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Math 333 Second Exam (22 Nov 2011)

Name:
Show all work (unless instructed otherwise). Good Luck!

0.[10pts| Circle True or False without explanation:
(T o@ The Frobenius matrix norm is an operator norm. .
@or_F ) The (non-zero) singular values of A and AT are the same.
(T o' F ) There are only finitely many differént inner products on R2.
(@ or F ) A=0yu0] +...+0,u,0T-is a way to express the SVD of A.
6: F) (5, z4) <(3,22) (3°; ¥?) would not surprise Cauchy or Schwarz.

1.[15pts] Consider the question of whether it is possible that u,v are non-zero
vectors and
() =1, Jlutvl=1, Ju-v=1.

a) Show that the answer is “Yes” when using the sum norm, ||z|| = |z;| + |z,|.
(You have to give a concrete example of non-zero u, v satisfying (%).)
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b) Prove that if the norm comes from an inner product, then the answer is “No”.
(Hint: Square (+) and then write it out in terms of ( , ). Simplify to get lv]> = 0.)

(_y).w: lI’leL:l/ vl Lty | aev> =\l 24al> + vl = |

-

hw v =Lm-v]au-v> =lnl Lo 4D HI =)

gg&é*uLoALém w we get
2ha 20vii-= 2

21 =0

WiF=0 5o V=0 ok

4o Mvcd»wiwl‘

’"Aﬂ‘“/GO'hA U awmd V
ove not 2svo

T
, S0 (uh\»ﬁ’h*-“‘ “/““:‘X/

ns



2.[15pts] For u,v € R?, define (u,v) = 4dujv; — 2u1v; — 2ugv; + Tugv,
a) Verify that (u,u) > 0 for all u € R%. (It is easiest to “complete the square”.)
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b) Write out the matrix A such that (u,v) = u” Av. " Q \.J 22\
QV\Q
A= |" "I ol o1 iale:
2 7] | ?o mahicel .

c) As explained in class, in some basis B, the inner product can be rewritten as
the weighted product

(u ’U) = 3‘&1‘!71 + 8’&21‘)2

(“Tilde” on u, v indicate our use of coordinates with respect to B.) Explain where
the numbers 3 and 8 come from.

Note: Do not compute B; although, you may indicate where B comes from.
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3.[10pts] Consider the space of polynomials with the funky inner product
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J/ X Jacobi polynomials arise from applying the Gram- Schmldt process to {1, z,z2,. . .}.
} N The first two are Jo(z) = 1, Ji(z) = z. Find the third, Jo(z). :
J W Note: Mind that Jy and J; are not normalized! Also, save time by using that the

~ integral is zero if the integrand is an odd function.

0 Yooy waka |

\ | ! 2 L3

3 o s (44 (-0 dx= X - 4x | -
5 C L

N @ I S (1) de = Jixz_éxs,ﬂzz(%__.r):ﬁ_r

G <= §,'1-x(l‘-szA><.:-.0 Becouse Howivtegrond is ookl

4y LA = SV = [ooaaon | =
(9 <XIX1> = g X- x> (1 XVd = 0 Bewowse 'Mkfow( i odd

S TS bdeed e 3y = vonwelied ( = Tepe (1, x)T”) .
~ ), = o, (YL (“"3 <xlx> >

MM Ixir=
1 \
= Novw (Y - TLrS_' " 4 — Q)
= novwmoalived ()(7'_ J§" whee T used ou‘b_(ﬁ-),(‘i)}(g)

Avirer ¥

J.S.__
Iinwawd’S o e IXZ L] = =L Ix- r>)
= <Y’”|¥"‘§—-2(§-Ix +< >

S T hid wob—inpsk 0w novine slie bow




¢ P
& Ve B
4

10pts] Suppose that the right hand side in Az = b is perturbed tot =b+ Ab
so that the new solution =’ = z + Az satisfies Az’ = V. Assuming A is invertible,
show (justifying all steps) that

(%) 81 oopg(ay a8l Recall coud (A):= [IANIA!

A@ +A¥):,Q>+AQ ,
AxtAax = b+al.
Swhbra s w Ax = 4 ) telds | .
Adx=ak so ax= A'ah J———r‘b““%"f\“"“ob"'”"“a’
o laxli=laA"abl < MA [-Iak | 6
At du some b b= Ay gues b= 1A AL A (o)

Mubipbts &) ond [#y) Cide b &ide we geb
6)(0 L AxI- 1Al < llﬁl -MATNARH DX ek s @g)

We hove

5.[15pts] For A = [O 2] compute the following matrix norms
Al =... omax el . fuowm = ruex §l 140,142 = 3

Al = \/m Paoir 2 =1 6
=T =\ 25 L RELU—

Note: This last one is the operator norm with respect to the usual Euclidean length
and requires more substantial work.
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6.[10pts] Let b= Z: and A be the 4 x 1 matrix of all 1's, A =
Find the least squares solution to the system Az = b.
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Note: z is 1 x 1, so it is just a scalar! Still, the general theory applies.
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7.[10pts] Assuming A = QR is the QR-decomposition of A (with linearly indepen- X ;Q:

dent columns), carefully derive the expression for the the least squares solution
T to the system Az = b in terms of Q and R and b?

Note: You can use the “normal equations” as the departure point of your derivation.
Ty — T
AAY = AL Leowe
™ - ‘ T,
@) Ry =(Qr)'L
TATAD — TNT
Q = R"Q"4
R ARRY

T — -
= R"Q'L /GaT)f
/ R

x|

TR
Ry = Qb
| x= R'QL
tlow wevrd et (due o colicns °LA ,é@d?' ,',,,,{70«4&«1')
R tuvevhbl o dlws BT nvebile.
(Recalt RT) = (R7DT if p",,,(;(a.)‘



8.[20pts] Consider the matrix A = (1] i (1) (1) .

a)[8pts] Compute (smartly) the singular values of A.
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b)[4pts] What geometric figure is the image of the unit sphere (in R*) under the
linear transformation T4 from R? to R2?
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two and why (based on a suitable theorem, if you wish).
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c)[3pts] What if one considers in b) the linear transformation Tyr from R? to R*?
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d)[5pts] Find the direction vector (or slope) of the long axis of the ellipse from b).
(Hint: Use that the u; are eigenvectors of AAT.)
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