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Abstract. We investigate a model of a charged particle in a uniform magnetic field with
resonant nonlinear forcing. The resonance is chosen so that the problem is invariant under a
rank 2 lattice of translations in velocities and thus reduces to iteration of a torus map. The rotation
set of this map, at least for well-pronounced nonlinearities, has a positive (and easy to estimate)
area. This is an indication of ‘toroidal chaos’, and physically corresponds to stochastical heating
of the plasma. Our main result is the monotonicity of the rotation set as a function of the
amplitude of the wave in the case when the forcing is ‘saw-tooth-like’.

AMS classification scheme numbers: 54H20, 58F08

1. Introduction

This paper is concerned with a concrete family of maps of a two-dimensional torus that
are isotopic to the identity and have the rotation set with nonempty interior—and thus
they exhibit so-called ‘toroidal chaos’, see [11]. Its purpose is twofold. First, we wish
to indicate the utilitarian role of the recently developed theory of rotation sets in the
context of a classical example from physics. Secondly, we hope that this example is of
theoretical interest to the coupled oscillators community as a relatively accessible testing
ground for analysing the dependence on a parameter of a well-developed rotation set with
nonempty interior. Unlike the mode-locked or partially mode-locked case [2, 6], this is a
truly uncharted territory; particularly, due to scarcity of understood examples and inherent
difficulties in numerical exploration of the boundary of the rotation set [1].

We commence with a brief introduction of the physical model. Consider a particle of
massM and chargee moving inR3 filled with a uniform vertical magnetic field of induction
B0. The force exerted by the field on the particle is proportional to the vector product of its
velocity and the field. Thus, the trajectories are curled into spirals with circular projections
on the horizontal plane. More precisely, ifx, y, z ∈ R are the coordinates of the particle (z

being the vertical one), then the Newtonian equations of motion are

Mẍ = eB0

c
ẏ,
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Mÿ = −eB0

c
ẋ,

Mz̈ = 0,

where c is the speed of light. The vector of horizontal velocity(ẋ, ẏ) rotates with the
Larmor frequencyω = eB0/cM. The three momenta:pz := Mż, py := Mẏ + Mωx,
andpx := Mẋ −Mωy, are conserved. This simple behaviour can change radically in the
presence of an external electric field in the system. We will restrict our attention to the case
when the electric field is aligned with thex-axis and does not depend ony, z coordinates
[15]. These assumptions reduce the number of essential degrees of freedom to one since
the momentapz, py continue to be integrals of the motion. Furthermore, we will require
that the field is a ‘tight’ wavepacket with amplitudeE(x, t) = ∑∞

n=−∞ T E(x)δ(t − T n),
whereT > 0 is fixed,E(x) is 2π/k-periodic in x, and δ(·) is the Dirac delta function.
The meaning of the formula is that the packet interacts with the particle by boosting its
x-velocity by e

M
T E(x) everyT seconds. Thus, if(ẋn, ẏn) is the horizontal velocity prior

to the kick at the timenT (n ∈ Z), then

(ẋn+1, ẏn+1) = Rα
(
ẋn + eT

M
E

(
py −Mẏn
Mω

)
, ẏn

)
(1)

whereRα is the rotation by the angleα = ωT . In this way, the analysis of the physical
model reduces to an investigation of dynamics onR2 generated by the mapping

F : (ẋn, ẏn) 7→ (ẋn+1, ẏn+1).

This reduction was first carried out in [15].
What makes the mapF interesting is that (even for small amplitudes ofE) numerical

experiments and physical heuristic suggest that it exhibits trajectories escaping towards
infinity with a nonzero ‘average acceleration’. A significant physical consequence is an
unbounded diffusion of plasma particles called alsostochastical heating[15]: the particles
increase their kinetic energy (heat up) by exploiting the energy of the electric field.

