B, in particular Corollary B.0.123, we regard all actions of Braids

and E} (Z) as left-actions.

Notation 4.0.85. Let ¥ = H € 72 and r € N. Denote the matrices

l+cd d? 1+ (r—1be —(r—1)bd
Az = and Dz, = )
—? 1—cd (r—1ac 1+ (r—1)ad

for some a, b, c,d € Z that solve

au+bv = gecd(u,v) >0 (4.5)
cu+dv = 0
ad —bc = 1.

Denote the semi-direct continuous group, and continuous monoid,

given through the actions on the continuous group T?:

b— AL, (d,b)'—}nydA%
-

Z —5 SLy(Z) ~ T? and N* x Z Eo(Z) ~ T2 .

Remark 4.0.86. Observation 4.0.100 ensures the existence of a solution to (4.5). Obser-

vation 4.0.100 also implies, for A% and D7, defined by another choice of solution to (4.5),
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then A, and D’fﬂ, are respectively canonically conjugate with Az and Dz, and therefore the

continuous groups and continuous monoids are respectively canonically identified:

T xZ ~ T* x Z and T x (N*xZ) ~ T* x (N*xZ).
Az AL Dz, Az DL AL

For ¢: 2 = €2, a framing of the torus, we introduce as Definition 4.0.104 the
continuous group of framed diffeomorphisms, and the continuous monoid of framed

local-diffeomorphisms of the torus:
Diff™ (T2, ) and Imm™ (T2, ) .
For ¢y the standard framing of T?, we simply write
Diff"(T?) := Diff"(T?, ) and Imm™(T?) = Imm™(T?, ¢,) .

Theorem X.

1. The map from the set of homotopy-classes of framings of T? to the set of framed-

diffeomorphism-types of tori,
o FI’(T2) — WQMT s
1s canonically identified as the map

72 x Z)az, LN Z> ( H , a) — ged(u, v) .

v

In particular, each framing ¢: T2 = er2 of the torus determines an element @ € Z2.

A framing ¢ is homotopic to a translation-invariant framing if and only if ¢ = 0.



91

2. Let ¢: T2 = er2 be a framing of the torus.

(a) There is a canonical identification of the continuous group of framed diffeomor-

phisms of (T?, )

=11

— T? % Braid , if g
i Q)
(T? x Z)XZ , if@

3

=1}

£

The set of framed-diffeomorphism-types of tori is in canonical bijection with Zs.

(b) There is a canonical identification of the continuous monoid of framed local-

diffeomorphisms of (T2, p):

(=1

T2 x Ef (Z) i

AY!

Imm™(T?, ) ~

b

(’JI‘? X (Nwz)>xz C if@#£0
D@,A@'

Taking path-components, Theorem X(2a) has the following immediate consequence.

Corollary 4.0.87. Let ¢ be a framing of the torus. There is a canonical identification of

the framed mapping class group of (T2, ¢) as a subgroup of the braid group on 3 strands:
MCG™(T?, ) C Braids .

If ¢ is homotopic with a translation-invariant framing, this subgroup is entire. If ¢ is not
homotopic with a translation-invariant framing, this subgroup is conjugate with a standard

subgroup,

MCGfr(T27 90) = <7—17 (7_17_2)6> = ZXZL )

conjugate

which 1s abstractly isomorphic with 7 X 7.
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Remark 4.0.88. Consider the moduli space M of framed tori. Theorem X(1) & (2a)
can be phrased as the assertion that Mff has Zso-many path-components, with the 0-
path-component the space of homotopy-coinvariants (CP>)? / Braids with respect to the
action Braids = GLy(Z) ~ B?*Z* ~ (CP>)*?, and each other path-component the space
((CIP’OO)Q/Z X BZ in which the coinvariants are with respect to the action Z O, GLy(Z) ~
B2Z? ~ (CP>)*2. A neat result of Milnor (see §10 of [16]) gives an isomorphism between

groups:

Braids = m(S® \ Trefoil) .

Using that S® \ Trefoil is a path-connected 1-type, this isomorphism reveals that, the O-path-

component (M), € M fits into a fiber sequence of spaces:
(CP>)? — (M)o — (S* \ Trefoil) .

A generalization of Smale’s conjecture, proved by Hatcher (see [25] and [8]) implies the

standard inclusion is an equivalence between continuous groups:
T x GL3(Z) — Diff(T?) .

In particular, there is an identification of the mapping class group, MCG(T?) = GL3(Z). We

expect our methods could be used to prove the following.

Conjecture 1. Let o be a translation-invariant framing of T3. There is a canonical

wdentification between continuous groups:

Diff(T?, py) =~ <T3 x Q(SLy(R) /SL3(Z))> X <Q2S3 x Q3S3>3 x QIS |

in which the semi-direct product is with respect to the action Q(SLg(R)/SLS(Z)) M
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SL3(Z) ~ T3. In particular, there is a central extension among groups:
1 — Z3 X Z/QZQ — MCGfr(TS,QD()) — SL3(Z) — 1.

In §6 of [4], Dehn identifies the oriented mapping class group of a punctured torus
with parametrized boundary as the braid group on 3 strands, as it is equipped with a
homomorphism to the oriented mapping class group of the torus. Through Corollary 4.0.87,
this results in an identification between these mapping class groups. The next result lifts

this identification to continuous groups; it is proved in a later section.

Corollary 4.0.89. Fiz a smooth framed embedding from the closed 2-disk D* — T? extending
the inclusion {0} < T? of the identity element. There are canonical identifications among

continuous groups over Diff(T?):
Diff™(T? rel 0) ~ Braids =~ Diff(T? rel D?) .

In particular, there are canonical isomorphisms among groups over MCG(T?):
MCG™(T?) = Braids = MCG(T? \ B? rel 9) ,

where B2 C D? is the open 2-ball.

Moduli and Isogeny of Framed Tori

Vector addition, as well as the standard vector norm, gives R? the structure of a
topological abelian group. Consider its closed subgroup Z? C R2. The torus is the quotient

in the short exact sequence of topological abelian groups:

0 ZQ inclusion R2 quot \ ,]TQ 0.




94

Because R? is connected, and because Z? acts cocompactly by translations on R?, the torus
T2 is connected and compact. The quotient map R? %% T2 endows the torus with the

structure of a Lie group, and in particular a smooth manifold. Consider the submonoid
Eo(Z) = {22 A 72 | det(A) # 0} C Enderoups(Z?)

consisting of the cofinite endomorphisms of the group Z2. Using that the smooth map
R2 &% T2 jg 4 covering space and T? is connected, there is a canonical continuous action

on the topological group:
Eo(Z) ~ T?, A-q := quot(Aq) (for any ¢ € quot™'(q)) .! (4.6)
This homomorphism (4.6) defines a semi-direct product topological monoid:
T? x E4(Z) .
Consider the topological monoid of smooth local-diffeomorphisms of the torus:
Imm(T?) c Map(T? T?),

which is endowed with the subspace topology of the C*-topology on the set of smooth
self-maps of the torus.

Observation 4.0.90.

1. The standard inclusion GLy(Z) < E3(Z) witnesses the maximal subgroup. It follows

that the standard inclusion T? x GLy(Z) — T? xEy(Z) witnesses the maximal subgroup,

! Note that (4.6) indeed does not depend on ¢ € quot~1(q).
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both as topological monoids and as continuous monoids.

2. The standard monomorphism Diff(T?) < Imm(T?) witnesses the maximal subgroup,

both as topological monoids and as continuous monoids.

Consider the morphism between topological monoids:
AFF: T2 % Eo(Z) —s Imm(T2),  (p, A) — (q — Ag —|—p) . (4.7)

We record the following classical result.

Lemma 4.0.91. The restriction of the morphism (4.7) to mazimal subgroups is a homotopy-

equivalence:
AfF: T2 % GLo(Z) = DIff(T2),  (p, A) s (q — Ag +p) .

