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Tomáš Gedeon Matt Holzer
�

Mark Pernarowski

Department of Mathematical Sciences, Montana State University, Bozeman, MT 59715

Abstract

We investigate the problem of attractor reconstruction from interspike times produced by
an integrate-and-fire model of neuronal activity. Suzuki et. al. [14] found that the recon-
struction of the Rössler attractor is incomplete if the integrate-and-fire model is used. We
explain this failure using two observations. One is that the attractor reconstruction only
reconstructs an attractor of a discrete system, which may be a strict subset of the original
attractor. The second observation is that for a set of parameters with nonempty interior nu-
merical simulations demonstrate that the attractor of the discrete system is indeed a strict
subset of the Rössler attractor. This is explained by the existence of phase locking in a
nearby periodically forced leaky integrate-and-fire model.

Key words: Attractor reconstruction; integrate-and-fire neuron; Rössler attractor; phase
locking

1 Introduction

The idea of attractor reconstruction from time series data dates back to Packard
et. al. [11] and was later put on firm mathematical footing by Takens [18] and
Sauer et. al. [16]. Central to this technique is the assumption that the observed time
series is generated by an attractor of a dynamical system on a finite dimensional
manifold, and the goal is to understand properties of this attractor from the limited
information provided by the time series. Such properties include the dimension of
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the underlying attractor [19,8], characteristic exponents [4] and entropy [7]. Since
time series data is ubiquitous in science, this area of research has drawn much
attention in the past decade.

Among the outstanding problems in neuroscience is the question of neural cod-
ing: how is crucial information represented in the neural spike train? This question
can be formulated as a problem of neural decoding which takes center stage in
a recent book by Rieke et. al. [12]. Can we reconstruct sensory input by looking
only at the spike trains emmited by the sensory neurons? Ideally, one would like to
study the neural decoding problem for a rich stimulus such as that encountered in
a neuron in its natural setting. Such a stimulus is usually characterized by its sta-
tistical properties and the investigation is focused on how these characteristics are
related to statistics of the spike train(s) (see [1,5,17] and many others). In this paper
we choose to take “rich stimulus” to mean a non-periodic stimulus generated by a
chaotic attractor. This provides the link between time series reconstruction theory
and the problem of neural decoding. The stimulus we consider does not have the
observed statistics of the natural stimulus, but it has infinitely many Fourier compo-
nents and this may justify calling it a rich stimulus. We arrive at the central question
this paper wants to address: Can an attractor be fully reconstructed solely from the
information encoded in the interspike intervals? The short answer to this question,
in general, is no.

Using a signal garnered from the Rössler attractor, Suzuki et. al. [14] attempted to
reconstruct dynamics on the Rössler attractor using a spike train collected from a
neuron in the terminal ganglion of the cricket. That reconstruction was not com-
plete. They also obtained similar results for the Rössler attractor when a leaky
integrate-and-fire (IF) model was used in the reconstruction. The explanation by
Suzuki et. al. [14] centered on an observation that an attractor of a certain discrete
dynamical system seems to be a strict subset of the original Rössler attractor. The
discrete system is defined in the following way. Take ��� on the Rössler attractor and
let ������� be a solution with initial condition ���
	������� . Let � ������� be that point on������� at the time � where the IF model first produces a spike. A trajectory ����� ���������
for a particular choice of ��� is marked in Figure 1 for two different parameter sets.
As we can see, the trajectory forms a strict subset of the Rössler attractor in both
cases.

We have two goals in this paper. The first goal of the paper is to relate the attractor
of the discrete map � to the problem of reconstruction of the entire attractor. Our
main result here is that the dynamical reconstruction, which we describe in detail
in section 5, can faithfully reconstruct only the attractor of the discrete system (i.e.
in Figure 1 only the set of marked points). The second goal of this paper is to show
that for an open set of parameters the attractor of the discrete system for interspike
reconstruction is a strict subset of the Rössler attractor.

We also compare two different methods of dynamical recontruction. One is inter-
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spike interval reconstruction and the other is delay coordinate reconstruction(Takens [18]).
We show that the previous results of Takens [18] about delay coordinate reconstruc-
tion , when recast in our framework, imply that for delay reconstruction the attrac-
tor of the discrete systems coincides (generically) with the full attractor. This shows
that the delay reconstruction will (generically) reconstruct the whole attractor.

We will now outline our argument in support of the second goal. The results of
Keener et. al. [10] ( see also results of Coombes and Bressloff [2,3]) show that
phase locking occurs in the periodically forced IF model. This means that there are
open regions in parameter space for which the number of fires per period of the
forcing function is constant. These sets have a cusp shape and are sometimes called
Arnold tongues [9]. Keener et. al. [10] has shown that the phase locking is related
to constancy of a rotation number for a certain circle map.

We then observe that the Rössler attractor generated stimulus posseses a dominant
Fourier mode. Then, we conjecture that in a neighborhood of an Arnold tongue of
the IF model (periodically forced by the dominant Fourier mode) there should be
a smaller open set of parameters where the corresponding Rössler driven IF model
exhibits approximate phase locking. This would explain the behavior in Figure 1.
To prove that our intuition is correct would require that we identify a large enough
function space to contain both the Rössler produced input and its dominant Fourier
component. Then we would have to generalize the continuity result for rotation
numbers ([9]) from a space of continuous periodic functions with fixed period to
this more general function space. Note that this also requires generalization of the
concept of a rotation number (or firing rate) to non-periodic inputs. These concepts
are currently under investigation, but beyond the scope of this paper.

We choose instead to show numerically that there is an open set of parameters
where the Rössler driven IF model exhibits approximate phase locking. For each
parameter value in this set the attractor of the discrete system is a strict subset of the
Rössler attractor. This indicates that the dynamic interspike interval reconstruction
does not work for an open set of parameters.

To find this set we first compute an analytical approximation of the
�����

Arnold
tongue for the periodic case. We then numerically find the values in the neighbor-
hood of this tongue for which the corresponding Rössler attractor stimulus gener-
ates a discrete attractor that is a strict subset of the total Rössler attractor.

