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Introduction and statement of results.Consider the following recurrence( xn+1 = � � xn + 
xn; n = 0; 1; 2; :::x0 = x; (1)where xn's belong to a certain linear space X over the �eld of real numbersR, 
 is a linear operator on X and � 2 R is �xed. If 
 is assumed to besmall (in the sense yet to be made precise), then one may think of (1) asa perturbation of the problem yn+1 = � � yn, y0 = x. It is expected thenthat the behavior of the perturbed sequence (xn) resembles that of (yn). Ourmain result, stated below and proved in Section 1, is a new instance of thisfamiliar situation.Theorem 1 Suppose that (xn) satis�es (1) and that  : X ! R is anarbitrary linear functional. If either(U) limk!1 lim supn!1 j (
k+1xn)= (
kxn)j = 0,or(P) limk!1  (
k+1x0)= (
kx0) = 0 and � > 0,  (
kx0) > 0, k = 0; 1; 2:::,then limn!1 (xn+1)= (xn) = �:1Revised in September 1996. 1



The usefulness of Theorem 1 may be seen in the context of the waveformrelaxation (WR) method as considered in [1]. While the reader should consult[1] for the details, let us recall that it deals with an initial value problem fora functional-di�erential system of the form y0(t) = f(t; y(�); y0(�)), wheret 2 [a; b] and y(t) 2 Rd. The functional f takes as arguments functionsde�ned over [�; b] for some � � a (thus allowing for delays) and is assumedto satisfy the following Lipshitz condition with L � 0, 1 > K � 0 and k � ktstanding for the sup norm over [a; t]:kf(t; y(�); z(�))� f(t; ~y(�); ~z(�))k � Lky � ~ykt +Kkz � ~zkt; (2)for any continuous functions y; ~y; z; ~z and t 2 [a; b].The idea of the WR method is in decoupling the system by exploiting aninitial approximation to the solution | which allows for parallel numericalintegration of the di�erent components | and then bootstrapping this pro-cedure to construct an iterative scheme that renders consecutive approxima-tions to the true solution. For example, by totally decoupling the componentsof y the WR Gauss-Jacobi iteration is obtained:z(n)i (t) = fi(t; y(n�1)1 (�); :::; y(n�1)i�1 (�); y(n)i (�); y(n�1)i+1 (�); :::; y(n�1)d (�);z(n�1)1 (�); :::; z(n�1)i�1 (�); z(n)i (�); z(n�1)i+1 (�); :::; z(n�1)d (�));i = 1; :::; d, where z(n)(t) = ddty(n)(t), t 2 [a; b] and n = 0; 1; 2; ::: .From (2), the error v(n)(t) := kz(n) � zkt := supa�s�t kz(n)(s) � z(s)ksatis�es a bound v(n)(t) � u(n)(t) exp (A(t� a)) where u(n) is de�ned viaiteration (see (2.4) in [1])u(n)(t) = Ku(n�1)(t) +M Z ta u(n�1)(s)ds; n 2 N; (3)with the initial value u(0)(t) = v(0)(t) exp (�A(t� a)) and A;M > 0 someconstants. In further reduction, the sequence�(n)(t) = nXi=0  ni ! (M(t� a))iKn�ii! ; (4)which is exactly the solution of (3) for the initial data equal to 1, is used forthe majorization u(n)(t) � Z0�(n)(t), Z0 := supa�t�b v(0)(t); and the linearconvergence of the WR method derives from the following theorem.2