In studying the above behaviour, much attention has been paid to the resonant cases
whenα is rational [15, 3, 14]. Among those, the cases of choice areα = π/2, α = π/3, or
α = 2π/3—the only possibilities if we require that some positive iterate ofF is a doubly
periodic map ofR2, i.e. it commutes with some faithfulZ2-action onR2. We shall analyse
in more detail the case ofα = 2π/3 as the other cases can be treated analogously. Thus,
the third iterateF 3 is doubly periodic, and moded out by theZ2-action, it yields a torus
diffeomorphismf3 : T2→ T2 which is isotopic to the identity.

In terms of the torus map, the presence ofstochastical heatingcorresponds to the
rotation set with interior. The rotation set, denotedρ(F 3), is by definition ([12], see also
[13]) equal to the set of all limit points of the sequences of the form

F 3ni (xi)− xi
ni

, i ∈ N

where ni → ∞ and xi ∈ R2 are arbitrarily chosen sequences. It is always a compact
convex subset of the plane [12], and in view of (1), it can be interpreted as the totality
of asymptotic average accelerations exhibited by the particles (with fixed momentumpy).
Clearly, the rotation set is one of the basic combinatorial characteristics of the diffusion in
the stochastic web; however, it received little attention in this context. This is especially
unjust now that a general theory linking the rotation set with other dynamical phenomena
became sufficiently developed. For example, if we know just a single periodic point forf3

with a nontrival rotation vectorρ = p/q, i.e. we havex ∈ R2 with F 3q(x) = x + p for
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q ∈ N andp ∈ Z2\{(0, 0)}, then we can conclude (see proposition 2.1) thatρ(F 3) contains
a whole triangle spanned byρ and its rotations by 2π/3 and 4π/3. This already implies
positive entropy [11], existence of periodic orbits with all rational rotation vectors in the
triangle [4], and existence of compact invariant sets with their restricted rotation sets equal
to an a priori chosen subcontinuum of the triangle [11]. On a more quantative note, the
topological entropy of the map is explicitly estimated from below by a function proportional
to the logarithm of the area of the triangle [8, 9]. Moreover, the entropy measured at any
fixed rotation vector (i.e. roughly counting only trajectories with that rotation vector), is
positive up to the boundary of the rotation set with an explicit lower bound proportional
to the area and distance of the rotation vector from the boundary [9]. While we refer the
reader to the cited works for a broader exposition and proofs, we hope that these highlights
explain why the rotation set is well worth studying.

For our map, the basic properties of the rotation set are outlined in section 2. (We
should however stress that, while we prove that the rotation set has nonempty interior and
estimate its size for rather large values of the amplitude ofE, we make no attempt to tackle
the case of smallE, for which we know no easy alternative to the complicated perturbation
apparatus as in [5].)

Our main result is that of monotonicity ofρ(F 3) as a function of the amplitude ofE—
also for rather large amplitudes, and for ‘saw-tooth-like’E’s only. The ‘saw-tooth-like’
nonlinearity is admittedly not the most natural; its choice is somewhat analogous to that of
the tent map for the iteration of interval maps. Still the result comes amidst complete lack
of any rigorous or numerical study of parameter dependence of a well-developed rotation
set with nonempty interior. Numerics are difficult because of scarsity of trajectories that
contribute to the boundary of the rotation set. Theoretical considerations are usually stuck
on the reef of computing the rotation set. Unless one knows a Markov partition for the map,
this is difficult and has only been accomplished in a few specially doctored cases [7, 10].

The proof hinges on a formulation of the problem in terms of a second-order recurrence
equation and on a shadowing-type result (lemma 3.2) that assures that periodic orbits do not
go away asE increases, which implies the monotonicity of the rotation set via the result
by Franks [4].

2. The mapping and its rotation set

The rotationR2π/3 is linearly conjugated to the map

L : (u, v) 7→ (v,−u− v), u, v ∈ R.
By choosing the conjugacy that sends theẋ-axis to theu-axis and by rescaling the variables,
one conjugatesF (as prescribed by (1)) toG given by

G : (u, v) 7→ L(u+ φ(v), v) = (v,−u− v − φ(v)), (2)

whereφ(v) = eT /Mωk · E(−kv + py
Mω
) is 2π -periodic. The third iterate ofG commutes

with the translations ofR2 by vectors in(2πZ)2, and so it factors to a torus map

g3 : T2→ T2.

