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Abstract: For a class of Hamiltonian systems inR4 the set of homoclinic and het-
eroclinic orbits which connect saddle-focus equilibria is studied using a variational
approach. The oscillatory properties of a saddle-focus equilibrium and the variational
nature of the problem give rise to connections in many homotopy classes of the config-
uration plane punctured at the saddle-foci. This variational approach does not require
anyassumptions on the intersections of stable and unstable manifolds, such as transver-
sality. Moreover, these connections are shown to be local minimizers of an associated
action functional. This result has applications to spatial pattern formation in a class of
fourth-order bistable evolution equations.

1. Introduction

Hamiltonian systems obtained from second-order Lagrangian densities of the form
L = L(u, u′, u′′) are used in many physical models including problems in nonlinear
optics, nonlinear elasticity, and mechanics. The Euler-Lagrange equations associated
with such densities are fourth-order differential equations, and their solutions are critical
points of the Lagrangian functionalJ [u] =

∫
R L(u, u′, u′′) dt. In these systems station-

ary solutionŝu, which satisfy∂L/∂u (û, 0, 0) = 0, can have four hyperbolic complex
eigenvalues – two with positive real part and two with negative real part. This type of
equilibrium solution is called asaddle-focus, and it is well-known that systems with
homoclinic or heteroclinic connections between such points can exhibit complicated
(chaotic) behavior, cf. [12, 20, 26, 33]. The purpose of this paper is to investigate the
structure of the homoclinic and heteroclinic orbits connecting saddle-focus equilibria in
a class of fourth-order equations.

The specific Lagrangians that we study are given by

? Partially supported by grants ARO DAAH-0493G0199 and NIST G-06-605.
?? Partially supported by Polish KBN Grant 2 P301 01307 Iteracje i Fraktale, II.



338 W.D. Kalies, J. Kwapisz, R.C.A.M. VanderVorst

J [u] =
∫

R

[
γ

2
|u′′|2 +

β

2
|u′|2 + F (u)

]
dt with γ, β > 0. (1.1)

The nonlinearityF is assumed to be a double-well potential with two nondegenerate
global minima at±1 of which the prototypical example isF (u) = (u2 − 1)2/4. The
number of global minima is not crucial, and our analysis extends to potentials with
arbitrarily many wells. The Euler-Lagrange equation for (1.1) is

γu′′′′ − βu′′ + F ′(u) = 0 with γ, β > 0. (1.2)

This equation has been proposed as a generalization of the second-order stationary Allen-
Cahn or Fisher-Kolmogorov equation (γ = 0) and arises in the study of phase transitions
in the neighborhood of Lifshitz points [18, 19, 24, 50], see Sect. 8. This extended
Fisher-Kolmogorov equation is valid near parameter values where the Ginzburg-Landau
formulation becomes degenerate [40]. Whenγ > β2/4F ′′(±1), the equilibrium points
u = ±1 are saddle-foci, and we are interested in the heteroclinic and homoclinic orbits
connecting these two points in the four-dimensional flow generated by (1.2). Note that
this ODE generates only a local flow onR4, and there are solutions which blow-up in
finite time.

Before describing the history of this problem, we would like to state three character-
istics of our results which differ from much of the previous work. First, the assumptions
on the nonlinearity are very mild. In particular we do not require symmetry or analyticity
of F , nor do we place any transversality or nondegeneracy conditions on the intersec-
tions of the stable and unstable manifolds of±1. Second, we produce multitransition
solutions of (1.2) with any number of transitions, all of which arelocal minimizersof
the action functional (1.1). Finally, these multitransition solutions do not all lie in some
small neighborhood of the principal loop in the phase space. In particular the distance
between transitions is not required to be large. Our results imply that the dynamics of
equations of the form (1.2) with a double-well potential and saddle-focus equilibria are
always chaotic and hence never completely integrable.

The methods used in this paper also seem to be applicable to mechanical systems with
two degrees of freedom. As for fourth order problems, this would require a nonnegative
Lagrangian density and saddle-foci which are global minima. These examples may be
the subject of future work.

Finding multitransition and multibump solutions for Hamiltonian systems has be-
come an active field of study in recent years. In this context we mention the work of
Buffoni, Coti-Zelati, Ekeland, Rabinowitz, and Séŕe, [4, 10, 16, 17, 21, 38, 39, 43, 44].
The initial work is due to Śeŕe [43] who finds infinitely many two-bump homoclinic
orbits for a general class of nonautonomous, periodically-forced Hamiltonian systems
with a subsequent generalization to multibump homoclinics [44]. Coti-Zelati and Ra-
binowitz [17, 39] consider the problem of finding multibump homoclinic connections
for mechanical systems with Lagrangians of the formL(t, q, q′) = 1

2 |q′|2 − V (t, q),
whereq : R → Rn andV is a periodically-forced potential. Nondegeneracy conditions
are imposed on the primary homoclinic connections in order to construct multibump
solutions. These variational results are analogous to those obtained from the study of
Poincaŕe maps of time-periodic systems via Melnikov theory which detects transverse
intersections, cf. [23, 31].

Using such techniques from dynamical systems theory, Devaney [20] has shown that
autonomousHamiltonian systems inR4 display horseshoe-like dynamics in a neighbor-
hood of atransversehomoclinic or heteroclinic loop connecting saddle-foci. This prin-
cipal loop is the four-dimensional equivalent of a Shil’nikov orbit [45, 46]. In particular
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this implies that a countable family of multibump or multitransition solutions exists near
the primary loop in the phase space. In general the existence of a primary loop com-
posed of transverse intersections of stable and unstable manifolds is difficult to verify in
fourth-order problems. In this paper we prove that for a significant class of autonomous
Hamiltonian systems no transversality condition is required to obtain multitransition
solutions of (1.2). Multibump or multiple-pulse solutions and their stability have been
investigated using dynamical systems techniques in a wider variety of contexts with
varying hypotheses on the primary solutions. For references to this literature, the reader
is referred to Alexander, Gardner, and Jones [3], Lin [30], Nishura [32], and Sandstede
[41, 42].

Multibump homoclinic connections near a Shil’nikov orbit in conservative, au-
tonomous systems inR4 have been studied variationally by Buffoni and Séŕe [12]. Their
results require an intersection condition on the stable and unstable manifolds which is
weaker than transversality and is simpler to check for certain examples. For the system
(1.2) this condition has been verifiedfor the specific potentialF = (u2 − 1)2/4 and is
used in [26] to construct multitransition solutions of

γu′′′′ − βu′′ + u3 − u = 0, (1.3)

which is often referred to as the (stationary) extended Fisher-Kolmogorov equation. This
approach yields solutions which are close to a primary heteroclinic loop, composed of
single-transition solutions, by gluing together well-separated copies of these primary
solutions. However, checking the intersection condition of Buffoni and Séŕe [12] can be
involved, and it has not been verified for the general problem (1.2).

The EFK-Eq. (1.3) has been extensively studied by Peletier and Troy [33, 34, 35, 36,
37] who show that heteroclinic connections between±1 exist for allβ, γ > 0. These
primary heteroclinic connections have exactly one monotone transition and minimize
the actionJ in a suitable class of functions [37]. Using topological shooting methods
they explore the set of bounded solutions of (1.3) whenγ > β2/8 (the saddle-focus
case). They prove the existence of a countable family of heteroclinic connections which
are qualitatively different from those found in this paper and in [26], as well as various
types of periodic and chaotic solutions. Forγ < β2/8 the points±1 are saddles (two
negative and two positive real eigenvalues), and the primary heteroclinic connection is
monotone and unique (up to translations) within the class of odd monotone functions.
A similar approach in [28], using a global Poincaré section, extends this result to show
that the primary heteroclinic is unique without restriction (see also [48]). The approach
taken in this paper will be completely different. Also the method of Gardner and Jones
[22] proves that for small values ofγ/β2 the heteroclinics are the result of transverse
intersections of the stable and unstable manifolds. Transversality for allγ/β2 ≤ 1

8 was
proved by Vanden Berg [49]. This is still an open question for large values ofγ/β2.

A related equation
u′′′′ + Pu′′ + u− u2 = 0,

which arises in nonlinear elasticity and the theory of shallow water waves, has been
extensively studied by Amick, Buffoni, Champneys, and Toland [5, 10, 11, 13, 14] who
also develop a shooting method suitable for fourth-order problems of this type. Note
that the Lagrangian density is given byL(u, u′, u′′) = 1

2 |u′′|2 − P
2 |u′|2 + 1

2u
2 − 1

3u
3

and is not bounded from below as is (1.1). The primary homoclinic connection occurs
as a mountain pass critical point, and our methods are not directly applicable. However
we believe that many of the same ideas are important for both classes of problems. The
parameterP plays the same role as the ratioγ/β2 in Eq. (1.2), and for−2< P < 2 the
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stationary pointu = 0 is a saddle-focus, which leads to a complicated set of multibump
homoclinic connections [10, 12, 15]. This equation withu2 replaced byu3 is also used
in certain optical models [2].

Since the pointsu = ±1 are hyperbolic equilibria of (1.2), homoclinic connections
are contained in the affine Sobolev spaces±1 +H2(R). Heteroclinic connections lie in
the spaces±χ̂ + H2(R), whereχ̂ ∈ C∞(R) is a fixed function such that̂χ(t) = −1
for t ≤ −1 andχ̂(t) = 1 for t ≥ 1. In the sequel,χ + H2(R) will denote the affine
space in whichχ is chosen appropriately to be 1,−1, χ̂, or −χ̂. Functions in all of
these spaces have infinite tails which are bi-asymptotic to±1 ast → ±∞. Disregarding
these tails, the solution can make a finite number of transitions between the values−1
and +1 with oscillations around±1 between transitions, see Fig. 1.1. Our approach to
finding multitransition solutions is to define open subclasses of the above spaces in which
functions make a specific number of transitions and oscillations. We then minimize the
functionalJ in these classes. When the minimum is attained in the interior of a class, a
local minimizer ofJ is found which is a smooth solution to the Euler-Lagrange Eq. (1.2)
with the corresponding properties. The precise definitions of the subclasses are given in
Sect. 2, but we present here a brief, informal description in terms of homotopy classes
of curves in the plane.

e1
e2

(1;0)

+1

0

�1

(�1;0)

Fig. 1.1.A typical heteroclinic orbit with homotopy typee1e
2
2

Viewed in the configuration plane (u, v) wherev = u′, a heteroclinic or homoclinic
orbit is a curve connecting the points (±1, 0), and the transitions and oscillations record
the homotopy type relative to these points. All homotopy types arising in this way can
be represented by a free semigroup generated by two (clockwise) oriented loops,e1 and
e2 around (±1, 0), see Fig. 1.1. Note that the winding in the tails is disregarded in this
representation, and the orientation of the loops is due to the relationv = u′. Thus for
every heteroclinic and homoclinic orbitu there exists a representative word of the form

eθm
im

· eθm−1

im−1
· . . . · eθ2

i2
· eθ1

i1
,

whereθ(u) = (θ1, ..., θm) ∈ Nm andik+1 − 1 = ik mod 2. In the sequel it will be more
convenient to considerg(u) = 2θ(u) rather than the winding vectorθ. The vectorg ∈
2Nm specifies the number of crossings of±1 whichu makes between transitions, and
g = 0 for functions with only one transition. For each vectorg ∈ G = 2Nm∪{0} there are
two distinct homotopy classes which correspond to words beginning withe1 and words
beginning withe2. These two classes contain functions for which limt→−∞ u(t) = +1
and limt→−∞ u(t) = −1 respectively. LetM±(g) denote these homotopy classes of
functions with winding vectorg/2, and define the numbers

J ±(g) = inf
M±(g)

J [u].
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The above infima are well-defined sinceJ is bounded from below, although it is not
clear whether the infima are attained in each of the homotopy classes. Our goal is to
prove thatJ ±(g) is attained in many classesM±(g).

Before stating our main result, we introduce an order relation≺ onG defined by the
following rule:

(g1, . . . , gm) ≺ (g1, · · · , gk−1, g
−
k , 2, g

+
k, gk+1, . . . , gm)

for anyk ∈ {1, . . . ,m} andg±
k ∈ 2N such thatg−

k + g+
k = gk,

which is extended onG by transitivity. In terms of words representing homotopy types,

e2
1 ≺ e1 · e2 · e1 and e2

2 ≺ e2 · e1 · e2.

This order relation determines the classes in which we can find minimizers as stated in
the following theorem.

Theorem 1.1. Suppose thatF ∈ C2(R) has exactly two nondegenerate global minima
at u = ±1, andF grows superquadratically asu → ±∞. If β, γ > 0 are chosen such
that±1 are saddle-focus equilibria of(1.2), then for anyg ∈ G there existh± � g such
thatJ ±(h±) are attained by functionŝu± ∈ C4(R) ∩M±(h).

Remark.Since there are only finitely manyh ∈ Gwith h � g, the following alternative
holds for either + or− throughout: eitherJ ±(g) < J ±(h) for all h � g andJ ±(g)
is attained inM±(g), or there are finitely many vectorsh±

i � g, i = 1, .., n, such that
J ±(h±

1 ) = . . . = J ±(h±
n ) ≤ J ±(g), andJ ±(h±

i ) is attained inM±(h±
i ) for each

i ≤ n.

