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Abstract
We use Conley index theory to develop a general method used to prove
existence of periodic and heteroclinic orbits in a singularly perturbed sys-
tem of ODE’s. This is a continuation of the authors’ earlier work [9] which
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is now extended to systems with multidimensional slow variables. The key
new idea is the observation that the Conley index in fast-slow systems has
a cohomological product structure. The factors in this product are slow
index, which captures information about the flow in the slow direction
transverse to the slow flow, and the fast index, which is analogous to the
Conley index for fast-slow systems with one-dimensional slow flow [9].

Key words: Fast-slow system, periodic and heteroclinic orbits, Conley
index

1 Introduction

Consider a family of differential equations on R” = R* x R’ given by
&= flz,y), 9§ = eglz,y), (1.1)

where f: R* x R® = R" and g : R* x R = R” are €' and ¢ > 0. Since ¢ is
assumed to be small there are effectively two time scales for this system. The
fast dynamics is governed by & = f(z,y) and the slow dynamics by § = g(z,y)
restricted to f(xz,y) = 0. Concatenations of solutions of the fast and slow
dynamics are called singular solutions. The mathematical challenge is to identify
conditions for which there exists an €y > 0 such that for all 0 < € < ¢ there are
solutions to the full system (1.1) which lie near the singular solution.

Since these systems arise frequently in applications, problems of this nature
have received considerable attention. A particularly powerful technique, called
geometric singular perturbation theory, was developed by N. Fenichel, C. Jones
and N. Kopell'. Based on extensions of the classical concepts of normal hyper-
bolicity and transversality, when applicable it provides sharp results.

Our goal is to develop an alternative approach, which we believe is more
computable, using topological rather then geometrical methods. As will be ex-
plained in detail later, the ideas of the Conley index theory ([1, 3, 15, 19]) play
a prominent role in this program; changes in the index substitute for transver-
sality, and normal hyperbolicity is replaced by isolation. In an earlier paper
[9], we developed a theory for fast-slow systems with a one dimensional slow
variable (¢ = 1). In this paper we go a step further and provide a method which
is applicable to systems with a slow variable of arbitrary dimension, and from
which one can conclude the existence of heteroclinic or periodic orbits. This
requires a fundamentally new idea concerning the decomposition of the Conley
index into slow and fast indices. In the vocabulary of the current paper, in the
one dimensional slow manifold case, the Conley index consists only of the fast
index. We hasten to add that we are not claiming credit for the idea of using
topological tools in singular perturbation problems. In fact, we will include
some isolated elements of the history of the approach not only to put the results

IThe reader is referred to [1] for a survey and further references on the geometric per-
turbation theory. The closest analogy to the material of this paper is the exchange lemma
introduced in [11].



of this paper into it proper context, but also to provide a reference for some of
the more abstract ideas that are introduced here.

With this in mind, let us begin by introducing some of the fundamental ideas
from the index theory. Consider for the moment an arbitrary flow v : R x X —
X defined on X, a locally compact metric space. A compact set N C X is called
an isolating neighborhood if

Inv(N,v) :={z € X |y(R,z) C N} C intN

where intN denotes the interior of N. If S = Inv(N,~) for some isolat-
ing neighborhood N, then S is referred to as an isolated invariant set. The
Conley index is an index of isolating neighborhoods with the property that if
Inv(N,~) = Inv(N’,v), then the Conley index of N equals the Conley index of
N’. In this way, one may also view the Conley index as an index of isolated
invariant sets.

To compute the Conley index requires the existence of an index pair. To be
more precise, let S be an isolated invariant set. A pair of compact sets

(N, L) with L C N is an indez pair for S if:

(1) S =Inv(cl(N\ L)) and N \ L is a neighborhood of S;

(2) L is positively invariant in N, i.e. given z € L and ([0,¢],2) C N then
v([0,¢],z) C L;

(3) L is an exit set for N, i.e. given € N and T > 0 such that v(T,z) € N,
there is a ¢t € [0, T] such that v([0,],z) C N and v(t,x) € L.

The cohomological Conley index of S is given in terms of the relative Alexander-
Spanier cohomology of the index pair; that is,

CH*(S) := H*(N, L).

Given an isolating neighborhood, its Conley index carries some information
on the dynamics of the associated isolated invariant set. In our case we will make
use of theorems in which the cohomological Conley index guarantees the exis-
tence of periodic orbits ([14, Theorem 1.3]) and heteroclinic orbits ([1, Theorem
3.3.1]).

Returning to the context of fast-slow systems, for fixed € > 0, the solutions
to system (1.1) generate a flow

o RxR" - R".

In the special case e = 0, (1.1) has a simpler form, since y becomes a constant,
and hence, can be viewed as a parameter for the flows on R, Namely, for each
y € Ré, there exists a flow ¢, : R x RF - R" given by

(y(t, ), y) = L (t, 2, ). (1.2)



For a fixed bounded region Y C RZ, the parameterized flow
vy RxRFxy o R xvy

is defined by ¢y (t, z,y) := (Yy(t,x),y) for y € Y.
Another way to simplify (1.1) is to first rescale time by 7 = €t and then in
the new equations let € = 0:

0 = f(z,y), v = g(z,y). (1.3)

The set of points (z,y) € R** with flx,y) = 0 is called a slow manifold of
the problem (1.1). If g—i is invertible for y in some bounded set Y, then by the
implicit function theorem, there is a function z = m(y) such that f(m(y),y) = 0.
The set M := {(z,y) € R** | 2 = m(y),y € Y} denotes a branch of the slow
manifold over Y. Solutions of

y=g(m(y),y)

determine the slow flow 3% : R x M — M. If the branch M is clear from the
context, the slow flow is denoted by ©°%(y, t).

Example 1.1 As an extremely simple example that begins to suggest the phi-
losophy behind our approach consider the fast-slow system

7= r(l-r), 0 = e (1.4)

presented in polar coordinates which for each fixed value of € > 0 generates a

flow ¢ : R x R*® = R’ For e = 0, § can be viewed as a parameter, leading to

the family of flows 1y : R x [0,00) — [0, 00). Clearly, the slow manifold is given

by M = {(r,0) | r = 1}. Observe that M becomes a periodic orbit for € > 0.
Turning now to the language of the Conley index, the sets

N={(r0)|3<r<i} and L={(n0)|r=35orr=2}

define an index pair for all values of € > 0. A simple direct calculation shows
that

Ly ifk=12

0 otherwise,

CHF (Inv(N, ); Zo) = {

for all € > 0. This combined with the fact that for € > 0 there exists a Poincaré
section for N allows us to apply [14, Theorem 1.3] to prove that Inv(N,¢)
contains a periodic orbit for all € > 0.

While all the information in the previous paragraph is correct, it fails to
indicate how the theory is used in the context of a fast-slow system. Thus we
repeat the calculations beginning with information that naturally arises from
the singular flow ¢°. Consider a point K = (1,6y) € M. For the flow s,

N@Oo)={r|t<r<2} and L@)={r|r=3orr=2}



is an index pair for K. Furthermore,

oty = { B TE =

0 otherwise.
Observe that the isolating neighorhood N is the product of the slow manifold M
and an isolating neighborhood for a point on the slow manifold under the fast
flow. More generally, we can describe N as a disk bundle with base consisting
of the slow manifold where the dynamics on each fiber is determined by the
fast flow. In particular, we can apply the Thom isomorphism theorem [20] to
conclude that

CH*(Inv(N, ¢%); Zg) = CH* (K ; Zg) ~ H*(M, Zs) (1.5)

where — denotes the cup product. Observe that we have computed the Conley
index of Inv(N, ¢¢) using the fast dynamics at a single point on the slow manifold
and the global topology of the slow manifold. .
To obtain the existence of a Poincaré section, we use the slow flow 6 =
1 restricted to M. As was indicated earlier this provides us with sufficient
information to conclude the existence of a periodic orbit in Inv(N, ¢°).

This type of computation of the Conley index from the perturbation of a nor-
mally hyperbolic slow manifold can be found in [5]. However, it is quite common
for the slow manifolds of (1.1) to be unbounded. In particular, this means that
given a compact set N which intersects the slow manifold, Inv(N, ¢°)NON # ().
In other words, unlike the example of (1.4) an isolating neighborhood and, hence,
an index pair cannot be obtained for the singular flow °. Conley [4] resolved the
first part of this problem by providing a characterization of a singular isolating
neighborhood; that is, a compact neighborhood which is an isolating neighbor-
hood for ¢¢ for all sufficiently small € > 0. The latter issue was addressed by
Mrozek, Reineck and the third author with a description [16, Theorem 1.15] of
a singular index pair; that is, a pair of sets (N, L) such that

CH* (Inv(cl(N \ L)), ) & H*(N, L)
for all sufficiently small € > 0.

Example 1.2 While the above mentioned results provide the foundations upon
which this work is based they do not, in themselves, posses sufficient compu-
tational power. To see this consider the question of the existence of periodic
travelling waves to a system of reaction diffusion equations of the form

eu; = 62um+uf(u,v)

Ve = gy +vg(u,v) (1.6)

where u and v are population densities of a prey and a predator species and
€ > 0 but small. It is assumed that
af dyg
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Figure 1: Zero sets for the functions f and g. The dotted curve@and arrows
indicate the location and direction of the singular periodic orbit whose existence
was demonstrated in [8]. The v-axis and the right branch of f = 0 are branches
of the slow manifolds M; and Ms, respectively. The singular orbits on the
branches of the slow manifold are labeled by m; C M;. The connecting orbits
01 and (B2 are the heteroclinic orbits defined by the fast flow that belong the to
singular orbit.

and that the zero sets of f and g are as indicated in Figure 1. This system was
investigated by Gardner and Smoller [8] using Conley index techniques and, in
part, motivated the work of this paper.

Choosing the travelling wave coordinate £ = (z — 0t) /¢, (1.6) reduces to the
fast-slow system

U w

w = —bw—uf(u,v)

v = €2

Z —e(0z 4+ vg(u,v)) (1.7)

Clearly, both the fast and slow variables are two dimensional and thus it is
impossible to capture the dynamics in a single drawing. However, Figure 1
indicates the projection onto the u and v coordinates of the periodic orbit whose
existence was shown in [8]. This orbit is obtained as the concatenation of four
orbits, two from the fast system (the horizontal dotted lines) denoted by f;,
i = 1,2, and two from the slow system (the vertical dotted lines) denoted by
my and ms. In particular, the horizontal dotted lines are projections of the
connecting orbits indicated in Figure 2.

Our construction of the singular isolating neighborhood is similar in spirit
to that of [8]. The major difference arises from the way the Conley index of
the associated isolating neighborhood is computed. In [8] the computation is
performed by the construction of a homotopy to the van der Pol equation. This
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(a)v=uv (byv=1v

Figure 2: Connecting orbit in the fast dynamics at v = v and v = v. Observe
that in both cases the two equilibria lie on the slow manifolds M; and M.

makes specific use both of the equation under consideration and of the orbit
being investigated. In contrast we provide a direct means of computing the
index similar in spirit to that of Example 1.1.

To be more precise, Examples 1.2 and 1.1 are obviously different in that
the singular orbit of the first consists of both segments from the slow manifold
and orbits from the fast dynamics. Therefore it is impossible to construct an
isolating neighborhood that can be viewed as a vector bundle with fibers defined
in terms of the fast dynamics and the base consisting of a subset of the slow
manifold. This observation motivates the following more general concept.

Definition 1.3 A pair of compact sets (N, L) with a continuous surjection
p: N — A forms an index bundle over the base space A, if there exists an open
covering {U} of A, such that, for any a € A and an element U, of the cover
containing a, the inclusion map

ju. : (N(a), L(a)) — (N (Ua), L(Ua))
induces an isomorphism
jt, - H*(N(Ua), L(Ua)) — H*(N(a), L(a)), (1.8)
where N(a) = p~t(a), N(U) =p~1(U) and L(a) = LN N(a).

The construction of these bundles occupies much of this paper. The base of
the bundle will be defined in terms of the singular orbit on the slow manifold.
Furthermore, for each fiber the key information is H*(N(a), L(a)) which is
meant to suggest that we are keeping track of the Conley index information
derived from the fast flow at a point on the slow manifold. As will become clear
our construction of an index depends only on the dynamics near the singular
orbit. In fact it is constructed by combining local information from the segments
of the solutions to the slow and fast dynamics.



The fact that we only need the dynamics in the neighborhood of the sin-
gular orbit to perform the computations allows us to consider finite coverings
of the neighborhood. For a particular example of (1.7) it can be shown using
a numerically rigorous computation that another singular periodic orbit which
shares the segments 3; and [ exits. Using covering space arguments we can
concatenate these singular orbits and construct associated index bundles. This
allows us to directly conclude the existence of a full two shift of bounded solu-
tions where the symbols correspond to the two simplest singular periodic orbits
[10].

Our construction of index bundles requires considerable notation. As an aid
to the reader we have adopted the following convention. Capital bold letters
denote neighborhoods in R* x R® while capital calligraphed letters indicate
the corresponding subsets obtained by projecting onto R, More precisely, let
11: R* x RY = R denote the canonical projection map, then for U C R* x R,
U :=TI(U). The strategy of this paper is to first construct an abstract theory
of index bundles from which the Conley index can be computed and then to
prove that under a general set of hypotheses an index bundle for a fast-slow
system can be constructed. We will indicate sets of the first type by adding
a circle and the latter type by adding a dagger; that is, U indicates a set in
R* x R that is constructed from a given fast slow system, whereas “U denotes
the corresponding set in an abstract index bundle.

To obtain an index bundle for a system such as (1.7) requires two ingredients:

(1) we need to be able to construct the sets TN and 'L, and

(2) we need to be able to identify the Conley indices of the elements on dif-
ferent branches of the slow manifold that are connected by heteroclinic
orbits of the fast dynamics.

We now provide an outline of the key ingredients to these steps with the details
being provided in the sections that follow.

The construction of TN over a branch of the slow manifold M is in some
sense the easiest. We begin with the following concept.

Definition 1.4 Let X be an (£ —1)-dimensional disc which is a local section for
a slow flow ©*°" on a slow manifold M. A slow sheet is a normally hyperbolic
subset £ C M defined by

E = U @SIOW([O,T(Z)],Z)

zEX
where T': ¥ — (0, 00) is a bounded continuous function.

Remark 1.5 The requirement that E is normally hyperbolic seemingly con-
tradicts our philosophy that our assumptions should be topological rather then
geometrical. The assumptions that we need are slightly weaker. We need to
assume that the slow manifold is a manifold and the Conley index in the normal



direction to the slow manifold is that of a hyperbolic fixed point. More precisely,
we need to assume, for the fast-slow system (1.1) that the derivative D, f(z,y)
is non-singular, which by the Implicit Function Theorem guarantees existence of
a slow manifold = h(y), and the and that for each y the fixed point x = h(y)
of the fast flow has the Conley index of a hyperbolic fixed point. Since we do
not know at this point of any application where this weaker assumption can be
verified without normal hyperbolicity, we chose to simplify the exposition by
assuming normal hyperbolicity.

In practice the slow sheet contains the segment of the singular orbit that
lies on the slow manifold. For technical reasons, the slow sheets may be too
large and thus, as is described in Section 5, we choose U C E. To produce a

neighborhood in R” x R’ define the tube
U= [—r, )" xU

where 0 < r < 1.

Sets of this form define TN in the region of the segments that lie on the slow
manifold. Of course we also need to identify TLiyy = 'L N U, the associated
subsets of L. As will be made clear shortly, this is more subtle.

Clearly, the next step is to construct neighborhoods that contain the hete-
roclinic orbits of the fast flow that join the singular segments in the slow flow.
However, the existence of the heteroclinic orbits is not in itself sufficient. What
is necessary is that these fast orbits carry the index information from one tube
to the next. We check for this additional information by means of the topological
transition matriz (see [12, 13]) which is described below.

Let S be an isolated invariant set. A pair of disjoint compact invariant
subsets (M (1), M(2)) form an attractor repeller pair decomposition of S if for
every x € S\ (M (1) UM(2)), the alpha and omega limit sets of = are contained
in M (2) and M (1), respectively.?

In the context of a parameterized flow ¥y : R x R x v — R* x YV, an
attractor repeller pair continues over Y, if there is an isolated invariant set
S = Inv(N,vyy) with an attractor repeller pair decomposition (M (1), M (2)). It
is fairly easy to show that attractors and repellers are isolated invariant sets.
Observe that if one defines

Sy = 5N (R" x {y}),

then Sy is an isolated invariant set for . Similarly, (M,(1), M,(2)) is an
attractor repeller pair decomposition for S,,.