Theorem 2 (Th. 2 in [1]) If �(n)(t) is de�ned by (4), then, for any t 2[a; b], limn!1�(n+1)(t)=�(n)(t) = K:The key iteration (3) is clearly an instance of (1) with � = K and 
 =
(Vol), 
(Vol)x(t) = Z ta x(s)ds; t � a;and �(n) = xn under the initial condition x0(t) = 1, t 2 [a; b]. By taking for the functional of evaluation at a �xed instant t, Theorem 1 yields Theorem2 provided we can verify, say, hypothesis (P). For this we calculate:
k+1(1)(t)=
k(1)(t) = (t� a)k+1=(k + 1)!(t� a)k=k! = (t� a)=(k + 1)! 0:In this way Theorem 2 is a manifestation of a more general phenomenonregarding quotient-convergence factors | as the limits involved are oftenreferred to, see De�nition 9.1.1 in [3]. One advantage of this approach maybe that it applies to the iteration (3) with less stringent initial conditionsdeprived of an explicit formula like (4). Indeed, the following fact, proved inSection 2, veri�es the hypothesis of Theorem 1 (in the WR context) undermore general circumstances.Fact 1 If xn(t) is de�ned by (1) with 
 = 
(Vol) and � > 0, thenlimk!1 supn2N nj
k+1xn(t)=
kxn(t)jo = 0;under either of the two following assumptions on the initial condition(i) x0(t) is non-decreasing and positive for t 2 (a; b);(ii) x0(0) 6= 0 and x0(t) is continuous for t 2 [a; b).Finally, let us note here that it is standard and much easier to showa weaker form of Theorem 2 concerning the root-convergence factors (seeDe�nition 9.2.1 in [3]). Namely, for xn = �(n) and � = K, we havelimn!1 nqxn(t) = �:3



The limit on the left-hand side is, in fact, equal to the spectral radius �(T (Vol))of T (Vol) := � � Id+
(Vol) with respect to the sup-norm over the interval [a; t].(This follows for example from Theorem 9.1 in [2].) Thus, we recognize theabove equality as an instance of the following well known theorem: if � isa scalar and 
 is a linear operator with �(
) = 0, then �(� � Id + 
) = �.One may think of Theorem 1 as an analog of the above result. Actually,for the spectral radius a more general statement holds : if � and 
 are twocommuting linear operators and �(
) = 0, then �(�+
) = �(�). This is animmediate consequence of sub-additivity of the spectral radius on commutingoperators (see e.g. chapt. 2, equ. 5.2 in [2]).Nevertheless, the analogous statement for the quotient-convergence fac-tors is most likely not true. More speci�cally, there should be a linear spaceX, two commuting linear operators � and 
, a linear functional  andx 2 X, such that, for xn := (� + 
)nx, the quotients  (
k+1xn)= (
kxn)and  (�k+1xn)= (�kxn) converge uniformly in n to � and 0 respectively, but (xn+1)= (xn)'s does not converge to �. The author does not know any suchexamples.Section 1: Proof of Theorem 1.Let us �rst argue that hypothesis (P) implies hypothesis (U). By thebinomial formula, we havexn = (�+ 
)nx0 = nXj=0 nj !�n�j
jx0: (5)Inserting this formula into  (
k+1(xn))= (
k(xn)) we get a quotient of twosums. Since all the terms are positive, we can dominate it by the maximumof quotients of corresponding terms i.e. maxnj=0f (
j+k+1x0)= (
j+kx0)g.Now, hypothesis (P) implies that these maxima converge to 0 as k tends toin�nity | (U) follows.In what follows we will prove the assertion of Theorem 1 under hypothesis(U). Note that we may assume that � = 1. Indeed, otherwise one can forcethis condition by substitution ~xn := ��n � xn. Setxn;k := 
kxn; k; n = 0; 1; 2; ::: :4