The minima obtained in Theorem 1.1 are local minima ofJ in the appropriate
function spacesχ + H2(R). The theorem does not imply that the infimum is attained
in every homotopy class, but it can be shown that there are certain classes in which a
local minimizer must exist. In particular, if the winding numbersgi are all small enough
or large enough, then the infimumJ ±(g) is attained inM±(g). In the latter case, the
resulting local minimizers are multitransition solutions whose transitions are close to
the single transition minimizers inJ ±(0) and are separated by large distances. These
solutions are analogous to those found in typical multibump constructions, cf. [26].

Theorem 1.2. LetF , β, γ be as in Theorem1.1. If g = 0 or g ∈ 2Nm with gi = 2 for
all i ≤ m, thenJ ±(g) are attained by minimizers inM±(g). Futhermore, there exists
anN > 0 such that, ifg ∈ 2Nm andgi > N for all i ≤ m, thenJ ±(g) are attained by
minimizers inM±(g).

In Theorems 1.1 and 1.2 the hypotheses onF are fairly mild. If additional symmetry
for F is assumed, then local minima exist in every homotopy class.

Theorem 1.3. LetF , β, γ be as in Theorem1.1, and assume in addition thatF (u) =
F (−u) for all u ∈ R. Then for anyg ∈ G the infimaJ −(g) = J +(g) are attained by
minimizers in the associated homotopy classes.1

1 Theorem 1.3 was originally proved with the restriction thatgi = 2 orgi ≥ 4 for all i. It was demonstrated
to us by J.B. VandenBerg [47] and the referee that this restriction is unnecessary, see Sect. 7.
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The proofs of these theorems are based on a constrained minimization principle in
whichJ is minimized on open setsM±(g) in χ+H2(R). The main difficulty is to show
that there exist minimizing sequences which are bounded with respect to the appropriate
norm and whose weak limits are contained in the interior of the classM±(g). The
oscillatory nature of solutions which lie in a neighborhood of a saddle-focus equilibrium
is crucial to the control of minimizing sequences and is described in Sect. 4. In Sect. 3
we develop tools for removing spurious oscillations from minimizing sequences. The
results of these two sections complement each other, and combined with fairly simple a
priori estimates, they comprise the essential ingredients of the proofs of Theorems 1.1,
1.2, and 1.3 in Sects. 5, 6, and 7 respectively.

Minimizing sequences in a classM±(g) can lose complexity in the limit, i.e. ap-
proach the boundary ofM±(g), in two ways: crossings of±1 can coalesce, or the
distance between crossings can grow to infinity. In both cases minimizing sequences
can be adjusted by replacing pieces of the functions in the sequence with pieces of orbits
near a saddle-focus equilibrium. The oscillatory properties of such orbits ensure that
the limits of these specially-constructed minimizing sequences remain in the interior of
the classM±(g). Intuitively this is the main idea of this paper, but the implementation
requires some technical adjustments, see Sect. 5. We begin in Sect. 2 with a precise
description of the functional analytic framework for these minimization problems, and
in Sect. 8 we briefly describe other problems in which these techniques might be useful.

Throughout this paperC will denote an arbitrary constant which may change from
line to line. GenerallyC will depend on the parametersγ, β, and the nonlinearityF .
Any other important dependence will be explicitly specified.

2. Preliminaries

The Hamiltonian of (1.2) is given by

H(u, u′, u′′, u′′′) = −γu′′′u′ +
γ

2
|u′′|2 +

β

2
|u′|2 − F (u)

= p1q2 +
1

2γ
p2

2 − β

2
q2

2 − F (q1)

in the symplectic coordinates (q, p) = (q1, q2, p1, p2) defined by (q1, q2) = (u, u′) and
(p1, p2) = (βu′ − γu′′′, γu′′). The canonical Lagrangian then has the formI[q, p] =∫ {〈q′, p〉−H(q, p)}. Since this Lagrangian is strongly indefinite, it is more convenient to
study homoclinic and heteroclinic orbits of (1.2) as critical points of the action functional

J [u] =
∫
R

[
γ

2
|u′′|2 +

β

2
|u′|2 + F (u)

]
dt

with γ, β > 0, which is obtained fromI[q, p] by substituting the above definiton of
(q, p).

Recall that the functionF ∈ C2(R) is a nondegenerate double-well potential which
grows superquadratically as|u| → ∞. The specific hypothesis is

(H1) F (±1) = F ′(±1) = 0, F ′′(±1) > 0, andF (u) > 0 for u 6= ±1. Moreover there
are constantsc1 andc2 such thatF (u) ≥ −c1 + c2u

2.

This implies the following property which will be used in the sequel:
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(H2) for everyα ∈ (−1, 1) there existsη(α) > 0 such that

F (u) ≥
{
η(α)2(u− 1)2 for u ∈ (α,∞),
η(α)2(u + 1)2 for u ∈ (−∞, α).

As described in the introduction, we will consider classes of functions in the affine
spacesχ+H2(R). We will restrict attention to functions for which limt→−∞ u(t) = −1,
in which caseχ is eitherχ−1 ≡ −1 orχ1 = χ̂, a fixed smooth function witĥχ(t) = −1
for t ≤ −1 andχ̂(t) = 1 for t ≥ 1. The other cases are completely analogous, and thus
we will drop the superscripts± from the notation for the classesM (g). Form ≥ 1 and
g ∈ 2Nm we define the subclassM (g) of χ(−1)m +H2(R) as follows.

Definition 2.1. A functionu is inM (g) if there are nonempty sets{Ai}m+1
i=0 such that

i) u−1(±1) =
⋃m+1

i=0 Ai,
ii) #Ai = gi for i = 1, . . . ,m,
iii) maxAi < minAi+1 for i = 0, . . . ,m,
iv) u(Ai) = (−1)i+1, and
v) {maxA0} ∪ (⋃m

i=1Ai

) ∪ {minAm+1} consists of transversecrossingsof ±1.

Under these conditionsM (g) is an open subset ofχ(−1)m + H2(R). Form = 0 define
M (0) as above with two setsA0 andA1 each with at least one transverse crossing. For
convenience we will suppress the dependence ofχ onm and use the notation|g| = m
if g ∈ 2Nm and|0| = 0.

For g ∈ G = ∪∞
m=12Nm ∪ {0} functions inM (g) make|g| + 1 transitions between

±1, and these occur on the intervals from maxAi to minAi+1 for i = 0, . . . ,m. The
numbersgi count the crossings of either−1 or +1 between consecutive transitions,
and these crossings are transverse as well as the crossings at the beginning of the first
transition and at the end of the last transition. Functions inχ+H2(R) can make infinitely
many crossings of±1 ast → ±∞, but we do not make any assumptions about their
transversality. Foru ∈ M (g) we will call the interval from the beginning of the first
transition to the end of the last transition, i.e. from maxA0 to minAm+1, thecore interval
of u, see Fig. 2.1.

These classes have been defined so that between any two crossings inAi functions
in M (g) stay strictly above/below (−1)i. Hence a function which crosses +1, then has
a tangency at−1, and subsequently crosses +1 again is on the boundary between two
distinct classes. Initially we will allow minimizing sequences to move from one class to
another in this manner. To formalize this idea we define the following partial ordering
≺ on the setG = ∪∞

m=12Nm ∪ {0}.
Let g = (g1, . . . , gm) ∈ G. For anyk ∈ {1, . . . ,m} and anyg±

k ∈ 2N such that
g−

k + g+
k = gk, we declare

(g1, . . . , gm) ≺ (g1, · · · , gk−1, g
−
k , 2, g

+
k, gk+1, . . . , gm).

Also if g, h, k ∈ G with g ≺ h andh ≺ k, theng ≺ k. These relations define a partial
ordering on the setG.

For anyg ∈ G defineM(g) = ∪h�gM (h). The functions inM(g) are at least as
topologically complex as those inM (g), i.e. they have at least|g| + 1 transitions and at
least

∑
i gi crossings of±1 between the first and last transitions. LetJ (g) = infM (g) J .

We will prove a more detailed version of Theorem 1.1 which states that given anyg ∈ G
there is a local minimizer ofJ which is at least as topologically complex as functions
in M (g) in the sense of the above ordering, see Fig. 2.1.
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+1

0

�1

h = (2; 2; 4; 4)g = (6; 4)

Fig. 2.1.(6, 4) ≺ (2, 2, 4, 4). The intervals pictured are the core intervals

Theorem 2.2. SupposeF satisfies the hypothesis(H1) andγ, β > 0 are chosen such
that ±1 are saddle-foci. Then for anyg ∈ G there existŝu ∈ M(g) which is a local
minimizer ofJ in χ +H2(R) with the following properties:

i) û has strictly monotone transitions,
ii) û has only one local extremum between consecutive crossings, and
iii) the tails of̂u have a countable infinity of crossings of±1, all of which are transverse,

and between consecutive crossingsû has one local extremum. In each tail, there are
two sequences(û(tmax

n )) and (û(tmin
n )) consisting of all local maxima and minima.

These sequences are strictly monotone, andû(tmax
n ) ↘ ±1 and û(tmin

n ) ↗ ±1 as
n → ∞.

Moreover, eitherJ (g) < J (h) for all h � g and û ∈ M (g), or there are finitely many
hi � g, i = 1, . . . , n, such thatJ (h1) = . . . = J (hn) ≤ J (g), and there exist local
minimizerŝui in eachM (hi), i = 1, . . . , n.

Remark.This theorem establishes the existence of locally minimizing heteroclinic and
homoclinic solutions emanating from−1. Obviously the same result holds for solutions
starting at +1.

For certain vectorsg ∈ G the theorem immediately implies that there is a local minimizer
in the classM (g).

Corollary 2.3. There are local minimizers ofJ in any classM (g) for whichgi = 2 for
all i ≤ |g|. In particular there exist minimizers in the classesM (0) andM ((2)) which
correspond to a single transition heteroclinic orbit and a single pulse homoclinic orbit
with no oscillations between two transitions.

Remark.The minimizers in the classM (0) are global minimizers inχ1+H2(R). Global
minimizers in these affine spaces can be found without assuming±1 are saddle-foci.
In the saddle-focus case these global minimizers must a priori be inM (0), i.e. have
oscillations in the tails, but this is not necessary for other types of equilibria.

3. Clipping

Letu ∈ C1[a, b]. Suppose there is a subintervalI = [α, β] of [a, b] such thatu(α) = u(β)
andu′(α) = u′(β). Then we can clip out the intervalI from [a, b] by collapsing it to a
point (cf. Fig. 3.1) to obtain a functionu∗ ∈ C1[a, b−|I|] which is formally defined by

u∗|[a,α] ≡ u|[a,α] and u∗|[α,b−|I|] ≡ u|[β,b] .
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Here |I| denotes the length of the intervalI. More generally, a functionu∗ will be
called aclip of u if it is obtained by clipping out a finite number of intervals fromu.
Note that the values of the functionsu andu∗ along with their derivatives coincide at
the corresponding endpoints of their domains. Clipping is a well-defined operation on
H2(R) functions. Since the integrand ofJ is nonnegative, it also has the fundamental
property thatJ [u∗] ≤ J [u] for any clip u∗ of u. The next three lemmas will be tools
for clipping functions, and these ideas are best understood by examining intersections
of the corresponding curves in the configuration plane (u, u′), cf. Fig. 1.1.

Lemma 3.1. Leta1 < b1 ≤ a2 < b2, andIj = [aj , bj ], j = 1 or 2. Suppose a function
u ∈ C1(I1) ∩C1(I2) is increasing on bothI1 andI2 with u(I1) ∩ u(I2) 6= ∅ and satifies
one of the following two properties:

i) u(a1) = u(a2), u(b1) = u(b2),
and(u′(a1) − u′(a2)) · (u′(b1) − u′(b2)) ≤ 0, or

ii) u′(a1) = u′(a2) = u′(b1) = u′(b2) = 0
and(u(a1) − u(a2)) · (u(b1) − u(b2)) ≥ 0.

Then there existcj ∈ Ij such thatu(c1) = u(c2) andu′(c1) = u′(c2). Hence the interval
(c1, c2) can be clipped out ofu to produce an increasing function. The same result holds
for functions which decrease onI1 and I2, and if u is strictly monotone over these
intervals, then the clip ofu is also strictly monotone.

Proof. First consider the case in which the hypothesis (i) is satisfied. Assumeu(a1) <
u(b1), and letI = [u(a1), u(b1)], as the other case is similar. Sinceu isC1 and monotone
on the intervalsI1 andI2, the function

ϕ(s) = u′(u|−1
I1

(s)) − u′(u|−1
I2

(s))

is well-defined and continuous fors ∈ I. By hypothesis

ϕ(u(a1)) · ϕ(u(b1)) = (u′(a1) − u′(a2)) · (u′(b1) − u′(b2)) ≤ 0.

Thereforeϕ(u(a1)) andϕ(u(b1)) have opposite signs, andϕ(s0) = 0 for somes0 ∈ I. Let
cj ∈ u|−1

Ij
(s0), j = 1 or 2. Thenu(c1) = u(c2) andu′(c1) = u′(c2) by construction. The

clip of u inherits the monotonicity properties ofu on the intervals [a1, c1] and [c2, b2].
Now supposeu satisfies hypothesis (ii) andu is increasing onI1 andI2. Then there

are two cases, and we consideru(a1) ≤ u(a2) andu(b1) ≤ u(b2), as the other case
is similar. Sinceu(I1) ∩ u(I2) 6= ∅, there are pointŝa1 ∈ I1 and b̂2 ∈ I2 such that
u(â1) = u(a2) andu(̂b2) = u(b1). Thenu satisfies hypothesis (i) on the intervals [â1, b1]
and [a2, b̂2]. �

Typically, we will apply this lemma to functions defined on all ofR. In this case, the
clipping operation is localized and removes a finite interval so that the resulting function
is again defined on all ofR, see Fig. 3.1.