The paper is organized as follows. In section 2, we review the definition of the
Rössler attractor, define the integrate-and-fire (IF) model and review the results of
Suzuki et. al. [14]. In section 3 we review results of Keener et. al. [10] on phase
locking for the periodically forced IF model and compute an analytical approxima-
tion of the

�����
locking region. In section 4 we then present numerical evidence

that there is an open set of parameters in the neighborhood of this tongue where the
IF model when driven by the Rössler attractor exhibits approximate phase locking.
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In section 5, theory is developed to link the attractor of the discrete system with
the reconstruction. The manuscript is summarized by a conclusion which includes
a discussion of some open questions.

2 Preliminaries

2.1 Periodically forced integrate and fire model

In the integrate-and-fire (IF) model ([6]), the state of a neuron is described by a
variable � � ��� which can be thought of as either i) the membrane potential or ii) the
percentage of sub-threshold voltage required to cause the neuron to elicit an action
potential. In either interpretation the stimulus � � ��� at time � is integrated until � �����
reaches some threshold

�
. When � ����� reaches the threshold, then � is considered

a firing time and � ����� is reset instantaneously to zero. To make the model more
realistic, leak dynamics are often included to simulate membrane permeabilities
which cause the cell to repolarize. Mathematically, the model is described by the
following equations:

� �
� � � �����	� � ������


� ����� � �� � ����� � � 	 (1)

In this paper we choose
� � � .

For the periodically forced IF model � � ��� ����� � ��� where ��� ����� is defined by

��� � ��� ��� � � ����������������� (2)

and � and � are constants. Depending on the value of the parameters � � ����
�� 
�� � ,
the model (1) can exhibit a variety of different dynamics, including phase locking
where the solution � ����� entrains to a periodic orbit whose period is commensurate
to the forcing period. The dependence of this phase locking on � will be explored
in section 3.

2.2 Rössler Attractor forcing in the IF model

In this subsection we introduce the Rössler system and define how it is used to force
the IF model. The Rössler system is defined by the following set of differential
equations:
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� �
� � ��� ��� �����
� �
� � ��� ������	�
� � ��
�� �� � ��� ��� (3)

The Rössler attractor � for ��� 
�
 
� � ���
	 ����� 
 	 ��� 
 ����� � is illustrated in Figure 1. For
the remainder of the paper we fix these values of ��� 
�
 
� � .
The first component of the Rössler attractor � � ��� is scaled using constants �� and ��
to produce an input signal ��� � ��� :

��� ����� � �� � � � �� � ������� � (4)

The integrate-and-fire model (1) with input � ����� ��!� � ��� produces a spike train, or,
equivalently, a sequence of firing times �#" � �%$�'& � . Corresponding to each firing time,
there is an associated point on � . The sequence of such points is best described via
a map � defined as follows:

Definition 1 ([14]) Let ( be a compact neighborhood of the Rössler attractor � .
For each �*) ( , set � � 	 and let � �����+) ( be the point when the next spike
is generated. More precisely, let ����������
 � ������� be a solution of (1),(3) where � ����� ���� � ��� from (4). Then � ����� � � ��� " � � where " � is the smallest time such that � � " � � �
�
.

We note that the map � depends on the parameters ����
 �� 
 �� � . For some choices of
these parameters and some choices of initial conditions � we may have � �����-, �
for all � . Therefore the domain of definition of � depends on parameters � ��
 �� 
 �� � ,
and it could be empty for some choice of parameters. The map � defines a discrete
dynamical system on ( . Obviously, since � is an invariant set of a continuous
dynamical system, it is also an invariant set of the discrete system � ( 
 � � .
Shown in Figure 1, the orbits ��� � ��� ��� $�#& � are superimposed (points) on � for differ-
ent ��� 
 �� 
 �� � values. For these parameter values, the numerical simulations suggest
that the limit set .0/ ����� of the sequence ��� � ����� �%$�#& � is a strict subset of the attractor
� . Moreover, repeated numerical simulations (not shown) for different initial con-
ditions � reproduced five and two leaf patterns nearly identical to those observed in
Figure 1a and Figure 1b, respectively. Suzuki et. al. [14] made the observation that
the reconstruction of the Rössler attractor for these parameter values from spike
train was poor.

The five and two leaf patterns shown in Figure 1 suggest a relationship to phase
locking that might be observed when the IF model is periodically forced by the
dominant Fourier mode of the forcing �!� ����� . This relationship is explored numer-
ically in section 4. To make such comparisons, we first examine the case � � ��� �
��� ����� in section 3.
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Fig. 1. Figure shows the firing locations generated by the integrate and fire model
(points) superimposed on the Rössler attractor for A)

�������� ���	�
� ����������������������� 

and B)����� �� � �	 
!� �"��������������� 


.

3 Phase locking in the IF model

In this section we summarize some facts about phase locking in the periodically
forced IF model and make some analytic extensions to previous work.

When � ����� � ��� � ��� , Keener et. al. [10] showed (by integrating (1) over the range� ) � 	 
 � � ) that consecutive firing times " � , # � 	 
 � 
 � 
 �'�'� are related via

$ � " � � � � � $ � " � ���
�
�&%�'�(*)

where

$ � " �,+ %�'�( � � �
�
� �����.-0/1 �2-3/ � " �41 � � 
 �2-3/51 � �

6 � � �87
�

(5)

When
$ � " � is invertible and defined on the range of

$ � " � � ���!9 � � % '�( , consecutive
firing times are related by

" � � � �;: � " � � 
 (6)
where the continuous function : �=<?>@A<

is defined by:

: � " � � $CB � � $ � " ���
�
� %�'�( � � (7)

The function : satsifies : � � � �ED � �F: ����� � �ED and therefore is a lift of a circle
map G �IHKJ5>@ HLJ

and the following diagram commutes

< M@ <
�ON �ON
� �QP@ � �
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where � ��<?@ � �

is a standard projection. One can then define a rotation number,� , as:

��� : � � �0-��
��� $

: � � " �
�ED # (8)

where : � � " � � " � is the time of the # -th fire.

Definition 2 The periodically driven system (1) is said to be � � � phase locked if
the rotation number ��� : � ���	 .

Phase locking is also referred to as “mode locking” in [2,3].