Since S is an isolated invariant set for ¢y, there exists an index pair (N, L)
and CH*(S) = H*(N, L). Tt can be checked that (N, L,) is an index pair for S,,.
Furthermore, the continuation theory of the Conley index guarantees that for

2An attractor repeller pair decomposition is a special case of a Morse decomposition [3].
We have chosen to present the material of the paper in the setting of an attractor repeller for
the sake of notational simplicity. The results extend in the obvious way to arbitrary Morse
decompositions.



(a)v=uv (byv=1v

Figure 3: Boxes that contain the Connecting orbit in the fast dynamics at v =v
and v = 9. For v = v, (M1, Mp) is an attractor-repeller pair while (My, M7) is
an attractor-repeller pair for v ~ ¥

all y € Y the inclusion map j, : (Ny, Ly) — (N, L) induces an isomorphism jy :
H*(N,L) — H*(Ny, L,). The same result applies to attractors and repellers.

Let us return for a moment to (1.7). Fix y = (v, z) and consider an isolat-
ing neighborhood N for the fast flow 1, for which M, (1) and M,(2) form an
attractor repeller pair. An easy computation shows that the dimension of the
unstable manifolds of these equilibria are the same. Thus one expects that for
a typical point y € Y, there is no connecting orbit between M, (1) and M,(2).
Stated differently

Inv(N,¢y) = | Myl
p=1,2

Now consider Y and an isolating neighborhood N such that M (1) and M (2)
form an attractor-repeller pair for Inv(N, ¢y ) and choose yo,y1 € Y such that

Inv(N,vy,) = |J M, (p), i=0,1
p=1,2

In this case there exists a topological transition matrix from yo to y; which is a
lower triangular, degree zero isomorphism
Ty, : CH™(My, (1)) ® CH™ (My, (2)) — CH™(My,(1)) & CH™(M,,(2))

If the (2, 1) off-diagonal entry of T} is non-zero, then for any continuous curve
y=y(\), A €]0,1] with y(0) = yo ‘and y(1) = y; in the parameter space, there
is a A € [0, 1] such that, for the parameter value y(\), there exists a heteroclinic
orbit from M,,)(2) and My (1).

We codify this discussion into the context of the fast-slow systems via the
following definition.

10



Definition 1.6 A set B ¢ R" x R’ is a boz, if the following conditions are
satisfied:

(1) "B is an isolating neighborhood for the parameterized flow 15z defined by

Wig RxR'xB — RFxiB
(t,z,y) = (Yy(t,2),y),

where '8 :=I1('B).

(2) Let S("B) := Inv('B, ¢i3). There exists an attractor-repeller decomposi-
tion
M(S(B)) = {M(p,/B) [p=1,2 (2> 1)}.
(3) There are isolating neighborhoods V (p, /B) for M(p, B), p = 1,2, such

that
V(p,/B)cint B and V(1,"B)nV(2,™B)=0.

(4) Let B, = BN (Rk x {y}), Sy('B) := Inv('B,,v,) and let {M,(p, B) |
p = 1,2} be the corresponding attractor-repeller decomposition of S, ('B).

There are subsets 18” and B open relative to the subset topology on
B such that for fixed i = 0,1 the invariant sets S, ("B) are related by

continuation for all y € B,
(5) For each y € TB, the set B, is a k-dimensional disc.

Notice that Definition 1.6(4) implies that there are no heteroclinic orbits be-
tween the Morse sets at the parameter values y € tBOUtB". By the construction,

the sets S, (/B), yo € 8° and S, (1B), y1 € B are related by continuation. It
follows that a topological transition matrix

Tyows  CH™(My,(1,'B)) & CH*(M,,(2,'B))
— CH*(My,(1,'B)) & CH" (My,(2,'B))

is defined for every yg € t1B° and Y1 € B'. We note that by the continuation
argument, topological transition matrices between yo and y( € 1B% or between

y1 and y) € 1B" are identity maps, therefore, does not depend on the

T*
Yo,Y1
choice of yg € 8% and Y1 € TBI, hence may be denoted by Ti%.

Let us return to the setting of Example 1.2. Let 'U; and 'B; denote the
tube and box containing m; and f;, respectively, and set

2 2
N=JUulB.
i=1 i=1

As was indicated earlier, the proof of the existence of a periodic orbit depends
upon the construction of an index bundle ("N, 'L). This requires the construc-
tion of an appropriate singular exit set 'L which, as will be explained shortly,

11



is a nontrivial task. For the moment observe that since the singular isolating
neighborhood is constructed using tubes and boxes it is reasonable to assume
that they must intersect in an appropriate manner. This intersection is mea-

sured in Rz, the space of slow variables, that is,@ the compatibility of tubes
and boxes involves conditions expressed on the intersections 4y N8y N1, and
fUs N By N TU4,. This is made precise in Definition 5.3 where the notion of a
periodic corridor involving I boxes {TBi [i=1,... ,I} is introduced.

Now consider sequential tubes TU; and U, in the periodic corridor joined
by the box 'B;. In Section 5 we prove three essential results. The first is that
"N is a singular isolating neighborhood. The second is that a slight modification
allows one to verify that ("N, 'L), where construction of 'L is described below,
is a singular index pair. The third is that if

7

TT??,I- (2a 1) : CH*(Myi+1(17 TBZ‘)) - CH*(My (2a TB%))

is non-zero for every i = 1,..., I, then, (N, L) is an index bundle with a pro-
jection onto the slow segments of the singular orbit. This allows us to compute
H*('N, L) and prove the following theorem.

Theorem 1.7 Consider the fast-slow system (1.1) and a periodic corridor con-
taining bozes {1B;}Yi=1,. 1. If T7g (2,1) is an isomorphism for all i =1,...,1,
then for sufficiently small € > 0, there exists a periodic solution to (1.1).

To explain the difficulty in constructing 'L consider the simpler setting where
the slow variable is 1-dimensional. Given a periodic corridor the transition ma-
trix information provides sufficient information to demonstrate the existence of a
periodic orbit [9, Theorem 1.6]. A heuristic description of this result is as follows.
Given a tube TU; in the periodic corridor, /; = II(TU;) is an interval. For each

point m € MNTU;, let y = II(m) € ;. Using the fast flow ¢, we can construct

an index pair (TN, TLZaSt). The continuation theory of the Conley index guar-

antees that for all y € 1; the inclusion map jy,, : (TN, LY (N, L

. . . - x . s (T + fast s (T + fast
induces an isomorphism jj, @ H*("Nyy,, 'Ly, ) — H*('N,, 'L,""). Now con-

sider sequential tubes TU; and U, in the periodic corridor joined by the box
B,. If
TT’;&, (2, 1) :CH" (Mya:+1 (17 ]LBi)) — CH* (My (2, TBz))

L™ ) to H (1N, L),
This observation leads to the conclusion that ("N, TLfaSt) is an index bundle with
projection IT : TN — UL, 4.

In the previous example the singular exit set is essentially defined by the
expanding directions of the fast flow. This is not the case for higher dimen-
sional slow manifolds, since there is no natural expansion or contraction rate
around typical orbits. In fact the tubes were constructed using flow boxes which
explicitly eliminates any sense of expansion or contraction. The expanding and
contracting dimensions in the slow dynamics must be determined globally, but

is non-zero, then we have an isomorphism from H* (‘LNyi 1

12



matched locally via the fast dynamics within the box. We resolve this dichotomy
in Section 2 by introducing the notion of local models (Definition 2.2) and their
compatibility (Definition 2.3). In Section 3 these local models are used to con-
struct a slow index bundle (°N,°L¥°%) and a fast index bundle (°N,°L!).
These are then combined to create the total index bundle (°N,°L). Finally,
in Section 4 the cohomology of the total index bundle is computed. It should
be remarked that these are abstract constructions. In Section 5 we show that
given a specific fast slow system for which the compatibility conditions can be
checked, the pair ("N, fL)) defines an index bundle from which the index can be
computed for all sufficiently small € > 0

The techniques developed in this paper can also be applied to proving the
existence of connecting orbits. To be more precise consider an example where
the slow flow exhibits isolated invariant sets on different branches. There are
two obvious questions. First, do the invariant sets for the slow flow persist as
invariant sets for ¢° for sufficiently small € > 0, and if so does there exist a
connecting orbit from one to the other? The first question was addressed by
Conley and Fife [5]. A minor modification of the above mentioned techniques
can be used to answer the second question.

As in the periodic case the basic building blocks are tubes and boxes though
we need to include one other concept to capture the isolated invariant sets of
the slow dynamics.

Definition 1.8 A subset C of a slow manifold M is a cap, if it is an isolating
block under the slow flow ¢*'°% on M.

Using caps it is easy to modify the definition of a periodic corridor to obtain
a heteroclinic corridor (see Definition 5.4). In particular, a heteroclinic corridor
contains a repelling cap Cr and an attracting cap C4. Let

iICri=[-rr* xCr and TC,:=[-r 1" x Ca.
In Section 5 the proof of the following result is provided.

Theorem 1.9 Consider the fast-slow system (1.1) and a heteroclinic corridor
containing bozes {B; iz, 1. If T;%i(2, 1)#£0 foralli=1,...,1I, then for all
sufficiently small e,r > 0, there exists a connecting orbit from Inv(fCg, %) to
Inv(TCa, ).

The outline of the rest of this paper is as follows. As is indicated earlier,
in Section 2, we define abstractly local models and their compatibility condi-
tions. The notion of compatible local model isolates conditions under which the
cohomology H*(°N, °L) has a product structure. In Section 3, we exhibit this
product structure using the notion of an index bundle. We compute the coho-
mology of an index bundle using a version of Leray-Hirsh Theorem in Section
4. In Section 5, we define the periodic and heteroclinic corridors, show how to
build from them a singular isolating neighborhood N and the exit set L, and
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furthermore, we show how ("N, L) can be decomposed to form a collection of
compatible local models, thus allowing us to compute H*("N, fL). We postpone
the proofs of several results from this section to Appendix B. In Appendix A,
we provide some background in the Conley index theory.

2 Local and global models

In this section we introduce the notion of a local model and its compatibility.
A collection of compatible local models gives an ideal model for computing
the index of a singular index pair. Once a singular index pair is identified as
described in Section 5, one obtains a collection of compatible local models which
facilitates the index computation, with the aid of the notion of index bundle
which will be introduced in Section 3.

OB oB()ut

o I&] o
Figure 4: Slow local model.

Definition 2.1 A slow local model (U, U*,°V°, V! °B, h, p) consists of a col-
lection of compact subsets (U°,U*,°V°,°V!, °B) in R* together with a map
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h:°B — °B’ and a fibration p : U’ — K, °B" and K deing defined below, that
satisfy the following properties:

(1) °Vi c U’ for j =0,1.

(2) °B C U" and there is a set °B" C “U* which is homeomorphic to °B under
amap h : °B — °B' that satisfies h(°B N °V’) = °B ' N°V!. Let U be the
union of U° and U' with °B and °B’ identified by the homeomorphism h.
Similarly, let °V be the union of °V° and °V' with the same identification
by h.

(3) There exist fibrations pg : U° — [a, %] and p; : U — [6*, /] such that
°B = pfl([él,ﬁ']) for some (' € (6',a') and °B = pal([ﬁ,éo]) for some
B € (a,6%). Let °B™ = py ' (3) and °B°"" = p; 1(F).

(4) There exists a homeomorphism 7 : [3,0°] — [0}, 3] such that p; o h =
7o pg. The map 7 induces a fibration p : U — K, where K = [, o] is
given by identifying [, d°] and [6!, o/] under the map 7. Let J be given
by further collapsing the interval in K that corresponds to [3,3°] for pg
(or equivalently [61, 3] for p1) to a point, which will be denoted by [3],
and p: U — J be the resulting fibration. Observe that the fiber p~1([3])
is °B (or equivalently °B’).

(5) For each A\ € K, a pair (U(X),°V()N)) given by
UN) =UNpT V), V) =Vnp ()

in a fiber is assumed to be homeomorphic to any other such pair (U (), °V (1))
for p e K.

Definition 2.2 A local model (OUO7 oyt oy0 oyl oyl eyt °B,°L, q) associated
to a given slow local model (U°,U*,°V°, V! °B, h,p) on R’ consists of a
collection of subsets (°U°,°U*,°V° vt cU? °U' °B,°L) in R" and a map
q:°UU°BU°U! — U that satisfy the following properties:

(1) Vi c v’ c °U7 ¢ R* for j =0, 1.

(2) The map ¢ is a fibration with a fiber homeomorphic to the k-disc (k =
n — £), such that ¢(°U° U°B) = U", ¢(°BU°U") = U", and ¢(°B) = °B.
Assume also that, for each j = 0,1, the map ¢ restricted to °U? is a
homeomorphism onto U7 with ¢(°V7) = °V7. Consequently, ¢ restricted
to °B = °U° N °B and °B’ = °U' N °B is a homeomorphism onto °B° and
°B', respectively. Define °B°" = ¢~1(°B°") N °B.

(3) For each y € U, there exists a flow 1), such that

(a) °U7 (j = 0,1) is an isolating neighborhood for the parametrized
flow {'l/{y}yeouj with Invy,, ; (°U?) = °U?. Let °UJ, denote ¢~ (y) for
y € U\ °B, and U}~ the corresponding exit set. Similarly, let °B,
denote ¢~ (y) for y € °B. Let U~ = Uy U3~ for j =0, 1.
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(b) For each y € U, °Uj is homeomorphic to [—r,r]* and U}~ is
homeomorphic to [—r,7r]* x d[—r,7]*¥~* for some r > 0. Also °U2 =
¢ Y(y) N°U° has a (k — s)-dimensional unstable manifold.

(c) °B, is an isolating neighborhood of the parametrized flow {¢,},con
whose exit set is denoted by °B, . Let °B™ = Uyeo5°B, . B, admits
an attractor-repeller decomposition {M,(2), M, (1)}, where M, (2) =
°U 2 and My(1) = °U 11/ Moreover, there is no connecting orbits for

any y € °B™ U °B°.
(4) The set °L is the union of °V? (j = 0,1) and °P, where
V=g (V) (1=0.1)

and

P — U U OU?;— U°B~ U WouB(oBOut) U
J=0,1yeui\°B

P (cl("UO’_ \ °B), °B, w) Up (cl(OUl’_ \ °B), °B, w).

Note that, in general, for given an invariant set Y C N of a parametrized
flow ¢, the set p(Y, N, ¢) denotes the push forward set of ¥ in N under
. See Appendix A for the precise definition.

Definition 2.3 Let LM; = (°UY,°U;,°V?, oV} °U? °U}, °By, Ly, q;), i = 1,...,1
be a collection of local models associated with the corresponding slow local mod-
els (OL{?, OM%, ng, Vi, Py, hi) together with the associated fibrations p; : U; —
K; = [a;,0)]. Let °Uj(a}) := ¢ '(p;*(a})) and °V,(a)) = °V; N °U;(c)).
We say the collection of local models is compatible, if, for any i = 2,... 1,
each LM; is compatible with LM;_; in the sense that there is an identification
homeomorphism

& Ui(a;) — Ui (oi-1)

that maps °V;(a;) to °V;(«;), homeomorphically, and that induces a homeo-
morphism &; : U;(af) — U;—1(ai—1).

Note that this identification homeomorphism may very well be the identity
map. However, in practice, we want to connect the local models by these identi-
fication maps and make an isolating neighborhood, in which case, simply taking
the union of these local models may cause a problem, because part of a local
model might intersect with some other local model. Therefore it is theoretically
better to abstractly connect the local models by identifying their ends with
the adjacent ones. This is simply the purpose of introducing the identification
homeomorphism &;.
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Figure 5: Local model.

If a collection of compatible local models {LM; },=1 1 is such that LM; is also
compatible with LMy, then we say that the collection is of periodic type. Other-
wise it is said to be of heteroclinic type. For periodic case, it will be convenient
to define LMy = LM; and consider compatible local models {LM; };—o,... 1.

Given a compatible collection of local models

LM; = (U3, °U;,°VY,°V,,°U7,°U; L °By, Ly, qi) i= 1,1,

be it periodic or heteroclinic, define

°N; = °UjU°B;U°Uj,
I I

N = <|_| oNi> / ~é L = <|_| OLi) / ~Ey
i=1 i=1
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where ~¢ stands for the identification by the homeomorphisms {;}i=1,...;. We
also define the auxiliary sets as follows:

I I
ou — <|—| OMi) / ~e, OV — |—| OVi/ ~¢,
=1 =1
oleow _ <|_| oVO ) / ~e,
\ =1
oLfast _ |_| OP'L’/ ~ .
=1

Here the identification ~¢ for U and °V must be understood as identification
by the corresponding maps {éi}i=17...11

Our goal is to show that the pair (°N,°L) is a singular index pair for a
periodic or heteroclinic orbit of the fast-slow system, and that the existence of
such an orbit can be detected by the information of the associated index. The
former will be done in Section 5. In order to obtain the index information, in
Section 3, we introduce the notion of an index bundle, which is a language that
relates index information of the slow dynamics and fast dynamics. We show,
step by step, that the pairs (°U, °V), (°N, "LSIOW)7 (°N, "LfaSt)7 and then (°N, °L)
are index bundles, under an appropriate condition.