Even thoughG and g3 depend on the choice ofφ, we suppress this dependence in the
notation since it will always be clear whichφ we are talking about. Hereafter, if we do not
state otherwise,φ is an arbitrary fixed continuous function of period 2π . However, we will
remember thatφ naturally comes embedded in the two-parameter family

φK,η(x) := Kφ(x + η), x ∈ R, (3)
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whereη ∈ R andK > 0 correspond to the momentumpy and the strength of the forcing
respectively.

Fact 2.1. For anyη ∈ R, replacingφ(·) with a shifted functionφ(· + η)+ 3η is equivalent
to conjugatingG by the translation(u, v) 7→ (u− η, v − η). In particular, the rotation set
ρ(G3) of G3 is unaltered by the shift.

For r ∈ R, we will denote by Hex(r) the hexagon with vertices±(r, 0), ±L(r, 0) =
±(0,−r), ±L2(r, 0) = ±(−r, r). The following are the most basic properties of the rotation
setρ(G3).

Proposition 2.1. If G is defined by (2), then:
(i) ρ(G3) has a threefold symmetry, namelyρ(G3) = L(ρ(G3)) = L2(ρ(G3));
(ii) if φ is odd, thenρ(G3) = −ρ(G3);
(iii) ρ(G3) is contained inHex(supφ − inf φ).

Proof of proposition 2.1(i). Let Q : R2→ R2 be given by

(u, v) 7→ (u+ φ(v), v),
so thatG = L ◦Q. The displacement of a pointp ∈ R2 undern+ 1 iterates ofG is

Gn+1(p)− p = L ◦Q ◦Gn(p)− L ◦Gn(p)+ L(Gn(p)− p)+ Lp − p.
The first and last differences on the right-hand side are bounded, so(1/(n+1))(Gn+1(p)−p)
is asymptotically equal toL((1/n)(Gn(p)−p)), asn→∞; and thusρ(G3) = L(ρ(G3)).�

Proof of proposition 2.1(ii). Just note that ifφ is odd, thenQ commutes with the central
symmetryp 7→ −p, and so does the whole mapG. �

Proof of proposition 2.1(iii). Write the displacement ofp ∈ R2 underG3 as follows

G3(p)− p = L(Q ◦G2(p)−G2(p))+ L2(Q ◦G(p)−G(p))+ L3(Q(p)− p).
The arguments ofL,L2, L3 = id, above, belong to a segmentI with endpoints(inf φ, 0)
and(supφ, 0), soG3(p)− p sits inside the algebraic (Minkowski) sumL(I)+L2(I )+ I ,
which equals Hex(supφ − inf φ). �

Proposition 2.1(iii) can be sharp, as it is shown by the example below. For convenience,
we note the following first.

Fact 2.2. If (u, v) ∈ R2 satisfiesφ(−v − u− φ(v)) = φ(v) andγ := φ(v)− φ(u) ∈ 2πZ,
then (u, v) is a lift of a fixed point ofg3 and G3(u, v) = (u, v) + (0, γ ), so that
(0, γ ) ∈ ρ(G3).

Proof. We applyG to (u, v) thrice

(u, v) 7→ (v,−u− v − φ(v))
7→ (−u− v − φ(v), u+ φ(v)− φ(−v − u− φ(v)))
= (−u− v − φ(v), u) 7→ (u, v + φ(v)− φ(u)).

�
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Actually, from the proof, one can see that the inverse of the fact is also true.

Example. Consider anyφ normalized so that supφ = K and infφ = −K (see fact 2.1).
By fact 2.2, if there areu1, u2, v1, v2 such thatφ(v1) = φ(v2) = φ(−v1 − u1) = K and
φ(u1) = φ(u2) = φ(−v2−u2) = −K, we conclude that both±(0, 2K) are in the rotation set
provided alsoK = 0 (mod 2π). By (i) of proposition 2.1, the rotation set is then actually
equal to Hex(2K). It is not difficult to draw a graph ofφ with the required placement of
the maxima and minima. (Use for exampleu1 = −π/2, u2 = −π/6, v1 = π/6, v2 = π/2.)
(One can see that any suitableφ has to attain one of its global extrema at least three times
per period.)