Proof. Let G be a locally path-connected topological group, which we regard as a continuous
group. Denote by Gy C G the path-component containing the identity element in G. This

subspace G C G is a normal subgroup, and the sequence of continuous homomorphisms

inclusion quotient
> G
7

1—>G]1 /7T0(G)—>1

is a fiber-sequence among continuous groups. This fiber sequence is evidently functorial in

the argument GG. In particular, there is a commutative diagram among topological groups,

quot

1—— T2 = (T? x GLy(Z)), > T2 x GLy(Z) = 710 (T? x GLy(Z)) = GLy(Z) —= 1

‘ Affq L Affl 7o (AfF) L =

1 Diff(T2); ine Diff(T2) auot 7o (DIff (T2)) 1,
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in which the horizontal sequences are fiber sequences. By the 5-lemma applied to homotopy
groups, we are reduced to showing the vertical homomorphisms Aff; and mo(Aff) are
homotopy equivalences.

Theorem 2.D 4 of [21], along with Theorem B of [10], implies mo(Aff) is an isomorphism.
So it remains to show Aff; is a homotopy equivalence. With respect to the canonical
continuous action Diff(T?); ~ T2, the orbit of the identity element 0 € T? is the evaluation
map

SN DIfF(T2>1 — T2 .

Note that the composition,
id: T2 2" Diff(T2), =% T2,

is the identity map. So it remains to show that the homotopy-fiber of ev, is weakly-
contractible. The isotopy-extension theorem implies evy is a Serre fibration. So it is sufficient
to show the fiber of evy, which is the stabilizer Staby (Diff(T?);), is weakly-contractible.
Finally, Theorem 1b of [5] states that this stabilizer is contractible.

]

Remark 4.0.92. By the classification of compact surfaces, the moduli space M; of smooth

tori is path-connected, and as so is

M,; ~ BDiff(T?) ~ B(T*x GLy(Z)) .

Lem 4.0.91

In particular, this path-connected moduli space fits into a fiber sequence

(CP>*)? — M, — BGLy(Z) ,
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which is classified by the standard action GLy(Z) ~ B?Z? ~ (CP*>)2.

Consider the set of cofinite subgroups of Z*:

L(2) = {A C ZQ}.

cofin

Observation 4.0.93.

1. The orbit-stabilizer theorem immediately implies the composite map T? x Ey(Z) &

Image

Ex(Z) L£(2) witnesses the quotient:

(T? x Ey(Z)) = E5(2) J6La(2) =5 L(2) .

JT2xGLy(Z)

2. Using that each finite-sheeted cover over T? is diffeomorphic with T2, the classifi-
cation of covering spaces implies the map given by taking the image of homology

Imm(T?) Image(tn), L£(2) witnesses the quotient:

|mm(T2)/Diff(T2) i 5(2) .

3. The diagram

T2 x Eo(Z) — 2 Imm(T2)

prl / jImage(Hﬂ
Image

E2(Z) £(2)

commutes.

Corollary 4.0.94. The morphism (4.7) between topological monoids is a homotopy-

equivalence:

Aff: T2 x Ey(Z) — Imm(T?) .
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Proof. Consider the morphism between fiber sequences in the oo-category Spaces:

T2 % Ey(Z) —" (T2 % Ex(Z)) o i g1 (o) —— B(T? % GLs(2))
Aff lAfFAff j B Aff
Imm(T2) — 2 \mm(T2), pisrcr2) B Diff(T2).

Lemma 4.0.91 implies the right vertical map is an equivalence. Observation 4.0.93 implies the
middle vertical map is an equivalence. It follows that the left vertical map is an equivalence,

as desired.

Framings

A framing of the torus is a trivialization of its tangent bundle: ¢: 72 = €2,. Consider

the topological space of framings of the torus:
Fr(T?) := Isogal_, (712, €r2) C Map(TT?* T? x R?) ,

which is endowed with the subspace topology of the C*-topology on the set of smooth maps
between total spaces. The quotient map R? % T2 endows the smooth manifold T? with a

standard framing p,: for

s t =p+
trans: T? x T? (p.g)rtransy (4)=ptq T2

the abelian multiplication rule of the Lie group T?,

(po) s 2o — T2, T? x R* > (p,v) — (p, Do(trans, o quot)(v)) € TT? .
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The next sequence of observations culminates as an identification of this space of

framings.
Observation 4.0.95.

1. Postcomposition gives the topological space Fr(T?) the structure of a torsor for the
topological group lsoggi,_, (6%2, 6%2). In particular, the orbit map of a framing ¢ € Fr(T?)

is a homeomorphism:

ISOBdI.ﬂ.g (6%2, 62]1-2) i) FI’(T2) s o+ o (V2N (48)

2. Consider the topological space Map(TZ, GLQ(R)) of smooth maps from the torus to the

standard smooth structure on GLy(R), which is endowed with the C*-topology. The

map
2 = 2 2 2 2 <p’”>H(p’“P(”)) 2 2
Map(T?, GLy(R)) —> Isoga, (€, 22) ,  a (T xR s T2 x R) ,
(4.9)
is a homeomorphism.
3. The map to the product with based maps,
Map (T2, GLy(R)) — Map<(0 eT?),(1¢e GLQ(R))> % GLy(R), (4.10)

a— (a(0)"a, a(0)),
is a homeomorphism.

4. Because both of the spaces T? and GLy(R) are 1-types with the former path-connected,
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the map,
e Map<(o eT?), (1 e GL2(R))> =, Homo(m (0€T?),m(1e GLQ(R))> ,

is a homotopy-equivalence.

5. Evaluation on the standard basis for m(0 € T2) = m(0 € T)2 = Z? defines a

homeomorphism:
Homo(m (0eT?),m(1¢e GLQ(R))) = m(1 € GLy(R)?) = 72, (4.11)

Observation 4.0.95, together with the Gram-Schmidt homotopy-equivalence GS: O(2) =

GLy(R), yields the following.

Corollary 4.0.96. A choice of framing ¢ € Fr(T?) determines a composite homotopy-

equivalence:

(4.9)0(4.8)

Fr(T?) Map(T?, GL»(R))

~

(4.10)

R Map((o €T?),(1¢ GI—2<R))) x GL2(R)

_mxid Homo<7r1 (O € TQ),M(IL € GL2(R))) x GLy(R)

~

(4.11) xid 72 5 GLy(R)

~

XS 725 0(2) .

~

Moduli of Framed Tori

Consider the map:

Act: Fr(T?) x Imm(T?) — Fr(T?) ,
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(907f) = (7—’]1‘2 D_j) f*'r’]l‘2 % f*E%Q = 6%2 ) .

Lemma 4.0.97. The map Act is a continuous right-action of the topological monoid Imm(T?)
on the topological space Fr(T?). In particular, there is a continuous action of the topological

group Diff(T?) on the topological space Fr(T?).

Proof. Consider the topological subspace of the topological space of smooth maps between

total spaces of tangent bundles, which is endowed with the C*-topology,
BdI™*™ (72, 7p2) € Map(TT? TT?) |,

consisting of the smooth maps between tangent bundles that are fiberwise isomorphisms.

Notice the factorization

Act: Fr(T?) x Imm(T2) 22 Fr(T2) x BdI™ (72, 7p2) < Fr(T2)
as first taking the derivative, followed by composition of bundle morphisms. The definition
of the C*°-topology is so that the first map in this factorization is continuous. The second
map in this factorization is continuous because composition is continuous with respect to
C*>-topologies. We conclude that Act is continuous.
We now show that Act is an action. Clearly, for each ¢ € Fr(T?), there is an equality
Act(p,id) = . Next, let g, f € Imm(T?), and let ¢ € Fr(T?). The chain rule, together with

universal properties for pullbacks, gives that the diagram among smooth vector bundles
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D(gof)

/\

TT2 TQ*TW DS [ g2 ——— (g0 f) '
lf*g*v L(QOf)*eo

Gy~ gy <~—— [*gr ety ~——— (g0 [)*eRs

‘\—//

commutes. Inspecting the definition of Act, the commutativity of this diagram implies the
equality Act(Act(gp,g), f) = Act(p, g o f), as desired.
O

Definition 4.0.98. The moduli space of framed tori is the space of homotopy-

coinvariants with respect to this conjugation action Act:
MT = Fr(Tz)/Diff('EQ) .