Once the collection of compatible local models L¥; is pasted together, the
result of index computation strongly depends on how the exit set of one local
model be related to the next. This kind of information can be built in as the
sequence of transition matrices associated with each box. More precisely, for
every i, choose y; € °Bi" \ °V and y, € OB;Out \ °V. From the assumption on the
absense of connecting orbit at y; and vy}, the transition matrix T;* between y;
and y; is well-defined. We can define a map O for a global model by

O@,m):=T7(2,1)oTy_1(2,1)0...0 T]»*+1(2, 1)o T]»*(Z, 1), (2.1)
and
©:=0(1,1),

where
Ti*(Zv 1) :CH” (Mzi (17 OBi)) — CH* (Mlh (27 OBi))
denotes the corresponding off-diagonal entry (or more generally the submatrix)
in T}.
Clearly, if all T7(2,1), j = 1,...,I are isomorphisms, then © is an isomor-
phism, andlfaHT*(, 1)#0,j ,...,I,then@;«éO.

3 Index bundles for compatible local models

In this section, given compatible local models {LM;};—1 . 1, we show that the
pair (°N, °L) decomposes into fast and slow pairs and that the slow pair forms
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an index bundle. The fast pair forms an index bundle as well, provided the map
O is an isomorphism. This information is then summarized in a commutative
diagram in Theorem 3.17.

Recall that we have already introduced the notion of index bundle in In-
troduction. If (X,Y) is an index bundle over a base space A which is path-
connected, then H*(X (a),Y (a)) and H*(X(a’),Y (a’)) are isomorphic for any
a,a’ € A. From now on, the base space of an index bundle is assumed to be
path-connected.

Definition 3.1 A pair (F, F') is a fiber of an index bundle (X,Y") over A, if
H*(F,F') = H*(X(a),Y (a))
for all a € A.

Definition 3.2 A cohomological extension of an index bundle (X,Y) over A is
a homomorphism

e: H*(F,F') — H*(X,Y)
such that for each a € A
H*(F,F') % H*(X,Y) — H*(X(a),Y(a))

is an isomorphism.

3.1 Slow index bundle
3.1.1 Local slow index bundle

Let (OU?, Uu;, OV?, OV%, °Bi, hi, pi) be a slow local model. In Section 2, we have
defined a fibration p; : U; — J; from the fibration p; : U; — K;.

Lemma 3.3 Fach pair (°U;,°V;) is an index bundle over base K; with the pro-
jection p;, and an index bundle over base J; with the projection p;.

Proof. This immediately follows from the condition (2) of Definition 2.1, and
the definition of p;. O

3.1.2 Slow index bundle

Given a collection of slow local models (OI/{?, U, OV?, OV%, °Bi,hi,pi), i=1,...,1,

recall
I

I
U = || U/ ~e, V= | ] Vi/ ~e
i=1

i=1

where ~¢ is the identification by {éi}izlpuyj, see Definition 2.3. Let K and J
be similarly defined by concatenating the intervals K; and J; respectively. Note
that, if the collection of compatible local models is of heteroclinic type, K and
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J are both homeomorphic to an interval. If however it is of periodic type, then
they are homeomorphic to a circle. Define a projection p : U — K by

p(z) =pi(z) for x€U;
and, similarly, define p : U — J by
p(x) =pi(x) for xeU,;.

Lemma 3.4 The pair (U,°V) is an index bundle over K with the projection p
and an index bundle over J with the projection p.

Proof. In view of Lemma 3.3, we need to show that there is a homo-
topy equivalence between the pairs (U(N), V(X)) and (U (W), °V(W)) for each
A € W, where W is an open subset of K such that W intersects both K;_ 1
and K; for some i. Assume without loss of generality that A\ € K;. By
Definition 2.1, (U(W) N U;, V(W) N °U;) is homotopically equivalent to the
fiber (U;(aj),°V;i(a})), which by Definition 2.3 is homeomorphic to the pair
(Ui—1(i—1),°Vi—1(@i—1)). By Lemma 3.3, this is equivalent to (U(W) N
Ui—1,°V(W) N U;_1) and, therefore, to (U(N),°V(A)) for any A € K;_1. The
result for base J follows immediately. |

3.1.3 Extension of the slow index bundle

We want to extend the bundle structure of °U with projection p : U — J to a
bundle structure of the set °N. Let

G =piog:N; — J;

be a projection map, and
g:°N—J (3.1)

be a projection map defined by

d(z) =qi(z) if ze€°N.
Theorem 3.5 The pair (°N, °L¥°Y) is an index bundle over J with the projec-
tion q.

Proof. From Lemma 3.3, (°U,, °V;) with projection p; : U; — J; is an index
bundle. Since §; = p; 0 g;, it is enough to show that for each fiber T(X) (A € J;),
there is an isomorphism

H* (N ATV, LY N T(N) = H (U (N, Vi(\)). (3.2)

By definition of the set °L'", we have ¢;(°L®") = °V; and by definition of °Nj,
we have ¢;(°N;) = °U,;. Now we construct a homotopy inverse to the map g;.
First recall that, for each y € %U;, we denote by °N,, the set °N N (Rk x{y}). We
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can view °IN; as a bundle with projection ¢; and fibers °N,. Let s; : U; — °IN;
be a continuous section of this bundle. Then ¢; o s; : U; — °U; is the identity
and s; o ¢; : °N; — °N; is homotopic to the identity, since every fiber is a
k-disc. This last fact follows directly from the construction for y € U, \ °B;
and by assumption (1) of Definition 2.2 for y € °B;. Therefore the map s; is a
homotopy inverse to g; on °N;. Since OLEIOW consists of entire fibers over °V;, we
see that in fact ¢; maps the pair (°N;, °L§1°W) to the pair (°U;, °V;) and s; maps
(Us,°V;) to (°N;, °LEY). This shows that each pair (°N;(A), °L5°% (X)) has the
same cohomology as the corresponding pair (U;(\), °V;(\)). Since (°N, °L¥™)
and (U, °V) are the unions of (°N;, OL?low) and (U, °V;) respectively, the result
follows for the total pair (°N, °Ls°%), O

Theorem 3.6 The index bundle (°N, °L¥°") admits a cohomological extension
€s-

Proof. We first define a cohomological extension of the index bundle (°U, °V).
By Definition 2.1, for each i, there are homotopy equivalences

ei(ai) : (Uias), Vi(aw)) — (Ui, Vi)
and

ei(aq) = (U, Vi) — (Ui(a)), Vi(a))).

(2

We denote the homeomorphism given in Definition 2.3 by
hi : (Ui(af), Vi(eg)) = (Uizr (i), Viea (1))

Then, for each j, the map

ej =ej(a))oer(ar)ohgoes(ay)o...oef () j)oej1(aj-1)oh;oe)(a))

/
J\Tg
(UG, V) = (Un(ed), Vi(ay))

is a homotopy equivalence. Let e : (U, °V) — (U1(c}),V1(a])) be defined by
e =e; on “Uj, then it is a homotopy equivalence as well.

We designate (U1(af),V1i(a])) to be a fiber of the index bundle (°U, °V).
By construction above the induced map

e’ H* (Ui (a)), Vi(a))) — H* (U, V)
is a cohomological extension of the index bundle (U, °V).
Now, corresponding to the fiber (U1(c}),V1(af)) of the bundle (U, °V),
let
(N L) = (N (), ST (0)) = 7 (Ua(d), V1 (04))

be the fiber of the bundle (°N,°Ls°V). By (3.2), for any A € .J, we have that
the cohomology of the fiber of the bundle (U, °V) over A € J is the same as the

21



cohomology of the fiber of the bundle (°N, oLSIOW) over A. Therefore e* induces
a cohomological extension of the index bundle (°N, °L5°%)

es H* (O:N—ﬁb7 oLﬁb,slow> S H* (ON7 OLSlOW).

3.2 Fast index bundle
3.2.1 Local fast index bundle

Let v be a section of the bundle p : U — K, and let ~; be a restriction of this
section to the bundle p; : U; — K;. We select the section v in such a way
that v;(K;) C U; \ °V;. Recall that, by Definition 2.3, there is an identifica-
tion between the pairs (U;(a}),Vi(af)) and (Ui—1(ai—1), Vie1(ei—1)). We
assume, without loss of generality, that the section +y is selected in such a way
that ~;(K;) N U, () maps by this identification to v;—1(K;—1) N U;—1(cu—1).

Let

Niy = q; ' (3(K) NN,

and let g; , : °N; , — J; be the restriction of the projection g; to °N; ., namely,
@i,y = Pi © (Gilon, ,)-

The part of the box °B; over the segment v;N°B;, namely °B; - := °B;N°N; 4,
is a single fiber of the bundle over J;. Let [3;] be the point in J; corresponding
to the fiber. We denote by °U; , the collection of fibers

OU?,”/ = OUg N°Ni, (j=0,1).

Let

Liy = °Lin°N;, = °L*n°N,,
Loyi 4 U, N°L; = °Ul N°Us (j=0,1) (3.3)
Lo,y = “BiyN°Li = °BiyN OLgaSt;

where the second equality in each line comes from the fact that v; C U; \ °V;
and the definition of °L5'Y and °Lt.

Recall (2.1) that © is defined as a composition of transition matrices T;"(2, 1)
with domain being the sum of the indeces at y € OB;“ \ °V and range the sum of
indices at y' € OB;O‘“ \ °V. We can identify y with the point y; := ;N (OB;“\OV),
and y’ with the point y} := ~; N (OZS’;O“t \ °V). Therefore the map 7;(2,1) can
be identified with the map 7;*(2,1) within (°N; -, °L; ). Let ©;, = T7(2,1) be
a map defined in (2.1) for a single box °B; .

Lemma 3.7 If ©; is an isomorphism, then the pair (°Ni,y, °L; 4) is an index
bundle over J; with the projection ; - .
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Proof. The goal of the construction of (°N; -, °L; ) lies in realization that
the computation of the index for parameterized flow v¢; , on (°Nj; ., °L; ;) is
identical to computation carried out in [9]. Indeed, (°U; -, Loy, ) is a tube
and (°B; 4, °Lon, ) is the i-th box of the tube and box collection (see [9] for
terminology).

We want to show that (°N;,,°L; ) is a bundle over J;. By construction,
H*(°B; y, Lon, ) is a single fiber of this bundle. We first take an open set
W C J; which does not contain b; € J;; for such an open set, the “natural tube
continuation” (see Remark 2.11 in [9]) proves the required property (1.8). For
an open set W C J; which does contain b;, we need the result of Proposition
4.6 of [9], which, in the present notation, shows that

H*(Biy, Lo, ) = H"("Niy(a;), "Ly (a)) = CH™(M(1, ). (3-4)

Here °N; (o)) = °N;, Ng; ' (Ui(a))) and °L; - (al) = °N; ,(a}) N °L;. By as-

sumption, ©; : CH*(M (1,4)) — CH*(M(2,1)) is an isomorphism and therefore
CH*(M(1,4)) = CH*(M(2,1)) = H*("Ni(8'), "Li~ (5)).
Finally, by the tube continuation
H*("Niy (), "Liy(8) = H*("Niy(A), “Liy (A))

for any A € W. g

3.2.2 Fast index bundle

We want to join the local index bundles (°N; , °L; ) to a global index bundle
(°N,, °L,) over the parameter spaces K or J. The above identification between
the pairs (U;(af), Vi(af)) and (Ui—1(ai—1),°Vi—1(ai—1)) identifies the end-
point y; (K;)NU; (o) with the endpoint ;1 (K;—1)N°U;—1(c;—1). Since the pair
(°N; 4 (0}), °L; 4 () is the intersection of (°N;(c), °L;(c})) with the set °N; .
and (°N;_1 4 (a;—1), °L;—1,~(c;—1)) is the intersection of (°N;_1(a;—1), “L;—1(a;—1))
with °N;_1 , there is a natural identification

(“Ni—14(@ic1), Lic14(aim1)) = (“Niy(af), °Li (a)).

Observe that this construction is independent of the map ©,;. Let

We note that, as with the global slow index bundle, °N, is a bundle over J
which is an interval for the case of heteroclinic corridor and a circle S* for the
case of periodic corridor.

Let @, : °N, — J be a projection defined by G,(z) = §; ~(x) for z € °N; ..
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Lemma 3.8 If©; is an isomorphism for alli =1,...,I, then (°N.,,°L,) is an
index bundle over J with projection g, .

Proof. Similarly as in Theorem 3.5 for the slow index bundle, we need to
connect the local index bundles (°N; -, °L; 5) to make a global index bundle
(°N, °L,). To do this, we only need to show that there is an isomorphism

H* ("N (W), Ly (W) = H* (N5 (X), Ly (M)

for any A € W, where W is an open set in J which intersects J; and J;_; for
some i. Assume without loss of generality again that A € J;_1. By (3.4),

H*(°N; (W N J;), °Liy (W N ) = H*("Niq(a), "Ly (o))
>~ CH*(M(1,i—1))

IR

H*(°Ni—1,(ai-1), "Li—1 5 (i-1)),

where by Definition 2.2(2), the last group is isomorphic, via the continuation
isomorphism, to H*(°N;_1,4(A), °L;—1 4(A)) for any A € J;_;. O

Lemma 3.9 There is a map
ef + ("Niy(a1), Liy(a))) = (N4, °Ly)
which is a cohomological extension, provided © := Oro...0 Oy is an isomor-
phism.
Proof. From Proposition 4.6 in [9], there is an isomorphism
U= V(1) : H* ("N, °Ly) — H*(°Ny5(a}), "Ly (ah)).

We designate (°Ny ,(af), °Li 4(a))) as a fiber of the index bundle (°N,, °L.,).
Define
ey =0T H* (N4 (a)), Ly (a)) — H*(°N,, °L,).
Let j,(A) be the inclusion map j(A) : (°N,(A), °L,(A)) — (°N,, °L,,) for some
A€ J\ UL {[8:]}. Using natural tube identification, it has been shown in [9]
that all maps j, () for A € J; are homotopic and thus can be identified as a
single map ji .
By Proposition 4.8 in [9], we have that
jkx“/ = é(/f) oW,

Consequently the composition
* (O (e} ‘Ij—l * (O O j'v * (O O
H*(°N1,(a1), L1y (e))) — H*(°N,, °Ly) = H (°N(A), Ly (V)

is equal to

H*(Niy(0h), Lis(0h)) 8 B (N, (1), °L, (V).

Since O(k) is an isomorphism for each k, e ¢ is a cohomological extension. [
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3.2.3 Extension of the fast bundle

As we have done with a pair (°N,°Ls°"), we can view (°N, L) as a bundle
with projection § : °®™N — J. Recall that this means that, for each A € J\
Ufil{[ﬁi]}, where [§;] is the point in J; whose fiber is °B;, the fiber of the
bundle is

(°N(N), L™ (\) := (NN T, L 0T (),

and for A = [3;], the fiber of this bundle is
(°Bi, L™ N °B,).
We want to relate the cohomology of a fiber of the bundle (°N, °L™") to the

cohomology of the corresponding fiber of the bundle (°N.,, °L,). To this end we

define the projection cjzfaSt : °N; — °N; 4 by the requirement that

Giry © 4" = Gi-
Let gt : °N — °N,, be defined by ¢®(z) = gi*!(2) if 2z € °N;.
Lemma 3.10
H*(°N,(V), °Ly (V) 2 H* (°N(X), L™ (V) (3.5)
for all X € J.

Proof. We first take A # [3;] for any i. Then, by the construction of the
fibration, we have ¢~1(\) N °B; = 0. It follows that

(CN(X), L™ (V) = (U ng™ (N, "UL ™ ng~ (N),

where j = 0if A € [y, 3], and j = 1 if X € [B],]]. Take y € vyNqg t(\). By
the construction of °U’ and U}~ we get

(jfaSt(oUg) _ oUé and qfast(oUg,f) _ oUé,f.
Finally we have
U =°N,()), and °UY" =°N;()),

which proves (3.5).
Now we consider A = [3;], in which case (°N([8:]), °L™*([3i])) = (°Bi, L
°B;). We first prove some preliminary results.

Claim 3.11
OBi = OL{i(a;) X OBi7,y.

Proof. Since the projection °B; of the box °B; is the set of the form °B; =
UAE[ﬁi,ﬁf] U;(A) and ;, as a section of the bundle with fibers %U; (), intersects
each fiber exactly once, the result follows. |
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Claim 3.12
oLfast o, o U;(3) % “Log, -
Proof. We describe the pair
(" (B, ™ (L™ 1 °B).