The next two lemmas apply to Morse functions, i.e.C2 functions whose critical
points are all nondegenerate. Morse functions have finitely many critical points on a
compact interval, all of which are local maxima or minima. We will denote the closed
convex hull of a setA by conv (A).

Lemma 3.2. Letu ∈ C2[a, b] be a Morse function withu(a) 6= u(b). Supposeu([a, b]) ⊂
conv ({u(a), u(b)}). Thenu can be clipped to a strictly monotone function.
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+1

�1

I1 I2 J1 [
bJ2

J1 J2

Fig. 3.1. A typical example of the clipping operation. As in Lemma 3.1, the intervalsJ1 = [a1, c1] and
J2 = [c2, b2] are concatenated to [a1, b2 − c2 + c1] = [a1, c1] ∪ [c1, b2 − c2 + c1] = J1 ∪ Ĵ2

Proof. If u has no critical points, thenu is monotone, and there is nothing to prove.
Otherwise we will show thatu can be clipped to remove at least two critical points.

Let b1 > a be the first critical point ofu. Consider the caseu(a) < u(b) as the other
case is similar. Sinceu(t) ≥ u(a) andu is Morse,u is strictly increasing on [a, b1],
and u has a local maximum atb1. Let b2 = sup{t : u(t) = u(b1) andu is increasing
at t} anda2 = sup{t < b2 : u′(t) = 0}, the location of the local minimum to the left
of b2. Finally, sinceu is increasing on (a, b1), let a1 be the unique point in [a, b1) with
u(a1) = u(a2). Note thatu is strictly increasing on [a2, b2] and on [a1, b1]. Applying
Lemma 3.1 (hypothesis (i)) tou with subintervalsIj = [aj , bj ], j = 1, 2, we obtain
pointscj ∈ Ij for j = 1, 2 at whichu can be clipped to a functionu∗. Sinceb1 anda2
are in the interval which is clipped out,u∗ has at least two critical points less thanu. An
even number of critical points are removed.

Since there are only finitely many critical points, this process can be repeated to
obtain a strictly monotone function. �

Lemma 3.3. Let u ∈ C2[a, b] be Morse withu(a) = u(b), u′(a) · u′(b) < 0, and
u([a, b]) ⊂ [u(a),∞) or (−∞, u(b)]. Then there exists a clip ofu which has exactly one
critical point in (a, b).

Proof. Assumeu′(b) < 0 < u′(a), the other case is similar. LetM = maxu(t) and
S = {t : u(t) = M}. Let c1 = minS andc2 = maxS. Thenu(c1) = u(c2) = M and
u′(c1) = u′(c2) = 0. Apply Lemma 3.2 to the intervals [a, c1] and [c2, b] to obtain two
clips, u∗

1 which is increasing fromu(a) to M andu∗
2 which is decreasing fromM to

u(b). These two clips can be glued together atc1 andc2 to get a clip ofuwith one critical
point. �

Definition 3.4. A functionu ∈ M (g) isnormalized if u is monotone on each transition,
and there are points−∞ ≤ a < b ≤ ∞ such that

i) all crossings of±1 are transverse in(a, b),

ii) u contains exactly one local extremum between each pair of consecutive crossings
of either+1 or −1 in (a, b),

iii) a andb are accumulation points of crossings of±1, and
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iv) u contains no intervals of critical points except(−∞, a] and [b,∞) on whichu is
identically±1.

Several comments about this definition are in order. First, the basic property of
normalized functions, which will be used extensively throughout the sequel, is that all
local extrema are isolated except possibly on infinite intervals at the ends of the tails
where the function is identically±1. Moreover, each maximal monotonicity interval
either contains exactly one crossing of±1 or exactly one crossing of both−1 and +1
if it is a transition. These monotonicity intervals will be used to identify places where a
function can be clipped using Lemma 3.1 with hypothesis (ii). Note that the crossings are
transverse in the core interval by the definition of the classesM (g), but for normalized
functions all crossings are transverse except possibly at the ends of the tails. So the
core interval is contained in (a, b). Finally, the normalized functions are prevalent in the
classesM (g) as the following key lemma indicates.

Lemma 3.5. Letu ∈ M (g). For everyε > 0 there exists a normalizedu∗ ∈ M (g) such
thatJ [u∗] ≤ J [u] + ε.

Proof. The first step in the proof is to perturbu so that it possesses infinitely many
transverse crossings. Chooseµ > 0 and a fixed cutoff functionω ∈ C∞(R) with
suppω = [−1, 1] andω(0) = 1 andω′(0) = 0. Sinceu ∈ χ+H2(R), there is a bi-infinite
sequence. . . t−1 < t0 < t1 . . ., which can be chosen such that|ti+1 − ti| > 4 and

|(u(ti), u
′(ti)) − (χ(ti), χ

′(ti))| < µ · 2−|i|−1.

Clearly the sequence (ti) can also be chosen so that eachti is at least distance four from
the core interval andχ(ti) = ±1 for all i ∈ Z by the definition ofχ. The function

v(t) = u(t) +
∞∑

i=−∞
(µ · 2−|i|(t− ti) − u(ti) + χ(ti))ω(t− ti)

has transverse crossings with positive derivative at the pointsti → ±∞ asi → ±∞, and
‖v − u‖H2 ≤ Cµ‖ω‖H2. Thus forµ sufficiently smallJ [v] ≤ J [u] + ε/2. Let (zi)i∈Z
denote the sequence of all the crossingsti created above along with all the crossings
in the core interval ofv. On the interior of each interval [zi, zi+1] the functionv can
be perturbed to a Morse function in the usual way without altering the crossingszi.
This perturbation can be made arbitrarily small so that the resulting functionw satisfies
‖w − u‖H2 ≤ Cµ. For sufficiently smallµ, we haveJ [w] ≤ J [u] + ε. Futhermore, the
nontransverse crossings must be local extrema ofw.

Now let (zi)i∈Z be the sequence of all transverse crossings ofw. On each interval
[zi, zi+1] eitherw(zi) = w(zi+1) = ±1 orw(zi) = −w(zi+1) = ±1 in which casewmakes
a transition on this interval. By the choice of (zi) the hypotheses of Lemmas 3.3 and 3.2
hold, and we can apply them to the two cases repectively to “normalize”w on [zi, zi+1].
More precisely, for eachi ∈ Z we obtain an intervalIi andw∗ : Ii → R which is a clip
of w|[zi,zi+1] . Note that the values ofw∗ and its derivative match at the right endpoint
of Ii and the left endpoint ofIi+1. Therefore, by concatenating the intervalsIi to I,
we construct aC1 and piecewiseC2 functionw∗ : I → R with |I| =

∑ |Ii|. Since
clipping reduces the action,J [w∗] ≤ J [w] ≤ J [u] + ε. Noww∗ has all the properties
of a normalized function in Definition 3.4 except thatI need not be all ofR (note that
possibly infinitely many intervals were clipped fromw). However
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lim
t→inf I

(w∗(t), (w∗)′(t)) = lim
t→supI

(w∗(t), (w∗)′(t)) = (±1, 0).

Indeed any sequencetn → inf I or supI can be associated with a sequenceτn → ±∞
such that (w∗(tn), (w∗)′(tn)) = (w(τn), w′(τn)) which tends to (±1, 0) sincew ∈ χ +
H2(R). In this way

u∗(t) =

{
w∗(t) for t ∈ I,
±1 for t 6∈ I,

is a normalized function inχ+H2(R) as in Definition 3.4 withJ [u∗] ≤ J [u]+ ε. �

The previous lemma allows us to consider minimizing sequences which are normal-
ized functions. The clipping lemmas also imply that adding more crossings in the core
interval can only increase the actionJ .

Lemma 3.6. Supposeg, h ∈ 2Nm with gi ≤ hi for all i ≤ m. ThenJ (g) ≤ J (h).

Proof. We will consider the case wheregi = hi for all i ≥ 2 andg1 = h1 − 2. The case
i 6= 1 is similar, and the general case follows by induction. For anyu ∈ M (h) which is
normalized we constructv ∈ M (g) with strictly lower action.

Let τ1 = maxA0 andτ2 = minA2, and consideru restricted to [τ1, τ2]. Let s1 be
such thatu has a local minimum ats1 and no other local minimum ofu|(τ1,τ2) is larger
thanu(s1). Let s2 < s1 < s3 be such thatu is strictly monotone on [s2, s1] and [s1, s3],
andu has a local maximum ats2 ands3. Assumeu(s2) ≤ u(s3), as the other case is
similar. Definea = sup{t < s1 : u(t) = u(s1)} andb = inf{t > s1 : u(t) = u(s2)}.
By constructionu(a) = u(s1) < 1 < u(s2) = u(b). Also u′(a) ≥ 0, u′(b) ≥ 0, and
u′(s1) = u′(s2) = 0. Sinceu is normalized, the hypothesis (i) of Lemma 3.1 holds on
the intervalsI1 = [a, s2] andI2 = [s1, b]. Therefore we can clipu overI1 andI2 to a
monotone functionv. Exactly two crossings are removed becauseu has one crossing in
each intervalI1 = [a, s2], [s2, s1], andI2 = [s1, b].

Let ε > 0 andu ∈ M (h) be such thatJ [u] ≤ J (h) + ε/2. By Lemma 3.5 there is a
normalizedu∗ ∈ M (h) sufficiently close tou such that|J [u] − J [u∗]| < ε/2. By the
above argument we can findv∗ ∈ M (g) such thatJ [v∗] < J [u∗] < J (h)+ε. Therefore
J (g) ≤ J (h). �

4. Saddle-Focus Equilibria

In this section we analyze the minimizers ofJ on a finite interval [0, T ] which satisfy
the following boundary value problem,{

γv′′′′ − βv′′ +G′(v) = 0,
(v(0), v′(0)) = x and (v(T ), v′(T )) = y,

(4.1)

wherex, y ∈ R2. For notational convenience we consider a potentialG ∈ C2(R) for
whichG(0) = 0 is a nondegenerate global minimum. Since the wells at±1 in the original
potentialF can be translated to the origin, the analysis of this section will apply to both
cases, i.e.G(v) = F (v ± 1). Hence we want to minimize

J =

T∫
0

[
γ

2
|v′′|2 +

β

2
|v′|2 +G(v)

]
dt
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over the spaceXT = {v ∈ H2[0, T ] : (v(0), v′(0)) = x, (v(T ), v′(T )) = y}, and we will
be interested in the properties of the minimizer with small boundary data,‖x‖, ‖y‖ � 1.
In particular we will show that if the boundary data are sufficiently small, then the
minimizer inXT is unique and small along with all its derivatives up to third-order, and
the minimizer oscillates around the origin.

Theorem 4.1. There existsδ0(G) > 0 such that if‖x‖, ‖y‖ ≤ δ ≤ δ0 and T ≥ 1,
then there exists a unique global minimizerv̂ of J in XT satisfying the boundary value
problem(4.1). Furthermore,‖v̂‖W 3,∞ ≤ Cδ andJ [v̂] ≤ Cδ2, whereC is independent
of T ≥ 1.

Proof. We will separate the proof into several steps.
SinceG has a nondegenerate global minimum at the origin, there are constants

δ1 > 0 andη > 0 such thatG(v) ≥ η2v2 for |v| ≤ δ1.

Step 1. There existsC1(G, δ1) > 0such that, if‖x‖, ‖y‖ ≤ δ ≤ δ1, theninf XT
J ≤ C1δ

2.

Choose any functionsϕ0, ϕ1 ∈ C∞[0, 1] such that supp (ϕj) ⊂ [0, 1/2] with ϕ0(0) =
1, ϕ′

0(0) = 0, ϕ1(0) = 0, andϕ′
1(0) = 1, and defineψj(t) = (−1)jϕj(T − t). Consider

the functionφ ∈ XT defined byφ = x0ϕ0 + x1ϕ1 + y0ψ0 + y1ψ1. Note that there is a
constantξ > 0 such thatG(v) ≤ ξv2, and hence infXT

J ≤ J [φ] ≤ C1 δ
2.

Step 2. There existsC2(η) > 0 such that for everyv ∈ XT with ‖x‖, ‖y‖ ≤ δ ≤ δ1/2
we haveJ [v] ≥ C2 min{‖v‖2

∞, δ
2
1}.

First suppose‖v‖∞ ≤ δ1. If |v(t)| ≥ ‖v‖∞/2 for all t ∈ [0, T ], then

J [v] ≥
T∫

0

G(v) dt ≥
T∫

0

η2v2 dt ≥ 1
4
η2‖v‖2

∞ ≥ C‖v‖2
∞.

Otherwise there are pointst0 andt1 ∈ [0, T ] such that|v(t0)| = ‖v‖∞/2 and|v(t1)| =
‖v‖∞. Then

J [v] ≥ C(β)

t1∫
t0

|v′|
√
G(v) dt ≥ C

∣∣∣∣∣∣
t1∫

t0

ηvv′ dt

∣∣∣∣∣∣
= C|v(t1)2 − v(t0)2| (4.2)

= C(‖v‖2
∞ − 1

4
‖v‖2

∞) ≥ C‖v‖2
∞.

