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Math 333 Final Exam (11 Dec 2012)

Name:
Show all work (unless instructed otherwise). Good Luck!

0.[10pts] Circle True or False without explanation. Below V is a finite dimensional
vector space. :

or F ) Two vector spaces of the same (finite) dimension are isomorphic.
((T)or F ) Any independent subset can be extended to a basis.
or F ) Alinear T': V — V is one-to-one iff ker(T') = {0}.

(T 01@ The real exgenvalues of A are singular values of A.
(T oy If A > 0 is irreducible then AV > 0 for some N.

1.[10pts] Suppose that V is an inner product space and ||z|| := y/(z|z). Demon-
strate the Pythagorean Theorem:

llw +vl|> = {jul|* + |jv)|* forall u,v in V such that u L v.
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2.[10pts] Find the operator norm of A = [ (1) (1) i ] mct to the Euclidean vefov

norm.
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3.[15pts] The following graph describes the flow of wealth between two partners.
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L'd’is  a) Draw the graph for which A is the adjacency matrix.
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> 6*‘% b) What is the number of paths of length 9 from the first vertex to itself?
T egets a(?) 19 |
]
%@6 c) Is A primitive? [Justify]
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5.(10pts] A is 3 x 3 and [1,2,3)7 is a basis of solutions to ATy = 0.
1
a) Find a value of the parameter ) so that Az = [\| has a solution .
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@ b) Is the solution z (of the SVstem in a)) unique? Explain.
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6.[15pts] The SVD for a 3 x 3 matrix A is (approximately) given by

0.63 —-0.33 -0.71 22 0 0 021 058 0.79
A=1063 -0.33 0.71 0 11 0 0.79 —-0.58 0.21
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@ b) The image (under T4) of the unit sphere in R is an ellipse with semi-axis
lengths
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7.[10pts] Fix a non-zero v € R™. Show that the following is a subspace of M, ,:

W, := {A € My, : v is an eigenvector of A}.
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N 8. Find the best linear approximation to the function z? in the inner prod-
‘ uct space of all continuous functions on [0,1] with the inner product (f|g) =
fol f(x)g(x)dz. [Note: By “linear functions” we mean span{l,z}.]
We ene Szzuka P Tm\\go.m. b, x‘}
\)'6\ vh %{m(& <‘1X>_ S X{ix_ _lx ‘ 4-0 ue ao?oo(Q Grmgo‘awa“—'
f
fw"//r PR RO R B A LN

ok T(x\: konashited [ ¥ — eI ‘>‘
= 1 Lol y_..__L)_/ \/_——(X /'a,

et we ugeol HY--{”:W m \/""21, 4
- UL

|
Nou ;Omufl,x‘): }rw ‘17.)?,}
ook {701"3 " va«yﬂ Co -

?:qmj{‘)o/ﬂu R 7>7 i 7157'
¥t o+ SR g)dx 12 (0-1)

1

1



9.[10pts] Show that if T is a linear transformation and {Tv,, Tv,,...,T vn} are
linearly independent then' {v;,v,,.. ., v, } are linearly independent as well.
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< Qlﬁ d) Show that S = I + T is invertible. (Here I is the identity.)
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11.[15pts] Find a basis of the space of all 3 x 3 marices A that are anti-symmetric,
i.e., AT = —A. [Explain why your basis is independent and spanning.]
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Show that ||AB|| < ||A||||B|]F(Just1fy key steps)
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EXTRA PROBLEMS

13.[10pts] Suppose n x n matrix A has a nonzero vector in the intersection of N (A)
and C(A). Show that the characteristic polynomial of A has A = 0 as a double
root. (Hint: Let that vector be Av # 0 and let B be a basis obtained by extending

{v, Av}. Consider [T4]g.)’

14.[10pts] Suppose that A and p are two different real eigenvalues of A. Show that
any eigenvector of A is contained in C(A — pul).



15.[10pts] Suppose n x n matrix A has n distinct real eigenvalues \,,...,\, with
the corresponding (real) eigenvectors for A and AT denoted as follows

A v, 0,

T. | ,
A Ury ..., Up.

This means that N(A — A1) = span(v;) and N(AT — \,I) = span(v;).

a) Show that u; L v; = 0 for i # j. ‘
(Hint: Use that Av; = \ju; and A; # A; to first show that v; € C(A — A\1).)

b) Show that v = ayv; + ... + 0, v, Where a; = uiTv under cross-normalization

uj v; = 1 for all i. (Assume a) if you cannot show it.)

c*) Show that ulv; # 0.
(Hint: Otherwise, v; € N(AT-)\;)*t = C(A-))) so N(A-X)NC(A-X;) # {0}.)