When � � 	 , it is easy to derive the (nonintersecting) level curves of � which
foliate the � � 
 � � -plane (initially derived in [10]). In this case,

" � � � � " � �
�ED � �

Using (5), (7) and " � � � � : � " � � , the condition above can be written:

% '


(*) � 7����� � � �

�
� � � % '�( ) �

Solving for � , one finds the following expression relating � , � , and � :

� � �  � � �,+
� % 7�� ' 
% 7�� '  �

�
�

(9)

From (9) it is easy to see that � increases (strictly) in a direction transverse to these
level curves.

3.1 Analytic Approximations for # � � phase locking

In this subsection we derive small � approximations for the map : and the regions
where # � � phase locking occurs. Specifically, we will show that the phase locking
regions in � ��
�� 
 � � space terminate in a quadratic cusp on � � 	 plane for any
# . In the subsequent subsection 3.2, we apply our more general theory to the case
# � �

and explicitly compute the
� � �

phase lock region. The work presented
here should be distinguished from the work by Keener et. al. [10] where (for all� ) an exact analytic expression for the boundary curves separating regions of

� � #
phase locking was derived (rotation number � � # ). Further, we refer the reader to
Coombes and Bressloff [2,3] where boundary curves separating � � � phase lock-
ing regions in parameter space were computed numerically. There, Arnold tongues
eminating from � ��  curves are illustrated.
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When � � 	 , (9) implies that # � � phase locking (rotation number � � �

� ) can
occur only if

� � ��
�
��� �,+ � % '

�
)

% '
�
) �

�

 �

�
+ �ED
#
�

(10)

For sufficiently small ��� 	 , the implicit function theorem implies that
$

is invert-
ible and that the function : in (7) is well defined. We thus seek an approximation
of # � � phase locking regions for 	 , ��� �

near the curves in (10) by assuming
expansions of � 
�� and : of the form:

� � ��
�
��� ������� � ��� 7 � 7 �
	�	�	 (11)

� ��� � � �� 7 � 7 �
	�	�	 (12): � " ��� : � � " ����� : � � " � �� 7 : 7 � " � �
	�	�	 (13)

where 	 ,���� �
.

Once :�� � " � 
�� � � 
 � 
 have been found, the phase lock condition can be expanded
in � as follows:

" � �ED � : � � " 
�� � � $ ��� � � " � ��� $ ��� � � " � ��� 7 $ ��� 7 � " � ��	�	�	 (14)

Since this equation must be satisfied to all orders in � , the conditions
$
��� � � 	 
�� �

� 
 � will yield the necessary conditions relating ��� and ��� to expose the “tongue”
structure of the # � � phase locking region. Toward this end, we shall make use of
the following Lemmas:

Lemma 3 Let : � : � " 
�� ��
�: ����� 7 @���� 
 be smooth and have the expansion

: � " � ��� " � � ����� : � � " ����� 7 : 7 � " ���� �!�#"��
for some constant � and � sufficiently small. Then, for #%$ � ,

: � � " � � $ ��� � � " � ��� $ ��� � � ��� ��� 7 $ ��� 7 � ��� �� �!� " �
where

$
��� � � " ��� " � # �
$
��� � � " ��� � B �&� & �

: � � " �'��� �
$
��� 7 � " ��� � B �&� & �

: 7 � " �'��� � � � B �&( & �

:*)� � " ��+�� �
( B �& ,
& �
: � � " �.- � �

Proof. The proof is inductive. /
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Lemma 4 For all " ) ��� and integers #%$ �
� B �&( & �

�2-3/ � " ��+ � � � � � B �&( & �
� � ��� " ��+ � � � � 	 
 �

�
� �ED
#
�

(15)

Proof. The # roots of
�
�
� � � � � � � � are

� ( � % 7��
, (�� � 
 - 7 � � � 
 + � 	 
 � 
 �'�'� 
 # �

�
. In the expansion �

�
� � � � � B ��( & �

� � � � ( � � � B �&( & �
� ( � ( 


only the coefficients � � and � � are nonzero. Since � � B � � ��� � B �( & � � ( ,
� �

� B � � � B �&( & �
� ( � � B �&( & �

��� ��� + �
�
���- � B �&( & �

�2-3/ � + �
�
� � 	

so that
� B �&( & �

� � � � + � � � � � B �&( & �
�.-0/ � + � � � � 	

The lemma follows by using this last result and trigonometric addition formulae to
expand the sums in (15). /
We start the construction of the expansion (14) by computing : � using � � 	 in
(7), i.e., : � � " � � : � " � for � � 	 . This results in:

: � � " � � " ��� 
 �C+ �

���	� ��
 �
� ���� 
 � � 	 �

An # � � phase lock can occur only if there exists a " ) � 	 
 �ED � such that

" � ��D � : �� � " � � " � # � (16)

where : �� denotes the #�� P composite of : � with itself.

The condition defining the map : for the firing times is

� � � 
�� 
�� �,+ $ � � � � $ � " � �
�
� %�'�( � 	 
 � � : � " � 


where
$

is defined in (5). Using the expansions (11)-(13), we define� � � � � � � : � ��� : � �� 7 : 7 �
	�	�	�
 �� � ��� � � �� 7 � 7 ��	�	�	�
�� � � �� 7 � 7 �
	�	�	 �
Because of how

�� � and � are defined,
� � 	 � � 	 . Moreover, note that

� � �ED
#
�
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Next we determine : � and : 7 from the conditions
� ) �
	�� � 	 and

� ) ) �
	�� � 	 , respec-
tively.

The first of these conditions is� ) � 	 � � � �� : � � � � � � � � � � � � � � 	

where � � � denotes the evaluation � � 
�� 
�� � � � " � � 
 �� � 
 	 � and the subscripts are
derivatives. Solving this for : � , one finds

: � � " � ����� � � � � ���	� � � � " � � �

where

��� � � �
��� � � � � �� � �


 (17)

��� � � � " ��� �
� � � 
�� �.-0/ � " ��� � 1 � � % B '� �2-3/ � " �41 ���
and

�
� � � +
�� � �.-3/ �*1 �� ��� � �� � �

�

Given Lemma 3,
$
��� � in (14) is given by:

$
��� � � " � � � B �&� & �

: � � " ����� � �

By Lemma 4,

$
��� � � " ��� � �

� B �&� & �
��� � � ��� �

� B �&� & �
�	� � � � " ���	� �

� # � � ��� � �
�

Since the  � � � term of (14) must vanish, we conclude

� � � 	 


In the next subsection we derive analytic approximations to expose the Arnold
tongue regions eminating from the curves when � � �

� . so that

: � � " � ���	� � � � " � � �
�

(18)

Using � � � 	 in (11)-(12) we see that � � � �� � � � � � �  � � 7 � resulting in the relation:

� � � �� � ��� � � �  � � 7 � �
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This relation is true for all # � � 
 � 
 � �'� and demonstrates how all # � � phase lock
regions in the � � 
�� � -plane (for any fixed � � 	 ) terminate in an Arnold tongue
with (at least ) a quadratic cusp.