Now, if ‖v‖∞ > δ1, then there are pointst0 andt1 such that|v(t0)| = δ1/2 and|v(t1)| = δ1
because the boundary conditions are smaller thanδ1/2. HenceJ [v] ≥ Cδ2

1 by (4.2).

Step 3. There exists aδ0 < δ1/2 andC(δ0) > 0 such that, if‖x‖, ‖y‖ ≤ δ < δ0 and
v ∈ XT with J [v] ≤ 2 infXT

J , then‖v‖∞, ‖v‖H2 ≤ Cδ.

If ‖v‖∞ ≥ δ1, thenJ [v] ≥ C2δ
2
1 by Step 2. From Step 1,J [v] ≤ 2C1δ

2
0. Thusδ0 can

be chosen small enough so that‖v‖∞ < δ1. Again by Steps 1 and 2,C2‖v‖2
∞ ≤ J [v] ≤

C1δ
2, which implies‖v‖∞ ≤ Cδ. SinceG(v) ≥ η2v2, we have thatC(γ, β, η)‖v‖2

H2 ≤
J [v] ≤ C1δ

2.

Step 4. Forδ0 sufficiently smallJ has a unique minimizer̂v ∈ XT such that‖v̂‖W 3,∞ ≤
Cδ, whereC is independent ofT ≥ 1.
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Using the a priori estimates in Step 3 and the weakly lower semicontinuity ofJ on
XT , a minimizerv̂ ∈ XT of J can be found by the standard theory, andv̂ is a solution
to (4.1).

From the differential equation‖v̂′′′′‖L2 ≤ C(‖v̂‖L2 + ‖v̂′′‖L2) ≤ Cδ. A straightfor-
ward interpolation inequality yields

‖v(k)‖L2[0,T ] ≤ C
{‖v(k−1)‖L2[0,T ] + ‖v(k+1)‖L2[0,T ]

}
with a constantC independent ofT ≥ 1.

Remark.Using Fourier transforms, the above inequality is easily established for func-
tions defined on all ofR. To obtain the desired estimate for functions on the finite interval
[0, T ], extension operators are used, and a description of their properties can be found
in [9]. The independence ofC on T follows from combining properties of extension
operators and the estimate onR. A complete proof of a more general result is contained
in the appendix to Kalies, VanderVorst, and Wanner [27]. Similar estimates are also
performed in [29].

Combining these estimates we obtain‖v̂‖H4 ≤ Cδ which gives the bound inW 3,∞, cf.
[29]. From the assumptions onG near the origin,δ0 can further be chosen small enough
so that the standard estimates on the difference of two solutions yields the uniqueness
of the minimizer.

This completes the proof of Theorem 4.1. �

In the construction of convergent minimizing sequences ofJ we will need to know
that the minimizer̂v of J found in the previous theorem has many oscillations.

Theorem 4.2. Supposeγ > β2/4G′′(0) so that the origin is a saddle-focus equilibrium
in the four-dimensional flow. Then there existδ0(G) > 0 and τ0(G) > 0 such that if
‖x‖, ‖y‖ ≤ δ0, the unique global minimizer̂v of J in XT satisfying(4.1) changes sign
in any subinterval of lengthτ0 in [0, T ] for T ≥ 1.

Proof. First we consider solutions to the linear differential equation

γw
′′′′ − βw′′ +G′′(0)w = 0. (4.3)

Since the origin is a saddle-focus, it has complex eigenvalues±λ±µi. By rescaling time
we can assume without loss of generality thatµ = 1 andλ > 0. Therefore all solutions
to (4.3) have the form

w(t) = Ae−λt sin(t + ϕ) +Beλt sin(t + ψ)

for someA,B, ϕ, andψ.

Step 1. There existsτ0 > 0 depending only onλ such that for everyA,B, ϕ, andψ there
are pointsτ± ∈ [0, τ0] such that

± w(τ±) ≥ 1
τ0

‖w‖L∞[0,τ±] . (4.4)

We prove only the existence ofτ = τ+, as the other case is similar. The calculation
is separated into two cases. First suppose
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|B|e2πλ ≤ 1
2
|A|e−2πλ.

Chooseτ ∈ [0, 2π] such that sin(τ + ϕ) = sgnA. Then we can estimate

w(τ ) ≥ |A|e−2πλ − |B|e2πλ ≥ 1
2
|A|e−2πλ, and

‖w‖L∞[0,τ ] ≤ |A| + |B|e2πλ ≤ |A| +
1
2
|A|e−2πλ ≤ 2|A|.

Otherwise

|B|e2πλ ≥ 1
2
|A|e−2πλ.

Chooseτ ∈ [2π +λ−1 ln 4, 4π +λ−1 ln 4] such that sin(τ +ψ) = sgnB. For this choice
of τ we have

1
2
|B|eλτ ≥ 2|B|e2πλ ≥ |A|e−2πλ ≥ |A|e−λτ .

Thus we can estimate

w(τ ) ≥ |B|eλτ − |A|e−λτ ≥ 1
2
|B|eλτ ≥ 1

2
|B|e2πλ, and

‖w‖L∞[0,τ ] ≤ |A| + |B|eλτ ≤ 2|B|e4πλ + |B|eλτ ≤ |B|
[
2e4πλ + e4π+λ−1 ln 4

]
.

If τ0 is chosen larger than

max{4π +
ln 4
λ
, 4e2πλ + 2e4π−2πλ+λ−1 ln 4} > 1,

then for everyw there is aτ+ ∈ [0, τ0] such that (4.4) holds.

Step 2. There existsδ1 > 0 such that ifv is the solution to the nonlinear differential
equation

γv′′′′ − βv′′ +G′(v) = 0

with initial conditionsv0 = (v(0), v′(0), v′′(0), v′′′(0)) and‖v0‖ < δ1, thenv changes
sign in[0, τ0].

First note that ifw is the solution to the linear Eq. (4.3) with the same initial con-
ditions, andδ1 is small enough so that‖v‖L∞[0,τ0] , ‖w‖L∞[0,τ0] ≤ 1, then there is a
constantC = C(τ0) such that

‖v − w‖L∞[0,t] ≤ C(τ0)‖ρ(v)‖L∞[0,t] · ‖v‖L∞[0,t] for all t ∈ [0, τ0], (4.5)

whereρ(v) = (G′(v) − G′′(0)v)/v. This estimate is obtained from the variation of
constants formula

v(t) = w(t) +

t∫
0

eL(t−s)N(v(s)) ds,

wherev = (v, v′, v′′, v′′′), w = (w,w′, w′′, w′′′), N(v) = (0, 0, 0, G′(v) − G′′(0)v),
andL is the 4× 4 matrix of the linear vector field obtained by writing (4.3) as a first-
order system. The estimate (4.5) follows from the fact that|G′(v) − G′′(0)v| = o(|v|)
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as|v| → 0. Now chooseκ < 1 such that 0< Cκ/(1 − Cκ) ≤ 1/2τ0 andδ1 such that
‖ρ(v)‖L∞[0,t] , ‖v‖L∞[0,τ0] , ‖w‖L∞[0,τ0] ≤ κ.

We now estimate as follows,

‖v‖L∞[0,t] ≤ ‖w‖L∞[0,t] +‖v−w‖L∞[0,t] ≤ ‖w‖L∞[0,t] +C‖ρ(v)‖L∞[0,t] · ‖v‖L∞[0,t] ,

and hence
(1 − Cκ)‖v‖L∞[0,t] ≤ ‖w‖L∞[0,t] .

This implies that

‖v−w‖L∞[0,t] ≤ C‖ρ(v)‖L∞[0,t] ·‖v‖L∞[0,t] ≤ Cκ

1 − Cκ
‖w‖L∞[0,t] ≤ 1

2τ0
‖w‖L∞[0,t] .

Now taket = τ = τ+ as in Step 1. Then

v(τ ) ≥ w(τ ) − ‖v − w‖L∞[0,τ ] ≥ 1
τ0

‖w‖L∞[0,τ ] − 1
2τ0

‖w‖L∞[0,τ ] > 0.

Sov(τ+) > 0 and similarlyv(τ−) < 0.

Finally letT ≥ 1 andv̂ be the minimizer from Theorem 4.1 on the interval [0, T ],
and chooseδ0 sufficiently small such that‖v̂‖W 3,∞ < δ1. Note that in the above analysis
we rescaled time, and hence redefine the constantτ0 to beτ0/µ. Then eitherT < τ0 and
the theorem is vacuously satisfied, orT ≥ τ0. In the latter case, Step 2 above implies
thatv̂ changes sign on every subinterval of lengthτ0 in [0, T ]. This completes the proof
of Theorem 4.2. �

5. Minimization

In this section we minimizeJ in the classesM(g) defined in Sect. 2 and prove Theorem
2.2 and Corollary 2.3. The main idea in this minimization problem is to use the clipping
lemmas and local theory of the previous sections to construct minimizing sequences
which have a weak limit in the classM(g). The limiting function is then a local minimizer
of J in χ +H2(R).

First we obtain estimates for functions which stay away from a neighborhood of±1.

Lemma 5.1. Let u ∈ H2[a, b] and δ > 0. Then there exists a constantC(β, δ) such
that

J [u] ≥ C|u(b) − u(a)| and J [u] ≥ C(b− a) (5.1)

whenever|u± 1| > δ on [a, b]. Moreover,J is uniformly continuous on the sublevel set
Jc = {u ∈ H2[a, b] : J [u] ≤ c}.

Proof. We estimate

J [u] ≥
b∫

a

β

2
(u′)2 + F (u) dt ≥ C

(
(u(b) − u(a))2

b− a
+ b− a

)
(5.2)

using the Schwartz inequality and thatF (u) ≥ C(δ) for |u±1| > δ. The first estimate in
(5.1) follows from the arithmetic-geometric mean (Young’s) inequality and the second
estimate is clear.
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Let u ∈ Jc. SinceJ [u] ≤ c andF (u) ≥ −C1 + C2u
2, we have that‖u‖H2 ≤ C

which implies a uniform bound onu in L∞ for all u ∈ Jc.
Therefore, using the local Lipschitz continuity ofF , we have

|J [u + ϕ] − J [u]| ≤ C

b∫
a

|u′′ϕ′′| + (ϕ′′)2 + |u′ϕ′| + (ϕ′)2 + |F (u + ϕ) − F (u)| dt

≤ C(‖ϕ‖H2, c, b− a) · ‖ϕ‖H2

for anyu ∈ Jc andϕ ∈ H2[a, b] which establishes uniform continuity. �
Corollary 5.2. There is a constantκ(β, F ) so that, wheneveru ∈ χ +H2(R) makes a
transition on an intervalI, we haveJ [u|I ] ≥ κ(β, F ). ThereforeJ [u] ≥ κ(β, F )·(|g|+1)
for all u ∈ M (g).

Proof. In each transition there must be an interval [a, b] ⊂ I such thatu([a, b]) =
[1/4, 3/4]. The previous lemma implies thatJ [u|I ] ≥ C(β, δ)(3/4 − 1/4) = κ(β, F ).
Sinceu ∈ M (g) has|g| + 1 transitions, the result follows. �
Remark.The above estimates requireβ > 0, but if β = 0, similar but more delicate
estimates can be obtained.

Now consider the minimization problem

inf

J [u] : u ∈ M(g) =
⋃

h�g
M (h)

 = min{J (h) : h � g} . (5.3)

The last equality holds because{h : h � g} is a finite set, and also note that there is
a maximal element of the formgmax = (2, 2, . . . , 2) with |gmax| =

∑
gi − |g|. Within

this set it is convenient to consider only those vectors for whichJ (h) = infM(g) J and
which are maximal with respect to≺, and we define

E(g) =

{
h ∈ G : h � g, J (h) = inf

M(g)
J, andJ (h) < J (k) for all k � h

}
.

Since no two elements inE(g) can be related by≺, eitherE(g) = {g} or E(g) =
{h1, . . . , hn : hi � g}. In the first caseJ (g) < J (h) for all h � g, and otherwise
J (h1) = . . . = J (hm) ≤ J (g). Also let Ii = conv (Ai) for i = 1, . . . ,m, I0 =
(−∞,maxA0), andIm+1 = (minAm+1,∞), where the setsAi are those used in the
definition of the classes in Sect. 2, i.e. the intervalsIi for i = 1, . . . ,m are simply the
intervals between transitions.

We will minimize J in a fixed classM (h). This minimization can only be accom-
plished in those classes which have the following property:
Uniform Separation Property.There existsε0 > 0 and 0< δ(h) < 1/4 such that for
any normalizedu ∈ M (h) with J [u] ≤ J (h) + ε0 we have|u(t) − (−1)i| > δ(h) for all
t ∈ Ii, i = 0, . . . , |h| + 1.

This property asserts that minimizing sequences in the classM (h) cannot gain com-
plexity by forming new transitions, i.e. between two crossings of±1, functions with
small enough action inM (h) are uniformly bounded away from∓1. The next lemma
states that any classM (h) with h ∈ E(g) satisfies this property. In Sect. 7 we will prove
that if F is even, then all classes have this property.
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Lemma 5.3. Let g ∈ G. Then there exists anκ > 0 such that for everyh ∈ E(g) we
haveJ (k) ≥ J (h) + κ for all k � h. Moreover, the classM (h) satisfies the uniform
separation property.