Obviously, §@¢(°B;) = °B,. by construction of g*. The set °L™" N °B,
consists of three sets

oLfaSt N OBi _ p(oU?7— \ OBi7 OB’L'7 w/i) U p(OUZL— \ OBi7 OB'L'7 wﬁ:)
U Wi, (°U:(B)) U °B; .

It is easy to see that, by definition of the fast exit set °B;, we get ¢**(°B;) =
‘B, .-

By assumption ¢;(°U;(3))) = U;(3}). Recall that U;(3)) C °B U B,
Since °BI" N B = ), °B",°Bs"* are both open and %U;(3!) is connected, we
have U;((3]) C °B™ or U;(B)) C B . Therefore it takes a finite time for a
point z € Wi (°U;(5;)) to leave °B;. It follows that Wig (°U;(f3;)) is homotopic
to °U;(f3}). The image of the set °U;(3!) under the projection g is the point
y;. Thus ¢="(W (°U;(f}))) is homotopic to Wi (y)).

A similar argument can be applied to the set p(OU?’_ \ °B;, °B;, ¥%). Since
H(p(OU?f \ °By, °By, %)) C U;(B;), we can get by a similar argument as
above that U;(3;) C °BI* or U;(8;) C °B. Tt follows that it takes a finite
time for a point z € U™ to leave °B; and therefore p(°UY' ™ \ °By, °B;, ¢7)
is homotopically equivalent to p(OUz’; \ °B; 4, °Bi,y,w5i) where y := y;. An
analogous argument works for p(OUg’_ \ °B;, °B;, wﬁi).

Thus taken together

L™ N°B;) = °B; Up(°Uy, \ °Biy,°Biy, )
U p(UL, \ “Biys Buys U4) U W, (3)
> Leg, .
This, together with the definition of ¢ and the foliation {Y()\)}, implies that
LM °B, 2 Loy,  x Ui ().
This finishes the proof of the Claim. g
It follows from Claim 3.11 and 3.12 that
(°B,"L™" N °By) = ("Byy x Ui(5]), Ly x Us(5))).

Since U;(B}) is homeomorphic to a disc D=1, (3.5) follows for A = [3;]. O
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Theorem 3.13 If © is an isomorphism then the pair (°N, °Lfas'°) is an index
bundle over J with projection @ and admits a cohomological extension ey.

Proof. Since by (3.5) the cohomology of fibers of (°N,°L") is the same
as cohomology of corresponding fibers of (°N.,°L,), cohomological extension
ey on the bundle (°N,, °L.,) can be viewed as cohomological extension on the
bundle (°N, °L"), with the fiber

(N L) i (g (N (57), T (B7)): (36)

O

3.3 Total index bundle
The goal of this subsection is to show that (°IN, °L) is an index bundle over J.

Theorem 3.14 For each )\ € J;, there is an isomorphism
D*(N) « H™(Ui(A), *Vi(A) © H*("Niy(A), “Liy (A) = H*(°Ni(A), “Li(})).
For the fiber A\ = [B;], this takes the form
H*(°By, °Li N °By) = H*(Ui(57), Vi(B)) ® H"(°Bi,y, “Le, 5)-
Proof. We start with A € J;, A # [6;]. In the following computation, we use
the definition of °U,°U"~ and °L.
H*(°UJ(X),"UJ(A) N °Ly;)
= (ol x WU N

} veVi(n) |
> H*([—r, 7] x UIN), [=r,7]* x O]—r,r]*7% x UI(N)

u | cu)
VEVI) , _ , ,
= H (U x ULN), UL x UL\ UUTL ) x V1))

(3.7)

= UL, VIO)) @ H (UL, “U)

%Y’

where y is any point in OUf(/\).
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Now we take A = [;]. In the first line of the following computation we use
Claim 3.11 and Claim 3.12.

H*(°B;,°L; N °B;)
= H(U(B) x Biry, Lo,y X Us(B) U (LI 1°By))
= H'(Ui(B) % By,
Les,, x Usi(BU | °Ny)
yEV;N°B;
= HY(UB) X By, Lem, 4 X Ui(57) U Vi) X “Biy)
= HY(U(B), V() © H(°Biy, Lo, )
Here the third equality follows from

U ONy ~ (°Vi N OBi) X ONy
YyeV;N°B;

1R

(Vi N U;(37)) x (v N °B;) x °Ny,
OVz(ﬁ,Z) X OBiﬁ.

12

O

Theorem 3.15 If O is an isomorphism, (°N, oy stow UOLfaSt) 18 an indexr bundle
over J.

Proof. By Theorem 3.14, each fiber of (°N, °L¥°V U°L™") over the base J is
a product of a fiber of the index bundle (°N, °L*°") and a fiber of (°N, °L").
Since (°N, °L¥°") is an index bundle, all fibers (°N(\), °L¥°"()\)) have the same
cohomology.

If © is an isomorphism, by Theorem 3.13, (°N, °Lfa5t) is also an index bundle
and all the fibers of (°N, °Lfas'°) have the same cohomology. It follows then that
all fibers of (°N, °L" U °L°") have the same cohomology. O

3.4 Key diagram

Lemma 3.16 ([20] 5.6.8) Let f : X — Y map A; into By and As into B
and let w € HP(Y,By) and v € HY(Y,Bs). Let f1 : (X, A1) — (Y,B1), f2:
(X,A43) — (Y,B2) and q : (X, A1 U As) — (Y, B1 U Bs) be maps defined by f.
In HPT1(X, A1 U Ay), we have

T (u~v) = fluv fyv.
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Theorem 3.17 The following diagram commutes for all \:

D*fib

H* (O]N-ﬁb7 oLﬁb,fast) ® H* (oNﬁb, oLﬁb,SIOW) N H* (oNﬁb, oLﬁb,fast U oLﬁb,SIOW)

1 er®es L er®es
H* (ON, oLfaSt) ® H* (01“'7 oLSlOW) D_*) H* (ON, oLfaSt U oLSIOW)
Lo L

H* (O]N-(/\)7 oLfast ()\)) ® H* (ON(/\), oleow (/\)) DE) H* (O]N-(/\)7 oLfast ()\) U oleow (/\))

where the map e @ e is given by D* o (ey @es)o (D*P)~1 and D*, D*iP D*()\)
are given by the cup product. Notice that from Theorem 3.14, the horizontal
maps D*()\) and D* in the diagram are isomorphisms.

Proof. We observe that (OLfaSt, °L*1°%) is an excisive pair in °N and thus the
cup product map

D* - H*(ON, oLfast) ® o* (ON, oLSIOW) :} H*(ON, oLfast U OLSIOW)

is well-defined. The same result holds for the fast part of the left vertical line
in the diagram, since it is formed by restriction of the above sets to the section
q; (UL (BY)) of the set °N, and the right veritical line by the similar argument,
see Theorem 3.14.

The lower square of diagram commutes by Lemma 3.16 applied to the inclu-
sion i. The upper square of the diagram commutes by definition. O

Corollary 3.18 If © is an isomorphism, (°N,°Ls°Y U °LfaSt) admits a coho-
mological extension ef ® e,.

Proof. By Theorem 3.13, if © is an isomorphism, (°N, °L") admits a coho-
mological extension ef. By Theorem 3.6, (°N, °L¥°") admits a cohomological
extension e;. By Theorem 3.15, (°N, °L¥Y U °L™") is an index bundle. The
result now follows from the Key diagram in the above Theorem 3.17. O

4 Homology computation of an index bundle

In this section, we carry out the index computation.
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4.1 Leray-Hirsch Theorem for index bundles

For related argument for fiber bundles see [20]. Let (F, F’) be a pair such that
H.(F,F'; R) is free and finitely generated over R. All results in this section
are valid for K being a principal ideal domain, but since such generality is not
needed, we will assume that K is a field.

Theorem 4.1 Let (X,Y) be an index bundle with a compact base space A and
let (F,F") be its fiber. Assume that H*(F,F") is finitely generated over a field
R. Assume also that, for any sufficiently small open set W C A, we have

HY(X(W),Y(W)) = H*(W) @ H"(F, F").

Then
H*(X,Y)2 H"(A)®@ H*(F,F').

Proof. By assumption, for all sufficiently small open neighborhoods W C A,
there is an isomorphism

ity H* (W) @ HY(F, F') — H*(X(W),Y(W)).

If W and W’ are two such open neighborhoods, then by Theorem 4.6.3 in [20],
it is easy to see that {(X (W), Y (W)), (X (W'),Y(W’))} is an excisive couple. It
follows, from the property 5.6.20 in [20], that the maps iw, iw’, iwuw’, iwnaw’
send the exact Mayer-Vietoris sequence of (X (W), Y (W)) and (X (W'),Y (W)
to the tensor product of the exact Mayer-Vietoris sequence of W and W’ with
H*(F,F"). Since H*(F, F') is free over R, its tensor product with any exact
sequence is exact. Therefore, if iy, iy and iy Ay are isomorphisms, it follows
from the five lemma that iyyw- is an isomorphism. By induction, iy is an
isomorphism for any set W which is a finite union of sufficiently small open
sets. Since A is compact, A is such a set. O

Lemma 4.2 Let (X,Y) be an index bundle with a compact base space A and
let (F,F') be its fiber. Assume that there is a cohomological extension of the
fiber. If W is a simply connected subset of A, then

HY(X(W),Y(W)) = H*(W) @ H"(F, F").

Proof. Since W is simply connected, the reduced cohomology ﬁ*(W) van-
ishes. By definition of the cohomological extension, denoted by e,

H*(F, F') 5 H*(X(W),Y (W)) & H*(X(a),Y (a))
is an isomorphism. Since (X,Y’) and therefore also (X(W),Y (W)) is an index

bundle, the map 7* is an isomorphism and hence so is e. Taking tensor product
with H*(W) = H°(W) gives the desired result. O
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Corollary 4.3 Let (X,Y) be an index bundle with a compact base space A
and let (F,F") be its fiber. Assume that H*(F,F") is finitely generated over a
field R and that there is a cohomological extension of the fiber. Assume that A
admits an open cover {W;} such that each W; is simply connected, and that if
Wi NW; # 0 then W; N W, = {J,, Ok, where each Oy, is simply connected. Then
we have

H*(X,Y)~ H*(A) ® H*(F,F").

Proof. By Lemma 4.2, for any two sets W;, W; from the open cover, we have
HY(X(W;),Y(W;)) = H"(W;) @ H*(F, F'),
HY(X(W;),Y(W;)) = H"(W;) @ H"(F,F'),

H*(X(W; nW;),Y(W,nW;) = H"(W,nW;)® H*(F,F').

The rest follows from Theorem 4.1. O

4.2 Cohomology of index bundles

Theorem 4.4 Let (°N,°L) be the index bundle obtained from a collection of
compatible local models LM; = (UY, U}, VY Vi °UY °UL °By,°Ly, q;), i =
1,...,I. Assume it is of periodic type so that the base space J of (°N,°L)
is a circle. Assume furthermore that for eachi=1,...,1,

Cri (1) Z) = { T2 1=

0 otherwise

and

H (U, °V; L) = {Zz fj=pp+1
0 otherwise.

If © is an isomorphism, then

HJ‘<°N,OL;ZQ>”{ZQ fi=stpstptl
0 otherwise

Proof. Since the corridor is periodic, the base J for the index bundle will be a
circle S*. Clearly, S" admits covering which satisfy assumptions of Corollary 4.3.
Let v : K — U \ °V be a section as a base for fast index bundle in the total
index bundle (°N, °L). Since O is an isomorphism, it follows from Theorem 3.13
that (°N, °L'™") is an index bundle. We then have that

CH*(M(1,1)) = H"("N1,(81),L1,4(81))  (from (3.4))
= (QfaSt)(H*(oNﬁb, opfib-fasty) (from (3.6) and Theorem 3.13)

o~ H* (oNﬁb7 oLﬁb,faSt) (from (35))
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is the fiber of the fast bundle. Also
H (UL (3), V1 (81)) = Y (N, L)

is a cohomology of a fiber in a slow index bundle. From the Leray-Hirsch
Theorem (Corollary 4.3), we have

H(y) @ H* (U (By), V1 (B1)) = H* (U, V).

Since O is an isomorphism, by Corollary 3.18, (°N, °L) admits a cohomolog-
ical extension e; ® ef. By Theorem 3.14, the cohomology H*("Nﬁb7 °Lﬁb) of a
fiber of the index bundle (°N, °L) is a product

H*(oNﬁb OLﬁb) ~ H*(oNﬁb oLﬁb,SIOW) ® (oNﬁb oLﬁb,fast)
= H*(UL(BY), °V1(B)) ® CH*(M(1,1)).

By Corollary 4.3, the cohomology of the total bundle is a product of the coho-
mology of a fiber and the cohomology of . It follows that

¢

H*(°N,°L) =~ H*(°N™ L") g H7*(v)
~ H*(U,°V) ® CH*(M(1,1))
(

H* (UL (81),V1(61)) @ H* (v) @ CH* (M (1,1))

1%

~ 12y x=s+ps+p+1;
0 otherwise.
O
Lemma 4.5 For alli=1,...,I we have

H*(°Ni, °Ly) = H*(°Ni(53)), “Li(8)).

Proof. Recall that °N; = °UY U °B; U °U;. Consider a Mayer-Vietoris
sequence

— H*(°U} U°B; U°U},°L N (°U] U°B; U °U}))
— H*(°UJU°B;,°LN (°U} U°B;)) @ H*(°U},°LN°U;})  (4.1)
- H*(°Ny(5),°Li(8))  —
Observe that by Theorem 3.14, we have
H*(°Ny(8)), °Li(87)) = H*(Ui(53;), Vi(Bi)) @ H*(°Uiy, °U; )
for some y. Since (°U;, °V;) is an index bundle by Lemma 3.3,

H* (U, °VY) = H* (U (BL), Vi(B)-
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It follows that
H*(°U!,°LN°U}) =~ H*(°U
o~ H*(o ;’l,OV)®H*(OU7,y,OU )
H*(U(537),*Vi(B;) ® H* ("Uiy, U )
H*("Ni(8), “Li(87))-

o041 o oyyl oyT— o741
iy X U;, Uy x V; U°U, ) X U;)

(2

1%

1%

In view of (4.1), we have
H*(°UY U°B, U°U}, °LN (°UY U°B, U°U})) = H*(CUU°B;, °LN (°UY U°B;)).
Similar argument leads to
H*(°U7,°L N °UY) = H* (NG (5:), “Li(53:)),

and therefore, in view of another Mayer-Vietoris sequence

— H*(°UYU°B;,°L N (°UY U°B,))

—  H*(°U?,°LN°UY) @ H*(°B;,°L N °B;)

— H*(°Ni(3:),°Li(8:)  —
it follows that

H*(°UY U°B;,°L N (°UY U°B;)) = H*(°B;, °L N °B;).

Now we compute H*(°B;, °L N °B;).

H*(°B;,°LN°B;) H* (U (B, Vi) @ H*(*Biy, LN By

id®W (%)
= H(U(B),Vi(B ))®CH*( (1,4))
= HY(U(B),Vi(B) ® H Uiy, Uy )

IR

H* (NG (), La(8;)),

where first and last isomorphism follows from Theorem 3.14, and ¥(4) is the
isomorphism from Proposition 4.6 [9]. O

Let °N(1, ) :== | [/_, (U U°B, U°U})/~ and °L(1, j) := | [/_, °Li/ ~.
Theorem 4.6 For all j =1,...,1 we have
H*(N(1, ), "L(1, /) = H*(°N1(8)), “Lu (8))).
Proof. Consider Mayer-Vietoris sequence
— H*(°N(1,j+1),°L(1,j + 1))
—  H*(°N(L,j), "L(L, 7)) ® H*("Njy1,°Lj11) (4.2)

—  H*(°Nj+1(81), “Lj+1(61)) -
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By Lemma 4.5
H*(°Njt1, "Lj1) = H* (°Njp(81), “Ly1(61))
and so
H*(°N(1,5 4+ 1),°L{1,5 + 1)) = H*(°N(1, 5), °L{1, 5))
for all j. In particular, for j = 0 we get
H*(°N(1,2),°L(1,2)) =2 H*(°N(1,1),°L(1,1)) = H*(°Ny,°Ly)
where for the last set we have from Lemma 4.5
H*(°Ny,°Ly) =2 H*(°N1(y), “L1(67))-

The rest now follows by induction. |

Corollary 4.7 There is an isomorphism

H*(°N(1,1),°L(1, 1)) = H* ("N (5), "L (5))

5 Periodic and heteroclinic corridors

In this section we provide precise definitions of periodic and heteroclinic cor-
ridors, which were refered to in the introduction. From the corridors we de-
fine a neighborhood "N and associated exit set L. We formulate Theorems
which prove that TN is a singular isolating neighborhood. Further we show that
("N, TL) can be cut into pieces and reassembled to form a compatible collection
of local models that is defined in Section 2.