We now proceed to compute : 7 . Using � � � 	 ,� ) ) � 	 �
�

� � �� : 7 � � � � � 7 � � � � � 7 �
�

�
� �� � : 7� � � �� � : � � � �

�

�
� � � � � 7� � 	 � (19)

Solving (19) for : 7 one finds:

: 7 � " � � ��� � 7 � 7 � � � � 7 � " � � 7 ��� � : � � " � 7 ��� 7 � " � � � : � � " � (20)

where

��� � 7 � ��� � �

��� � 7 � " ��� ��� � � � " �
� � � �

�

�
�

� 7 � " ��� �
� � � � �.-0/ � " ��� �41 ��� ��� � � " � � � 1 � �

In principle, the expressions for : � and : 7 can be used in conjunction with Lemma 3
to compute an explicit formula for

$
��� 7 for a general # . In the next subsection we

illustrate this procedure for the # � �
case. Explicit formulae for the # � � case

remain illusive.

3.2 Application to
� � �

phase locking

In this subsection we derive the firing time map for the 2:1 phase lock. For # � � ,� � D so that the expressions (18) and (20) become (after simplification)

: � � " ����� �
� � � �.-3/ � � � � % B ' � � � � (21)

: 7 � " ��� ��� � � � 7 ����� � � �2-3/ � � � � % B ' � � � 7 � : )� � " �.: � � " � (22)

where � + " �41 �
Using these specific forms to define the expansion of the firing time map : , the
associated expansion for : 7 can then be determined. Because � � � 	 ,

$ 7 � � � 	 .
The higher order term

$ 7 � 7 can then be obtained by using (21)-(22) and Lemma 3.
On account of Lemma 4, however, it is clear that the coefficient of

$ 7 � 7 in � 7 is
zero. Also, because : � is linear in � � then Lemma 3 and (22) imply that

$ 7 � 7 is
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quadratic in � � . Specifically,
$ 7 � 7 has the form

$ 7 � 7 � � ��� � � � 7 ��� 7� � � �� � � � � ��� 7� (23)

Moreover, because : � is linear in �2-3/ � ,
$ 7 � 7 is at most quadratic in �2-3/ � and � � ��� .

Thus,  � � � � � � has a Fourier expansion

 � � � � � � � � � � 7&( & �

� � ( ��� � + � � 
 ( �.-0/ + � � (24)

Explicit calculations then reveal:

� � � 
 � � �� � � � � � ��� � % B ' � �
�

�
� % B 7 ' � (25)

� � � 	 (26)� 7 � � � � (27)
 � � 	 (28)

 7 �

�

�
� � � % B 7 ' � � (29)

For the
� � �

phase lock condition (14) to be satisfied to all orders in � , $ 7 � 7 must
vanish. Thus, for � sufficiently small, there will be a

� � �
phase lock only if

$ 7 � 7 � $ 7 � 7 � " � � 
�� � 
�� 7 � � 	

has a root " )�� 	 
 ��D � . The existence of such a root depends on the parameters��� 
�� � 
�� 7 � . From (23)-(29) we see that there exist " independent functions
�� 
 ��

and
��

such that

$ 7 � 7 � �� � ������ � � � � ��� �� �.-0/ � � � �
� �� ��� �� 7 � �� 7�� ��

6 �� 7 � �� 7 ��� ��� � � ���
��

6 �� 7 � �� 7 �.-3/ � � � �
	 �
Therefore,

$ 7 � 7 can be written in the amplitude-phase form

$ 7 � 7 � �� ��� �� 7 � �� 7 ����� � � ��� � � � 
 � � " �41 
 (30)

for some � � . From (30) it is evident that
$ 7 � 7 has a real root " only if � � � � � �	� � � � )��� � 
 � � , or that

� +
��

6 �� 7 � �� 7 ) � � � 
 � � �
Using (23)-(29), one finds

� ��� 
�� � 
�� 7 � �
� ��� � � � 7 ��� 7 � 7� � � � 7�
� 7� � � � � 77 ��
 77 � 7� (31)
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Using (31), the solvability condition � ����
 � � 
�� 7 � � � ) � � � 
 � � is equivalent to

� 7 � � ��� 
 � ��� 7� (32)

where

� ��� 
 � � ��� � � � ����� 
 � ) ��� � 
 � �

� ��� ��� � 7� � � � � 77 � 
 77
� ��� � �

� � ��� � � � � 7� � 77 � 
 77
The region � spanned out by (32) for � ) ��� � 
 � � defines those � ��
�� � 
�� 7 � for
which

$ 7 � 7 � 	 has a real root " and thus describes those ��� 
�� 
�� � with � near
�� �

for which a 2:1 phase lock occurs (in the limit � @ 	 ).

Using (17) and (10), it is easily verified that � � � � , 	 
�� ��� 	 . Then, since
� �
� � �	� , 	 


the region � is bounded by the two parabolic sheets � 7 � � � ��
 � ��� 7� and � 7 �
� ��� 
 � � � � 7� . A cross section of this region is shown in Figure 2 for a fixed � value.
This figure illustrates a quadratic cusp shape (“tongue”) which is qualitatively sim-
ilar for all � � 	 . Specifically, when � � � 	 , 2:1 phase locking occurs for both
positive and negative � 7 for all �
� 	 . This fact is readily verified by noting that� � ) ��� � 
 � � for �%� 	 .