Proof. SinceE(g) and {k : k � h} are both finite sets, there isκ > 0 such that
J (k) ≥ J (h) + κ for all k � h and allh ∈ E(g).

Before proving the uniform separation property, we define a family of functions
ψn(t) ∈ H2(R) by

ψn(t) =

{
(t2 − 1)2 cos(nπt) for t ∈ [−1, 1],
0 for t /∈ [−1, 1].

(5.4)

The support and range ofψn are contained in [−1, 1], and by a suitable scaling, theH2

norm, the domain and range ofψn can all be made arbitrarily small. We will use various
scalings of these functions in this proof and subsequent proofs to perturb functions
in χ + H2(R). In most cases there will be many different ways to accomplish such
perturbations, but we will use this family of functions for specificity.

Now let ε0 = κ/2. We will show that the uniform separation property holds on the
core interval with thisε0 and some smallδ > 0. Suppose to the contrary that for any
δ < 1/4 there exists a normalizedu ∈ M (h) with J [u] ≤ J (h) + ε0 and a pointt0 ∈ Ii
with 1 ≤ i ≤ m such that|u(t0) − (−1)i| < δ. Let v = u + 2δψ0((t − t0)/δ1/2)(−1)i.
Thenv = u outside the interval of sizeδ1/2 aroundt0. To specifyδ, let I = [a, b] be
the largest interval containingt0 for which (−1)iu ≥ 0, and chooset1 ∈ I such that
|u(t1)| = 1/2. The size of the intervalI is uniformly bounded from below because

C
(1/4 − 0)
b− a

≤ C
|u2(t1) − u2(a)|

t1 − a
≤ J [u] ≤ J (h) + ε0,

using the estimate (5.2). Now chooseδ small enough so that the perturbation is restricted
to the intervalI. Therefore the functionv has exactly two more transitions thanu,
since|v(t0) − u(t0)| = 2δ. Furthermore‖v − u‖H2 < Cδ1/4. For δ sufficiently small
(independently ofu) we haveJ [v] < J [u] + ε0/2, becauseJ is uniformly continuous
with respect to perturbations with support on the finite interval [t0 − 1/2, t0 + 1/2] by
Lemma 5.1. Sinceu is normalized inM (h), the pointt0 can be chosen to be the unique
local extremum between two crossings. In this case the two new crossings created inv
are transverse because of the form of the perturbation. Thusv ∈ M (k) for somek � h
andJ [v] < J [u] + ε0/2. Hence

J (k) ≤ J [v] ≤ J [u] +
ε0
2

≤ J (h) +
3ε0

2
≤ J (h) +

3κ
4
,

which contradicts the choice ofε0, sinceJ (k) ≥ J (h) +κ. This establishes the uniform
separation property in the core interval.

Finally we will show that the uniform separation property holds in the tails. We begin
with the following claim.

Claim. There existsκ > 0 such that ifk = (2, 2, h) or (h, 2, 2) for anyh ∈ G, then
J (k) ≥ J (h) + κ.

Let u be any normalized function inM (k), wherek = (2, 2, h) as the other case is
similar. Then the core interval ofu begins with an intervalI containing some number of
transitions (at least three) with no extra oscillations around±1 between them, i.e. there
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are (at least) three maximal monotonicity intervals each contributing a transition. LetI
be the union of the maximal monotonicity intervals of all these transitions. Thenu does
not have transitions on either side ofI without first oscillating around±1. Lettmax be the
location of the maximum value ofu onI, and lets1 < tmax < s2 be the locations of the
adjacent local minima. Letu(a1) andu(a2) be the adjacent local maxima located to the
left of s1 and to the right ofs2 respectively. Ifu(s1) = u(s2), then the interval [s1, s2] can
be clipped out ofu removing two transitions. Ifu(s1) < u(s2), then the intervals [a1, s1]
and [tmax, s2] satisfy the hypothesis (ii) of Lemma 3.1. Note that one of the intervals
[a1, s1] and [s1, tmax] need not be a transition, but in any case two transitions can be
clipped fromu. Note thats1 must be at the bottom of a transition so thatu(s1) < −1. If
u(s1) > u(s2), thenu(s2) < −1, and hencea2 ∈ I so thatu(a2) < u(tmax). Thereforeu
can be clipped using the intervals [s1, tmax] and [s2, a2]. This clipping yields au∗ ∈ M (h)
such thatJ [u∗]+κ ≤ J [u] for someκ > 0 independent ofu by Corollary 5.2. Therefore
J (h) +κ ≤ J [u] for all u ∈ M (k) which implies thatJ(k) ≥ J(h) +κ. This completes
the proof of the claim.

Now assume the uniform separation property fails in the left tail ofu. Let t0 be the
largest point such thatu(t0) is the global maximum ofu on I0. Arguing as in the proof
of Lemma 3.6 each of the oscillations around−1 can be removed one-by-one so that
there are exactly two crossings of−1 betweent0 and maxA0. As above assume that
|u(t0) − 1| < δ < 1/4. Forδ sufficiently small depending only on max{J (k) : k =
(2, 2, h) or k = (h, 2, 2) for someh ∈ E(g)}, we can perturbu neart0 exactly as above
to obtainv ∈ M (k) wherek = (2, 2, h) with J [v] ≤ J (h) + 3κ/4. This contradicts the
claim. Hence the uniform separation property holds inM (h) with ε0 chosen above and
someδ(h) < 1/4. �

The above results show that to minimize in the extended classM(g) one can minimize
in a fixed classM (h) for someh ∈ E(g), and that minimizing sequences in this class
never gain complexity. New transitions cannot form in the limit of a minimizing sequence
by Lemma 5.3, and the number of crossings between transitions is fixed by the class
M (h). The remainder of this section is primarily devoted to constructing minimizing
sequences which do not lose complexity in the limit and which are bounded inχ +H2

to exploit the weakly lower semicontinuity ofJ . As we will show, this amounts to
controlling how much time functions spend near±1 in their core interval, and hence we
now need to examine what happens when functions are close to±1.

For the remainder of this section the constantsh ∈ G, ε0 > 0, δ > 0, and
τ0 = max{τ0(F (u − 1)), τ0(F (u + 1))} > 0 will be fixed so that the uniform
separation property holds inM (h) with ε0, δ and so that the results of the local
theory in Sect.4apply near both wells. In particular we chooseδ < min{δ0(F (u+
1)), δ0(F (u− 1)), δ(h), 1/4}.

Letu ∈ M (h), and consider the intervalC(u) = (c1, c2), wherec1 = inf{t : |u(t) − 1| <
δ} andc2 = sup{t : |u(t) + (−1)m| < δ}. We will call C(u) theδ-core interval of u.
Observe that ifu has the properties stated in the uniform separation condition, then its
δ-core interval is contained in its core interval. Now letS(u) = {t : |u(t) ± 1| < δ}
be the set of all points for whichu is in the strips of widthδ around±1, and define
B[u] = |C(u) ∩ S(u)|, where| · | denotes the Lebesgue measure. To control minimizing
sequences forJ in M (h) we first analyze the minimization problem,

Bε = inf {B[u] : u ∈ M (h), u is normalized, andJ [u] ≤ J (h) + ε} , (5.5)

for ε < ε0. The purpose of this auxiliary minimization is contained in the following
lemma.
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Lemma 5.4. For any normalizedu ∈ M (h) with J [u] ≤ J [h] + ε0,

‖u− χ‖H2 ≤ C(h) (1 +J [u] + B[u]) ,

and|C(u)| ≤ C(h) · J [u] + B[u].

Before proving this lemma we introduce some notation.

Due to the translation invariance of bothJ andB, we will always translate
normalized functions inM (h) so thatc1 = 0, and theδ-core interval isC(u) =
(0, c2).

Note that‖u′‖2
H1 ≤ CJ [u], and hence we must control‖u − χ‖L2 to prove Lemma

5.4. DefineH−1 = χ−1 ≡ −1 andH1 to be the Heavyside function, i.e.H1(t) = −1
for t < 0 andH1(t) = 1 for t > 0. Then (H±1 − χ±1) ∈ L2, and it suffices to estimate
‖u −H(−1)m‖L2, wherem = |h|. Since|h| determinesH±1 for the entire classM (h),
we will drop the subscript onH as well as onχ.

Proof of Lemma5.4. Using the uniform separation property, we can estimate

‖u−H‖2
L2 ≤

0∫
−∞

|u− (−1)|2 dt +
∫

C(u)

|u− (−1)m|2 dt +

∞∫
c2

|u− (−1)m|2 dt

≤ 1
η2

0∫
−∞

F (u) dt +
∫

C(u)

|u− (−1)m|2 dt +
1
η2

∞∫
c2

F (u) dt.

whereη satisfies property (H2) in Sect. 2 for bothα = δ−1 andα = (−1)m(1−δ). Since
δ is fixed,η can also be chosen small enough so thatF (u) ≥ η2(u± 1)2 for |u± 1| > δ
to obtain∫

C(u)

|u− (−1)m|2 dt =
∫

C(u)∩S(u)

|u− (−1)m|2 dt +
∫

C(u)\S(u)

|u− (−1)m|2 dt

≤ (2 + δ)2B[u] +
1
η2

∫
C(u)\S(u)

F (u) dt.

Therefore combining these two estimates yields

‖u−H‖2
L2 ≤ 1

η2

∫
R

F [u] dt + (2 +δ)2B[u] ≤ C(J [u] + B[u]),

and the estimate of‖u− χ‖H2 follows. The bound on the length of theδ-core interval
follows immediately from the second inequality in Lemma 5.1. �

Theorem 5.5. There exists a constantK = K(h, τ0) such that for everyε < ε0 there is
a normalizedu ∈ M (h) with J [u] ≤ J (h) + 2ε andB[u] ≤ K.
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Proof. Let m = |h|. Choose a minimizing sequenceun ∈ M (h) for Bε in the mini-
mization problem (5.5) with a fixedε < ε0. Then‖un − χ‖H2 is bounded by Lemma
5.4. Hence there existŝu ∈ χ+H2(R) such thatun approacheŝu weakly inχ+H2(R),
denotedun ⇀ û, which implies in particular thatun → û uniformly in C1 on any
compact interval. SinceJ [un] andB[un] are uniformly bounded, the pointsc1, c2 in the
definition of theδ-core interval are finite for̂u, soC(û) is a compact interval. Since the
setS(u) is defined to be the points whereu is in theopenstrips around±1, it follows
from Fatou’s lemma that

|C(û) ∩ S(û)| ≤ lim inf
n→∞ |C(un) ∩ S(un)|,

and henceB[û] ≤ lim inf n→∞B[un]. So û satisfies the estimate in (5.5), andB[û] ≤
Bε.

Let

K(h, τ0) = 2

{
τ0

(
max

1≤i≤m
hi + 2

)
+ 2

} m∑
i=1

hi.

Note that the number of intervals of maximal monotonicity in theδ-core interval of
any normalized function inM (h) is exactly

∑
i hi − m + 1. Since the sequenceun

is normalized and converges strongly inC1
loc, the number of maximal monotonicity

intervals in theδ-core of û is bounded by
∑

i hi. Likewise, û has finitely many local
extrema except for possibly intervals of local extrema. However, all intervals of critical
points can be clipped to a point, which reduces bothJ andB. Therefore we can assume
that û has finitely many local extrema in itsδ-core interval. The number of transitions
is preserved in the limit atm + 1.

Now there are two possibilities: eitherB[û] > K or B[û] ≤ K. In the first case,
we will construct a normalized function̂v ∈ M (h) such that

J [v̂] < J [û] ≤ J (h) + ε, and B[v̂] < B[û] ≤ Bε,

which contradicts the definition ofBε in (5.5) and therefore excludes this case. In the
second case, we will construct a normalized functionv̂ ∈ M (h) such that

J [v̂] < J [û] + ε ≤ J (h) + 2ε, and B[v̂] < B[û] ≤ K,

which means that̂u can be pushed back into the classM (h) at the expense of slightly
increasing the action only. Then̂v satisfies the requirements of the theorem. The con-
struction ofv̂ in both cases is very similar, and we now implement it in detail for the
first case.

