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0.[10pts] Circle True or False without explanation. Below V is a finite dimensional -, 7 -
\moé,mszéM v
vector space. \ ‘0 7
n 4 Y] 5?{»‘0»’&[
T or F ) V is isomorphic to R™ for some n. vedor n v

(

(Tor F)IfV has two orthogonal subspaces of dimension 3 then dim(V) > 6.
(T or ¥ ) For T linear, range(7") C ker(1") is equivalent to 7o T = (.

(T or F ) The number of (non-zero) singular values of A is the rank of A.
( )

T or F ) If the operator norm ||A]| < 1, then lim,_, . [[A"]| =0
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1.[10pts] Let {ey, ..., el} be the standard basis of R™ and ||z|| be a norm of { .
[2n]

a) Show that ||z]| < |z1]- |les]| + ... 4 |z.] - |e,]| for all z € R™. (Justify steps.)
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b) Show |jz|z < ||z, for all z € R". (Here |lzlls = /5, 2% and [|z]l, = ¥, ||
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2.[15pts| The following weighted digraph describes the annual flow of wealth be-
tween three agents.

a) Write out the adjacency matrix A and explain in terms of the graph why AY > 0
for some N. What is the smallest such N7
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b) Given the approximate Perron eigenvalue and eigenvectors for A and A”:
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c) What is the annual percentage rate of growth of this small economy?
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3.[10pts] Let || Al be a matrix norm of a square matrix A compatible with a vector
norm [|z||. Suppose there is z such that

lz|l =1 and |Az||=2 and |A4%z]=09.

Give a lower bound on ||A||. That is deduce an inequality ||A|| > O where O is

some number, the larger the better. (Note: That ||A| > 2 is easy. ||A]| > 3 is

harder. But try to do even better.)
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4.]10pts] Let T : V' — V be a linear transformation. Suppose C := {Tv,....,Tv,}
is a basis of V. Prove that B := {v;,...,v,} is a basis of V as well.
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5.[10pts| Suppose that A = QR is the QR-decomposition of a 3 x 2 matrix (with
independent columns).

L‘?Lg a) Show that A and R have the same singular values.
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6.[10pts] Suppose you know that y = [1,2,3]7 solves the homogeneous equation

ATy = 0 and all other solutions are just scalar multiples of that one. ACSywee A v 2% 3
1

a) Explain why there is no solution to Az = bfor b= | -1
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b) Tweak one entry in the b above so that a solution z exists. Is z unique, or there - 2 s
are infinitely many solutions z7
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7.[15pts| Suppose that u,v € R™ are some fixed vectors.

8&“’” a) Prove that the set W = {A € M., : u" Av = 0} is a subspace (of M,.,).
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jrk b) Find a basis for W when n = 2 and u = E:‘ and v = {_11} .

(Note: The basis will consist of several 2 x 2 matrices.)
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8.[15pts| Consider T': P, — P, given by T(p(z)) = p(z + 1) + p(z — 1).

5;;3 a) Find the matrix [T'] of T with respect to the standard basis {1, z, 72}
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3 ?L3 b) Verify that T is invertible. (You can use a) but explain how.)
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%B ¢) S =T — 21 is not invertible. What is the rank(S)? (You can use a).)
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Q{,h d) Find a basis of the kernel of S.
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9.[10pts] For u,v € R?, deﬁhe (ulv) = duyv; — uvy — Uy + Sugvs.
a) Verify that (u|u) > 0 for all u € R?.
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b) Find the basis-B-so that the inner product can be rewritten-as

(%) (u|v) = 4@y + bigDy.  cohone AL E [ﬂﬁ oud § = [v] 5

(Note: The eigenvalues you need are visible above. Do not compute them!)
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10.[10pts] Let R : R* — R? be the rotation by 60° clockwise. Use the fact that it
preserves the hexagonal lattice to find a basis B in R? such that the matrix [R]z_g

has integer entries. Write out [R]g. 5.
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