4 Approximate phase locking for Rössler attractor

The goal of this section is to show, first, that the input � � ����� garnered from the
Rössler attractor can be approximated by a periodic input � � � ��� . Further, if we
compute the

� � �
Arnold tongue for the input ��� � ��� , there is an open set of param-

eters nearby where the Rössler driven IF exhibits approximate phase locking. This
is manifested by the fact that the attractor of the discrete map � is a strict subset of
the Rössler attractor. This explains Figure 1B.

We will also make a numerical exploration of the parameter space where the
� �

�
Arnold tongue is expected. However, we lack the analytical expression for the

tongue and consequently our results are less conclusive.

We start with the observation that the definition of phase locking, as presented in
the previous section, does not make sense for the input � � � ��� . Indeed, such an input

13



−30 −20 −10 0 10 20 30
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

� 7

� �

Fig. 2. Figure shows the
� � 7 � 	 �



for which 2:1 phaselocking occurs (

� � �
)

in the limit as � � �
. Specifically, the family of curves graphed are� 7 ��� ������� ( 
 	 7� ��� ( ��� �	� (

� � ��
 � � ����� � � � ��� . Along each of these curves, the solv-
ability condition (14) is satisfied to � � � 7 
 for some � and  � � .

does not have a period over which the average number of fires can be counted. On
the other hand, as we will see in a moment, the input � � ����� closely resembles a
periodic function.

There are two sets of parameters related to our discussion. The set of parameters��� 
�
 
� � affecting the behavior of the Rössler attractor will be fixed. The remaining
parameters are the scaling parameters �� and �� used in the construction of the signal��� � ��� and the leak constant � in the integrate-and-fire model. We shall use the
notation �� � � �� 
 �� 
 �� � to refer to the parameters used when forcing the IF model
with � � ��� � ��� � ��� and with � � �� .

Also, for the rest of this paper we fix the initial condition in the Rössler system as��� � � � � 
 � 
 � � . Then, the dynamics of � are determined solely by the choice of ��
since the Rössler parameters ��� 
�
 
� � and ��� remain unchanged.

To relate the non-periodic signal �!� ����� to a periodic one we do the following con-
struction. The Rössler component � � ��� is stored numerically as a time series with �
evenly spaced time steps of length

� � . Letting � � � ������� denote the discrete Fourier
transform of � ����� , the transform of �!� is easily computed using the linearity of

14



� � 	 � :
� � ��� ��������� �� � � � �� � � � � ��� � � �

The Fourier approximation yields,

� � � � ��� ��� � � � �&( & �

� � ( ��� ����� ( ��� ��
 ( �.-3/ ��� ( ����� (33)

where � ( and 
 ( are amplitudes and the frequencies � ( � �ED +�9�� � � ��� .
As can be seen in Figure 3, the power spectrum of � � � ������� has a single dominant
peak. Let the � -th mode be the dominant mode and define

� � � ��� � � � ��� � ����� ��� � ����� 
 ���2-3/ ��� � ��� �
Combining terms we get,

� � � ��� � � � � � � 7� ��
 7�  � � ��� � ��� � � � � �

where � � � �

�����
	 ��� � / � � � �
� . Since we are interested only in long term behavior

which is not affected by the phase shift ��� , we set � � � � 	 .

0 20 40 60 80 100 120 140 160 180 200
0
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4
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a k2 +
b k2

Fig. 3. Power Spectrum for Fourier Transform of Rössler Attractor

This completes a transformation from the signal � ����� to the 7����� periodic, dominant
mode approximation � � � ��� . We intend to compare solutions to the IF model with
the input ��� ����� � �� � � � �� � � ��� � in

� �
� � � � ���� � ��� � ��� � � ���� � �� � � � �� � � ��� �

to solutions of the same equation, where � ����� is replaced by � � ����� in
� �
� � � � ����	� �� � � � �� � � � ��� � � (34)
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We note, however, that results of section 3 are applicable only to periodic forcing
functions with period

�ED
and � � � ��� is not

�ED
periodic. After rescaling, however,

time solutions of (34) are identical to solutions of

� �
� "

� ����� ��� � � " � � � � ��
� � � � ��

� � � � � �� � � � "� � 	 	 (35)

where � � � (��� � � � � � � � 7� � 
 7� ��� � � " � . Therefore, we can compare solutions of

� �
� � � � ���� � �� � � � �� � � ��� �

to solutions of � �
� "

� ����� ��� � � ����������� " � �
where

� � ��
� �

� � ��
� � � � � �� � ���

� � �� � � 7� ��
 7�
� � ��-� � (36)

Numerically, it was found that for a data set with length � � � 	�	�	 � and
� � � � � 	 ,

then � � � � 	 , � � � 	 � ��� � , � � � � � � � � , 
 � � � � � � 	 � and � � � � � 	 	 � .
4.1

� � �
locking

Suzuki et. al. showed that for � �� 
 �� 
 �� � � � � 
 � 
 � 9 � 	 � , firing on the Rössler attrac-
tor was limited to two distinct ’lines’ (see Figure 1). In this subsection we demon-
strate numerically that this is not an isolated phenomena, instead occurring on a set
of non-empty interior. We will also present evidence that this behavior is a pertur-
bation of

� � �
phase locking in the periodic approximation � � � " � .

Using the results of section 3, we will begin by analytically computing the
� � �

phase locking region in ����
�� 
�� � space and then transforming it into � �� 
 �� 
 �� � pa-
rameter space using (36). For purposes of comparison to Suzuki et. al., we use �� �
�
. Therefore, we will choose � � � 9 � � in (32). The resulting tongue in � �� 
 �� 
 �� �

parameter space is plotted as a solid line in Figure 4. Also plotted is a numeri-
cally calculated region in which the Rössler attractor is “approximately” 2:1 phase
locked. The term phase locking implies the existence of a rotation number, a quan-
tity which is not defined for non-periodic input. To generalize this definition, we
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first fix a Poincarè section
�

of the Rössler attractor defined by � � 	 
��� , 	 . The
trajectory ��� ��� � � � � ��� 
�� ������
 � ������� used to generate the input �!� ����� � �� � � � �� � � ��� � ,
visits the crossection

�
infinitely many times. Let � � ,�� 7 , 
 � �'� be times such that��� � � � ) �

for all � . We compute
� 9 � � as the average number of fires between suc-

cessive visits of trajectory � ����� to
�

for large � , that is

�

� �
� � �0-��

�
� $

� ��� � + � " (�� � � �
�




if the limit exists. Then � � is an average phase rotation per fire, where phase is
determined relative to an average return time to Poincaré section

�
.