Step 1. Modifŷu on an interval whereJ is not optimal, see Fig.5.1. First, note that
the number of components ofC(û) ∩ S(û) is at most twice the number of maximal
monotonicity intervals inC(û) which is therefore at most 2

∑
i hi. Hence there must be

a componentI with |I| larger thanK/2
∑

i hi = τ0(maxhi + 2) + 2. This implies thatI
contains a subinterval [a1, a2] with small boundary data|û(ai) ± 1| < δ, |û′(ai)| < δ,
and yet large length|a2−a1| > τ0(maxhi +2). Note that̂u has at most maxhi crossings
of ±1 in [a1, a2], and by Theorem 4.2 the global minimizer ofJ over the finite interval
[a1, a2] with these small boundary conditions has at least maxhi + 2 crossings. Hencêu
does not minimizeJ on the interval [a1, a2]. Therefore we can replacêuby the minimizer
on [a1, a2] to construct a new function̂v ∈ χ +H2(R) with J [v̂] < J [û] ≤ J (h) + ε.
AlsoB[v̂] ≤ B[û] since [a1, a2] ⊂ C(û) ∩ S(û).
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Step 2. Modifŷv so thatB[v̂] < B[û]. SinceI is a component ofC(û) ∩S(û), we know
that |v̂ ± 1| = δ at the endpoints ofI. Also v̂ is strictly monotone at the endpoints ofI,
since intervals of critical points have been clipped out. One can easily perturbv̂ near the
endpoint ofI so thatB[v̂] < B[û]. Specifically, supposeb = inf I andv̂ is increasing
atb, but possiblŷv′(b) = 0. Chooseb1 < b < b2 such that̂v′(bi) > 0 andv̂ is increasing
on [b1, b2]. Define

ψ̂ν(t) =

ψ0( t−b1
ν ) for t ≤ b1,

1 for b1 ≤ t ≤ b2,
ψ0( t−b2

ν ) for t ≥ b2,

whereψ0 is defined by formula (5.4). The support of̂ψν is [−ν+b1, b2+ν], and note that
b1, b2 can be chosen arbitrarily close tob. Let ŵ = v̂ ± ν3ψ̂ν(t). Forν > 0 sufficiently
small, this perturbation shrinks the componentI of C(v̂) ∩ S(v̂) to the right ofb so that
B[ŵ] < B[v̂] ≤ B[û]. Also J [ŵ] < J (h) + ε sinceJ is uniformly continuous over the
support ofψ̂ν by Lemma 5.1, andŵ has exactly the same number of local extrema asv̂
by the choice ofbi. Setv̂ = ŵ, andρ = B[û] −B[v̂] > 0.

Step 3. Eliminate tangencies in̂v at±1. The function̂v is possibly not in any classM (h)
as defined in Sect. 2 because crossings of±1 could have coalesced into tangencies at±1
in the limit un ⇀ û. No crossings are added due to the postulated uniform separation
property. However, as will be described below, near each place where such a tangency
occurŝv can be perturbed to add as many tiny oscillations as are necessary to putv̂ back
into a classM (k) with ki ≥ hi for i ≤ m.

Supposêv hasN tangencies at±1 in its core interval. Each point of tangency,
t0, can be widened to an interval of lengthρ/2N on which v̂ is identically±1. Then
B[v̂] = B[û] − ρ/2, butJ is unchanged. For 0< ν < ρ/4N sufficiently small and
n = (maxhi + 2)/2, the scaled functionν3ψn((t − t0)/ν), defined by formula (5.4),
can be added tôv on this interval to create at least maxhi + 2 crossings of±1 in a
neighborhood oft0. This procedure can be done at each point of tangency. Forν small
enough, we still haveJ [v̂] < J (h) + ε andB[v̂] = B[û] − ρ/2.

Step 4 Adjust crossings in the tails.Still the functionv̂ is possibly not in any class as
defined in Sect. 2 because all of the crossings in the tails may have been lost at±∞
in the limit un → û. The definition of the classesM (h) require at least one crossing
in each of the tails. However, sincêv ∈ χ + H2(R), ‖(v̂(t), v̂′(t)) − (±1, 0)‖ → 0 as
|t| → ∞. We perturb̂v by adding functions of the form±ν3ψ0((t± t0)/ν) to each tail.
For ν sufficiently small, there is a pointt0 sufficiently large such that two transverse
crossings are added to each tail inv̂, andJ [v̂] < J (h) + ε andB[v̂] = B[û] − ρ/2.

Step 5 Clipv̂ so that v̂ is normalized inM (h), see Fig.5.1. Finally we can perturb
v̂ to make it a Morse function on itsδ-core interval. Outside ofI, the functionv̂ has
finitely many local extrema, and hence, for a small enough perturbation,B increases only
slightly. SinceI is a component ofC(û)∩S(û), no perturbation inI can increaseB beyond
B[û]. Thus, for a small enough perturbation,B[v̂] < B[û], and alsoJ [v̂] < J (h) + ε.
Now v̂ can be normalized by clipping which possibly reduces but does not increase
eitherB or J . Thusv̂ is a normalized function inM (k) with ki ≥ hi for i = 1 ≤ m.
As in Lemma 3.6, crossings can be removed by clipping to putv̂ intoM (h). Again note
that clipping can only reduce bothB andJ .

Therefore we have constructed a normalizedv̂ ∈ M (h) with J [v̂] < J (h) + ε and
B[v̂] < B[û] which completes the first case described above. In the second case, we
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skip Step 1 and begin witĥv = û andI any component ofC(û) ∩ S(û) in Step 2. Since
the actionJ has not been decreased (as in Step 1 of the previous case), Step 2 possibly
results in a small increase inJ and yields a function̂v with

J [v̂] < J (h) + 2ε and B[v̂] < B[û].

Then Steps 3–5 further modifŷv to a normalized function inM (h) conserving the above
inequalities which are required by the theorem.

This completes the proof of the theorem. �

T0

+1

0

�1

Fig. 5.1. The dashed curve represents the minimizer ofJ on the interval [0, T ] from Theorem 4.1 which
oscillates by Theorem 4.2. After pasting in the dashed curve, the function is clipped to restore the correct
number of crossings. See Steps 1 and 5 in the proof of Theorem 5.6. A similar technique is used to prove
Theorem 2.2

Now we are in a position to prove Theorem 2.2 as stated in Sect. 2.

Proof of Theorem2.2. Giveng ∈ G, consider anyh ∈ E(g). By Lemma 5.3, the class
M (h) has the uniform separation property. Henceε0 andK are chosen so that Theorem
5.5 holds, and minimizing sequences forJ in the minimization problem (5.3) can be
chosen in the fixed classM (h). Therefore we finish the proof with the following general
statement.

Claim 5.6. If the uniform separation property holds inM (h), then there existŝu ∈ M (h)
which is a local minimizer ofJ and satisfies all of the properties listed in Theorem 2.2.

Theorem 5.5 implies that a minimizing sequence of normalized functionsun ∈ M (h)
exists with the property thatB[un] is uniformly bounded. Hence‖un−χ‖H2 is uniformly
bounded by Lemma 5.4, and there existŝu ∈ χ +H2(R) such thatun ⇀ û. SinceJ is
sequentially weakly lower semicontinuous,J [û] ≤ J (h). We will now show that̂u is
in the classM (h) and satisfies the desired properties.

SinceB[un] is uniformly bounded, theδ-core interval is uniformly bounded by
Lemma 5.4, and hencêu has|h|+1 transitions. Recall that we have factored out transla-
tions by pinning down the left endpoint of theδ-core interval at the origin. First we would
like to conclude that̂u ∈ M (h) which would require that̂u have the correct number∑

i hi + 2 of transverse crossings in its core interval. Note thatû cannot gain crossings
due to the uniform separation property. Sinceun ∈ M (h) are normalized and converge
in C1

loc to û, the only way crossings can be lost is if some number of them coalesce into
a tangency at±1 or the crossings at the endpoints of the core interval approach±∞.
If neither of these situations occurs, then the intervals of maximal monotonicity in the
core interval are preserved in̂u, and hencêu ∈ M (h).

First suppose that one of the endpoints of the core interval approaches±∞ asn →
∞. Thenû has no crossings in one or both of its tails, but limt→±∞(û(t), û′(t)) = (±1, 0)
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sinceû ∈ χ + H2(R). Therefore there is an intervalI in the tail with length|I| > τ0
and‖(û, û′) − (±1, 0)‖ < δ at the endpoints ofI. As in Step 1 of the proof of Theorem
5.5, we can replacêu by the local minimizer ofJ on I with the appropriate boundary
conditions (Theorem 4.1). By Theorem 4.2 this yields a function̂w with at least one
crossing in both tails andJ [ŵ] < J [û].

Now supposêw has a certain number of tangencies at±1. Each point of tangencyp
can be stretched to an arbitrarily long intervalKp by gluing in a long segment on which
the function is identically±1. The resulting function has the same action asŵ and will
still be denoted bŷw. On a slightly larger intervalLp containingKp the functionŵ has
boundary data close but not equal to (±1, 0). Again as in Step 1 of the proof of Theorem
5.5, we can replacêw onLp with the minimizer of the boundary value problem to obtain
v̂ with reduced actionJ [v̂] < J [û], see Fig. 5.1. By Theorem 4.2, we can assume each
intervalLp contains at least maxhi crossings by choosing|Kp| ≥ τ0 maxhi. A small
perturbation will makêv a Morse function with transverse crossings in the core interval.
So v̂ ∈ M (k) for somek ∈ G such that|k| = |h| = m andki ≥ hi for all i ≤ m.
HoweverJ (k) ≤ J [v̂] < J [û] ≤ J (h) which contradicts Lemma 3.6. This proves that
û ∈ M (h), and henceJ [û] ≥ J (h). Thereforêu is a minimizer ofJ overM (h).

Now that the existence of âu ∈ M (h) which minimizes over the classM(g) has been
established, we can characterize the behavior ofû in the tails. First, all crossings of±1
must be transverse by the above argument. Therefore the number of crossings is at most
countable. Ast → ±∞, ûmust have infinitely many crossings – otherwise there would
be an arbitrarily long interval on whicĥu could be replaced by the local solution from
Theorems 4.1 and 4.2 which reducesJ and contradicts the fact that̂u is a minimizer.
Sinceû is the weakH2 limit (strongC1

loc limit) of normalized functionsun ∈ M (h),
between each pair of consecutive crossings there is exactly one local extremum, and the
transitions are monotone. Recall that intervals of critical points are removed.

Finally, without loss of generality assumeû → +1 ast → ∞ and consider the right
tail, the other cases are similar. Lett1 be the location of the first maximum to the right
of the core interval, and suppose the absolute maximum in the right tail is located at
t2 > t1. Lets1 ands2 be the locations of the local minima immediately precedingt1 and
t2 respectively. Thens1 < t1 < s2 < t2 and Lemma 3.1 can be applied to the intervals
[s1, t1] and [s2, t2] to clip û which is a contradiction. A similar argument shows that the
first minimum to the right of the core interval is the absolute minimum in the right tail.
Repeating an analogous argument shows that the maxima are strictly decreasing and the
minima are strictly increasing ast → ∞.

This completes the proof of the claim and Theorem 2.2. �

Proof of Corollary2.3. The corollary follows immediately from the definition of the
partial order≺ since there is noh ∈ G such thath � g whengi = 2 for all i ≥ 1. �

6. Well-Separated Transitions

Now we would like to investigate in more detail the relationship between the infima
over the various classesM (g), and prove Theorem 1.2. In particular, we are interested
in finding conditions either on the class or on the nonlinearityF which imply that a
local minimizer overM(g) exists in the classM (g) without increasing the complexity
to someM (h) with h � g. As will be proven in the next section, this can be done for all
g ∈ G if F is even, because the symmetry provides an extra tool for clipping. Also this
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automatically holds for allg with gi = 2 for all i = 1, . . . , |g|, since there is noh ∈ G
with h � g (Corollary 2.3).

In this section we provide additional arguments which yield results similar to those
in more conventional multibump constructions, cf. [26]. Intuitively the basic idea is
that the interaction between transitions should be weak if they are all separated by
large distances. Thus, if the numbers of oscillations between all the transitions are large
enough, i.e.gi � 1 for all i ≥ 1, one would expect that a local minimum should be
attained in the classM (g). We begin with the following lemma.

Lemma 6.1. Suppose thatgi > 2 for all i = 1, ...,m. There exists a universal constant
C0 such that ifu ∈ M (g) with J [u] ≤ J (g) + 1, thenJ [u|Ii

] ≤ C0.

Proof. Fix i ∈ {1, ...,m}, and for specificity assume that it is odd. Letu(a) be the last
local maximum beforeIi = conv (Ai) andu(b) be the first local maximum afterIi. Since
gi±1 > 2, we have−1 < u(a), u(b) < 1. Note that in the casei = 1, it is possible that
there is no local maximum in the left tail with−1< u(a). However, in this case a small
perturbation ofu can be made to create such a point withJ(u) ≤ J (g) + 1 + ε, which
does not substantially effect the following argument. A similar situation can occur for
i = m + 1.

Let ξu(t) be defined by

ξu(t) =

{
(u(a) + 1)ψ0(t + 3) + 2ψ0(t + 1)− 1 for t ∈ [−3,−1]
1 for t ∈ [−1, 1]
(u(b) + 1)ψ0(t− 3) + 2ψ0(t− 1) − 1 for t ∈ [1, 3],

(6.1)

whereψ0 is defined in (5.4). ClearlyJ [ξu] < 8J [ψ0]. Note thatξu(−3) = u(a), ξu(3) =
u(b), andξ′

u(±3) = 0. Alsoξu has a “W” shape which can easily be adjusted via an
arbitrarily smallC∞ perturbation to obtain̂ξu with two transversal crossings of−1
followed bygi transversal crossings of 1 and another two transversal crossings of−1.
This perturbation can be accomplished exactly as in Step 3 in the proof of Theorem 5.5.

Now, replaceu over the interval [a, b] by ξ̂u (after adjusting the domain) to obtain a
functionv ∈ M (g). UsingJ (g) ≤ J [v] andJ [u] ≤ J (g) + 1, we can estimate

−1 ≤ J [v] − J [u] = J [ξ̂u] − J [u|[a,b] ].

Hence
J [u|Ii

] ≤ J [u|[a,b] ] ≤ J [ξ̂u] + 1 ≤ 8J [ψ0] + 1 = C0,

which completes the proof. �

Lemma 6.2. There existsN > 0 such that wheneverg ∈ Gwith gi > N for all i ≤ |g|,
the uniform separation property holds inM (g).