Recall, that we have defined slow sheets in Definition 1.4, which are basic
building blocks of the isolating neighborhood on slow manifolds.

Definition 5.1 Let "R := D’"' x [a, b] be an (-dimensional disc in R the space
of slow variables. Let fR* := D" x {a} and RY = D" x {b} be (£ —1)-
dimensional discs in the boundary 'R. We assume that for y € TR® UR there

is no connecting orbits in the invariant set Sy under parameterized flow. We
call such set R a shaft.

Let us consider a collection of slow sheets {E;}._, determined by local sec-
tions X; of slow manifolds M;, and a collection of shafts {'R;}/_, such that:

(H1) The set
TBi = H(Ez) n TRi N H(Ei_l)) 7é (Z) (51)

foralli=1,...,1I.

(H2) Let 'B] = 'R N 1B, for 0 = a,b. Then B, = D" x [0, 1], where
B Ut =D x {0,1}.

34



(H3) The flow IT o 5V is transverse to all fibers TRZ =D""x {t}, t € [a,}]
and also the flow I o @51V is transverse to all fibers TRZ =D"" x {t},
t € la,b].

Figure 6: Time functions.

Given a collection {TB;}L_,, we let
TB,L' = Hil(TBi) N E; and TB; = Hil(TBi_i_l) NE;

be the corresponding sets on F;. Let

side

1B = (0B, \ (1B} UTB))),

B .= 1(1B]) N B, and 'B,” := T~*('B},,) N B, for ¢ = a,b;

side

= Hil(TBiH) NE;

side "side

. )N E; and 'B

i =

B = (1B

The slow flow % on 'B; is transverse to both 'B} and TBIZ and these
sets are in the boundary of 'B;, the flow entering B, through one of them and
leaving through the other. We call TB;n the entrance part and ’LB:ut the exit
part of TB;. Similarly we identify TB;in and TB;Out as parts of TB;. Notice that
these assignments make sense only relative to the flow on F; and it may be that
N(B}") = (B,

We define the time functions ol (2), o9"*(z), 7i%(z), and 7°"(2) as follows:

(3
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o For z € Xy, if ¢51°% (2, [0, Ty(2)]) N 'B; # 0, then let
o(z) = inf{t| eI (zt) € 1B}

3

oM () = sup{t| (= 1) € B}

e For z € 5;, if 1% (2, [0, T;(2)]) N TB; # 0, then let
i (z) = inf{t|g%(z,t) € 'B;};

Fout (z) = sup{t] @Slow(z t) € TBi}.

(2

We now assume that

(H4) the time functions oi(2), o?u%(2), 7%(2), and 79%*(2) can be extended to
all z € ¥; such that

(1) if @51V (2, [0, Ty(2)]) N B} = 0, then oi"(2) = 09" (2)

(2) if @V (2,0, Ti(2)]) N 1B; = 0, then 7} (2) = 77"(2)

(3) they are all continuous functions on ;.

>
<

'ﬂo

(),

Observe that if such extension is possible, then these time functions auto-
matically satisfy

0 <0 (2) < 07"'(2) < 7" (2) < 77M(2) < To(2).

(2 Z

We set | )
Ui = Uses, 6°(z, 00 (2), 70(2)]),

Ui = U.es, #7 (2 [09(2), 7" (2)])-
We observe that by definition

(5.2)

TUi = rUiz ﬂTBi UTB;.

Define
U = G (z,01(2)) | 2 € Ti)
U7 = {poV (e, T(2) | 2 € T}
TP = AU (U uTs)
T, = {0 (5,00 (2) | 2 € 2}
T = {1 (zr(2) | 2 € B}

Furthermore, define
W= {1 (2,1) | 2 € 4, t € [0, Ti(2)), 5% (2, [0, Ti(2)]) N 1B} = 0} N U,
W, = c{gfov(2,t) | 2 € B4, € [0, Ti(2)], 5°% (2, [0, T3(2)])) N TB; = 0} N TU,.
See Figure 7.
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TU;n
'B; o

Figure 7: The set TU; and other relevant sets. The shape of the set U/; matches
Figure 3.

Remark 5.2 By the contmulty of functions 79U (2) and 7"(2), for all z €
¥ N1V, we have 7°%(2) = 7/2(2). Tt follows that for all such z, if @51°%(z,t)
reaches boundary U; " the flow strictly exits 1U;. Slmllarly, the continuity of
o2 (2) and oi®(z), implies that for all z € ; N TV we have o9ut(z) = oln(z)
and thus for z € 3; N TV7 ,if pslov (2, 1) € TUq; then the flow strictly enters 'U;.

Let N N
U, .=1duv,), W, =1(v;)

and similarly with the other sets: by script letters we will denote a projection
IT of the unscripted objects.

Recall that a subset C of a slow manifold M is a cap, if it is an isolating
block under the slow flow ¢*°% on M. Let C~ denote the exit set of a cap
C under the slow flow ¢*°V. Let B,.(A) denote an r-neighborhood of a set A.
Recall that we defined boxes in the Introduction.

Definition 5.3 A collection {E;}!_, of slow sheets with Ey = Ey, correspond-
ing sets U, 1B;, TB; C E; and sets TV;Tt c tu;, together with a collection of
boxes {/B; |i=1,...,I} form a periodic corridor if

(1) 'B; = II('B;) for all 4;
(2) For each i there is an r > 0 such that

TBelde \ elde

TVZ 1 (53)

37



ho >
hl H(E‘) TB] h
— A
/ "
hi

TUi

Figure 8: Homotopy equivalences.

U5 Cintiy, TV Uintiy, 'V} (5.4)
(3) Let TB;n = H(TBin) and TB?ut = H(TB;(iult). For each i = 1,...,I there

are homotopy equivalences of pairs

—~out —

_ out _
mTVifl) — (U, ,u, mTVi )

—~in —~in

he: (BB NVl = (U, U nVy).

ho - (1B, 18"

(5.5)

See Figure 8.

Definition 5.4 A collection {E;}/_, of slow sheets, corresponding sets 'U; C
E;, TBi,TB; C FE; and sets TV?F c 1U;, together with a collection of boxes
{B;|i=1,...,I} and a pair of caps {C4 and TCg, such that 1C'4 N TUS‘” #0
and TCgN TUiIn # (), form a heteroclinic corridor, if they satisfy all the condition
for a periodic corridor, and, in addition, there are homotopy equivalences

(Crniufy,feg) — (uy, Uy ntvy)

out

_ (5.6)
(U™ e ntvy) —  (fcantug™,icy).

Remark 5.5 For heteroclinic corridor the two slow sheets Ey and E; must be
treated slightly differently. In Ey, since there is no shaft "R_;, there is no set
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TBy and we define Ty(x) := 7i*(2) = 75" (z) for all z € ¥;. Similarly, there is
no set 'B; C E; and so we set ol (z) = o9 (x) = 0.

5.1 Main technical results

The goal of this subsection is to construct a singular isolating neighborhood
for periodic and heteroclinic coridors and formulate two Theorems, which will
allow us to prove Theorem 1.7 and Theorem 1.9. We will adhere strictly to the
notation of Appendix A, concerning the singular index theory.

We begin by considering periodic and heteroclinic corridors. Recall that
they consist of a collection of slow sheets {E;}i—o.....1, sets U, ‘LV?E, B, C E;
and a collection of boxes {TBi}i:L,,,J. In the case of heteroclinic corridor, we
also have caps {Cr and TC 4.

Let

U, = [—r,r]* x TU,, (5.7)

where r is selected in such a way that
([=r,r]* x B U (=" x 'Bi_,) c 'B;
for all . We also let
ICa = [-rr)F x 104, TCg:=[—rrF xTCk.

We are ready to define singular isolating neighborhood. For a periodic cor-
ridor, let

I I
N:=|JU; u | B,
=0 i=1

and for a heteroclinic corridor, let
I I
N:=JU; u |JBi U CruTCA.
i=0 i=1
We are ready for main technical results of this paper.

Theorem 5.6 Let {E;}i—o, .1 with Ey = Er be a periodic corridor. Then we
have the following:

(1) If r > 0 chosen sufficiently small, TN is an isolating neighborhood for
for sufficiently small € > 0;

(2) Assume furthermore that for eachi=1,...,1,

CHIM (i) = { B =i

0 otherwise
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and for all i1 =0,...,1

HI (U, W, D) = {Z2 fj=pp+1
! 0 otherwise.

If TYg (2,1) is an isomorphism for alli=1,...,1, then

CHJ(Inv(TNNP);Zz):{OQ Ji=stpotptls

Theorem 5.7 Let {E;}i=o... 1 with caps fC 4 and 1Cg be a heteroclinic corri-
dor. Then we have

(1) For r > 0 sufficiently small, "N is an isolating neighborhood for ¢¢;

(2) (Inv(TCr, %), Inv(TC 4, ¢°)) gives an attractor-repeller decomposition for
Inv(TN, °);

(3) If Tig,(2,1) # 0 for alli=1,....I and

CH**Y(Inv('CRr)) = H*(ICrNTU,TCrRNTV,),

3 (5.8)
CH*(Inv(IC4)) = H*({CantUq,1C4N V),

then

CH* (Inv("N, ¢%)) % CH* (Inv("C.a, ¢°)) ® CH* (Inv('Chr, ¢°)).

5.2 Singular isolating neighborhood

The goal is to show that N is a singular isolating neighborhood. Perhaps the
first observation that needs to be made is that N is not an isolating neighbor-
hood. To see this let

S = Inv('N, %)

and
Sy := S NIN.

Observe that (z,y) € TU; N 9N then {x} is an invariant set of the flow 1Y;
thus z := (x,y) € Ss.

Let TQ; € T4; be a set such that if y € TQ; there is a connecting orbit from
the M, (2,i) to My(1,i) lying in the boundary 'N. Then by definition of "N,
we must have that 'Q; C 07U, and since I1('B;) = 'B; we also have Q; C 9'B,;.
Therefore

tQ, c 8'B, nolu,;.
out

Note that 9'8; = 1B/ U 1B U B and al; = ™ U ™ U i
From definition of these sets it follows that

side
i .

9B, ol = (B U™ U1B™ L (B n ™).

N,
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By definition of the set TB:ut there are no connecting orbits in .Sy for y € TB;)ut

and so
51de 51de 51de out

fQ, c ('B; yu ('B; ).

side

It follows from (5.4) that 1,
TUSIde NV, then

TVi U VY, . Note however, that if w €

w= @V (z,t) z€X;and t < 71(2) = 77(2),

ide side

where 7i%(2) = 79"(2) by Remark 5.2. From definition of 1B} if y € 7B}
then

w=@%(z,t) z€X; and t > 71%(2).

side side

Thus it follows that 18, N, NV, =0 and
]LBSIde jlde vt
Finally, it follows from (5.3) that
TBSlde U

which implies

TQi C ]LV:_ U TV;_l.
The connecting orbit from the M,(2,i) to M,(1,i) for y € TQ; lies on the
boundary of TN and hence this connecting orbit is a part of Sy. Set Ci,y be the

set of connecting orbits connecting M, (2,) to M,(1,%), lying in the boundary
of TN. Note that TU; N "N = 9TU,. Therefore

Sy = UaTU U U U Ciu (5.9)

i=1yetQ,

Since this set is not empty, TN is not an isolating neighborhood under 1Y .
Now we show that TN is a singular isolating neighborhood. We shall first
deal with a periodic corridor.

Periodic corridor. Recall, that we denote by S5 the set of slow exit points,
by Sg the set of slow entrance points.
Note that the first part of the set Sy decomposes as

o', = Ut uiU i
Lemma 5.8 For a periodic corridor,

I
va oy U Ci,yUUTUfut

= =1 yetQ,; ﬂTV =0
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is a set of C-slow exit points, and

I . 1 .
st Ut vl U e

=0 1=0 =1 yeTQi\TV;,l
is a set of C-slow entrance points.

Comparing to (5.9) this implies Sy C S™US™T, and therefore N is a singular
isolating neighborhood.

Proof. See Appendix B. a

Heteroclinic corridor. Recall from Definition 1.8 and Definition 5.4 that
fCr and TC 4 are isolating blocks in the corresponding slow flow and 'C'z and

fC, are their corresponding exits sets. Let
tor .= TC, \'U; and 105 =10, (5.10)
and let
E

iCr = (10rNOIN)\ TCh and 0% = (fo4 no™N)\ T

Lemma 5.9 For a heteroclinic corridor

I
s° = (ilcpnaNyu(icinamNyul v,
=0

I
vy U @G, u UTUE"“ U T\ o)

=1 yETQiﬁW,;__l i=1
is a set of C-slow exit points, and

I-1 . .
st = fcpuicyu|J U u(Uy\iCr)
=0

I ) I
v Jw v uly U G
i=0 1=1yetQ\V, |

is a set of C-slow entrance points.
Comparing to (5.9) this implies Sy C S™US™T, and therefore N is a singular
isolating neighborhood.

Proof. See Appendix B. a
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5.2.1 Immediate exit set

The next step is to identify the immediate exit set TN~ and then construct the
set TL.

Since M; is normally hyperbolic there are Fenichel coordinates (£, 7n) in the
neighborhood of the slow manifold M; ([6]). In these coordinates the flow Y
has the form _ _

G =A+ fi(§&n), & =B+ f2(§m),
where £ = (£1,&2), eigenvalues of A have negative real part and eigenvalues of
B have positive real part. Functions f; and fo contain higher order terms. We
denote by s the size of square matrix B.

In the coordinates (£1,&2,7) the immediate exit set TU; from the set U;
has the form

U, = 0[—r,7)* x [-r,7]""* x U,. (5.11)

Similarly, the immediate exit set from the caps {Cg and fC 4 have the form
fC, = 0[-rr]* x [-r,r]** x 1C,

for x = A, R.
Finally, let "B, be the immediate exit set of the box 'B; and let TNy =
NN (R" x {y}).

Lemma 5.10 Given a singular isolating neighborhood YN for a periodic corri-
dor, the immediate exit set of TN under ¢° is:

N = KQOTU{) U (;m;) \igl (TBi N (TU; UTU;H)) .

Proof. Since we are working with the flow ¢°, it is sufficient to consider 1,
for each relevant value of y.

First consider a set TU;. Choose y € ;. By normal hyperbolicity, for
sufficiently small ¢ the set TUy is an isolating block and by definition of TN~

and the choice of Fenichel coordinates we have z € TUy N TN if and only if

x € TU;.
Now we assume y € 'B;. Then TNy C TBy and by definition of TN, z € TBy
is in TN~ if and only if = € TB;. O

A similar argument, in which one only needs to consider, in addition, the
caps, leads to the following lemma.

Lemma 5.11 For a singular isolating neighborhood TN for a heteroclinic cor-
ridor, the immediate exit set of TN under ¢° is:

I I
N = KU TU[) U (UTB[> ufc, ufcy,
=0 =1

1

U (TBi N (Tuj U TU[H)) .

i=1
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5.3 Singular index pair

We denote the unstable manifold of a set A in set X by W (A).

Proposition 5.12 Given a singular isolating neighborhood N for a periodic
corridor (U, V), let

I I
— " out
L= p(cl('N >7*N,¢0>u<U Wiy, (U ))u Uu |
i=1 iZOyETV,;_

Then there is a pair (Tl_\T, Ti) homotopically equivalent to the pair ("N, L) such
that (TN, TL) is a singular index pair.

Proof. See Appendix B. O

Proposition 5.13 Given a singular isolating neighborhood TN for a heteroclinic
corridor, let

L = p(N), N | ™Nu [ N,
yecl(tch) yetch
I ¢ I
ou
U (UWﬁ‘gi(TUi ))u U U mw,
i=1 i=0y6w;

Then there is a pair (TN, Ti;), homotopically equivalent to the pair ("N, TL), such
that ("N, TL) is a singular index pair.