Observation 4.0.99. Through Corollary 4.0.96 applied to the standard framing ¢y €
Fr(T?), the action Act is compatible with familiar actions. Specifically, Act fits into a

commutative diagram among topological spaces:

Fr(T2) x Imm(T?) Ad Fr(T?)
Cor 4.0.96><AfFT: = | Cor 4.0.96
Map (T2, GLy(R)) x (T2 x E(Z))*Map (T2, GLy(R)) x B (Z)" " Map (T2, 6L, (R))
Cor 4.0‘96><idl2 ZlCor 4.0.96 xid Nlcor 4.0.96

7 A;B)— (BT,

(Z2 x GLy(R)) x (T2 % E(Z)) % (22 x GLy(R)) x Ex(Z 222 2HE  GLy(R).

We record the following basic application of group theory.
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u

Observation 4.0.100. Let & = € 72. Consider the subset

(2

Tz :={P € GLy(Z) | PZ = gcd(u,v) - €1} C GLy(Z) .
1. In the case that u > 0 and v = 0, the set T} is identical with the stabilizer subgroup:
Tf = StabGL2 (Z) (gcd(u, U) . 51) =

GLs(Z) Cifu=0

[11 <r ﬂ{11>~omxz Cifus0

the latter case which is isomorphic with a semi-direct product of O(1) and Z with

o

respect to the standard action O(1) — Aut(Z).

2. The set Ty is not empty. Left multiplication defines a free transitive action of this

stabilizer subgroup:
GLy(Z) ATy  forZ=0, and O)XZA~Ty for#0.
3. An element P € Tz determines an isomorphism between groups:
Stabg,,(Z)(Z) = P~ 'Stabgy,(Z)(gcd(u, v) - €1) P

GLy(Z) Lif =0

e

1 0
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b

4. An element P = [a € Tz N SLy(Z) determines an isomorphism

c d

SLy(Z) , if
Stab3L2(Z) (f) = <

81
I
(=]

1+cd d?

N
=l

—c2? 1—cd

]> = (P\UL,PY2TZ T

The next result is phrased in terms of spaces fitting into the diagram in which each

square is a pullback:

(CP>)? , x BZ (CP*)? ) graias (CP*)?, L@ (4.12)
BZ x BZ — ™ ppraid,
prt l@
BZ e BSL
2(Z) BGLy(Z).

Proposition 4.0.101. The standard framing o € Fr(T?) determines an identification

between spaces:

Mgr — ((CPOO)Q/ Braid3> H ((CPOO)Q/Z X BZ>HN )

through which @ selects the distinguished path-component. Furthermore, the resulting map

7o Fr(T2) — meM 5 {0} IIN = Z>o factors as a composition:

7o Fr(T?) Z>g

ZQ
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in which the second map takes the greatest common divisor, and the first map is

(] = |T VT = sk (T?)

—1
0 P sky (12)

GLQ(R)} e m(1 € GLy(R))> = 72 .

Proof. The result follows upon explaining the following sequences of identifications in the

oo-category Spaces:

f
MY ~
Obs 4.0.99

~

iterate quotient

~
trivial T2 action

~

groupoids are effective

~

explicit quotient

~

distribute x over II

~

base—change

~

Lem A.0.117

~

explicit identifications

(ZQ x GLy(R >/’]1‘2><GL2(Z)

((22 x GLy(R /T2>/GL2(Z) (4.13)
(22 x BT? x GLo(R )>/GL2(Z) (4.14)
2’1o o ((CP*)* x GL2(R)) g1, ) (4.15)
(B GLo(Z) 11 B(O(1) x Z)HN> s ((CP)? x GLy(R)), ¢,(4,16)
(B GLy(Z Bcé ) ((CP>)* x GL2(R))/GL2(Z)) (4.17)

H (B(O(l) X Z) X ((CPOO)Q X GLQ(R))/GLQ(Z))

B GL2(Z)

x GLo(R >)/GL2(Z)) I1 ((@pw)z x GLQ(R))/OWZ)(TB)

( (CP=)?
TN
oo 00\ 2
( CP /Q GL2(R )/GL2<Z))> H (<C]P) ) /Q(GLQ(R)/o(l)Kz)> (4'19>
((CP)? e, ) TT ((CP®)? 2 x BZ)HN . (4.20)

The first identification follows from Observation 4.0.99. The bottom horizontal map in

Observation 4.0.99 reveals that the action T? x GLy(Z) ~ Z* x GLy(R) can be identified as

the diagonal action of the action

T? x GLy(Z) -2 GLy(Z) 2% A GLy(R)

left mult
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together with the action

T2 x GLy(Z) -2 GLy(Z) 20y~ 72

standard

The equivalence (4.13) identifies the T? x GLy(Z)-quotient as the T?-quotient followed by
the GLy(Z)-quotient. The equivalence (4.14) is a consequence of the T2-action being trivial
on both factors. The equivalence (4.15) is an instance of the general base-change identity

(XxY)/e~ (X /G)BXG (Y)c). The equivalence (4.16) is the orbit-stabilizer theorem, as we now

s

explain. By Observation 4.0.100, two elements H, € Z? are in the same GLy(Z)-orbit if

t
and only if their greatest common divisors ged(u, v) = ged(s,t) € Zs( agree. In particular,

there is a bijection between the set of orbits and the subset

Ty {M} c 7.

Furthermore, the stabilizer of g € Z> is

GLy(Z) ,ifg=0
Stab o=
a GLg(Z)(H) {1 b] ~O()xZ ,ifg#0
0 d

Therefore, the quotient

ZQ/GLQ(Z) ~ H BStabGLQ(Z) ([j) >~ BGLQ(Z)HB(O(l) X Z)HN .

9€L>q

The equivalence (4.17) is the distribution of x over []. The equivalence (4.18) is an instance
of the general base-change identity X,z ~ BH X X 5. The equivalence (4.19) is an instance
BG

of Lemma A.0.117. The equivalence (4.20) is a direct application of Proposition 4.0.84 for



107

the 0-cofactor, and for each other cofactor it is an application of Proposition 4.0.84 then a
consequence of the diagram (4.12) of pullbacks among spaces.

[]

For ¢ € Fr(T?) a framing of the torus, consider the orbit map of ¢ for this continuous

action of Lemma 4.0.97:

( constant, , id Act

Orbit,,: Imm(T?) L Fr(T2) x Imm(T?) 2% Fr(T2), [ Act(e, f) .

Observation 4.0.102. After Observation 4.0.99, for each framing ¢ € Fr(T?), the orbit

map for ¢ fits into a solid diagram among topological spaces:

Orbit,

Diff (T?) Imm(T?) Fr(T?)
> \Hl\ [ h \H\l e NLCor 4.0.96
A EN T = id xR®
At GL,(2) Eo(Z) 2202 « By (Z) — 72 x GLy(R)

pr
T? % GLQ(Z) T? x EQ(Z) s

where ¢ € Z? is as in Theorem X(1). The existence of the fillers follows from

Observation 4.0.93.