Proof. Let κ be the lower bound on the action of any transition from Corollary 5.2,
and fixρ ≤ min{δ0(F (u + 1)), δ0(F (u − 1)),

√
κ/3C, 1/4}, whereδ0 andC are as in

Theorem 4.1.

Claim. There existsN ≥ 4 such that for anyg ∈ G satisfying the above conditions the
following property holds: given any normalizedu ∈ M (g) with J [u] ≤ J (g) + 1 and
any intervalIi, i ≤ m, which necessarily containsN consecutive crossings of (−1)i+1,
then|u(t0) − (−1)i+1| < ρ for somet0 ∈ Ii at whichu has a local extremum.
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From Lemma 6.1, we haveJ [u|Ii ] ≤ C0. The setA of locations of local extrema ofu
in Ii has cardinality at leastN − 1. From Lemma 5.1 we obtain

J [u|Ii
] ≥ #(A ∩ {t ∈ Ii : |u(t) ∓ 1| > ρ})Cρ.

Combining these two estimates,A ∩ {t ∈ Ii : |u(t) ∓ 1| ≤ ρ} is nonempty forN
sufficiently large. Choosingt0 in this set proves the claim.

Assume the uniform separation property fails inM (g) for ε0 = κ/2 and allδ > 0.
Then there exists a normalizedu ∈ M (g) with J [u] ≤ J (g) + κ/2 ands0 ∈ Ii such
that |u(s0) − (−1)i| ≤ δ for somei ≤ m. For specificity, we can assumei = 1, and
without loss of generality we can takeu(s0) to be the smallest local minimum on the
interval between the zeroes of the first two transitions. Sinceg1 > N , the intervalI1
contains a pointt0 satisfying the properties of the claim. First we will clip out the large
oscillation nears0, which lowersJ by at leastκ, and then we will insert crossings at
t0, which increasesJ by at mostCρ2. Thus, for any sufficiently smallδ > 0, we will
constructu∗ ∈ M (g) such that

J (g) ≤ J [u∗] ≤ J (g) − 1
12
κ,

which will yield a contradiction.
The insertion of crossings att0 is straightforward. First cut the functionu att0. Then

insert the minimizer ofJ on [t0, t0 +T ] with boundary conditions (u(t0), u′(t0)) at both
ends. ForT sufficiently large any number of crossings are added tou by Theorem 4.2
with an increase in the action of less thanCρ2 by Theorem 4.1.

Clipping out the large oscillation nears0 requires a more technical argument which is
similar to the proof of Lemma 3.6. Lets1 < s0 < s2 be the locations of the neighboring
local maxima immediately adjacent tos0. First assume that neithers1 ors2 is the endpoint
of a transition, i.e. ifa and b are the left/right endpoints of the maximal interval of
monotonicity ending/beginning ats1 ands2 respectively, thenu(a), u(b) ≥ u(s0) > −1.
In this case the oscillation can be removed by clipping over the intervals [a, s1] and
[s0, s2] or [s1, s0] and [s2, b] if u(s1) > u(s2) or u(s1) < u(s2) respectively. There is
the trivial clipping ifu(s1) = u(s2).

A case where the above argument does not work is whenu(s2) > u(s1) and [s2, b] is
a transition, i.e.u(b) < −1. The other case involving a transition is similar. Immediately
to the right ofb is either an interval with at leastN crossings or the tail ofu which
has infinitely many transverse crossings becauseu is normalized. Letc andd be the
locations of the first local maximum to the right ofb and the adjacent local minimum to
its right. Since there cannot be another transition immediately to the right ofb, we know
thatu(c) < 1 andu(d) < −1. To clip we needu(s0) < u(c). If u(s0) > u(c), then since
|u(s0) + 1| < δ, we can perturbu in a neighborhood ofs0 so that−1 < u(s0) < u(c).
For δ small enough, this can be accomplished with at mostκ/12 increase in the action.

Now the large oscillation can be removed by clipping over the intervals [s1, s0] and
[c, d] which yields

J (g) ≤ J [u∗] ≤ J [u] − κ +Cρ2 +
1
12
κ ≤ J (g) − 1

12
κ.

This estimate provides the desired contradiction. �

Lemma 6.2 states that the uniform separation property holds inM (g), and hence
Claim 5.6 in the proof of Theorem 2.2 immediately yields the following theorem.
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Theorem 6.3. Let g ∈ G. If gi is sufficiently large for alli ≤ |g|, then there exists a
solutionû ∈ M (g) of (1.2) which is a local minimizer ofJ restricted toM (g).

7. Symmetric Case

In Sect. 5 we found a local minimizer̂u of J in every classM(g) which is a union of
classesM (h) with h � g. A priori there is no guarantee thatû lies in the primary subset
M (g) unlessgi = 2 for all i ≤ |g| (Corollary 2.3), or gi are all large (Theorem 6.3).
The purpose of this section is to prove that ifF is even, then a local minimizer exists in
every classM (g). For example the result will apply to the EFK Eq. (1.3) in which the
potentialF (u) = (u2 − 1)2/4.

Theorem 7.1. Suppose thatF satisfies the hypothesis(H1) and±1 are saddle-foci. If
F is even, then for eachg = (g1, . . . , gm) ∈ G there is a local minimizer̂u ∈ M (g)
which satisfies all the properties listed in Theorem2.2.

Remark.The original proof of this theorem contained the restriction thatgi > 2 for all
i. An argument by J. VandenBerg [47], given as part of the proof of Lemma 7.4 below,
allows this restriction to be removed.

The existence of̂u will follow from Claim 5.6 in the proof of Theorem 2.2, after we
have established that the uniform separation property holds inM (g).

Proposition 7.2. If F is even, then the uniform separation property holds inM (g) for
anyg = (g1, . . . , gm) ∈ G.

In this section we will assume thatF is even, and we will need to consider all classes
M±(g) as defined in the introduction, where limt→−∞ u(t) = ±1 for u ∈ M±(g). In
the preceding sections we used only the classesM (g) = M−(g), but the classesM+(g)
are simply their reflections,M+(g) = {−u : u ∈ M (g)}. SinceF is even, the infima
in these classes are the same,J (g) = J −(g) = J +(g). Proposition 7.2 relies on two
lemmas that allow for comparison of the infimaJ (g) for variousg in a way similar to
Lemma 3.6.

Lemma 7.3. For anyg = (g1, ..., gm) ∈ G,

J (g) ≤ J ((g1, ..., gi−1)) + J ((gi+1, ..., gm)) for 1< i < m,

J (g) ≤ J (0) + J ((g2, . . . , gm)), and J (g) ≤ J ((g1, . . . , gm−1)) + J (0).

Remark.As will be evident in the proof, estimates similar to those in Lemma 7.3 using
J ± hold without requiring symmetry. However, the next lemma does assumeF to be
even. An example of a non-evenF and a classM (g) without a local minimizer is not
known.

Lemma 7.4. There is a universal constantκ = κ(β, F ) > 0 such that

i) J (0) < J ((g1)) − κ for anyg1 ∈ 2N,
ii) J ((g2, ..., gm)) < J (g) − κ for g = (g1, ..., gm) ∈ G,
iii) J ((g1, ..., gm−1)) < J (g) − κ for g = (g1, ..., gm) ∈ G.
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First we will assume these lemmas to prove Proposition 7.2 which implies Theorem
7.1.

Proof of Proposition7.2. Setε0 = κ, whereκ is as in Lemma 7.4 and Corollary 5.2.
Take an arbitraryu ∈ M (g) such thatJ [u] ≤ J (g) + ε0/2, and assume, contrary
to the assertion of the proposition, that|u(t0) − (−1)i| < δ for somet0 ∈ Ii, i ∈
{0, 1, . . . ,m,m + 1}, and smallδ to be specified later. We will consider the case ofi
odd, as the other case is completely analogous. Letg′

i := #(Ai ∩ (−∞, t0]) andg′′
i :=

#(Ai∩[t0,∞)). Note that ifi = m+1, theng′′
i is infinite. From Lemma 7.4, for 1< i < m

we have

J ((g1, ..., gi−1))+J ((gi+1, ..., gm)) ≤ J ((g1, ..., gi−1, g
′
i))+J ((g′′

i , gi+1, ..., gm))−2ε0,

which has a natural counterpart fori = m

J ((g1, . . . , gm−1)) + J (0) ≤ J ((g1, . . . , gm−1, g
′
m)) + J ((g′′

m)) − 2ε0,

and fori = m + 1 we have

J (g) ≤ J ((g1, . . . , gm, g
′
m+1)) − ε0.

This will immediately contradict Lemma 7.3 if we prove the following inequality

J ((g1, ..., gi−1, g
′
i)) + J ((g′′

i , gi+1, ..., gm)) − ε0 ≤ J (g) (7.1)

for 1 ≤ i ≤ m and
J ((g1, . . . , gm, g

′
m+1)) − ε0 < J (g) (7.2)

for i = m + 1. The same simple geometric construction leads to both these inequalities,
and we regret that our notation forced these rather cumbersome formulations.

First we will perturbu to a functionv which has a tangency with (−1)i. This pertur-
bation will cause a small increase inJ , which is uniform inu and dependent onδ, and is
accomplished as follows. LetI be the largest interval aroundt0 such that (−1)iu|I ≥ 0.
Exactly as in the proof of Lemma 5.4,|I| is uniformly bounded from below becauseu
can not grow too sharply without increasingJ . Therefore, there is a uniformδ > 0 for
which the perturbationsv := u + τψ0((t − t0)/

√
δ), τ ∈ [0, δ], are localized toI, and

hence all the crossings inu are preserved.
Chooseτ ∈ [0, δ] so thatv is tangent to (−1)i at somet∗ ∈ I. For δ sufficiently

smallJ [v] < J (g) + ε0. Again, as in the proof of Lemma 5.4, uniformity inu comes
from Lemma 5.1.

Cuttingu att∗ and extending the two pieces by a constant±1 we obtainC1 functions
u− andu+ defined by

u−(t) =
{
u(t) for t ≤ t∗
(−1)i−1 for t ≥ t∗

and u+(t) =

{
(−1)i−1 for t ≤ t∗
u(t) for t ≥ t∗.

Note thatJ [u+] + J [u−] = J [v], henceJ [u+] + J [u−] < J (g) + ε0. The two functions
account for all the crossings inu. Therefore, if not for tangency thatu− andu+ have in
their tails, we would haveu− ∈ M ((g1, ..., g

′
i)) andu+ ∈ M ((g′′

i , gi+1, ..., gm)). Then the
last inequality immediately yields the desired inequalities (7.1) and (7.2). The tangencies
can be easily removed with arbitrarily small perturbations that leave the inequality intact.
�

Now we proceed with the proofs of Lemmas 7.3 and 7.4.
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Proof of Lemma7.3. Fix ε > 0 arbitrarily. We will argue for 0< i < m. Let u− ∈
M ((g1, ..., gi−1)) andu+ ∈ M ((gi+1, ..., gm)) be normalized such that

J [u−] + J [u+] ≤ J ((g1, ..., gi−1)) + J ((gi+1, ..., gm)) + ε/2.

We will pasteu− andu+ together to getu ∈ M (g). Fors1, s2 > 0 consider the function
v(t) defined onR \ [−1, 1] by

v(t) =
{
u−(t + s1) for t < −1,
u+(t− s2) for t > 1.

Since normalized functions have infinitely many transverse crossings which accumulate
in the tails at points−∞ ≤ a < b ≤ ∞, we can chooses1 ands2 so thatv(±1) is
close to (−1)i+1, andv′(±1) is very small. In particularv can be extended across [−1, 1]
(using the local solutions of Sect. 4 for example) to construct aC1-functionw with
J [w|[−1,1]] < ε/2. Then

J [w] < J ((g1, ..., gi−1)) + J ((gi+1, ..., gm)) + ε,

and the construction can be accomplished so thatw has transverse crossings of (−1)i+1,
i.e.w ∈ M ((g1, ..., l, ..., gm)) for somel > 0. A number of crossingsl is inherited byw
from the tails ofu− andu+. Thusl can be arbitrarily large since normalized functions
have infinitely many oscillations in their tails. Assume then thatl ≥ gi. The above
estimate together with Lemma 3.6 yield

J (g) ≤ J((g1, ..., l, ..., gm)) ≤ J ((g1, ..., gi−1)) + J ((gi+1, ..., gm)) + ε.

Sinceε was arbitrary, this completes the proof of the first inequality; the other two are
proved analogously. �

Proof of Lemma7.4. (i) From Lemma 3.6 we can assume thatg1 = 2. Letu ∈ M ((2))
be normalized and translated so thatu(0) is the global maximum. Also assume that
J [u|(−∞,0]] ≤ J [u|[0,+∞)], the other case is similar.

Letu(a) be the local minimum precedingu(0). Definev byv(t) = u(t) for t < 0, and
v(t) = −u(−t) for t > 0. At t = 0 there is a jump with the one-sided limitsv(0−) = u(0)
andv(0+) = −u(0). Clearly, (v(0+) − v(a))(v(−a) − v(0−)) = (u(0) + u(a))2 ≥ 0, so
v|[a,0] andv|[0,−a] arelatched, i.e. the hypothesis (ii) of Lemma 3.1 is satisfied. Clipping
v yields a functionw which is inM (0). Indeed, clipping merges the two transitions ofv;
one is included inw and the other is removed. In particularJ [w] ≤ J [u] − κ, whereκ
is the uniform (a priori) lower bound on the action of any transition given by Corollary
5.2 (Lemma 5.1). Sinceu is arbitrary,J ((g1)) ≥ J [w] + κ ≥ J (0).