Proof. See Appendix B. d
Let
. I
= | Ny (5.12)
’L=Oyef1}:
and ,
fast — ” out

L = p(el('N), 'N, ) U (U Wig, (105 )>. (5.13)

i=1

5.4 Verification of assumptions of local models

Our first step is to define a collection of sets U;, i = 1, ..., I from the sets ;,
i=0,...,1
Select for each i = 1,...,I and each z € 3; a value ;(z) € (09%(2), 7i%(2))

such that the function «; : ¥ — R is continuous. For heteroclinic case we need
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to treat U, and 'U; differently. We set ag(2) := Tp(2) and az(z) := 0. Let

U7 = {2, 0i(2)) | 2 € )
U = {1z 1) | 2 € St € [ail2), ()]}
U™ = {1 (z,t) | 2 € Siyt € [0 (2), au(2)]}.

b o . .
Observe that both U ZOp and U, °" are subsets of U/ i- Keeping up our previous
notational agreements, we set

*,+ + *
W, =, nu

where * = «, top, bot, and by the corresponding script symbols we represent

projection of these objects to the slow variable space R* under II.
Let
OBi = TBi

and
bot

Ouzl = (Tui—l U]LBZ‘)/ ~1
be a disjoint union of TLI?_Otl and TB;, with some points identified by equivalence

—~in
~1. Lety € U,_; and ¢/ € TB?M. Then y ~1 ¢’ is and only if hq(y') = y, where
h1 is a homotopy equivalence in (5.5). Similarly, let

0 t
Ui = (U™ LTBi)/ ~o
be a disjoint union of TUEOP and TB;, with some points identified by equivalence

—out in . .
~o: Let z € U, and w € 'B;". Then z ~q w if and only if ho(w) = z, where
ho is a homotopy equivalence in (5.5).

Let
Vo= (WU (B N V)~
Vo= VT LBV~

Lemma 5.14 For each i =1,...,1, the collection (°u$,°u§,°v$, OV%, °B;) is a
slow local model.

Proof. The first property is satisfied immediately by construction with A =

. . . b

id. To define required fibrations, we first observe that sets TLIEOp and TLli_Otl have
natural fibrations given by slow flows ¢£1°% and @51°F respectively. Indeed, let
us rescale time in the flow ¢£°% in such a way that, for all z, a;(2) = o; and

in
T

(2) = B, for some constant ;. Then the map po : TL{ZOP — [ay, B]] given by

Mo o (2,t) > t
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Figure 9: Construction of a local model from a corridor.

for z € ¥;, is a fibration.
Similarly, we rescale time in the flow ¢°) in such a way that, for all z,

o™ (2) = B; and «;(z) = o). Then the map p; : Tl/{?ftl — [6i, af] given by
IIo SDslow(z t) — ¢

for z € ¥;_4, is a fibration.

What remains to be done is to define a fibration p on the set 183; in such
a way that it seamlessly meshes with the py and p; fibrations on TL{EOP and
TZ/{bOt However, this is guaranteed by definition of the shaft "R; which asserts
the existence of such fibration for the set 'B; C "R; and assumption (H3) which
implies that this fibration meshes with fibrations on TL{: and TZ/I 1 Indeed, the

—~—out ——out _ top in

pair (U, ,1U; N1V, )is a fiber of a p-fibration of ;”” and (B}, Tl’)’ nv,_1)
is a fiber of a p—ﬁbratlon of B;. The identification ~o 1dent1ﬁes these two

leaves. Similarly, the identification ~; identifies fiber (TL{ ie1s u, 1NV, ) of

out

a p-fibration of TL{L 1 and the fiber ('B;, ZS’Out NtV,_,) of p-fibration of B;.
It follows that using the identifications ~g and ~7 the p-fibrations of the
individual sets join in a p-fibration of the union °U;. d
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We extend the equivalence defined by ~¢ to a tube TU;. If (z,y) and (z',%')
are two points in TU; we write

14
(xvy) ~2 (x/ayl)a xvxl € [—7“, T]k,y,y/ eR

if and only if y ~¢ ¥ and x = z’.
Similarly we define ~3 for a tube "U;_; using ~; for slow coordinate. Then
let

—~top
U = (U nTTH(U2y) U (U N )]/ e
or 10 t 1 —~bot n n
U; = [("U;nII™ (U, )u (Ui 'By)]/ ~s .
Now let °L;, °L5'% and °L*' be the images of the sets 'L, LY and ‘LLfaSt

respectively, in the above construction in the set OU? U°B; U °U11 The map
q : OU? U °B; U OU% — “U; is given by projection II factored through the
equivalences ~9 and ~3. Finally, let

bot bot—

U = HUP OB s VE = (VR U(Bin VL)) ~

VY = [UPUTB ~e, VY = [V 0(IBNTV_)))/ ~e.

Lemma 5.15 For each i the collection (°U?,°U},°V? oV} cUY U}, °By, °L;)
with the map q; is a local model.

Proof. Observe that ¢; ' (y) = [—r,7]* for all y € U, \ °B; by construction of
the tubes. For y € °B; we have ¢; ' (y) = °B;,,, which is a k-disc by definition of
the box °B;. The rest of the first part of the assumptions of local model follows
from the fact that II|g, is a homeomorphism for each i.

A parametrized flow is defined naturally for our sets and they satisfy the
second group of assumptions of a local model by the definition of the tubes and
boxes.

Now we verify the third group of the assumptions. From definition (5.12) of

L™ and the construction of the sets fU;, TV, using (5.5) it follows that

i GO

3

The second part follows from definition (5.7) of TU; and definition (5.11) of
U, . We start the proof of the last condition by observing that

out out

o = (v o'By) u(lU? notBy)
_ ( out \ 8TB ) (TUout N —‘.BSIde) U TB;)ut
where we used the fact that 9TB; = TB U TBSIde B , that TB N TU out =0

out out

and that ‘LB C ‘LU
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SubLemma 5.16 From (5.3) in Definition 5.3, we have

(7 (U™ N\ o) UTB™ UV, (5.14)
—~—out —— out in —
U, c (u; \oB)u's, uty, .. (5.15)
Proof. From 0'B; = B U TBSIde U TBout and TBout ?ut, we have
out n aTB c (Tuout n ]LBmde) U TBout
where JfL{OUt N ‘LBjide is clearly a subset of ‘LBjide \ TL{jide which is assumed to be

a subset of TV, from (5.3). Therefore

out out out out out -
;" = (u; "\ o'B) U (U, notB) c (U, \oB,)u'B, uty, ..
A similar argument shows the second assertion. |

By construction of the set TV, , we have
UM\ oiB, c v,

and by (5.14)

out side

u, N, v, .
It follows that the term
I I
U Wi, (07" < 7 uJ wig, (1B7™).
i=1 i=1

Comparing to (5.13) we see that after passing through the reassembly defined
by ~g and ~s3, the term p(cl(fN"), N, ©") becomes

OBi @] p(Cl(UyeoBiin OU;y), OBi, ’l/}) @] p(CI(UyE°B$"" OU;y), OBi, ’ll))

and the term W, (7 U; ) becomes Ws; (°B°ut) since the other part is a subset

slow

of TL; ™. Therefore,
o fas op— oyT— o
L, = °B; Up(cl(UyeopnUy,),°Bi, 1)
Up(el(Uyeopen °Uy, ), °Bi, 1)) U W™ (°B™).
This finishes the verification of all assumptions for a local model. O

Lemma 5.17 Collection of sets (°UY,°U},°VY Vi, °UY °U}, °By, °L;) and maps
q fori=1,...,1 forms a collection of compatible local models.
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Proof. We only need to observe that
pl_,zl+1(042+1) = po‘,i(az’) = TUi(ai)

1 _ o _
Tvi+1 mpl,zl-u(l) = Tvi ﬁpoj(()) = Tvi(ai)
O

Since all identifications used in definition of sets °U,°V,°B,°U,°U,°V,°L
from the corresponding sets U, °V, °B, °U, °U, °V, °L are done using homotopy
equivalencies, we have a following corollary:

Corollary 5.18 For alli=0,...,I and A = a; or A = &
H*("N;(A), Li(\) = H* ("N (M), °Li () (5.16)

and
H*(°U;(\), °Vi(N) = H*(TU(), TVi(V). (5.17)

Furthermore, for all y € U

H*(°Uy,°Vy) = H*(TUyaTVy)- (5.18)

5.5 Proof of main theorems

5.5.1 Periodic corridor

Proof of Theorem 5.6

The statement (1) of the theorem was proven in Lemma 5.8. Now we prove
the second part. Given a slow periodic corridor, by Subsection 5.4, there is a
collection of compatible local models such that the singular index pair (N, L)
for the periodic corridor (N, L) has the same cohomology as that of the index
bundle (°N, °L) constructed from the compatible local models. This last asser-
tion is obvious from the Mayer-Vietoris sequence and the homotopy equivalence
conditions in the definition of the corridor, see Definition 5.3. Therefore the
statement (2) follows from Theorem 4.4. O

Proof of Theorem 1.7

The results follows immediately from Theorem 5.6 and and [14, Theorem
1.3], provided that the periodic corridor TN admits a Poincaré section. The
proof of existence of a section is very similar to the proof presented in Section
6 of [9] and is therefore omitted. O
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5.5.2 Heteroclinic corridor

Observe that the assumptions of the Theorem 5.7 are weaker than those of
Theorem 5.6. We only assume that the map © # 0. Since © is not necessarily
an isomorphism the pair (N, L) may not (necessarily) be an index bundle and
it does not (necessarily) admit a cohomological extension.

Proof of Theorem 5.7

The first statement of the theorem was proven in Lemma 5.9. Since the
slow flow in each 'U; flows from TB; to TB;, and since each slow manifold M; is
normally hyperbolic and r is small, it follows that there is no connecting orbit
connecting Inv(TC4) to Inv(fCg) inside "N. This proves the second statement
of the theorem.

Now we prove the third statement. Let us consider the middle part of the

heteroclinic corridor denoted by (TNM, TLM), which is given by
NY =N, LY =N

and let °NM LM e corresponding ideal models of these sets. Recall that the
set 'L N TC4 is a union of the immediate exit set 'C, and the set Uyefcﬁ N,.

The set *LCi, as well as the set *LCIL%, have been defined in (5.10). Let N4 :=
N U TC4 and L4 = My (LN TC4). Notice, that the ideal models do not
involve caps and thus we set

OCR = TCR, OCA = TCA'
We first prove a Lemma.

Lemma 5.19 We have the following isomorphims:

H*(\N(az), Ii(ar)) = H*(Crnit,’Crn™V)® H*('U,,TU, ){5.19)

IR

CH*(Inv(TCR)) CH*(Inv('Cr)) ® H*('CRy, 'Cg,).  (5.20)

H*(Ny(0}), TLy(})) = CH(Inv(1C4) @ H*(1Ca,, 1C )0 (5.20)

CH*(Inv('Ca)) = CH*(Inv('Ca))® H*('Cay,'C,,).  (5.22)

Proof. The idea of the proof is similar to that of Theorem 3.14. We shall
give the proof of first two isomorphisms. The other two isomorphisms can be
proven exactly the same manner. From Theorem 3.14, we have

H*(°Ny(ar), °Li(ar)) = H* (Ui (ar), Vi(ar)) @ H* (N 5 (ar), L (ar)).
By (5.17) we have
H* (Ui (o), Vi(or)) = H* (Ui (ar), Vi(ar))
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and by construction of the heteroclinic corridor we have

H*(Uz(ar),Vi(ag)) = H*(ICr 0 U, TCr N TV).
From the definition of the fast index bundle

H*(°Npy(ar), "Liy(ar)) = H* (U, "U,)
for some y. By (5.18)
H*(°U,,°U, ) = H*('U,,'U,)

and from (5.16)

H*("Ny(ar),°Li(ar)) = H*('Ni(ag), 'Lr(az)).

The existence of the first isomorphism follows from these identifications.
The second isomorphism is obtained by

CH*(IHV(TCR)) = H*(TCR,TCRQTL)

=~ H*([-r,r* x1Cg,TCxU U N,)
yetch

1%

H*([—r,r]k x Cg,
[—r,7]* x O[—r, 1" xiCrU | ] TCry)
yetck
H*(1CR,, x 1CR,1Cy,, x 0 UTCR, x 1CF)

1%

1%

H*(1CR,10) @ H*(1CRy, 1Cx,)

12

CH*(Inv(TCRr)) ® H*(TCr,y, ‘LC;M).
O

The proof of the third statement of the Theorem 5.7 will follow from a series
of Claims.

Claim 1: H*(INy4,'L4) = B+(IN", LY.

Proof. Consider the Mayer-Vietoris sequence
w (AN, T “to, LAt sin™ M
..—>H(NA,LA) — H(CA,LQCA)EBH(N L )
— H(lcanN", LnicanL") - ...

Since (fC4 NN, L AtC4NTLY) = (INy (), L1 () and CH*(Inv(TC4)) =
H*(TC4, L NTC4) by definition, we have

H(iCa, L nicy) = B (fcan'NY L nic, niL™)
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from (5.21) and (5.22). Thus the claim follows from the above exact sequence.
O

Claim 2: The following sequence is exact:

MM 3 g (N (o), T (o)) —

— H*('N,"L) - H*('N
Proof. Consider the Mayer-Vietoris sequence
.= H*(IN,'L) — H*('Cg,1CrUU,cicr Ny) © H* (N4, L)
— H*(TCR NN, (TCI_% U UyETC§ TNy) N TLA) — ...
From (5.20) of Lemma 5.19, we have

H*(‘Cg,'cru |J N,) = CH*(Inv('Cg))

yeiCh
>~ CH*(Inv(ICR)) ® H*(1Cry, 'CR,)

— H*(ICg,'Cp) ® H*('Cry, 'Ch,).
By definition
H*('ICrN'N4, (ICru | ™Ny)NTLa) = H*(Ns(as), L (o)),

L
yetCy

and therefore the claim follows if H*(TC, TCé) = 0. Indeed, since by (5.10)
TCé =TCx \ U, we have another Mayer-Vietoris sequence,
= H'(ICr,1CR) — H*(ICR,'CR) ® H*(Ur(ar), U (ar))
— H*(TU[(CV]), TV[(CV])) — H*JFI(TCR, TC;) ceee
Noticing that H**1(1Cp, TCI_%) = CH*J’_l(InV(TCR)) = H*(TCR N1Ur,T1Cr N
W)= H*(TUr(ar), 'V i(ar)) from the assumption of Theorem 5.7, we obtain
H* (1R, 'C) & H(Uy(ar), Uilar)) = H(1Cr,'C) = 0.
(|

As a consequence of Claim 2 and the ideal model identification, there is a
commutative diagram

— HA(NL) - g NY LYY X (NG (), T (e) -
! ! !
— H*(°N,°L) — H*(°NM LMy = H*(°N;(a),°Li(a)) —
(5.23)
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where vertical maps are isomorphisms induced by model identification and ver-
tical lines are exact.

Claim 3: The maps "X and °X above are not zero maps.

Proof. Since the digram commutes and vertical maps are isomorphisms, it is
enough to prove that °X is non-zero. Observe that this map is nothing but the
map * in the Key diagram (Theorem 3.17). Therefore the conclusion follows if
we show that the right vertical line of the Key diagram is non-zero.

We identify the map °X in more detail using the Key diagram for the pair
(°N, °L). Take a generator n € H*(°NfP L0y guch that 5/ = i* oes(n) # 0

in H*(°N(a), °L™*(a’)). This is possible, since i* o e; = ©, which by assump-

tion is not a zero map. We can also choose a non-trivial 6 € H* (ONﬁb, °Lﬁb’51°w)

and we have ' = i* 0 e,(8) # 0 in H*(°N(c/), °L¥°¥ (o)), since e, is a cohomo-
logical extension of the index bundle (°N, °L).

Since, by the commutativity of the Key diagram, ¢’ « 7’ = (i*oe; ® ef)(0 «
n), °X = 4* is not a zero map if 6’ —« n’ # 0. Since the cup product is an
isomorphism if it is restriced to the fiber, it is equivalent to ¢’ ® ’ # 0 which is
obvious from the definition of the tensor product and ¢’ # 0,7 # 0. O

Claim 4: H*(IN,'L) 2 #*((N" L") @ H*(IN;(ar), L1 (ar)).

Proof. This is a direct consequence of Claim 3 and Lemma 5.2 in [9]. O

In the last two Claims we identify the homology groups on the right hand
side of Claim 4.

Claim 5: H*('N;(ar),Li(ar)) = CH*(Inv(Cg)).
Proof. From (5.19), we have

H*(°Ny(ar),’Li(a)) 2 H*(CrRNU,CrRN V) @ H*(°U,,°U, ). (5.24)

By definition we also have

H**(°CrRNU,CrN°V) = H* *(*CrN°U,°Cr N °V),
and, by construction,

H*°(°CCrNU,°Crn°V)=H*"°(°Ur(ar), Vi(ar)).
Since by (5.17) of Corollary 5.18

H**(Ur(ar),Vr(ar)) = H = (Ur(ar), Vi(ar))

we can use the (5.8) to compute the latter as

H (WU (ar), 'V i(ar)) = CH* > (Tnv(CR)).
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Therefore at this point of calculation equation (5.24) reads
H*(°Np(az),°Li(az)) = CH** HInv('Cr)) ® H*(°U,, U,). (5.25)

Since

CH*~**(Inv(°CRr)) = CH*~*!(Inv(TCRr))
and H*(°U,,°U,) = H*(°Cpy, °Cpg ), it follows from (5.20) that

CH***}(Inv(°CR)) ® H*(°Uy,°U,)

1%

CH*™(Inv(°CR))

1%

CH**(Inv(TCR))
for some y € °Cr. Therefore from (5.25) and (5.16) of Corollary 5.18 we get

H*('Ny(ar), Li(ar)) = H*(°Nj(o),°Li(ar))
= CH* Y (Inv(°CR)) ® H*(°U,, °U;,)

1%

CH* 1 (Inv(TCg)).