Remark 4.0.103. The point-set fiber of Orbit, over ¢, which is the point-set stabilizer of
the action Fr(T?) «\~ Imm(T?) of Lemma 4.0.97, consists of those local-diffeomorphisims f

for which the diagram among vector bundles,
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commutes. For a generic framing ¢, a local-diffeomorphism f satisfies this rigid condition if
and only if f = idy2 is the identity diffeomorphism. In the special case of the standard framing
©o, a local-diffeomorphism f satisfies this rigid condition if and only if f = trans;( o quot
is translation in the group T? after a group-theoretic quotient T? auotient, 2 particular,

the point-set fiber of (Orbit%) over g is T?, and the homomorphism T? < Diff(T?)

| Diff(T2)
witnesses the inclusion of those diffeomorphisms that strictly fix .
On the other hand, the homotopy-fiber of Orbit,, over ¢, is more flexible: it consists of

pairs (f,7) in which f is a local-diffeomorphism and + is a homotopy

Po Act(po, f) -

As we will see, every orientation-preserving local-diffeomorphism f admits a lift to this
homotopy-fiber. In particular, small perturbations of such f, such as multiplication by

bump functions in neighborhoods of T2, can be lifted to this homotopy-fiber.

Definition 4.0.104. Let ¢ € Fr(T?) be a framing of the torus. The space of framed local-
diffeomorphisms, and the space of framed diffeomorphisms, of the framed smooth

manifold (T?, ) are respectively the pullbacks in the co-category Spaces:

Imm™ (T2, ) Imm(T?) Diff™ (T2, ) Diff (T?)
lOrbitw lOrbit(p
s ) Fr(T?) and s ) Fr(T?) .

In the case that the framing ¢ = g is the standard framing, we simply denote

Imm"(T%) = Imm"(T% ¢o) ~ and  Diff"(T?) := Diff"(T* go) .

The following result follows directly from Lemma A.0.116 of Appendix A.
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Corollary 4.0.105. Let ¢ € Fr(T?) be a framing. The space Difff'(']IQ,(p) is canonically
endowed with the structure of a continuous group over Diff (T?). With respect to this structure,

there is a canonical identification between continuous groups:
Diff" (T2, ) =~ QM .

Observation 4.0.106. Let ¢ € Fr(T?) be a framing. The kernel of ® acts by rotating
the framing, which is to say there is a canonically commutative diagram among continuous
groups:

Q(AmA)

Z = Q1 GLy(R) Q, Fr(T?)

(imaye) | |

Ker(®) Braid; — 2™ Diff"(T2, ).

Indeed, there is a canonically commutative diagram among spaces, in which each row is an

Q-Puppe sequence:

R®
Ker(®) Braids 2 GLy(Z) =~ GLy(R)
l LAfF” LAfF LRotate the framing ¢
Orbit,

Q, Fr(T?) —— Diff"(T?, ¢) ——— Diff(T?) Fr(T?).

Proof of Theorem X and Corollary 4.0.89

Theorem X consists of three statements. Theorem X(1) is implied by Proposi-
tion 4.0.101. Theorem X(2a) is implied by Corollary 4.0.105. Theorem X(2b) (as well
as Theorem X(2a)) is implied by Lemma 4.0.107 below.

Recall Notation 4.0.85, especially as it appears in Theorem X(1).

Lemma 4.0.107. Let p € Fr(T?) be a framing of the torus. Consider the element ¢ € Z?
as in Theorem X(1).
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1. If g = 6, then there are canonical equivalences in the diagrams among continuous

monoids:
= o~ fr . o~ - cefr
T? % E;(Z) - ;ﬂ:_fr> Imm (T27 QO) T? x Bra|d3 - ;ff_ﬁ > Diff <T27 QO) (421)
id x\I’l lforget id x® lforget
T? % Ey(Z) —=—Imm(T2)  and T2 x GLy(Z) —=— Diff(T?),

2. If g # 6, then there are canonical equivalences in the diagrams among continuous

monoids:
2 X _=, fr (/2 2 _ = Difffr 2
(’]r o2, O D(Z)) X 7=~ Imm" (T2, o) T2 5 2 S DI (T2, )
lid «((dbk)—Dg AL ) \forget lid s ((b,k)—AY,) \forget
T2 % Ey(Z) ——S——Imm(T?)  and  T* x GLy(Z) —— Diff(T?).
(4.92)

Proof. Using Observation 4.0.90, the canonical equivalences in the commutative diagrams
on the right follow from those on the left.

Consider the diagram in the co-category Spaces.

1. For @ = 0:
T2 x Ef (Z) —=——E} () : %
id >4‘I/L \pl l((@moo(@o)@l»
. T id XR®
T2 % Eo(Z) — = Eo(7) 222 70 B (7)) .72 x GLy(R)

Affl’: ETCor 4.0.96

Orbit, Fr(T2).
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2. For g # 0:
D@‘,A(ﬁ
Jie (wnirpzat) (0802 Daats | (@ o000
pr A—(AT3,A) id XR%
AfFlN Moo 100
Imm(TQ) Orbit, Fr(T2>

Observation 4.0.102 implies that each bottom rectangle canonically commutes. Lemma 4.0.91
and Corollary 4.0.96 together imply each of these bottom rectangles witnesses a pullback.
Each of the top left squares is clearly a pullback. Corollary B.0.126 states that each of the
top middle squares is a pullback. We conclude that each of the outer squares witnesses a
pullback. The result follows by Definition 4.0.104 of Imm™ (T2, ¢).

O

By applying the product-preserving functor Spaces =% Sets, Lemma 4.0.107 implies the

following.
Corollary 4.0.108. There is a canonical isomorphism in the diagram of groups:
Braids; — — — - — = MCG/"(T?)

0] lforget

= MCG(T?).

Remark 4.0.109. Proposition 4.0.84 and Corollary 4.0.108 grant a central extension among
groups:

1 — Z — MCG"(T?) — MCG*'(T?) — 1.
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Proof of Corollary 4.0.89. By construction, the diagram among spaces,

T? x Ey(Z) Imm(T?)

Cor 4.0.94

canonically commutes, in which the left vertical map is projection, and the right vertical
map evaluates at the origin 0 € T2. Therefore, upon taking fibers over 0 € T2, the
(left) commutative diagram (4.21) among continuous monoids determines the commutative

diagram among commutative monoids:

ES(Z) = Imm™ (T2 rel 0)
Ex(Z) o 3‘0.94 Imm(T? rel 0)
M /
GLy(R) :

in which the map R® is the standard inclusion, and Dy takes the derivative at the origin
zZ
0 € T2. To finish, Corollary B.0.126 supplies the left pullback square in the following diagram

among continuous groups, while the right pullback square is definitional:

Braids * Diff(T? . B? rel 9)

- |

GLy(Z) GLy(R) el Diff(T? rel 0).

The result follows.
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Comparison with Sheering

We use Theorem X(2) to show that the Diff"(T?) is generated by sheering. We quickly

tour through some notions and results, which are routine after the above material.

Notation 4.0.110. It will be convenient to define the projection T? i T to be projection

off of the i*" coordinate. So for T? 3 p = (x,,y,), we have pr,(p) = y, and pry(p) = z,.

Let i € {1,2}. Consider the topological subgroup and topological submonoid,
Diff(T? &% T) < Diff(T?) and Imm(T? &5 T) < Imm(T?) ,

consisting of those (local-)diffeomorphisms T? I, T2 that lie over some (local-)diffeomorphism

T % T.
T T2 (4.23)
Pril lpri
T— 7 T .

The topological space of framings of T2 2% T is the subspace
Fr(T> 25 T) ¢ Fr(T?)

.. . © . . %)
consisting of those framings 72 — €7, that lie over a framing 70 = ef:

hS)

T ————> € (4.24)

D pri] jpfi X pry

1

T —= > €.

1R

6l

IR

Because pr; is surjective, for a given ¢, there is a unique @ as in (4.24) if any. Better, ¢ — @
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defines a continuous map:
Fr(T? =% T) — Fr(T) , 0P . (4.25)

Notice that the continuous right-action Act of Lemma 4.0.97 evidently restricts as a
continuous right-action:

Fr(T? 25 T) ~ Imm(T? 25 T) .