Another consequence of fact 2.2 is the following very crude lower bound on the rotation
set.

Proposition 2.2. If l := supφ − inf φ > 24π , then the triangle with verticesLi(0, l/2),
i = 1, 2, 3, is contained in the rotation setρ(G3).

Proof. Using fact 2.1, we can shift the graph ofφ so that there arev0, u0 with φ(v0) =
supφ > 12π andφ(u0) = inf φ 6 −12π . Now, as we pushv continuously away fromv0

(in either direction), beforeφ(v) drops below supφ/2, the expression−2v− φ(v) changes
by at least−4π +6π = 2π , thus sweeping the whole period. In particular,φ(−2v−φ(v))
sweeps, in the process, an interval containing [infφ, inf φ/2]; and so, by the intermediate
value theorem, there isv such thatl/2= supφ/2− inf φ/26 φ(v)−φ(−2v−φ(v)) ∈ 2πZ.
Setu = −2v − φ(v), and see that(u, v) satisfies the assumption of fact 2.2, thus placing
(0, φ(v)−φ(u)) in the rotation set. By (i) of proposition 2.1,Li(0, φ(v)−φ(u)), i = 1, 2,
are in the rotation set as well. �

3. The monotonicity theorem

We will call φ unimodal, if it has only two intervals of monotonicity over its minimal
period. We will refer to the endpoints of the maximal intervals of monotonicity ascritical
points ofφ. The following theorem is our main result.

Theorem 3.1.For a piecewise-smooth unimodal and oddφ with

D := inf
x
|φ′(x)| > 6,

the rotation set ofG3 corresponding toKφ is nondecreasing inK for K ∈ [1,+∞), i.e.
K1 6 K2 impliesρ(G3

K1
) ⊆ ρ(G3

K2
). Actually, all periodic orbits of the torus map can be

continued asK increases.

Note that the rotation set is not constant inK by proposition 2.2.
Before we embark on the proof we need some preliminaries. A convenient way of

viewing a trajectory of a point(u, v) ∈ R2 underG is to label it as a sequence(xk)k∈Z so
thatx0 = u, x1 = v and(xk, xk+1) = G(xk−1, xk), for k ∈ Z. It is then characterized by the
following recurrence equation

xk−1+ xk + φ(xk)+ xk+1 = 0, k ∈ Z. (4)
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For n ∈ 3N, a periodic orbit ofG of periodn thus corresponds tox = (xk)n−1
k=0 ∈ Rn

satisfying (4) with a cyclic indexing modulon. Forφ = 0, this is when every point is fixed
by G3, the two-dimensional space of solutions to (4) is conveniently spanned by

e = (1,−1, 0, 1,−1, 0, . . . ,1,−1, 0),

Se = (0, 1,−1, 0, 1,−1, . . . ,0, 1,−1),

S2e = (−1, 0, 1,−1, 0, 1, . . . ,−1, 0, 1),

whereS : Rn→ Rn shifts the coordinates cyclically to the right, andS3e = e.
The orbits ofG that correspond to periodic orbits ofg3 on the torus with nonzero

rotation vector come from(xk)k∈Z that satisfy (4) together with the periodicity condition
xk+n − xk = vk (mod 3), wherev0, v1, v2 ∈ 2πZ, n ∈ 3N. To search for them, we may use
the following scheme. (Below〈x, y〉 :=∑n−1

i=0 xiyi , for x, y ∈ Rn.)
Lemma 3.1. For n ∈ 3N, if z = (zk)n−1

k=0 ∈ Rn satisfies

zk−1+ zk + φ(zk)+ zk+1 = ξk, 06 k 6 n− 1, (5)

whereξ ∈ (2πZ)n and the indexing is cyclic, then there isρ ∈ (2πZ)Z satisfying

ρk−1+ ρk + ρk+1 = −ξk (mod n), k ∈ Z, (6)

and the sequencexk := zk (mod n) + ρk is a solution to (4). The displacement over a period
is given by

xk+n − xk = 〈ξ, Ske〉, k ∈ Z, (7)

so the corresponding rotation vector forG3 is (1/n)(〈ξ, e〉, 〈ξ, Se〉). Moreover, one can
obtain in this way all of(xk) ∈ RZ corresponding to orbits ofG that cover periodic orbits
of g3 on the torus.