Note that here we have used CH®(Inv('Cg)) = 0 in order to obtain the last
isomorphism, which follows from the fact that the repelling cap C'g is homeo-
morphic to a disc and has non-empty exit set. (I

Claim 6: H*(IN" L") = cH*(Inv(1C.)).
Proof. It follows from Proposition 5.13 that

q (N LYy & g (oNM oL M),
We note that from Corollary 4.7,

H* N oLy & e (oNM oM,
Also by (3.7),

HE (N 5L™) 2 10 (03 (), Vi (o) @ H'(U,,°U,),
for some y € U, (a]). By (5.18)
H**(*U1(ay), “Vi(ay)) = H** (U1 (o)), Vi(a))).
Since by (5.8) we have
H**(U1(a)), V(o)) = CH**(Inv(10)),

it follows
H* (TNM, TLM) >~ f* (ONM’ OLM) o~ ¥ (ONﬁb, OLﬁb)
= H"7(Ui(a)),°Vi(ay)) ® H*(°Uy,°U,)

IR

CH**(Inv('C4)) ® H*('U,,TU,).
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By definition of TC 4 the last product is
CH**(Inv('C4) ® H*('U,,TU,) = CH*(Inv('C.))
from which we obtain the conclusion. O

Since X # 0 by Claim 3, it follows from Claims 4, 5, 6 that H*(N, L) is
not isomorphic to a direct sum of CH*(Inv('C4)) and CH*(Inv('Cg)). This
finishes the proof of Theorem 5.7. g

Proof of Theorem 1.9
By Theorem 5.7.2 (Inv(fCg), Inv(fC4)) is an attractor-repeller decomposi-
tion for Inv(TN, ¢¢) and by Theorem 5.7.3

CH*(Inv('Cr, ¢)) @ CH* (Inv(TC 4, %)) 2 CH* (Inv("N, ©9)).

Therefore, by [1, Theorem 3.3.1], there exists a heteroclinic orbit connecting
Inv(fCR) to Inv(iC4)) in TN for all sufficiently small e. O

A Appendix: Conley index theory

This section contains a brief review of relevant portions of the Conley index
theory. For the general theory the reader is referred to [1, 3, 19] and references
therein. Throughout this section we shall let ¢ : R x R™ — R" denote a flow
on R".

To simplify the notation we let z = (z,y) € R" = R* x R" and write

5=F(2) = Fy(2) + eF(2) + ... + " Fr(2) + ... (A1)

in place of equation (1.1). As will be seen, it is not necessary that F' be analytic
or C'* in ¢, only that F' have enough derivatives to apply Theorem A.6 below.

Definition A.1 A compact set N C R" is called a singular isolating neighbor-
hood if N is not an isolating neighborhood for °, but there is an € > 0 such
that for all € € (0,€], N is an isolating neighborhood for ¢°.

Definition A.2 A pair of compact sets (N, L) with N C L is a singular index
pair if cl(N \ L) is a singular isolating neighborhood and there is an € > 0 such
that for all € € (0, €

H*(N,L) = CH*(Inv(cl(N \ L), ¢)).

Observe that the last two definitions are most useful if we find a way to con-
struct singular isolating neighborhoods and singular index pairs using primarily
the ° flow, along with minimal information about the higher order terms of F.
The conditions for the existence of a singular isolating neighborhood were given
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by Conley [4] and the construction of a singular index pair was done in [16]. We
shall follow the latter paper in our exposition.

Let N be a compact set and let S = Inv(N,"). Observe that if N is not
an isolating neighborhood for ¢, then by definition there exists z € S N ON.
If N is to be a singular isolating neighborhood, then such an z has to leave in
forward or backward time under ¢° for all ¢ > 0. This leads to the following
definition.

Definition A.3 Let N be a compact set and let z € S. z is a slow exit [resp.
entrance] point if there exists a neighborhood U of z and an € > 0 such that for
all € € (0, € there exists a time T'(¢,U) > 0 [resp. T'(¢,U) < 0] satisfying

o (T(e,U),U)N N = 0.

Theorem A.4 ([16] Theorem 1.5) Let N be a compact set. If SNION con-
sists of slow entrance and slow exit points, then N is a singular isolating neigh-
borhood.

It follows from the last theorem that, in order to construct a singular isolating
neighborhood, it is important to be able to recognize slow exit and slow entrance
points. Before we quote a theorem which does just that, we introduce some
notation. We let S~ [resp. S*] denote the set of slow exit [resp. entrance]
points. Set Sy := SN IN and S;t := Sp N S*. Given an invariant set K, let
PR(K) denote the chain recurrent set of K under °.

Definition A.5 The average of h on S, Ave(h,.S) is the limit as t — oo of the
set of numbers {1 fot h(¢%(s,z))ds | z € S}. If Ave(h,S) C (0,00), then h has
strictly positive averages on S.

Theorem A.6 ([4]) w € S is a slow exit point if there exists a compact set
K, C S invariant under ©°, a neighborhood U, of R(K,), an € > 0 and a
function 1 : cl(Uy) x [0,€] — R such that the following conditions are satisfied.

(1) w(w,¢’) C Ky;
(2) 1 is of the form
I(z,e) =1p(2) +el1(2) + ...+ €"ln(2);
(3) If Lo = {z | lo(z) = 0}, then
Ky, Ncl(Uy) =8N LoNcl(Uy),

and furthermore lo|snci(v,) < 0;

(4) Let
hj(z) = V.0(2) - Fj(2) + Vi l1(2) - Fj_1(2) + ... + V.1(2) - Fo(z).
Then for some m, hy =0 if j < m,and h,, has strictly positive averages

on R(Ky).
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A slow exit point which satisfies the conditions of Theorem A.6 is called a
C-slow exit point. If we reverse time we can use the Theorem A.6 to test for
slow entrance points. Slow entrance points of this form will be called C-slow
entrance points.

Now, given a singular isolating neighborhood N, we want to identify a sin-
gular index pair. We need a few definitions. The immediate exit set for N is
defined by

N~ :={2€ 0N |°(0,t),2) ¢ N for all t > 0}.

Given Y C N its push forward set in N under the flow ¢ is defined to be
p(Y,N,¢%) :={z€ N | 3w € Y,t > 0 such that ©°([0,#],w) C N, °(t,w) = z}.
Finally, the unstable set of an invariant set Y C N under ¢V is

W) ={z € N|¢°((—00,0),2z) C N and a,o(z) C Y}.

A slow entrance point z is a strict slow entrance point if there exists a neigh-
borhood © of z and an € > 0 such that if w € ©, NN and ¢ € (0, €, then there
exists ty,(€) > 0 for which

©°([0,ty(€)],w) C N.
We will let Sng denote the strict slow entrance points.

Theorem A.7 ([16] Theorem 1.16) Let N be a singular isolating neighbor-
hood. Assume

(1) S5 consists of C-slow exit points.
(2) SoC SztuS;.
(3) (S57\Sy) Nel(N") =0

For each z € Sy, let K, denote a compact invariant set as in Theorem A.6.
Define
L= p(cl(N7), N, ) UW( | R(K.)).

2€8y

If L is closed, then (N, L) is a singular index pair for the family of flows °.

B Appendix: Singular index pairs

B.1 Proof of Lemma 5.8

We first define a convenient set of coordinates on any slow sheet E; C M, where
M is a normally hyperbolic slow manifold. We choose new variables (£, ) such
that

M= {(&n e R" xR |£=0},
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and the flow on the flow box Ej; is given by
£=0, =1 n=0 i=2,...,0 (B.1)

By rescaling the time interval [oi%(2), 7°9¢(2)] to the interval [0, 1] for all z and
all 7, we can, in the new coordinates, write

TUi = {0} X [Oa 1] X [Oab]éil
Our proof consists of three parts.

(1) First we show that the set

UTV U U U ci,y (B.2)

=1 yeto,; mfy
consists of C-slow exit points.

(2) The second step is to show that

1
U (Ui \v;) v Y cz-,y (B.3)

1=0 i=1 yETQL\TV
consists of C-slow entrance points

(3) As a last step we show that Ufil U ;n consists of C-slow entrance points
and Ule U ?Ut consists of C-slow exit points.

Step 1: Let C; := UweTQmTV,T_l Ciw. We use notation of Theorem A.6 in

the next computation. For every z € C; UTV,_;, we take K¢ := V,_, and then
R(K?) =1V,_,. Tt follows by definition that the omega limit set w(z) C TV, _,
for any z € C; UV, ;.

Fix i € {1,...,I} and choose a neighborhood U of K! = 'V, ;. We con-
struct | = lp + €l; as follows: Let

lo(&n) =pm2,....ne) = (G + &+ ...+ &),

where the smooth function p satisfies p(n2,...,n,) = 0 for all (¢,n) with n €
fV,_, and p(n) is negative elsewhere.

Since V,_, is invariant under the flow ¢$°F, which in the rescaled version
is flow 1, = 1, it is possible to choose function p as a function of variables

N2y, Only'
Define function [; by

I =m.

We now identify the set Lo := {u | lo(u) = 0}. Observe that u = (§,7n) € Lo
if and only if p(n) =0 and £ = 0.
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By our choice of the function p, conditions p(n) = 0 and £ = 0 are satisfied,
if and only if that u € TV,_;. Since K? = TV, this shows that

Kincl(U)=5nLoncl(U).
This, together with the fact that [y is negative on C; C S, implies that
lolsneivy < 0.

This verifies assumptions 1-3 of Theorem A.6 for z € C; U TVi__l with K, =
R(K.) = V,_,. Recall that F = Fy + ¢F} = (f,0) + €(0,9). Now we compute
the averages, where we evaluate these averages on TV;_l. Observe that if u =

(&,m) € R(K,) =1V, |, then & = 0. Tt follows from the construction of Iy that
Vl0|9{ (k) D8y have nonzero components only in directions ws, ..., w;. Since

Fpy has nonzero components only in é-directions, we have hg := Vi - Fy = 0.

Since VI; has a nonzero component only in the w; direction, Vi - Fy = 0.
In our new coordinates (z,w) the function F; has nonzero component only in
the wy direction. Therefore, Vip - F; = 0 and thus

hi1:=Vl;-Fy+Viy-F; =0.

Finally,
ho =Vliy-Fy+Vl-Fy+Viyg-Fo =Vl -F1 =1>0.

This finishes the proof of (B.2).

Step 2: By assumption (5.4), we have that TUjide C intyy, TVj Uintiy, TV, .
It follows that (‘TUS““\ V) ¢ tV;. Similarly, 1Q; \ TV, , ¢ 1Q; N1V, There-
fore, the left hand side of (B.3) is analogous to the left hand side of (B.2),
where TVj plays the role of the set TV, ;. If we reverse the flow 1% (x,¢) then

3
the analogy is complete, since the entrance set becomes the exit set under the
reversed flow.

So using the function | = [y + €l; from Step 1, where p = 0 on ‘LV:F and the
function k(&1) is chosen in the same way, and working with the reverse of the
flow ¢5°%(2,t), we get the analogous result.
slow
1

Step 3: Observe that ;" is a strict entrance set under the slow flow ¢
and the set U ?Ut is a strict exit set under 5'°". These situations are equivalent

under reversion of the flow ¢§1°%. We will show that the fact that TU?ut is a

strict exit set under ¢5°% implies that U ?ut is in C-slow exit set for each ¢. By
an analogous argument with reversed slow flow the set U zn is in C-slow entrance
set for each i.

We will prove the result for the set TU?ut by choosing an arbitrary point

zelU ?Ut and showing that it is a C-slow exit point. Observe that the flow ¢
is transversal to TU?ut by definition of TU?ut and continuity of the functions 7"

and 72" (assumption (H4)). Let v(2) be the 5% direction at z. Obviously,

i
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v(z) lies in the tangent space of the slow manifold M. For this z € U ;)ut, take
K, = SR(KZ) - TU(imt

neighborhood U of U/ ?ut, strictly increasing in the direction v(z) at y € U
with I(y) < 0 for y € TU; N U and Z(TUout

)

Let | = lp be a continuous function, defined in the
t
t ;.)“ ’

) =0. Since K, = TU" this implies

out

K.Nncl(U) =TU;" nLonecl(U).

Computing the averages, we get Vig - Fy = 0, since Vlj lies in the tangent space
of the manifold M, which is level set of Fy. The next average

Vig-F1 +Vil;-Fy=Vliy-Fy =1,

out
7

since F} represents the slow flow transverse to TU?ut and [; = 0. Since z € U
was arbitrary, U ?Ut consists of C-slow exit points. g

Remark B.1 Observe that transversality of the slow flow 1% to U ;n shows
that J_, 0"

, consists of strict entrance points.

B.2 Proof of Lemma 5.9

The only difference between a heteroclinic corridor and a periodic corridor are
the caps. However, the boundary of the cap consists of sections of the slow flow
since caps are isolating blocks. The set TCIL% N O'N is a slow immediate exit set
as is every set U ;)ut and the set TC’? NN is a slow immediate entrance set as
is the set U ;n. Thus, the analogous construction of h, as in the previous lemma
for TU?ut, works for TC; NO'N and shows that TC’IL% NN consists of C-slow exit

points. A similar argument for the reverse flow shows that TCﬁ NO™N consists of
C-slow entrance points. Obviously, this also applies to the attracting cap fC 4.

B.3 Singular index pair

The goal of this section is to prove Propositions 5.12 and 5.13. We shall prove
only Proposition 5.12 since the proof of Proposition 5.13 is analogous.

Our basic tool is Theorem A.7, which prescribes how to build a singular index
pair out of singular isolating neighborhood. However, there are two reasons
why this theorem is not directly applicable. One is that the assumption (2) of
Theorem A.7 is not satisfied, since we have only shown that Sy C S~ US™T and
consists of C-slow exit and entrance points. To verify this assumption we would
have to show that all points in ST are actually strict entrance points. However,
since TU; is a flow box, the set TUjlde \ TV, is not a strict entrance set. Even if
this set was a strict entrance set, the set UyETQi\TVLI C},y is not (necessarily) a

part of strict slow entrance set Sg“". Indeed, after perturbation, the flow along
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the connecting orbit can leave the neighborhood N, even though its a-limit set
does strictly enter TN.

The second deviation from Theorem A.7 is that we have defined the exit set
'L in a different way. Instead of using Uyen- W*(y) (where W= Ufil V),

we chose a larger set |, c,- N, consisting of all fibers which project to TV .

We will deal with the first problem in two steps. First we modify (“shave”)
flow boxes fU; in such a way, that all points in U jlde \ TV; are strict entrance
points. This can be done by arbitrarily small perturbations of the sets tU;.
Based on this new collection of sets TU;, we build sets (TN, L) in analogous way
to (TN, 'L). We then show that the pair ("N, L) is homotopically equivalent to
(N, TL).

The second step is to modify the flow in the neighborhood of the set of
connecting orbits Ule Uyefgi\w; ) Ci,y in such a way that this set is a strict
slow entrance set. With this new flow we essentially repeat the proof of Theo-
rem A.7 ([16]) with the exit set defined using U, e~ N, instead of Uyen- W*(»).
This will solve the second problem and we will show that (TN, L) is a singular
index pair for the modified flow.

To finish the proof we homotope the modified flow to the original flow and
show that the set Ufil Uyefgi\wf ) C;.y is part of C-slow entrance set through-

out the homotopy. This implies that TN is a singular isolating neighborhood
throughout the homotopy, hence it is isolating the same invariant set and the
index is preserved. Thus (TN, L) is a singular index pair for the original flow
as well. )

We modify TUjlde slightly inside the set TVj. By assumption (5.4)

U\ Cintig, TV (B.4)

We want to shave TU; in such a way that all points in U jide \ TV, are strict
entrance points. Reparameterize 'U; so that

7, =D x [0, 1]

where TU;n ~ D! x {0} and TU?ut ~ D! x {1}. In this reparamterization
side e
and 'V,

slow ig parallel to the second variable. Since both 'U;

the slow flow ¢}
are flow boxes under ¢5'°, we can identify

e\ Ty =y x [0, 1].