From (1) we have xn+1;k = xn;k + xn;k+1; k; n = 0; 1; 2; ::: : (6)So, to investigate the quotients  (xn+1;k)= (xn;k) we may represent them as1 + �n;k, where �n;k :=  (xn;k+1)= (xn;k):We have to prove that �n;0 converges to zero as n!1.Using (6) one can see that �n;k's satisfy the following recurrence equation�n+1;k = �n;k � 1 + �n;k+11 + �n;k : (7)This kind of recurrence relation guarantees strong ties between the limitbehavior of the two sequences involved. The following lemma, which weprove later, is critical for our argument.Lemma 1 If an > �1, n = 1; 2; 3; ::: and reals zn satisfyzn+1 = zn � 1 + an1 + zn ; (8)then minf0; lim inf ang � lim inf zn � lim sup zn � maxf0; lim supang:Denote lim supn!1 �n;k and lim infn!1 �n;k by �+k and ��k respectively.Assumption (U) of Theorem 1 guarantees that limk!1 �+k = limk!1 ��k = 0.In particular, for su�ciently large k, ��k+1 > �1, and we can use Lemma 1with an := �n;k+1 and zn := �n;k to conclude thatminf��k+1; 0g � minf��k ; 0g � maxf�+k ; 0g � maxf�+k+1; 0g:Note that necessarily ��k > �1, so we can get analogous inequalities with kreplaced by k � 1 by invoking Lemma 1 again with an := �n;k, zn := �n;k�1.Repeating this k times leads tominf��k ; 0g � minf��0 ; 0g � maxf�+0 ; 0g � maxf�+k ; 0g:In the limit k ! 1, we get �+0 = limk!1 �+k = 0 and ��0 = limk!1 ��k = 0.This ends the proof of Theorem 1. 25



Proof of Lemma 1. First let us make a technical observation that, dueto an > �1, we have zn > �1 for large enough n. Indeed, if for some n0 wehave zn0 < �1, then zn0+1 = zn0 � 1+an01+zn0 � 1 + an0 > 0. On the other hand,again from (8), we see that once zn > 0, then zn+k > 0 for k = 1; 2; 3; ::: .If zn converged, then, by passing to the limit in (8), we would see that sodoes an and liman = lim zn | we would be done.Denote by In the interval with the endpoints an; 0 and let I be an arbitraryinterval such that min I < lim inf min In � lim supmax In < max I. ClearlyIn � I for large n. We would be done if we could see that almost all zn sitin I. Let us assume for now the following claim.Claim 1 The following alternative holds for zn > �1 :(*) if zn 62 In, then zn+1 � zn;(**) if zn 2 In, then zn � zn+1 � max In+1.
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Action of iterates of fa on the points of the circle of reals.Observe that, if for some large n0, zn0 2 I, then either zn0+1 < min I orzn0+1 2 I. Indeed, otherwise zn0+1 � min I and zn0+1 62 I, which means thatzn0+1 > max I. This however is incompatabile with neither (*) nor (**) ofClaim 1. Moreover, once zn < min I then by (*) we have zn+1 � zn � min I,so, by induction, zn < min I for almost all zn's.6



In this way, if zn hits I and subsequently leaves it, then zn never comesback to I again. Thus, either almost all zn sit in I and we are done, or almostall zn lie outside I. In the later case, by (*), we see that zn is non-increasing,so it is convergent | and we are done as well. 2Proof of Claim 1. According to (8) we have zn+1 = fan(zn), where fa(z) :=(1+a)z=(1+ z). For a > �1, this map has two �xed points z = 0 and z = a.If I is the interval with endpoints at these �xed points and z > �1, thenfa(z) � z for z 2 I, and fa(z) � z for z 62 I. Simple veri�cation is left forthe reader. 2The proof of Lemma 1 is technical. One can gain an intuitive picture ofwhat is going on by thinking of zn as lying on the circle of real numbers with1 that is acted upon by the M�obius transformations fa(z) := (1 + a)z=(1 +z); a = an > �1. Each of these transformations has dynamics depictedin the �gure. Of course the fact that an's are not constant adds di�cultyto understanding how points zn move along the circle, but one thing whichshould be fairly clear (at least for small an's) is the following: as n increases,zn either goes once around the circle and then must stay near maxf0; ang, orit persists near minf0; ang. This is, very roughly, the idea of Lemma 1.Let us indicate here that, if one is interested only in the case where an'sand zn's are positive (as encountered in hypothesis (ii) or [1]), then Lemma1 has the following stronger analogue with a more esthetic proof.Lemma 2 (positive case) If an > 0; n = 1; 2; 3; ::: and zn > 0 satisfyzn+1 = zn � 1 + an1 + zn ; (9)then lim inf an � lim inf zn � lim sup zn � lim supan:Proof of Lemma 2. Choose a+; a� arbitrarily so that lim supan <a+; lim inf a� > a�. If the sequence (zn) had a limit, (9) would yieldlim zn1 + lim inf an1 + lim zn � lim zn � lim zn1 + lim supan1 + lim zn ;and we would be done by comparison of the numerators and denominatorsabove. Dividing term by term in (9), we getminfan; zng � zn+1 � maxfan; zng:7