Proof. Solving (6) is straightforward: fixρ0, ρ1 ∈ 2πZ and calculate the rest ofρi ’s
successively. Thatxk = zk (mod n) + ρk satisfy (4) follows by combining (5) and (6). To
calculate the displacement, replace in (4)k with k + 1 and subtract unaltered (4) to obtain

xk+3− xk = φ(xk+1)− φ(xk+2) = φ(zk+1 (mod n))− φ(zk+2 (mod n)). (8)

Sum over the rangek, k + 3, . . . , k + n− 3 to obtain

xk+n − xk = 〈(φ(zj (mod n)))
k+n
j=k+1, S

ke〉 = 〈ξ, Ske〉,
where we used the fact that

〈(zj−1 (mod n) + zj (mod n) + zj+1 (mod n))
k+n
j=k+1, S

ke〉 = 0.

Now, suppose that(xk)k∈Z covers a periodic orbit of periodn ∈ 3N. Thenxk+n−xk =:
vk (mod 3) ∈ 2πZ, and, because bothxk ’s and the shifted sequencexk+n’s satisfy (4), the
sequence(vk (mod 3))k∈Z obeys the linear equationvk−1 (mod 3)+vk (mod 3)+vk+1 (mod 3) =
0. This makesξk (mod n) := xk−1 (mod n)+ xk (mod n)+φ(xk (mod n))+ xk+1 (mod n), k ∈ Z,
well defined. To satisfy (5), setzk := xk, k = 0, . . . , n− 1. �

Solving (5) for largen is a daunting task regardless of our choice ofφ. There is then
little hope that the rotation set can be calculated exactly for a continuum of values of the
parametersK andη in (3). Our theorem comes, here, as a little consolation and is based
on the following ‘closing lemma’ holding for solutions of (5).
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Lemma 3.2. Fix ε > 0 and suppose thatz = (zk)n−1
k=0 ∈ Rn satisfies

zk−1+ zk +Kφ(zk)+ zk+1 = ξk + εk,
whereεk ∈ (−ε, ε). If, for some open intervalsIk that are free of the critical points ofφ and
containzk, k = 0, . . . , n− 1, we have

d := inf{|1+Kφ′(t)| : t ∈ Ik, 06 k 6 n− 1} > 2, (9)

and

B d
d−2 ε

(zk +Kφ(zk)) ⊂ {z+Kφ(z) : z ∈ Ik}, (10)

then there isz∗ = (z∗k) ∈ Rn such thatz∗k ∈ Ik and

z∗k−1+ z∗k +Kφ(z∗k)+ z∗k+1 = ξk, 06 k 6 n− 1. (11)

Proof. We obtainz∗ as the limit of a sequence of corrections ofz, each diminishing the
supremum ofεk ’s by a definite multiplicative factorλ < 1. Hypothesis (9) guarantees
that zk + Kφ(zk) changes faster (inzk) than the ‘coupling term’zk−1 + zk+1, thus εk
can be effectively decreased by manipulatingzk only. Hypothesis (10) secures enough
‘maneuvering space’ to perform all the infinitely many corrections. With this in mind, it
will be convenient to think of d

d−2ε as follows. Fixκ ∈ (0, 1) and letλ = 1−κ+2κ/d < 1,
then

d

d − 2
ε = κ

κ − 2κ/d
ε = κ 1

1− λε = κε + κλε + κλ
2ε + · · · . (12)

We describe the first correction. From (12),κε 6 d
d−2ε, so, by (10),

Bκε(zk +Kφ(zk)) ⊂ {z+Kφ(z) : z ∈ Ik}. (13)

It follows that we can findz′k ∈ Ik, k = 0, . . . , n− 1, so that

|zk−1+ z′k +Kφ(z′k)+ zk+1− ξk| = (1− κ)|εk|
and

|z′k +Kφ(z′k)− zk −Kφ(zk)| = κ|εk| 6 κε. (14)

Hypothesis (9) then implies that

|z′k − zk| 6
κ

d
|εk|.