Furthermore, the map (4.25) is evidently equivariant with respect to the morphism between

topological monoids Imm(T2 2% T) Torget, Imm(T):

( Fr(T? ®% 1) A~ |mm(’]r2ﬁ>’]r)> forget ( Fr(T) ~ Imm(T)> N

Now let ¢ € Fr(T2 &% T) be a framing of the projection. The orbit of ¢ by this action

is the map
Orbit,: Imm(T? X5 T) — Fr(T2 25 T) ,  f s Act(e, f) -

The space of framed local-diffeomorphisms, and the space of framed diffeomor-

phisms, of (T? M, T, ¢) are respectively the homtopy-pullbacks among spaces:

Imm™ (T2 2% T, ) — Imm(T2 2% T) Diff (T2 2% T, ) — Diff (T2 =5 T)
lOrbinp lOrbitw
P R T) and P R(T? P

r

As in Observation 4.0.95, the topological space Fr(T? Py T) is a torsor for the
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topological group Map(TQ, GL{Z-}CQ(]R)) of smooth maps from T? to the subgroup
GLyyca(R) = {A | Ae; € span{e,-}} C GLy(R)

consisting of those 2 x 2 matrices that carry the i*"-coordinate line to itself. For each i = 1, 2,

denote the intersections in GLy(R):

SLy(2) GLy(2) SLiipealZ) —— 6Ly (2)
—NGL ;1 co(R)
ES (2) EL(2) g Efycs(2) Eiyea(2)

Lemma 4.0.111. For each i = 1,2, the homotopy-equivalences between continuous monoids

of Lemma 4.0.91 and Corollary 4.0.94 restrict as homotopy-equivalences between continuous

monoids:
5 AFE,  oe o PR ) AfF; o PY;
T= GL{z}C2<Z) -z Dlﬂ:(T — T) T= E{Z}C2(Z) -z |mm(T — T)
inclusion j j inclusion inclusion L L inclusion
T2 x GL(Z) —2% - Diff(T?) and T2 % Ey(Z) —22— Imm(T?).

Proof. Via the involution 35 ~ T? that swaps coordinates, the case in which i = 1 implies
the case in which ¢ = 2. So we only consider the case in which 7 = 1.

The left homotopy-equivalence is obtained from the right homotopy-equivalence by
restricting to maximal continuous subgroups. So we are reduced to establishing the right
homotopy-equivalence. Direct inspection reveals the indicated factorization Aff; of the
restriction of Aff to T? x Eg3c2(Z) C T? x Ey(Z). So we are left to show that Aff; is a
homotopy-equivalence.

Now, projection onto the (1, 1)-entry defines a morphism between monoids, with kernel
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(.

€ E{l}CQ(Z)}, which fits into a split short exact sequence of monoids:

(Z {0} ——1.

—

1 K Eqyc2(Z) =

(1,1)—entry

Now, because pr, is surjective, for a given f € Diff(T? Py T), there is a unique fe
Diff(T) as in (4.23). Better, Diff(T? Py T) > f + f € Diff(T) defines a forgetful morphism
between topological monoids, whose kernel can be identified as the topological monoid of
smooth maps from T to Imm(T) with value-wise monoid-structure. This is to say there is a

bottom short exact sequence of topological monoids, which splits as indicated:

a O
(wofo e
0 1

= -~

(id,(0)) xinclusion

T 5t (Z~ {0} —— 1

L T >q K TQ x E{l}C2(Z)pr1 x(1,1)—entry .
; Affll idz X fif
V r - — - - = \V
1 — Map(T, Imm(T)) Imm(T? 22 T) I Imm(T) 1.
—
(4.26)

Direct inspection of the definition of Aff reveals the downward factorizations making the
commutative diagram (4.26) among topological monoids. By the isotopy-extension theorem,
the bottom short exact sequence among topological monoids forgets as a short exact sequence
among continuous monoids. Using Lemma A.0.119, the proof is complete upon showing that
the left and right downward maps are equivalences between spaces. It is routine to verify

ev ,Hl(—)
that the map Imm(T) u

T x (Z~{0})* is a homotopy-inverse to the right downward
map in (4.26).

Now observe that the left downward morphism in (4.26) fits into a diagram between
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short exact sequences of continuous monoids:

()

z, «—i(z,d)

b»—>(0>><|:1 b] 0 d -
0 1 -~

- S ; X
1 Z TxK id ><1(2,2)—entryT s (Z \ {0})
l constant ¢« f
Y PN

evo

1—Map((0 € T),(id € Imm(T)))for—gthap(T, Imm(T)) ——— Imm(T) ——1.

The right downward map here is a homotopy-equivalence, in the same way the right
downward map in (4.26) is a homotopy-equivalence.  Through this right downward
identification of Imm(T), the left downward map is a homotopy-equivalence, with inverse
given by taking 7;. Using Lemma A.0.119, we conclude that the middle downward map is a

homotopy-equivalence, as desired.

O

The Gram-Schmidt algorithm witnesses a deformation-retraction onto the inclusion

from the intersection in GLy(R):
0(1)? = 0(1) x O(1) = 0(2) N GL(c2(R) = Glc2(R) .

Observation 4.0.112. For each i = 1,2, the sequence of homotopy-equivalences among
topological spaces of Corollary 4.0.96, determined by a framing ¢ € Fr(T? Py T), restricts

as a sequence of homotopy-equivalences among topological spaces:

Fr(T> 5 T) < Map(T? GLgyca(R))
i> p( 0 € Tz ]l € GL{Z}C2( ))) X GL{i}CQ(R>
& ( (0T, ((+1 € 0(1))2) x O(1)?

12
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Observation 4.0.113. For each i = 1,2, and each framing ¢ € Fr(T? SN T), the diagram

among topological spaces commutes:

T2 % Egiyca(Z) —— Imm(T? 2% T)

( sign of (1,1)-entry , sign of (2,2)-entry )oproj lOrbitgo

0(1)2 Obs 4.0.112 Fr (Tg _> T)

U;

For each i = 1,2, the action Z {0, Eqiyc2(Z) ~ T? as a topological group defines the
topological submonoid

T2 X7 C T2 bl E{z}C2<Z) .
U;
After Lemma 4.0.111 and Observation 4.0.112, Observation 4.0.113 implies the following.

Corollary 4.0.114. For each i = 1,2, and each framing ¢ € Fr(T? — ik — T), there are

canonical identifications among continuous monoids over the identification Aff;:

fr fr
T? x ZL Diff (T2 25 T, ) T? % Egiyca(Z) —> AT imm' (T2 P T, )
Ui
id <T1>l forget id (inclusion)t forget
T? % Braids —————= Diff" (T2, ¢) and T? % 5 (Z) —— oz Imm" (T2, ).

We now explain how the presentation (4.1) of Braids gives a presentation of the con-
tinuous group Difffr(TQ). Observe the canonically commutative diagram among continuous
groups:

T2 — Diff" (T2 &4 T)

|

Difffr(T2 22 ) Diff™ (T?),

which results in a morphism from the pushout, Diff"(T? 25 T)[]Diff"(T?> 22 T) —
T2

Diff"(T?). Recall the element R € GLy(Z) from (B.1). The two homomorphisms
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(T17271)
Z ( : ! ZIIZ determine two morphisms among continuous groups under T:
T2T17T2

id >4<7‘1T2T1> ~
T2 X7 ﬁ T2 (U2 Diff (T2 22 T)% Difff (T2 22, T) —— Diff(T2) .
| T2T1T2 1,U2

(4.27)
Corollary 4.0.115. The diagram (4.27) among continuous groups under T? witnesses a
coequalizer. In particular, for each oo-category X, there is diagram among oo-categories in
which the outer square is a pullback:
Mod ;i X) — Mod X x  Mod X
Diff* (TQ)( ) TQIEZ( ) Mody2 (X) TQ(?QZ< A.0.12
(ida(rirer)) " x (id x(rami ) t

MOdT2<:X:)<R>AT%130MOCIT2;Z(x)d@;lMOdTQEZ(x) Modj;(x) MOdTQEZ(:X:) =

In particular, for X € X an object, an action Difff'(']IQ) ~ X is
1. an action T?> ~n X

2. an identification oo R ~ « of this action o with the action T? 512 A X ,
TR «

3. fori=1,2, extensions of this identification g to identifications co U; ~ « .
Yo
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APPENDIX A

SOME FACTS ABOUT CONTINUOUS MONOIDS
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We record some simple formal results concerning continuous monoids.