With this new tool, the 2:1 Rössler locked tongue in Figure 4 was computed by
both visual inspection, to ensure that firing is confined to two bands, and through
a computation of � � . Both methods are necessary since visual inspection alone can
not rule out more complicated dynamics (i.e.

� � �
locking mixed in with

� ���
),

while computing � � exactly requires an infinite number of firing times (we chose to
use

� 	�	 ). Observe that the region has nonempty interior.

Figure 5 shows a crossection of the approximate phase lock region for fixed val-
ues of � �� 
 �� � � � � 
 � � 	�	 � � as a function of �� . Examination reveals a very short
initial interval in which the firing is not

� � �
locked followed by a longer inter-

val corresponding to �� values within the computed tongue in Figure 4. We note
that in further numerical experiments (not shown) the value � � is a good predictor
of system behavior. For instance, when �� is choosen so that � � � � 9�� , the figure
analogous to Figure 1 has eight distinct leaves.

Next we will fix �� and compare � � as a function of �� along the line �� � �� . This
result is shown in Figure 6. Also shown is the rotation number � , for the periodic
input ��� � " � at the corresponding values of � and � defined by (36). Observe, that
both the Rössler and periodically driven IF model exhibit similar behavior over a
large range of �� . The intervals of constancy of � � represent sections of a set with
non-empty interior in the parameter space � �� 
 �� 
 �� � for which the set .0/ ������� is a
strict subset of the Rössler attractor.

4.2
� � �

phase locking

Ideally, we would like to extend the argument outlined in the previous subsection
for
��� �

to the 5-leaf behavior observed in Suzuki et. al. and shown in Figure 1.
However, we have no comparable analytical method by which to compute the

� � �
Arnold tongue as we did for the

� � �
case. We will thus limit ourselves to several

numerical experiments.

Predictably, we begin by looking for
� � �

phase locking in the � � ����� approximation
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Fig. 4. A) A picture of the analytically computed
�

�
�

phase locking tongue transformed
into

� ��8� �� � �	�
 space. Also plotted is the numerically computed
�

�
�

Rössler locked region.
The asterisks (*) mark places where the Rössler forced system had two leaves. Dots ( � )
mark places where the Rössler forced system did not have two leaves. An approximate
boundary of this region is plotted as the dotted line. B) Same as A, except a closer view.

of the Rössler attractor at the parameter values which produced the 5-leaf behavior.
No such phase locking exists, a fact which is distinctly different from the results of
the previous subsection where, at the parameter values suggested by Suzuki et. al.,
there was a direct correspondence between the limited firing of the Rössler attractor
and phase locking of the periodically driven IF model. To explain this difference
we return to section 3. There it was noted that all phase locking tongues terminate
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Fig. 6. On the left is the graph of � � vs. �� for the Rössler forced system for
�� � �� and�	 � �������

. On the right is the graph of � vs. �� � ��� � for the IF model forced by the
associated dominant mode of the Fourier Transform.

with a quadratic cusp at � � 	 . While we can not compute a
� � �

phase lock-
ing tongue in this case, we can deduce where the cusp of that tongue is for the� � 	 case via (9). The resulting curve is plotted in Figure 7. Selecting points
on this curve for �� � � 9 � 	 , the periodically forced IF model was

� � �
phase

locked, but the Rössler forced IF did not exhibit limited firing confined to five re-
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Fig. 7. A) Shows curves, after transformation into
� �� � �� 
 -plane, where the IF model forced

by the constant input � ��� 
 � � (
	 � �

) exhibits
�

�
�

(solid) and � �
�

(dashed) phase
locking. Plotted is the parameter pair (asterisk)

� �� � �� 
�� �"��� ��� ��������� 
 , which is the
�	;� �

projection of where the five-leaf behavior exists as seen in Figure 1. Note that the cor-
responding

� � ��� 
 approximation at this point was not
�

�
�

phase locked. Also plotted
(diamond) is the

� �� � �� 
� ������������������� 
 pair for which both behaviors are observed. (Fig-
ure 7B). B) Firing locations for

� �� � �� � �	�
 � ��������������������� � � 
 . The five leaf pattern illustrated
had a computed value � � � � � . For the same parameter values the IF model forced by the
associated dominant mode approximation was

�
�
�

phase locked.

gions. Thus, for this small value of � we observe no known intersection of the two
behaviors. However, we note that such correspondence was not always true in the
� � �

case described earlier. Figure 4 showed that for small values of �� the phase
locking regions were not nested. As a consequence, a larger value of �� may pro-
duce the desired correspondence. Indeed, choosing � �� 
 �� 
 �� � � � � ���	� 
 � � � � 
 � � � we
found that the Rössler attractor exhibited limited firing in the form of five distinct
bands. Also, the corresponding dominant mode approximation � � � ��� defined by��� 
�� 
�� � � � � �
� � � 
 � � 	 � � 
 � � ��� � was

� � �
phase locked. Other points in parameter

space were also found to exhibit both behaviors.

In conclusion, while we are unable to derive the
� � �

phase locking tongue for
comparison, we are able to show that these behaviors exist nearby and in many
cases simultaneously.

The numerics in this subsection confirm that there is a set of parameters with
nonempty interior where Rössler driven IF exhibits approximate phase locking.
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5 Attractor reconstruction using interspike intervals

In this section we develop a theoretical framework which shows that interspike
interval reconstruction can only reconstruct attractor of a discrete map � . We also
compare attractor reconstruction using interspike intervals with the reconstruction
using delay coordinates.

We proceed now to define the reconstruction map �

,
using interspike interals and

then the reconstruction map ��� using delay coordinates. For convenience we will
use the Rössler attractor in the construction, but it can be applied to a general at-
tractor under a flow or a homeomorphism.