Further, we separate radial coordinate on D! by setting D! (Shl X
[0,1])/g¢-15 0y- Then the set Y C S x {1}. From (B.4) follows that there is

a d-neighborhood Bge-1(Y, d) in S~ such that

side

Bei-1 (Y, 6) x [0,1] € 'V niU

i .
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It also follows from (B.4) that there is ¢; > 0 such that
Y x [1—26,1] x [0,1] C int'V; .
Define a bump function p: S~ x {1} — [0, 1] such that

1 ey
ply) = { 0 zg Bgi—1(Y,6).

We define an isotopy H; : S x [0,1] x [0,1] x [0,1] — S x [0,1] x [0,1] by

Hz(y7 s, t) = (y7 p(y)q(ra S, t)7 5)

where 7 is radial direction in D!, s is direction along fU; in direction of flow

@o% and ¢ is isotopy parameter. Finally, the function ¢(r, s, ) is given by

f tr+ Q-1 -2G)A=-s)+s ifr>1-2¢
q(r;s,1) { r if r <1—2¢.

Observe, that the first three variables in H; describe coordinates of a point
in TU; while the last one is the isotopy parameter. We write

hf(u) = Hi(yvrv Svt)

where u = (y,7,s) € TU;. Then we note that h}(1U;) = U, and h?(TUjide\TV;)
consists of strict entrance point under the flow ¢£°%. Let h; := h{ and

T_Ui = hi(fUi), ﬁ/zi = hl(TV?:)

be the images of these sets under h;.
We want to extend the family of homeomorphisms h;, i = 0,...,I to the
neighborhood N. We first define a new homeomorphism h; : t; — U; by

hi :ZHOhi,

and let %j{z = Bi(TUi) be the shaved set 1U4;.
We have to address the issue of consistency. Since U, N U;_1 =B, for
points in 'B; both h; and h;_; may be defined there. More specifically, the iso-

topy H; effects a 2(;- neigborhood of the set TUSide\‘LV; C intyy, ‘LVj. Therefore,
the map h; effects points in TL{jlde N TVZF . Similarly, the map h;_; effects points

in Tujif‘f N TV;I. We need to show that these two sets do not intersect in 3;
if ¢;, given in the definition of ¢, is sufficiently small. This is resolved in the

following lemma.

i

side
i

Lemma B.2 U/, "N TVZF NB; C int;_1 U intTU?il Uintr,,  V,_;.
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Proof. Since U; N1U,;_1 = TB; we have that

side
i

fu N TVZF n ]LBi C T[/{Z;L

We write U;_1 = int't4;_1 UOU,;_1 and

i id
Uiy = it Uintw™ UL

i—

out

Clearly ;" N 1B; = (). Now by assumption (5.4) we have

id . - . +
Tuj‘_f C 1ntfui71TVi_1 U 1ntfuiflTVi_1.

Together, this implies

1—Side1—+“— st .]Lin . )~ . ]LJr

(U, NV, N'B;) Cint'U;—y Uint'U,_, Uinty,, "V, Uinty,, "V, ;.
We finish the proof of this lemma by showing that 'B; N intfu,-,le—1 = 0.
Indeed, if y € intfuiilTV:__l then the trajectory @5V (II~1(y), —t) of the re-
versed slow flow on TU,;_; exits TU,;,_; without intersecting TB;fl. Therefore
inthi_lTV;r,l N ‘LBLl = ), and, after projecting to RZ, mtmi_jvj,l N1B; = 0.

Therefore

side
i

20 Y N TBs Cintit_y Uint) Uinty,, TV, . (B.5)

O
From this lemma it follows that the domains of homeomorphisms h; for

sufficiently small choice of (; are disjoint. Therefore there is a well defined

homeomorphism ~ ~
h(y) := hi(y) for y € U;.

We extend h to entire neighborhood N by
77(37a y) = (J?, Bl(y))

for (z,y) € "N and y € ;. Notice that 7 is homotopic to the identity using a
homotopy induced from a collection of isotopies H;, i =0,...,I. Let

N:=7n(N),  L:=n(L).

We note that the isotopies H; do not effect the caps fCg and 'C 4, and therefore,
7 induces an isomorphism

n* : H* ("N, L) — H*('N, L).
Our next observation is that during a homotopy of the map 7 to the identity

only points in intTV;r are affected. These points leave TN in finite time under
the backward flow 5% (y, —t). It follows that throughout the homotopy the

%
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intermediate sets N’ are singular isolating neighborhoods. In particular, N° =
N isolates Inv(TN).

It follows from (B.5) that for sufficiently small ¢; (B.5) holds also for the
pair (TN, fL). Therefore the new set 'L has the same structure as the set L. In
particular, for a heteroclinic corridor we have

L = p(N),NHYU |J Nu [J N,
yecl(iCh) yetch
— I —
U <U e ))u U U Ny |- (B.6)
i:Oyeﬁ/;

and for a periodic corridor

L = p(cl(iN ), 1N, &) (U L t))u Uy m|. @7

1=0 yETV;

We summarize the first step of the construction. Given sets (TN, L) we
found a pair (TN, fL) which is homotopically equivalent to ("N, L), isolates the

same invariant set and ia
Sl e

\ TV

is strict entrance set under gpf{ow for all . Using Remark B.1 and the construc-
tion above, in the new pair (TN, 'L) the part

I ) I )
Ui u o\ vy (B.3)
=0 =0

of the set ST is actually a subset of strict entrance set S;"’.
We need to address the last part of the set ST and that is the set

LIJ U Ciy-

=1y e \1V;

This brings us to the second step in the proof. Let CY := UyET_Q W Ciy-
1

We modify the flow in the neighborhood of the set U . We fix ¢ and do a
modification in the neighborhood of the set C?. This modlﬁcatlon can be done
in the same way in the neighborhood of the other sets C7, j # 1.

Given w € R and p > 0, let B,(w) :=={y € R’ | [|w — yl| < p} and given
aset Z C RZ, let B,(Z) := UyezB,(w). Let ¢; :=II(CY) C R’. Take § > 0,
sufficiently small, and let

Y{ := Bs(T(cy)).
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Notice that Y} is a neighborhood in the space of slow variables R, The set Cy? is
the set of connecting orbits in the fast flow, that connect the invariant manifolds
M3 to M{. These manifolds are, locally in a neighborhood of C°(i), given by
functions mi(y) and mi(y), respectively. The slow flow on these manifolds is
given by

y:=9(mi(y),y) and §:=g(ms(y),y), (B.9)
respectively (compare (1.1)). Clearly,

side

tQ; \ ﬁ)i_—l C TZ_/{i N ﬁ):_ NiB;.
Since (B.5) holds for new pair (N, L) we have
TQi \ ﬁ)z‘_fl C intfui,l U int‘LL{?ll,

For a point (z,y) with y € (fQ; \ 'V,_,) N intfuirll define a function G(z,y) as
follows. For y € Y{ and z = tmi(y) + (1 — t)mb(y), set

G(x,y) = tg(mi(y),y) + (1 — t)g(mi(y),y). (B.10)

For (z,y) with y € (1Q; \ V,_;) Nint{;_; we define G(x,y) slightly differ-
ently. Let y € Y} and let (z*(y),y), hi(y) > x*(y) > hi(y), be a point such
that for all z = t2*(y) + (1 — t)m?} we have (z,y) € int'U;_;. Such 2*(y) exists
since TU;_; is a tubular neighborhood of 'U;_; and (mi(y),y) € 1U;_1. Then

tg(mi (y),9) + (1 — Dg(mi(y)y)  if o = ta* (y) + (1 — ).
(B.11)

Gla.y) = { 9(m3(y),y) if 2 > a*(y)

We define a family of bump functions % : R" - [0, 1] such that
e supp Qfs CcYs,
® Bj/a(ci) € (25)71(1) -
We modify the original system (1.1) as follows
& = flz,y)
g = €QG(z,y)+ (1 -Q)g(z,y)].

Observe that if the y-component of a point (z,y) is in the §/2 neighborhood
of |J; C7, then the second equation becomes

(B.12)

= eG(x,y). (B.13)

Since both vector fields (B.9) point strictly into the set TN, the vector field
(B.13) with function G given by (B.10), as a linear combination, also points
strictly into the set TN in the /2 neighborhood of |J; C¢. The vector field
(B.13) with function G given by (B.11) points strictly into TN for z > z*(y)
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since the boundary of TN is parallel to the boundary of INNTU; and g(h(y), )
points strictly into TN N J[Ui. The second part of definition (B.11) effects only
points in the interior of TN.

Since we have only changed the € terms in the flow (1.1) the maximal in-
variant set in |J; Y] remains the same. It follows that all the arguments in
Lemma 5.8 and Lemma 5.9 remain valid for the modified system (B.12). Fur-
thermore, by construction the set | J, C7 is now a part of a strict slow entrance
set. This finishes the second step of the construction.

_In the last step we show, following an argument in [16], that the new pair
(N, TL) is a singular index pair under the modified flow (B.12). We introduce
some notation from [16]. Define

Q, = BV(Uzesgm(Kfz))’ Qj = BV(Sg)v (B.14)

where B, is now an v neighborhood on the full phase space R". We set Q, =
Q; UQ; . Define a family of smooth bump functions s, : R" — [0,1] such that

e supp i, C Qy,

® Byj2(U,es R(KL)) Cpyt(1).

Consider the two parameter singular perturbation problem given by the
equation
2= F(z,e,v) = Fy(2) + po(2)eF1(2),

where z = (z,y) and

e (57 = (o )

and let 15, denote its flow. Notice that for v sufficiently large 15, = . We first
observe that TN is an isolating neighborhood for flows ¢ for small enough e
and v.

Lemma B.3 ([16]Lemma 3.7) Assume that Sy consists of C-slow entrance
and exit points and let v be a diameter of TN. Then there is a continuous
function € : (0,7] — (0, 00) with the property that TN is an isolating neighborhood
for 5 for all (v,€) such that 0 <v <r and 0 < e < é(v).

Now we consider singular index pair. Let

L, == cl(p(cl(Q, ), N, ) Ucl(p(cl(IN ), 1N, ).
Lemma B.4 There exists v > 0 such that given v € (0,7], there is an € > 0
such that for € € (0, ¢

slow

(N, L, UTL™)

is an index pair for V.
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Proof. This proof is motivated by the proof of Lemma 3.8 of [16].

= — sl
Step 1: By definition TLZ is closed. Since TL”°" is closed trivially, the first
condition in the definition of an index pair is satisfied.

- — slow
Step 2: We need to show that L, UTL™"" is positively invariant for 1.
- = sl
The proof for TL;, is found in Lemma 3.8 of [16]. Assume z, € L™ and z :=

Ye(t, z0) € IN. We need to show that z € L, UL, It PE([0, ], zo)ﬁQ # (Z)
then also ¥¢([0,t],z0) N TL;, # () and by positive invariance of fL;, we have
z e L. So assume ¥e([0,t],20) N Q;, = 0. Then ¢ = <p and z = ©°(t, 2).

= 1
Since the set ™ Y is positively invariant under the flow ", we have z € L P

Step 3: We need to show that L, U L7 is an exit set. For 7 > 0
sufficiently small and v < 7, no orbit can leave through Q) since the slow
entrance points are, in fact, strict slow entrance points. Let zy € TN and assume
that ¢ (to, z0) & TN. If

¥5,([0,t0], 20) N Q, = 0,

then there is t; € [0,to] such that 9¢(t1,20) € TN and ¥5([0,1],20) € N,
since 15 = ¢ on TN\ Q,.. So assume that the forward trajectory does not leave
through TN\ Q,. By the choice of v, the forward trajectory through zo leaves
through @, which is a subset of L. O

The following result follows from Lemma 3.9 [16].

Lemma B.5 There is sequence v; decreasing to zero and a choice of €(v;) €

0,€&(v;)] such that L - TLe(w
vi+1

slow fast slow

D G S L UL

Lemma B.6 ﬂz>1TL

Proof. By Lemma 3.10 [16] we get that the first line in following computation.

1
ALy UIL™™ = p((@(NT), 1N, ) U Wi (8T u L™
i=1
L I ot I
= (AN, N, ) u | wig (™) v | w
1=0 1=0

I
U U U C,L y U 1_leow

i=lycio,nVv;_,

- fa
The first two terms in last line form the set L ast while all other are subsets
slow

of 1L O

Theorem B.7 Let N be a singular isolating neighborhood defined above. As-
sume
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(1) S5 consists of C-slow exit points.
(2) So C SFtuUS;.
(3) (S+\ S3) Nel(N) = 0.

Let TL be defined as in (B.6) for heteroclinic corridor or as in (B.7) for
periodic corridor. o

If L is closed, then (TN,TL) is a singular index pair for family of flows
(B.12).

Proof.  Letr be a diameter of the set N. Let G := {(v,€) |0 <v < 7,0 < e <
é(v)}. By weak continuity property of the Alexander-Spanier cohomology [20],

the inclusion maps ¢; : (N, TL) — (N, Ti;i(yi)

7

1
U tL’ OW) induce an isomorphism

— slow

VUL & (N, L),

e(v;
Vi

lim H* (1N, 1L

where we use Lemma B.6, the fact that |JI_, Wi (tVi) c L7 and that L =

— slow = fast

1L UTL™". On the other hand, by the standard continuation theorem for
the Conley index, for (v,€), (V/,€') € G, we have

CH* (lnv('N, ) 2 CH" (Inv(IN, 45,)),
which by Lemma B.4 is the same as

! slow

) = H*(IN, TL,, UTL™"").

slow

AN, UL

This implies

slow

e(r)

H*(IN,TL, " UTL™") = H*(IN, L)

and so (1N, L) is a singular index pair. O

B.4 Proof of Propositions 5.12 and 5.13
We first verify the assumptions of Theorem B.7 to conclude that the pair (Tl_\I, Ti)
is an index pair for for the flow (B.12).

We show first that L is closed. Since TV is closed, clearly " =
Ufzo Uyen— Ny is closed.

We now consider the set p(cl(fN ), 1N, ¢?). Observe that if (z,y) € TN,
then p((x,y), N, ¢°) = (z,y). So consider (z,y) € cI(fN )\ N . Then,

- — out
z €10, (i) N B, where y € U, for some . By (5.15) this implies that

out

ye (U \ B UIBr Uty .
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= — slow
If y € tV,_, then (z,y) € """ which we discussed earlier.
If, on the other hand, y € 8" then by assumption (H2) for the slow corridor

b
ye R, UTR,.

Therefore by Definition 5.1, the forward orbit of (z,y) leaves the set TBy in
finite, uniformly bounded time. Finally, if y € TZ_/{?ut \ T_Bi then (z,y) € TU; \
B, and the forward orbit of (z,y) also leaves the set U; in finite, uniformly
bounded time. Therefore, p((x,y), TN, ¢") is closed, which in turn implies that

p(cl(tN), TN, ¢°) is closed.
Now we discuss the set Wiy (T_U;)ut). By (5.14)

— out out out

- sl
As above, if y € V,_; then (z,y) € L and we considered such points above.

The case y € TZ_/{?M \ 1B; was also discussed above. Finally, if y € TB(;M, then by
assumption (H2) for the slow corridor, we have

b
ye R, UTR,.

Therefore all trajectories in W, (W_/{;mt) leave the set TN in finite time. Tt follows

that Wi (i)(TU;)ut) is closed for each i. Therefore, 1L is closed.

Since the change (B.12) only effected the € terms in the flow (1.1), the max-
imal invariant set in | J, Yy remains the same. It follows that all the arguments
in Lemma 5.8 and Lemma 5.9 remain valid for the modified system (B.12) and
therefore assumption (1) of Theorem B.7 is satisfied. Furthermore, by construc-
tion of (B.12) the set | J, C7 is now a part of a strict slow entrance set. In view
of (B.8) and using Lemmas 5.8, 5.9, 5.10 and 5.11 assumptions (2) and (3) of
Theorem B.7 are satisfied for the flow (B.12). o

Thus we can conclude from Theorem B.7 that (TN, L) is singular index pair
for flow (B.12).

To conclude the argument, we need to show that there is a homotopy from
(B.12) to (1.1) such that the set | J; C? is a C-slow entrance set. Then it follows
from this and Lemmas 5.8, 5.9 that N is a singular isolating neighborhood
throughout the homotopy. Consequently (N, L) is a singular index pair for
the original flow (1.1).

Consider a straight line homotopy

H(J?,y, S) = Sg(xvy) + (1 - S)(QgG(l‘,y) + (1 - Qé)g(xvy))'

Since the homotopy effects only the e component of the flow, |J;, C7 is the
invariant set throughout the homotopy. The slow flow on the manifolds M7 and
M3 is the same

%

gi=g(mi(y),y) and §:=g(mi(y),y),
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respectively, throughout the homotopy. Since calculation to show that (J, C7
consists of C-slow entrance points only depends on the behavior of w-limit set
under the slow flow, we see that this behavior does not change throughout the
homotopy. Finally, Lemma 5.8 shows that J, C¢ consists of C-slow entrance

points for s = 1. O
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