Lemma A.0.116. Let G ~ X be an action of a continuous group on a space. Let ﬂ) X

be a point in this space. Consider the stabilizer of x, which is the fiber of the orbit map of
x:

Stabg(z) s (A1)
l//OT\J”

GoGxs—2 Gy x—t X

There is a canonical identification in Spaces between this stabilizer and the based-loops at

[JI]Z N ﬂ X quotient

X,a of the G-coinvariants,
Stabg(x) ~ Q[m](X/G),

through which the resulting composite morphism Q) (X q) ~ Stabg(x) — G canonically lifts
to one between continuous groups.

Proof. By definition of a G-action, the orbit map G Oty X s canonically G-equivariant.
Taking G-coinvariants supplies an extension of the commutative diagram (A.1) in Spaces:

quotient

Stabg(x) G Gra = x*
\ lOrbitz l(Orbitx)/G
! (x) X quotient X/G '

Through the identification G, ~ *, the right vertical map is identified as * @) X/a.
Using that groupoids in Spaces are effective, the right square is a pullback. Because the
lefthand square is defined as a pullback, it follows that the outer square is a pullback.
The identification Stabg(x) ~ Qp(X,¢) follows. In particular, the space Stabg(x) has the
canonical structure of a continuous group.

Now, this continuous group Stabg(z) is evidently functorial in the argument G ~ X >
x. In particular, the unique G-equivariant morphism X 25 % determines a morphism between

continuous groups:
Stab, (X) — Stab,(x¥) ~ G .

m
Lemma A.0.117. Let H — G be a morphism between continuous groups. Let H ~ X be
an action on a space. There is a canonical map between spaces over G g,

Xsa@ ) — (X xG)m ,

from the coinvariants with respect to the action Q(Gg) DS, A X Furthermore, if

the induced map mo(H) — mo(G) between sets of path-components is surjective, then this
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map s an equivalence.

Proof. The construction of the (-Puppe sequence is so that the morphism Q(G,y) — H
witnesses the stabilizer of * % G with respect to the action H - G~ G

left trans

H

QUG /m)

l unit

* —— (.
In particular, there is a canonical Q(G,)-equivariant map

id Xunit

X ~ X x*x — X x(G.

Taking coinvariants lends a canonically commutative diagram among spaces:

XoG ) — (X X G)yy —=X)u (A.2)
BO(Gu) G BH.

This proves the first assertion.
We now prove the second assertion. Because groupoid-objects are effective in the oo-
category Spaces, the H-coinvariants functor,

Fun(BH, Spaces) — Spaces gy , (H~X)— (X)g —BH) ,

is an equivalence between oo-categories. In particular, it preserves products. It follows that
the right square in (A.2) witnesses a pullback. By definition of coinvariants of the restricted
action Q(G,y) — H ~ X, the outer square is a pullback. The connectivity assumption
on the morphism H — G implies the left bottom horizontal map is an equivalence. We

conclude that the left top horizontal map is also an equivalence, as desired.
O

NAM . : . . : :
Let BN & Monoids be an action of a continuous monoid on a continuous monm%.
This action can be codified as unstraightening of the composite functor ‘BN — Monoids —
CatzO 1y 1s a pointed coCartesian fibration (BM) ey — BN . The semi-direct product

(of N by M) is the continuous monoid

M X N = End(‘BM)/LIaxN(*) ’

which is endomorphisms of the point.! Note the canonical morphism between monoids

!The underlying space of this continuous monoid is canonically identified as M x N; the 2-ary monoidal
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M x N — N whose kernel is M.
Dually, let ‘BN°P M Monoids a right be a action. Consider the unstraightening

of the composite functor BN — Monoids 2, Catzo ) Is a pointed Cartesian fibration
(BM) jriexyor — BN . The semi-direct product (of N by M) is the continuous monoid

N x M := End(%M)/r.laxNop(*) ?

which is endomorphisms of the point. Note the canonical morphism between monoids M x
N — N whose kernel is M.

Observation A.0.118. Let N ~ M be an action of a continuous monoid on a continuous
monoid. There is a canonical identification between continuous monoids under M°P and over
N°P:

(M x N)® ~ (N°®x M) .

The next result is a characterization of semi-direct products.

Lemma A.0.119. Let A < N be a retraction between continuous monoids (so roi ~idy).

e [f the canonical map between spaces
Ker(r) x N ZCUOmX, 4o 4 24 4 (A.3)

is an equivalence,® then there is a canonical action N ~ Ker(r) 3 for which there is a
A

canonical equivalence between monoids:

Ker(r) x N ~ A .
A

o [f the canonical map between spaces

N x Ker(r) S0, 4 5 A 245 4

structure ppsxn is canonically identified as the composite map between spaces:

id]u XSW&pXidN
_

UpmsN: (M XN)x (MxN)=Mx (NxM)xM M x (M xN)xN

idys X (projM ,action) Xid N

Mx (MxN)xN= (MxM)x(NxN)2ZEN pr« N

2Note that this condition is always satisfied if N is a continuous group.
3 The action map associated to A can be written as the composition

N x Ker(r) Znelusion, 4 4 245 4 ?Ai?)) Ker(r) x N 2% Ker(r) .
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is an equivalence,® then there is a canonical action Ker(r) «~ N for which there is a
p

canonical equivalence between monoids:

12

Ker(r) x N A

p

Proof. By way of Observation A.0.118, the two assertions imply one another by taking
Cartesian/coCartesian duals of coCartesian/Cartesian fibrations. So we are reduced to
proving the first assertion.

Bi
Consider the retraction BA = BN among pointed oco-categories. Note that Bi is
Br

essentially surjective. Note that Ker(r) is the fiber of Br over x — BN.

Let ¢ ﬂ) BN be a morphism. Consider the commutative diagram among oo-
categories:

Co BA
7
sl (z(n)/ -7 l%r
)
C1 SBN.

The assumption on the retraction implies the diagonal filler is initial among all such fillers.
This is to say that the morphism i(n) in B A is coCartesian over Br. Because B is essentially
surjective, this shows that 27 is a coCartesian fibration. The result now follows from the
definition of the semi-direct product Ker(r) X N.

O

Proposition A.0.120. Let X be an oo-category. Let BN M, Monoids be an action of
a continuous monoid N on a continuous monoid M. Consider the pre-composition-action:

BN AT Monoids™ —=N 5 Cat oy

There is a canonical identification over Modyee(X) from the oo-category of (M x N)°P-
modules in X to that of M°P-modules in X with the structure of being left-laxly invariant
with respect to this precomposition N°P-action:

Mod nrsanyer (X) = Mod e ()N
In particular, there is a canonical fully faithful functor from the (strict) N-invariants,
Mod e (X)N = Mod(arsnyer (X)

which 1s an equivalence if the continuous monoid N s a continuous group.