Recall that ( is a compact neighborhood of an attractor � and let � � ��
 	�� be a
flow on ( . Let ��� ) ( and let � ����
 ��� � be a solution of (3) with initial condition��� " � � � ��� . Let �#"

,
�%$
,
& � be the associated sequence of firing times. We assume

that the parameters in (1) and (3) are selected in such a way that this sequence
is infinite. Let 1

,
� ( @ < $ be a map associating to a point ��� a sequence of

interspike distances

1
,
����� � � " � � � " � � " � 
 " 7 � " � 
 �'�'� �

and let � be shift map on a sequence "
� ��� " � � " � 
 " 7 � " � 
 � �'� � � ��� " 7 � " � 
 " " � " 7 
 �'�'� � �

Let
� ( �=< $ @A< (

be a projection onto first + components. We will call the map

�

,
� � � (�� 1

,

the interspike interval reconstruction map. The map �

,
maps a neighborhood ( of

the attractor � to the reconstruction space
< (

.

A similar formulation can be used for delay coordinate reconstruction, originally
due to Packard et. al. [11]. Once again, let ��� ) ( and let � ����

� � � be a solution
of (3) with initial condition � � " � 
 ����� � ��� . Select a constant ��� 	 and a map� � ( @ <

. Let 1�� � ( @A< $ be a map associating to a point ��� a projection (via
the map � ) of a sampling of a trajectory � � ��
 ��� � at multiples of �
1 � ������� � � � � � � " ��

��� ��
�� � � � " � � � 
 ����� 
�� � � � " � � � � 
 ��� ��
 �'�'� 
�� � � � " ��� + � 

��� ��
 �'�'� � �
Let

� ( � < $ @ < (
be, as before, a projection onto first + components. We will

call the map
� � � � � (�� 1 �

the delay reconstruction map. Notice that the difference between the maps ��� and
�

,
is in the way how the time series associated to ��� is created. In one case, it is the

interspike intervals of the IF model driven by input � ����

����� . In the other case, it is
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a sampling of a trajectory in multiples of � , followed by a projection. Both maps �

,
and � � are continuous by continuous dependence on initial conditions.

Definition 5 The set

� ����� � � � � ) ( � there is a sequence �
,
@ � with � ���

,

 ��� @ � �

is called the � -limit set of � under flow.

Definition 6 ([13]) A set
�

is called residual if its complement is a countable
union of nowhere dense sets. A property is called generic if it holds for a resid-
ual subset of a set of parameters under consideration.

For the rest of this section we assume that the initial condition ��� is such that
� ����� � � � . This is not a restrictive assumption as it is believed to hold for all
strange attractors for generic choice of ��� in the basin of attraction.

In applications a time series (sequence 1 ����� � ) is given and the goal is to reconstruct
the unknown attractor � or some of its features such as dimension, characteristic
exponents and entropy [4,7,8,19]. A selection of + is made arbitrarily and then
the projection of the sequence 1 ����� � and its shifts � � �*1 ������� � to

< (
serves as a

reconstruction of � . It is clear that if the map ��� is not injective information is
lost during the reconstruction. Therefore, a great deal of effort has been expended
to show injectivity of ��� . A classical results of Takens [18](Corollary 5) (see also
[16]) shows that generically (in a certain space of parameters) � � is injective for
suficiently large + .

Sauer [15] proved a similar result for map �

,
in the case when the interspike interval

sequence is produced by the IF model without leak ( � � 	 ). In this case, it is
once again generically expected that the reconstruction map �

,
is injective for a

sufficiently large embedding dimension.

We expect that the map �

,
produced by the IF model with leak is injective but that

is not focus of this paper. We will not seek to extend these results to IF models with���� 	 . The main point we want to make is that even if the reconstruction map �

,
is

injective, the reconstruction may fail. In other words, injectivity of �

,
is a necessary,

but not a sufficient condition for a faithful reconstruction. Therefore for the rest of
this section we assume that both � � and �

,
are injective. The following Lemma and

some results later in the section hold for both maps �

,
and � � . We shall use notation

� with no superscript when the results are valid for both maps.

Lemma 7 Assume that the reconstruction map � is injective on ( . Let � � � � � ( � ,
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� � < (
. Then the diagram

( /@ (
1 N 1 N
< $ '@ < $� ( N � ( N
�

�@ �

(37)

commutes, where the map � is defined by

� ����� � � ( ��� � �CB �( ����� ��� � (38)

Proof. Take an arbitrary point � ) ( . We discuss first the case of interspike
interval reconstruction. In this case � � �

,
, 1 � 1

,
, � � �

,
and � � �

,
. The

point �
,
��� � is the point on the attractor at the time of the nearest firing, i.e. at the

time " � . Therefore the sequence 1
,
� �
,
��� � � is � " 7 � " � 
 " " � " 7 
 �'�'� � by definition of1

,
. It follows that the first square commutes. Since �

,
is injective the map

� ( is
injective on the set 1 � ( � as well. It follows that the map �

,
is well defined on the

set � � �

,
� ( � .

Now we discuss the case of delay reconstruction i.e � � � � , 1 �A1 � , � � � �

and � � � � . The point � � ����� is the point on the attractor at the time " � � � ,
starting from initial condition � at time " � . Therefore the sequence 1 � � � � ����� � is� � � � � " � � � 
 ��� ��
�� � � � " � � � � 
 ����� 
 � �'� � by definition of 1�� . It follows that the first
square commutes. Since ��� is injective the map

� ( is injective on the set 1�� � ( � as
well. It follows that the map � � is well defined on the set � � � � � ( � .
Finally, the bottom square commutes by definition of the map � . /
We want to use diagram (37) to precisely characterize the connection between dy-
namics on � and the dynamics of the map � in the reconstruction space. We hasten
to point out that injectivity of the map � � does not guarantee that the dynamics gen-
erated by the map � � mirrors the dynamics of the flow � . By diagram (37), the
projection of all shifts � � �*1 ������� � to the reconstruction space

< (
corresponds to

mapping the trajectory ��� � ���������%$�'& � via the reconstruction map � . The set

� � � 

����� � �  � � � ��� � � ������� � � $�#& � � � �

serves as the reconstruction of � . The map � � � � � 

��� � @ � � � 
 ��� � serves as a
reconstruction of the dynamics on � . Notice that if the set � is bounded, i.e. the
interspike intervals are uniformly bounded for initial conditions in ( , then the set� � � 
 ��� � is not empty.