Let us deal with lim sup-part of our lemma | for the lim inf-part theanalogous argument works. If zn � a+ for some large n, then zn+1 �maxfan; zng � a+. Repeating this argument, we see that zn+k � a+,k = 1; 2; 3; :::, so lim sup zn � a+, as required. If zn � a+ for all large n, thenin particular zn � an and, by the right inequality, we see that zn+1 � zn.Thus zn is eventually non-increasing, so it has a limit | we are done. 2Section 2: Proof of Fact 1.Since there is no danger of ambiguity, we will abbreviate 
(Vol) to 
. Also,setting a = 0 and b = 1 will simplify the notation without compromisinggenerality. Let us �rst deal with (i). It is easy to see that all of xn(t) arepositive and non-decreasing in t. Hence, we will be done by showing thefollowing fact.Fact 2 If x(t) is positive and non-decreasing for t � 0, then(
kx)(t)=(
k�1x)(t) � tk :Proof of Fact 2. De�ne operators Ak by(Akx)(t) := k=tk � Z t0 x(s)sk�1ds; t � 0; k = 1; 2; 3; ::: :Note that the right hand side above is an average. Thus we havesups�t j(Akx)(s)j � sups�t jx(s)j: (10)In particular, Ak sends non-decreasing functions to non-decreasing ones.Also, a straight-forward veri�cation con�rms that
k = tkk! � Ak � Ak�1 � ::: � A1: (11)In this way, we can write(
kx)(t)=(
k�1x)(t) = tk (Ak � Ak�1 � ::: � A1x)(t)=(Ak�1 � ::: � A1x)(t):8



Inequality (10) yields (Ak �Ak�1 � ::: �A1x)(t) � (Ak�1 � ::: �A1x)(t), and weconclude that (
kx)(t)=(
k�1x)(t) � tk : 2We will deal with (ii) now. With no loss of generality we can assume thatx0(0) > 0. It is a routine to see that(
kx)(t) = 1(k � 1)! Z t0 x(s)(t� s)k�1ds = tkk! � ktk Z t0 x(s)(t� s)k�1ds:For �xed t, the kernels ktk (t � s)k, s 2 [0; t], approximate the delta-massdistribution concentrated at 0, solimk!1(
kx0)(t)= tkk! � x0(0)! = 1: (12)Hence, we havelimk!1(
k+1x0)(t)/(
kx0)(t) = limk!1 tk+1(k + 1)! � x0(0)! = tkk! � x0(0)! = 0:(13)Now, using binomial formula (5), we can write(
k+1xn)(t)=(
kxn)(t) = Pnj=0 �n�j  nj ! (
j+k+1x0)(t)Pnj=0 �n�j  nj ! (
j+kx0)(t) :Note that, due to (12), for large enough k, all terms in the numerator andthe denominator are positive. This makes it possible to divide term by termto get the following estimatesnminj=0 ((
j+k+1x0)(t)(
j+kx0)(t) ) � (
k+1xn)(t)=(
kxn)(t) � nmaxj=0 ((
j+k+1x0)(t)(
j+kx0)(t) ) :It follows by (13) that (
k+1xn)(t)=(
kxn)(t) converges to 0 uniformly inn, as k!1. 2 9
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