4Note that this condition is always satisfied if N is a continuous group.
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Proof. The second assertion follows immediately from the first. The first assertion is proved

upon justifying the sequence of equivalences among oo-categories, each which is evidently
over Mod;(X):

Mod(arunyer(X) 22 Fun( B(M x N)*® , X))

~  Fun( B(N® x M), X )

Fun /%Nop< BN | Funghes (B(NP s MP), X x BN) )
~ Fun /%Nop< BN | Funiehyes (BMP) jmy, X x BNP) )
~ Fun /%Nop< BN | Fun(BM, X) e oo )

~ Fun/%Nop< %NOP , MOdMOP(x)/I.IaxNop )

~ MOdMop(iX:)l'laXNop .

The identifications (a) and (f) are both the definition of oo-categories of modules for
continuous monoids in X. The identification (b) is Observation A.0.118. By definition

of semi-direct product monoids, the Cartesian unstraightening the composite functor
NAMoP : . . :
SBN M Monoids = Cat(oo,1) is the Cartesian fibration:

B(NP x MOP) —s BN .

Being a Cartesian fibration ensures the existence of the relative functor oo-category
(see [1]). The identification (c) is direct from the definition of relative functor oo-
categories. Furthermore, there is a definitional identification of the right-lax coinvariants
B(NP x MP) >~ (BMP) ey over BN (see Appendix A of [2]), which determines the
identification (d). The identification (e) follows from the codification of the N°P-action on
Fun(®BM°P X) in the statement of the proposition. The identification (g) is the definition of
left-lax invariants (see Appendix A of [2]).

O

The commutativity of the topological group T? determines a canonical identification
T? = (T?)°P between topological groups, and therefore between continuous groups. Together
with Observation B.0.122, we have the following consequence of Proposition A.0.120.

Corollary A.0.121. For X an oo-category, there is a canonical identification between oo-
categories over Modr2(X):

MOd(TZNE;(Z))OP(x) ~ Mode(x)HaXE;r(Z) )
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APPENDIX B

SOME FACTS ABOUT THE BRAID GROUP AND BRAID MONOID
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Here we collect some facts about the braid group on 3 strands, and the braid monoid
on 3 strands.

Ambidexterity of Ef (%)

Observation B.0.122. Taking transposes of matrices identifies the nested sequence among
monoids with the nested sequence of their opposites:

T

(SLQ(Z) C Ef(z) c GLJ(R)) ~ (5L2(Z)°P C EJ(Z)® c GL;(R)W) .

—

By covering space theory, these identifications canonically lift as identifications between
nested sequences among monoids and their opposites:

( T

~ — ) ~
(Braid3 CEf(Z) C GLJ(R)) S (Braidgo” c Ef(2)

o

> e m)

Corollary B.0.123. For each co-category X, there are canonical identifications
Modgaid; (X) =~ Modgaigsor (X) and ModE;(Z)(f)C) ~ Modg;(z)op(X)

between the co-category of (left-)modules in X and that of right-modules in X.

_\T _\-1
Remark B.0.124. The composite isomorphism Braids %) Braid;°P %) Braids is the

involution of Braids given in terms of the presentation (4.1) by exchar_lging 71 and To.

T -1
Similarly, the involution SLy(Z) % SLy(Z)°P % SLy(Z) exchanges U; and Us.

Comments About Braids and Ef (Z)

Observation B.0.125. In Braid;, there is an identity of the generator of Ker(®):
(men)* = (m7)® = (nnm)* € Ker(®) .
For that matter, since the matrix

0 1

R = U1U2U3 = |:_1 0

:| == U2U1U2 € GLQ(Z) (Bl)

implements rotation by —Z, then R* = 1 in GLy(Z).

The following result is an immediate consequence of how E; (Z) is defined in equation
(4.4), using that the continuous group GL; (R) is a path-connected 1-type.
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Corollary B.0.126. There are pullbacks among continuous monoids:

E;(2)

Braids *
o \I/L (1)
R®
6Ly(2) E,(2) GLy(R).

In particular, there is a canonical identification between continuous groups over GLy(Z):
Braid3 ~ Q(GLQ(R)/GLQ(Z)) (OVGI‘ GLQ(Z) ) .

Observation B.0.127. The inclusion SLy(Z) C Ej(Z) between submonoids of GLj (R)
determines an inclusion between topological monoids:

T? % Braids — T2 x E} (Z) . (B.2)

After Observation 4.0.90, this inclusion (B.2) witnesses the maximal subgroup, both as
topological monoids and as monoid-objects in the co-category Spaces.

Remark B.0.128. We give an explicit description of E;(Z) In [20], the author gives an
explicit description for the universal cover of SPy(R) = SLy(R) (and goes on to establish the
pullback square of Proposition 4.0.84). Following those methods, consider the maps

(a+d)+i(b—c)

: 1,
¢: GLy(R) — S%; AH|(a+d)+i(b—6)|

writing A = {Z Z] . As in [20], consider a map

n: GLQ(R) X GLQ(R) —R

for which

a’ + 2 —b* — d? — 2i(ad + be)
(a+d)?+ (b—c)?

in(aB) _ 1= Qalp-1
|1 — |

e where oy =

In these terms, the monoid E;“(Z) can be identified as the subset
Ef(Z) = {(A5)]6(A) =¢*} C Ef(Z) xR, with monoid-law

(A,s)- (B,t):= (AB,s+t+n(A, B)) .
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Group-Completion of Ef (Z)

The continuous group GLj (R) is path-connected with 7 (GL3 (R),1) = Z. Conse-
quently, there is a central extension

1 — Z — GL, (R) iverselcover, ) 4Ry 1 . (B.3)

X

Consider the inclusion as scalars RZ,

— GLj (R). Contractibility of the topological group

scalars
RZ, implies base-change of this central extension (B.3) along this inclusion as scalars splits.

In particular, for R®: GL; (Q) C GLj (R) the subgroup with rational coefficients, there are
Q

lifts among continuous groups in which the squares are pullbacks:

scalars

—

e - - P - - o~ N+

N¥ QX — R%, "~ E§ (Z) —~ GL; (Q) —~ GL; (R)

> — 2 — 2
Q® R®
Z Q
universal j cover
scalars

E; (Z) —55~ GL3 (Q) = GL; (R).

Z Q

- - — — _ -~ _ A = = = — - N

Proposition B.0.129. Fach of the diagrams among continuous monoids

NX scalars E2 (Z) NX scalars E; (Z)
inclusion‘ l@% inclusionJ l@%
scalars scalars P
QX —=2 . GLy(Q) and QX, —<k= . GL, (Q)

. . inclusion . .
witnesses a pushout. In particular, because N* QZ, witnesses group-completion

among continuous monoids, then each of the right downward morphisms witnesses group-
completion among continuous monoids.

Proof. We explain the following commutative diagram among spaces:

E2(Z) - - GL,(Q)

A - —

The top horizontal arrow is the standard inclusion. Here, scalar matrices embed the
multiplicative monoid of natural numbers N* C E3(Z). The bottom right term, equipped

scalars
with the diagonal arrow to it, is the indicated localization (among continuous monoids). The
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up-rightward arrow is the unique morphism between continuous monoids under E5(Z), which
exists because the continuous monoid GLy(Q) is a continuous group. The solid diagram of
spaces is thusly forgotten from a diagram among continuous monoids.

Next, the poset N9V is the natural numbers with partial order given by divisibility:
r < s means r divides s. Consider the functor

Feyzy: N — Sets < Spaces , 7+ Eo(Z) and (r <s)— ( E2(Z) == E5(Z) ) .

The colimit term in the above diagram is coIim(FEQ(Z))7 which can be identified as the
classifying space of the poset
Un(Fe,z)) =

( N x Ey(Z) , with partial order (r, A) < (s, B) meaning r < s in N® and S.A=B ) .
r

e The dashed arrow (a) is the canonical map from the 1-cofactor of the colimit.

e The dashed arrow (b) is implemented by the map @: GLy(Q) Anarad), N Ex(Z)
where r4 € N is the smallest natural number for which the matrix r4 - A € E5(Z) has

integer coefficients. The triangle with sides (a) and (b) evidently commutes.
e The dashed arrow (c) is implemented by the map

(©): Un(Frym) U272 By(2)[(N%) 1),

The triangle with sides (a) and (c) evidently commutes. We now argue that the map (c)
is an equivalence between spaces.