Lemma 8 Assume that the reconstruction map � is injective on ( . Fix � ) (
and let .0/ ����� be a set of limit points of the sequence ��� � ����� � �%$�#& � . Then the map
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� � . / ��� � @ . / ����� is conjugate to the map � � � � � 
 � ��� @ � � � 

��� � .
Proof. Observe that by definition of

� � � 
 ��� � we have

� � � 
 ����� � ��� .0/ ����� � �

Since � is injective, the function � � � @ � is well defined. Since . / ����� � ( and� � � 
 ��� � � � , the result follows from diagram (37). /
Corollary 9 Select � ) ( , assume � ����� � � and that the reconstruction map
� is injective on ( . Then, if .0/ ��� � � � ��� � , the map � � � ����� 
 � � @ � ����� 
 � � is
conjugate to the map � � � @ � .

The Corollary 9 clearly shows that another key ingredient for faithful reconstruction
(apart from injectivity of � ) is the requirement that . / ��� � � � ����� . At this point an
essential difference between delay coordinates reconstruction and the reconstruc-
tion using interspike distances emerges. For the delay coordinate reconstruction we
have a following result.

Theorem 10 ([18], Theorem 4) Let � be a compact manifold, let ( be a vector
field on � with flow � ����

��� and let � be a point on � . Then there is a residual set��� � � of positive real numbers, such that if ��) ��� � � , we have that � ����� � .�� ����� .
If � is selected in such a way that � ��� � � � , this Theorem, together with Corol-
lary 9, shows that delay coordinate reconstruction (generically) works.

However, numerical results from section 4 indicate that there is a set of parameters
(Figure 4 and Figure 6) for which the set . / ����� is a strict subset of � . Since this
behavior takes place in regions of the parameter space with non-empty interior, an
analog of Theorem 10 does not seem to be true for a map � defined by the interspike
intervals of integrate-and-fire model.

We want to conclude this section with a few thoughts on the role of the injectivity
of the map � versus the manner in which the time series is produced for the attractor
reconstruction problem. We define a point-by-point reconstruction of the attractor
� . We pick a point � � ) � and compute ����� ��� using the first + elements of 1 ��� ��� .
Then we pick another point � � and repeat the process. The reconstructed attractor
in � � < (

is �
� � � � � � �

It is easy to see that if � is injective, the set
�

can be justifiably called a reconstruc-
tion of � . This should be contrasted to the reconstruction using the induced map � ,
which we may call dynamic reconstruction. For this reconstruction to succeed one
needs to show (in addition to injectivity of � ) that . / ����� � � ����� . Point-by-point
reconstruction only reconstructs � as a set, while dynamic reconstruction also re-
constructs the dynamics on � . For comparison of these two approaches see Fig-
ure 8. Notice that the parameter values for this figure are the same as in Figure 1A.
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Figure 8A also indicates that �

,
is injective.
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Fig. 8. (A) A point-by-point reconstruction of the Rössler attractor for the parameter set� �� � ���,�	 
 � �"��������������������� 

. (B) Dynamic reconstruction of the Rössler attractor at the

same value of parameters. The orbit of � can be seen in Figure 1A

In practical applications one is usually given a time series and does not have the
data required to attempt a point-by-point reconstruction. That would require mul-
tiple data sets with different initial conditions. If the mechanism of time series
extraction is not understood and, in particular, if the assumption that the time series
is a sampling of a trajectory in regular time intervals is not justified, then our results
urge caution. The dynamic reconstruction may only capture part of the attractor in
the original system. If there are resources to obtain data for point-by-point recon-
struction and the interest is in the set properties of the original attractor, then our
results suggest that point-by-point reconstruction may be a more reliable method.

6 Conclusions

This paper had two goals. The first was to observe that dynamic reconstruction of an
attractor from the time series data reconstructs only the attractor of a certain discrete
map. If this attractor is strict subset of the original attractor, the reconstruction will
be incomplete. Suzuki et. al. [14] found that the attractor of the discrete map was a
strict subset of the Rössler attractor for certain parameter values when the discrete
map was generated by integrate-and-fire model and the real neuron as well.

The second goal of this paper was to explain this phenomena as a consequence of
the phase locking in the periodically forced integrate-and-fire model, which is in a
certain sense close to the aperiodically forced system. Our numerical simulations
indicate that there is an open set of parameters for which the discrete attractor is a
strict subset of the Rössler attractor. This indicates that, unlike dynamic reconstruc-
tion using delay coordinates [18,16], the dynamic reconstruction using interspike
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distances is not generic.

The numerical evidence presented in section 4 suggests that the banded structure of
. / ����� can be predicted (for small �� ) by # � � phaselocking observed in a “nearby”
periodically forced IF model. One reason this worked well for the Rössler forced IF
model is that the Fourier spectrum of � � ��� was very sharp at a sole dominant mode
(see Figure 3). Had the power spectrum been broader, mixing modes of different
frequencies would have had similar amplitudes making our single mode approxi-
mation less accurate.

One can speculate about the significance of these results as it pertains to neural pro-
cessing. If we present inputs (to our admittedly simplistic integrate-and-fire model
of the neuron) starting at random points on the Rössler attractor, we can reconstruct
the attractor from the interspike distances (see Figure 8A). However, if these points
are temporary related, as they are if they lie on a single trajectory on the attractor,
then the reconstruction of the input will exhibit this temporal structure. In other
words, since the signal ��� � ��� garnered from the Rössler attractor is close to a pe-
riodic signal ��� � ��� , the neural system will phase lock onto the temporal feature of
the output (see Figure 8B).

The results of Suzuki et. al. [14] indicate that similar behavior is observed for real
neurons and not only IF models. Does this mean that some neurons are specifically
selective for the temporal structure of the signal? Is this an evolutionary liability or
an advantage? The anwers to these questions go beyond the scope of this paper.

There are outsanding mathematical problems as well. The phenomena of phase
locking has been interpreted much more widely in the neuroscience literature than
the mathematical definition we have used in this paper. As an example, phase lock-
ing has been used [12] to describe post-stimulus spike histograms in response to
periodic stimuli, which have similar periodic shape as the driving function. An in-
teresting related mathematical problem is that of making a broader definition of
phase locking using a generalized definition of the rotation number � � which is
continuous in a large space of functions and for wide class of neuronal models.

Ackowledgement: We would like to thank referees whose suggestions improved
this paper considerably.
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