By combining the two inequalities we obtain

z′k−1+ z′k +Kφ(z′k)+ z′k+1 = ξk + ε′k,
for someε′k such that

|ε′k| 6 (1− κ)|εk| +
κ

d
|εk−1| + κ

d
|εk+1| 6

(
1− κ + 2

κ

d

)
ε = λε.

In this way

ε′ = n−1
max
k=0
|ε′k| 6 λε. (15)

To repeat the procedure leading fromz = (zk) ∈ Rn to z′ = (z′k) ∈ Rn with z′ as our new
z, we need to verify (13) withzk andε replaced byz′k andε′ respectively. In view of (10)
and (14), it suffices to check that

κε + κε′ 6 d

d − 2
ε.
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This is, however, a consequence of (15) and (12). It should now be clear how the series
in (12) unfolds as we need to guarantee the possibility of carrying out the infinitely many
consecutive steps. �

Proof of theorem 3.1. Fix K > 1. We want to prove that the rotation set ofG3

corresponding toKφ contains that corresponding toφ. Note that, by (i) of proposition 2.1,
the rotation set is either equal to{(0, 0)} or it has nonempty interior. In the latter case, by
Franks’ theorem [4], the rotation set is the closure of the totality of the rotation vectors of
periodic orbits. Consequently, it is enough to show the following. For each periodic orbit
of the torus map generated byφ, there is one with the same rotation vector forKφ. In
view of lemma 3.1, it suffices to find, forz ∈ Rn satisfying (5), a pointz∗ ∈ Rn satisfying
(11).

LetM := supφ = − inf φ. Clearly,φ andKφ have the same intervals of monotonicity,
Kφ has a larger image, and

|Kφ(x)− φ(x)| 6 (K − 1)M, for all x ∈ R. (16)

Thus, if z ∈ Rn satisfies (5) for someξ ∈ (2πZ)n, we can find for eachzk a pointyk in the
same interval of monotonicity such thatKφ(yk) = φ(zk). By (16) and the assumption on
the derivative

|zk − yk| 6 (K − 1)M/(KD) 6 (K − 1)M/(6K).

In this way

yk−1+ yk +Kφ(yk)+ yk+1 = ξk + εk,
with |εk| 6 ε := 3(K − 1)M/(6K) = (K − 1)M/(2K).

We will use lemma 3.2 to findz∗ ∈ Rn which obeys (11). Hypothesis (9) is satisfied
becaused > D − 1 > 5. Let Ik be the monotonicity interval containingyk, that is
Ik = [ck, c′k] whereck andc′k are the critical points ofφ closest toyk. To verify hypothesis
(10), observe that image underKφ of any maximal interval of monotonicity extends exactly
(K − 1)M beyond the endpoints of the corresponding image forφ. This and the fact that
|Kφ′| > KD yield

|Kφ(ck)+ ck −Kφ(yk)− yk| > |Kφ(ck)−Kφ(yk)| − |ck − yk|
> |Kφ(ck)−Kφ(yk)|

(
1− 1

KD

)
> (K − 1)M

(
1− 1

KD

)
,

and we have the analogous inequality forc′k. Since d
d−2ε 6

D−1
D−3

(K−1)M
2K , to satisfy (10), we

needD−1
D−3

(K−1)M
2K 6 (K−1)M(1−1/(KD)). Dividing both sides by(K−1)M and setting

D = 6, we obtain a stronger inequality5
3·2K 6 1− 1

6K , which is true becauseK > 1. �
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