Observe the identification between continuous monoids

@ (Z207+) i NX ) ({p prime} i> ZZO) = H pn(p) )

p prime p prime

as a direct sum, indexed by the set of prime numbers, of free monoids each on a
single generator. For S a set of prime numbers, denote by (S)* C N* the submonoid
generated by S. For S a set of primes, and for p € S, the above identification as a
direct sum of monoids restricts as an identification (Zso,+) x (S~ {p})* = ({p})* x
(S~ Aph) = (5)".

Next, observe an identification of the poset NV ~ (BN*)*/ as the undercategory
of the deloop. Through this identification, and the above identification supplies an
identification between posets from the direct sum (based at initial objects) indexed by
the set of prime numbers:

@ (Z>0,<) = N ; ({p prime} Zzo) — H p®

p prime p prime
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For S a set of prime numbers, denote by (S)4" C N4V the full subposet generated by S.
For S a set of primes, and for p € S, the above identification as a direct sum of posets
restricts as an identification (Zsg, <) x (S~ {p})H = ({p}H)d x (S~ {p})dv = (S)dv,
In particular, the standard linear order on the set of prime natural numbers determines
the sequence of functors

Ndiv _|(£2_> <p > 2>div _|‘ES_> <p > 3>div locs <p > 5>div locr L (B4)
each which is isomorphic with projection off of (Z>¢, <). In particular, each projection
is a coCartesian fibration, so left Kan extension along each functor is computed as a
sequential colimit. Because N* C Ey(Z) is (strictly) central, so too is (Zsg,+) =

scalars

({p})* C Ez(Z). The following claim follows from these observations, using induction
on the standardly ordered set of primes.

. lock
Claim. For each prime g, left Kan extension of Fg,z) along the composite functor Ndiv 22,
(p > q)4" is the functor

div (|°Cc11)! (E2(2))

p > q)*"Y —————— Spaces ,

e [zao] ¢
r= E(Z)[(( < g)*)7] and

(<) = (B@[W <9 S E@ <)) 7).,
that evaluates on each r as the localization Ey(Z)[((p' < ¢)*)7'], and on each

relation r < s as scaling by 2.

Next, the colimit of this sequence (B.4)is [\ {(p > ¢)4 ~ * terminal. Consequently,
q prime
there is a canonical identification

colim(Feyz) =~ colim (('Occlf)’(FE2<Z>[<<pI§q>X>-1]))

qe{2<3<5--}

~ im  (F, )
qe{gg?)lgm} Ea(Z)[((p’SqV)*l}

~ 6@ U @09 = B@097.

ge{2<3<5<- }

e By inspection, the resulting self-map of GLy(Q) is the identity. ~The natural
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transformation

TN

Un(Fe,z)) T Un(Fem)

of e o
E2(Z)[(N*) 7] - GL»(Q),

given by, for each (s, B) € Un(Fg,(z)), the relation (ry-1.p,75-1.5- (s7' - B)) < (s, B),

witnesses an identification of the resulting self-map of coLim Eo(Z) with the identity.
N [\

R®
We conclude that the map Ey(Z)[(N*)~'] — GLy(Q) is an equivalence. It follows that
the left square in the statement of the proposition is a pushout because the morphism
N Znclusion QZ, witnesses a group-completion (among continuous monoids).

The same argument also implies the square

NX scalars E;r (Z)
inclusiont l@%

Qio scalars GL;- (@)

also witnesses a pushout among continuous monoids. Base-change along the central
extension (B.3) among continuous groups reveals that the right square is also a pushout
among continuous groups.

]

Relationship with the Finite Orbit Category of T?

Recall the oo-category Orbitg}g of transitive T2%-spaces with finite isotropy, and T?-

equivariant maps between them. Recall that the action EJ(Z) — Ey(Z) ~ T2 on the
topological group determines an action

C+ ~ =+ op - fin
E;(Z) o =0 100 ES(Z)  ~ Orbitys . (B.5)

Proposition B.0.130. There is a canonical identification of the oo-category of coinvariants
with respect to the action (B.5):

(orbiﬁg) B (TxE{(2) .

/5 (Z)

Proof. Recall that Ef (Z) C a_; (R) is defined as a submonoid of a group. As a result, the

/-\_/J'_ ~
left-multiplication action by its maximal subgroup, GL, (Z) ~ EJ (Z), is free. Consequently,
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the space of objects Obj((B E;(Z))*/) ~ E; (Z)/E;T_+(Z)
2

set of E;(Z) by its maximal subgroup acting via left-multiplication, which is bijective with
the quotient of E (Z) by its maximal subgroup via the canonical projection E3 (Z) — EJ (Z).
The space of morphisms between objects represented by A, B € EJ (Z),

= EF (Z) /6L (z) 18 simply the quotient

Hom(%E;(Z))*/([AL [B]) ~{X € EJ(Z) | XA = B} C E;(Z)

is simply the set of factorizations in Ej (Z) of B by A. In particular, the oo-category
(B ES(Z))* is a poset. We now identify this poset essentially through Pontrjagin duality.

Consider the poset ng of finite subgroups of T? ordered by inclusion. We now construct
mutually inverse functors between posets:

[A]>—>Ker(']1‘2 i>1r2) Cr [ZQA—CM?}

s (BES (2))" (B.6)

(BES (7)) > Pfin and pfin

The first functor assigns to [A] the kernel of the endomorphism of T? induced by a
representative A € EJ(Z) ~ T2 The second functor assigns to C' the endomorphism

(22 2 72) € Ef(Z) defined as follows. The preimage Z2 C quot~1(C') ¢ R? &% Rij =:
T? by the quotient is a lattice in R? that contains the standard lattice cofinitely. There is a
unique pair of non-negative-quadrant vectors (uy,us) € (Rs0)? X (R>0)? that generate this
lattice quot™(C') and agree with the standard orientation of R?*. Then Ac € E3 (Z) is the
unique matrix for which Acu; = e; for i = 1, 2. It is straight-forward to verify that these two
assignments in (B.6) indeed respect partial orders, and are mutually inverse to one another.
Observe that the action (B.5) descends as an action E;(Z)op ~ Pfin with respect to which
the equivalences (B.6) are Ej (Z)op—equivariant.
Next, reporting the stabilizer of a transitive T2-space defines a functor

L& (T2AT)—Stabo (& '
Orbit/] EAT)otebn ), P,

Evidently, this functor is conservative. Notice also that this functor is a left fibration; its
straightening is the composite functor

. C— L
Py "9, Groups -2 Spaces . (B.7)

Observe that the action (B.5) descends as an action Ej (Z)Op ~ Ph1.
The result follows upon constructing a canonical filler in the diagram among oo-
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categories witnessing a pullback:

Orbitf - - - - - - o ~ Ar(B(T? x Ef (Z)))
LAr(‘Bproj)
in ~ =~ « forget =
Pfin 5o (BES(2)) ki Ar(BES(Z)).

By definition of semi-direct products, the canonical functor B(T? x Ef (Z)) 222 B EJ(Z)
is a coCartesian fibration. Because the oo-category BT? = BT? is an oo-groupoid, this
coCartesian fibration is conservative, and therefore a left fibration. Consequently, the functor

Ar(B(T? x Ef (Z))) — Ar(B Ef (Z))

is also a left fibration. Therefore, the base-change of this left fibration along (%8 E3 (Z))*/ Torget,
Ar(BE] (Z)) is again a left fibration:

Ar(B(T? x E£(2)))*" — (BE;(2))" pfn (B.8)

(B6)

Direct inspection identifies the straightening of this left fibration (B.8) as (B.7).
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