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Math 333 First Exam (19 Oct 2010)

Name:

If you use a theorem indicate what it is. Show all work (unless
instructed otherwise).
Good Luck!

(). Circle True or False without explanation:

( T or F ) Every linearly independent set in 17 can be extended to a basis of V.
( Tor F )R’ and Myya are isomorphic.

(TorF)UWT oS is one-to-one then so is T

(TorF ) It U1 are subspaces then so is their union U U 1

(T or F ) Any linear T : P, — P, that 1s one-to-one is onto.

1. Find a basis and the dimension for the subspace (in Mj,3) eiven bv
[0 0

W= a ca.b,ce R . Do not prove anvthing.
[() b IIJ



2. Carefully verity that the set of all even runctions on R.
W :={feF: flax)=f(—x) for all 2 € R},

is a subspace of F.

3. Suppose that T' : V. — W is linear and {T(v1),...,T(v,)} is a linearly in-
dependent set. Prove that {vy,...,v,} is linearly independent but the opposite
implication may fail.



4. Let T 2Py — P, be given by T'(p) := p" (the second derivative).
a) Describe kernel('T) and compute nullity (7).

millitv(7T) = ...

b Describe ramge(T 1 and compute vank(77).

rank(1) = ..

¢) Write out the matrix of 7 in the standard basis {1. 1. 2?}.

5. You learned that if dimV' = dim 11" (and finite} then V' and W are isomorphic.
Recall the construction of the isomorphism T : V. — W (without proving its

properties).



6. Suppose that {v;, vs,v3} is a basis (of some V).
a) Show that B = {v; — vy, v9 — v3,v3 — 1} is not a basis.

b) Show that B = {v; + vy, vy + v3,03 + v} is a basis.

7. Suppose that the set A = {v;,...,v,} spans all of V but fails to do so if one
removes any of its vectors. Prove that A is independent.



8. Show that {¢". ¢} is linearly independent (in F).

9. A certain binary code sends a message 1 = (1,.29)7 to b := Gr where the code
generating matrix G is

{b{l [ e "

e 0 1 ,)»'_) i o l T l
7 == SO = 7.0 =
1 1 ‘ ])3 ! T -+ D)
10 b4 Iy

a) Find the conditions (“check™) for (by.by.bs3.by) to be an uncorrupted message
(i.e. b= Gx for some ).

b) How many bits in (by. by. b3.bs) can be corrupted and the original message
(y.17) 1s still recoverable? (Give an answer and some indication of the reason.)
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Math 333 Second Exam (30 Nov 2010)

Name:
Show all work (unless instructed otherwise). Good Luck!

0. Circle True or False without explanation: Below vectors are in a finite dimen-
 sional vector space V/, (-|) denotes an inner product, and || - || its associated norm.

(T or F) (u|v) = ||lu|||jv|| only if one of u and v is a scalar multiple of another.
(TorF ) Every-norm-on-V-comes-from-an-inner produet.
(TorF)zZ:=A+bis aleast squares solution to Az = b.

( T or F ) For any square matrix A, the SVD gives a diagonalization of A.

1. Suppose that u,v,w are vectors in an inner product space and
(ufv) = =3, (ulw) = -6, (v|w)=6
lull =3, loll = V5, |lw|]l = V8.

a) Evaluate lu+w|=...

b) Determine by computation if u + v is perpendicular to w.



2. Derive the Triangle Inequality from the Cauchy-Schwarz Inequality.
(State both!)

3. Show that (p(z)|q(z)) := p(0)g(0) + p(1)q(1) is not an inner product on Ps.



4. Let ||Al| be a matrix norm of a square matrix A compatible with a vector norm
lz]|. Show that if ) is an eigenvalue of A then

Al = |Al.

5. Prove (while justifying each step) that the Frobenius norm

Al =

is compatible with the Euclidean norm, i.e., [Az]| < |AllFllz|| for all z in R™."




6. Find all least squares solutions to the system

1 +z9=1
1L‘1+$2=2

7. The normal equation AT Az = ATb is an expression of perpendicularity of a
certain vector to a certain subspace. What vector and subspace are involved?
Draw a figure and explain how AT Az = ATb follows.
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a) Compute the semi-axis of the ellipse that is the image of the unit circle under
the linear transformation T4 of the plane R? induced by A.

8. Consider the matrix A =

b) What is the value of the operator norm ||A4]| := max)z)=1 ||Az||? (Here |z]| is
the ordinary Euclidean norm.)

c)* Sketch the image of the square {(z,9): —1 < z<1,-1<y< 1} under T,
and guess-sketch the ellipse (from a)).
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‘Math 333 Final Exam (15 Dec 2010)

Name:
Show all work (unless instructed otherwise). Good Luck!

0. Circle True or False without explanation. Below V is a finite dimensional
vector space.

T or F ) V is isomorphic to R" provided n = dim(V).

T or F ) Any two bases of V have the same number of elements.

(

(

(TorF)IfT:V -V is linear and onto then it is one-to-one.

(T or F ) For orthogonally diagonalizable A, the singular values are eigenvalues.
(

Tor F ) For A>0, A® > 0 implies that A is irreducible.

1. V is an inner product space and ||z|| := \/(z|z) is the associated norm.
a) Demonstrate the Parallelogram Law:

lu+ o)1 + |lu — v])* = 2|jul|* + 2|jv||* for all w,vin V.



2. The following graph describes the flow of weslth in a partnership of two égents

e; and e,. 0.2
0.3

a) What is the asymptotic ratio of the wealth of e; to the wealth of e,?

b) Compute the growth rate A;. Is this péItnerShip going to prosper or fizzle out?

3. Let ||A|| be a matrix norm of a square matrix A compatible with a vector norm
l|lz||. Suppose there is £ with ||z|| = 1 such that

|Az|]| =2 and |A%z| =09.
a) Prove that ||A]| > 2.

b)* Prove that ||A > 3.




b) What is the rank(A)?

a) What are the singular values of A?

¢) What is the U is in the SVD A=UXVT?

5. Suppose that B is a fixed 2 x 2 matrix.
a) Check that the set Wg := {A € Myyy : AB = BA} is a subspace (of Ma,3).

b) Find a basis of Wp for the specific B given by B = E ﬂ .



6. Let A be n x m with independent columns and QR-decomposition A = QR.
(Here Q is n x m and R is m x m.)

a) Give an idea why C(A4) = C(Q).

b) Write the formula for the projection of b € R™ onto C(A) in terms of Q and b.

c) Express the least squares solution to Az = b by using Q, R, and b. Justify.

7. Assuming {v; ,—vg,-vg}fisﬁﬁéaﬂy—ma' iependent; show-that {vy, vl~%|‘——zi)'2:i;f+.-6§—r—ﬁ)3}
is linearly independent as well. _ BRI
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8. Consider T : P, — P, given by T'(p(z)) = zp/(z).

a) What polynomials p(z) make up the kernel(T")?

b) Find the matrix [T] of T' with respect to the standard basis {1, z, z2}.

c) What is the rank(T)? (Use a).)

d) Show that S = I +T is invertible. (Here [ is the identity so S is explicitly given
by S(p(z)) = p(z) + zp/(z); although, you may just use [S] in your solution.)



9. Construct an orthogonal basis of P, with the inner product (p|q) : fo )g(z)dz.

cosf —sinf
sinf cos@

preserved some lattice I' in R?, R[' = T". Explain why trace(Rg) 2cosf had to
be an integer.

10. In Crystallographic Restriction Theorem, a rotation matrix Ry =