Statements (ii) and (iii) are completely analogous by considering the mapt 7→ −t, and
therefore we will only prove (iii).

(iii) As before it is enough to consider the case whengm = 2. Take an arbitrary normalized
u ∈ M (g). For specificity let us assume thatm is even so thatu(+∞) = 1. Letu(d) be
the first local maximum in the tail,u(b) be the last local maximum before the tail, and
u(c) be the unique local minimum in [b, d], see Fig. 7.1. In this wayu|[b,c] andu|[c,d]
are the two last transitions. There are three possibilities.

Case 1a: u(b) > −u(c) with gm−1 > 2. Letu(a) be the local minimum precedingu(b).
Sincegm−1 > 2, thenu(a) > −1, and so (−u(a) − u(b)) < 0. Cuttingu at t = b and
flipping the tail part leads tov(t) := u(t) for t ≤ b andv(t) := −u(t) for t ≥ b. The
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a b c d a b c d a c d

Fig. 7.1.An example of flipping and clipping in the proof of Lemma 7.4 (iii), Case 1

above inequality and the assumption guarantee thatv|[a,b] andv|[b,c] are latched. Thus
we can clipv, and the resulting functionw, having lost one transition and none of the
gm−1 crossings, belongs toM ((g1, ..., gm−1)), see Fig. 7.1. Since a full transition was
clipped out,J [w] ≤ J [u] −κ, whereκ is as in (i). Sinceu is arbitrary, we conclude that
J ((g1, ..., gm−1)) ≤ J (g) − κ.

Case 1b[J. VandenBerg]:u(b) > −u(c) with gm−1 = 2. If u(b) ≥ −u(a), the proof is
similar to Case 1a, but notice thata ∈ Im−2 andu(a) < −1.

If u(b) < −u(a) and gm−2 > 2, then letu(e) be the local maximum immedi-
ately precedingu(a). Cut and flipu at t = a (as described above) to obtainv(t)
for which v|[e,a] and v|[a,b] are latched. Clippingv then yields the desired function
w ∈ M ((g1, ..., gm−2, 2)) =M ((g1, ..., gm−1)).

If u(b) < −u(a) andgm−2 = 2, we define new points ¯a, b̄, c̄, andd̄ as follows. Let
d̄ = b andc̄ = a, and letu(b̄) be the local maximum precedingu(c̄) andu(ā) be the local
minimum precedingu(b̄). Nowu(d̄) = u(b) < −u(a) = −u(c̄). So either−u(c̄) > u(b̄),
in which case we can use Case 3 below to obtain the desired result, or−u(c̄) < u(b̄). In
the latter case, ifgm−3 > 2, then applying Case 1a with the newly defined points yields
the result, and ifgm−3 = 2, we repeat the argument in Case 1b. This process terminates
after finitely many steps.

Case 2:u(d) > −u(c). Letu(e) be the local minimum succeedingu(d). Sinceu(e) > −1,
we have−u(e) − u(d) < 0. As before, cut and flipu at d to get v(t) = u(t) for
t ≤ d andv(t) = −u(t) for t ≥ d. The above inequality and the assumption imply
thatv|[c,d] andv|[d,e] are latched, so clipv tow which has one less transition. Actually
w ∈ M ((g1, ..., gm−1)), and againJ [w] ≤ J [u]−κ. Consequently,J ((g1, ..., gm−1)) ≤
J (g) − κ.

Case 3:−u(c) ≥ max{u(b), u(d)}. Cut and flip the tail atc to obtainv(t) = u(t) for
t ≤ c andv(t) = −u(t) for t ≥ c. The functionsv|[b,c] andv|[c,d] are latched; clip out
one transition and finish the argument exactly as in the previous case.�

8. Concluding Remarks

In this section we will discuss some related observations and possible directions for
future work which are worthy of mention. However, we will be brief and omit details.

8.1. Stable states for fourth-order evolution equations.In relation to the study of phase
transitions in the neighborhood of Lifshitz points the following partial differential equa-
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tion has been proposed in [18, 19, 50]:

ut = −γuxxxx + βuxx − F ′(u), (8.1)

whereF is a double-well potential. In the case that the spatial domain is all ofR, the
local minima ofJ are weakly stable states of (8.1) in the following sense. Let̂u be a local
minimum ofJ , and definêus to be the curvêu(·−s), s ∈ R. From [12, 26] it follows (at
least in the analytic case) that these curves are isolated inχ+H2(R). Now letu0 ∈ Bε(ûs)
for ε sufficiently small. Then, sincêu is an isolated local minimum ofJ , the flow
u(t, ·) generated by (8.1) remains in some tubular neighborhoodBε0(ûs), with ε0 ≥ ε.
Furthermore, for arbitrary analyticF , the kernel ofJ ′′(û) satisfies 1≤ dimN (J ′′(û)) ≤
2. When dimN (J ′′(û)) = 1, which corresponds to the transverse intersection of stable
and unstable manifolds, it follows from [6] thatu(t, x;u0) approaches an elementû(·−s0)
on the curvêus for somes0. Otherwise it is not clear whether theω-limit set of the solution
u(t, x;u0) is a singleton.

In the case of a finite domain, the local minimizers found in this paper provide stable
equilibrium solutions with complex spatial patterns to initial boundary value problems
of the form{

ut = −γε4uxxxx + βε2uxx − F ′(u) for x ∈ (0, 1),
(u(t, 0), u′(t, 0)) =A and (u(t, 1), u′(t, 1)) =B,
u(0, x) = u0(x).

(8.2)

Indeed, let̂v ∈ M (g) be a local minimizer ofJ , and let [0, L] be the core interval of̂v.
Truncatingv̂ to this interval and rescaling byε = 1/L yields a functionv : [0, 1] → R
which is a local minimizer of

Jε[u] =

1∫
0

[
γε4

2
u2

xx +
βε2

2
u2

x + F (u)

]
dx

over the spaceX = {u ∈ H2[0, 1] : (u(0), u′(0)) = A and (u(1), u′(1)) = B} whereA
andB are the values of (̂v, v̂′) at the points 0, L. It is easily verified thatJε is a Lyapunov
function for the flow generated onX by the initial boundary value problem, and hence
v is an asymptotically stable equilibrium. The functionv has the complexity specified
by g. Note that the values ofA,B, andε are determined by the particular minimizer on
R, andε → 0 as

∑
gi → ∞.

This is reminiscent of a result due to Afraimovich, Babin and Chow [1] who study
second-order parabolic systems of the form

qt = qxx − ∇V (q), q : [0, T ] → R2,

derived from potentialsV with two infinite spike-like singularities atz1, z2 ∈ R2. This
makes the configuration space nontrivial homotopically (unlike our case with wells at
(±1, 0)). They prove that homotopy classes of initial data are invariant under this gradient
flow with periodic boundary conditions, which yields stable equilibria in every homotopy
class ofR2 \ {z1, z2}. This invariance of classes will not occur for the fourth-order PDE
(8.2), but we do obtain spatially complex stable equilibria.

The dynamics near the attractor is governed by the motion of transition layers in
solutions to (8.2), see Kalies, VanderVorst, and Wanner [27]. Sandstede [41] has devel-
oped a general theory for studying the dynamics of higher-order parabolic PDE’s in one
space dimension. If the single pulse heteroclinics inM (0) are transverse, then his results



368 W.D. Kalies, J. Kwapisz, R.C.A.M. VanderVorst

apply to (8.2) and describe the dynamics near solutions with well-separated transitions
such as those in Theorem 1.2 (or 6.3).

The influence of saddle-focus equilibria in stationary or traveling-wave equations
for a variety of fourth-order PDE’s has been discussed by many authors, cf. [7, 8] and
the references therein, see also Remark 7 below.

8.2. Multiple-well potentials.In the previous sections we discussed only equal depth
double-well potentialsF (u). However the theory developed there easily extends to the
case whenF has arbitrarily many wells all of equal depth and all global minima. As
in the case of two wells, topological classes of functions can be defined with limits at
t = ±∞ in one of the wells. Naturally all of these equilibrium solutions are required to
be of saddle-focus type. The necessary clipping procedures are identical to those in this
paper, and the analysis proceeds in a completely analogous way. Again by comparing
infima one can conclude that there are local minimizers in many of these topological
classes. PotentialsF with infinitely many wells can also be considered, cf. [26].

8.3. Critical levels for large winding vectors.For vectorsg ∈ G for which the compo-
nentsgi are large, a result more detailed than Theorem 6.3 can be obtained. In particular
precise estimates on the critical levels of the minimizers can be found. There exist
positive constantsk andN = N (|g|) such that if mingi ≥ N , then

|J (g) − nJ −(0) −mJ +(0)| = O(e−k min gi ), n +m = |g|.
As mingi → ∞, the critical levels cluster around sums of the global minimaJ −(0)
andJ +(0). Moreover the minimizers areW 1,∞-close to

∑
i≤|g|+1 ûi(· − ti), whereui

are minimizers ofJ −(0) for i odd andJ +(0) for i even. The pointsti satisfyt1 < t2 <
. . . < t|g|+1 and|ti − ti−1| → ∞ as mingi → ∞. The proof is based on the following
observation. RecallIi = convAi are the intervals between transitions. Letu ∈ M (g)
be a minimizer, then|Ii| → ∞ asgi → ∞ for all i, which follows from the proof
of Theorem 2.8 in [26]. The exponential bound in the above estimate follows from the
fact that±1 are hyperbolic equilibria. A detailed proof of this estimate from below is
completely analogous to arguments found in [27]. Note that the solutions constructed in
[26], which lie in aW 1,∞-neighborhood of

∑
i[u−(·−s2i+1)+u+(·−s2i)], s → ∞ also

have the property that the critical value goes tonJ − +mJ +. Also the uniform a priori
bound on all bounded solutions established in the appendix of [28] allows the constant
N in the above estimate to be chosen independently of|g|.
8.4. Non-integrability and postive entropy.The multitransition solutions found in this
paper can be used to estimate the topological entropy of the local flow generated by (1.2).
Such a computation is performed in [26] for the EFK Eq. (1.3), whereF (u) = 1

4(u2−1)2.
A similar argument can be made for a general double-well potential using the solutions
in Theorem 1.2 provided one can find estimates on the distances between transitions.
These estimates can be done, but we will not furnish them here. Since the topological
entropy is positive, the flow is chaotic. Consequently Eq. (1.2), with anyC2 double-
well potentialF , is not a completely integrable Hamiltonian system whenu = ±1 are
saddle-focus equilibria points. In fact, the above results could possibly be extended to
produce chaotic solutions with infinitely many transitions directly by a minimization
procedure (see [25]).

8.5. Connections of higher index.The homoclinic and heteroclinic solutions discussed
here are local minimizers ofJ . Therefore one would expect to also find critical points
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of higher index such as mountain pass critical points. If the minimizers were known to
be nondegenerate, i.e. the translation eigenvalue is simple (which is difficult to verify),
then many of the critical points of arbitrarily high index can be derived from work by
Sandstede [41]. Recent numerical results concerning such solutions can be found in
VandenBerg [48]. A possible variational approach can be illustrated by the following
example. The shooting methods of Peletier and Troy [36] yield heteroclinics which
oscillate around 0 on an interval [−T, T ] with amplitude less than 1. Such functions
are in the classM (0) but are not the local minimizers from Theorem 2.2, because their
transitions are not monotone. This does not preclude them from being local minimizers
of J , but they cannot be global minimizers inχ + H2(R), since they can be clipped.
However we conjecture that there are solutions of this type which are mountain pass
critical points between local minima. Letu0 ∈ M (0) andu1 ∈ M ((2, 2)) and consider
the connectionus = {(1−s)u0+su1}s∈[0,1]. Then for somes∗ ∈ [0, 1], the functionus∗

has this property. It is possible that the techniques used in this paper can be extended to
find a minimax of mountain pass type in the class of odd functions between the solutions
u0 andu1 in this way.

8.6. Different types of Lagrangians.The Lagrangians that we consider in this paper are
bounded from below by zero which allows for minimization. There are related problems
for which such a formulation is not immediately applicable. However, the clipping and
pasting techniques developed here could be useful in the application of other variational
methods to the study of fourth-order equations with saddle-foci.

In this context we mention two equations. One class of problems comes from non-
linear optics [2], where the following equation arises:u′′′′ − αu′′ − u3 + u = 0. In
this case the Lagrangian density is not bounded from below, and one can find a ho-
moclinic connection to the origin as a mountain pass, and the origin is a saddle-focus
for −2

√
2 < α < 2

√
2. A similar situation occurs in (8.1) when the wells ofF do

not have equal depth. One form of the stationary Swift-Hohenberg or Mizel equation is
u′′′′ + αu′′ + u3 − u = 0,α > 0 (see e.g. [29]), and the pointsu = ±1 are saddle-foci
when 0< α < 2

√
2. Again the action functional is not bounded below which causes

problems in minimization. The techniques of this paper might be extendable to find
higher types of minimax critical points in these types of equations.
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