
10 Introduction to Reliability

The following notes are based on Volume 6: How to Analyze Reliability Data, by Wayne Nelson
(1993), ASQC Press.

• When considering the reliability of a product, a product failure must be clearly defined,
especially with respect to the customers.

• Often failures are catastrophic and there is a clear end to the life of the product. However,
when a product’s performance deteriorates slowly over time, there is no clear end to the
product’s life. In these cases, a product’s life terminates when some performance property
drops below some specified value or no longer meets certain performance criteria.

• The proper analysis is directly related to the data type:

1. Life data are complete if the time to failure of each sample is known. See Figure 1A.

• It is very common, however, that the exact failure times be unknown for some samples, and
only partial information on the lifetimes is available.

• Suppose a unit has not failed (i.e., survived) by a certain time but is removed from the
study at that time. Then all that is known is that the failure would have occurred at some
future point in time if it had not been removed. This is the case with censored data. Here
are several cases:

2. If the study has a fixed time endpoint, then each unit either has a known failure time if it
occurs before the endpoint or the failure time is unknown if the unit has not yet failed before
the endpoint. Such data are called singly-censored. See Figure 1B.

3. If the study allows for more than one time endpoint, then such data are called multiply-
censored. See Figure 1C.

Figure 1: Types of Data (failed ×, survived −→, failed earlier ←−
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4. If a unit can fail from different causes, then the data have competing failure modes. Figure
1D shows three competing failure modes: A, B, and C.

5. Suppose that a unit is only inspected once after entering a study. Then all that is known is
whether or not the unit failed prior to or will fail after the inspection time. Such data are
quantal-response data. See Figure 1E.

6. Suppose a unit may be inspected multiple times. Then all that is known is whether or not
a failure occurred in the interval between some consecutive pair of inspections. Such data
are called interval or grouped data. Such data also include unknown lifetimes if no failure
occurred by the last inspection. See Figure 1F.

10.1 Life Distributions and Hazard Functions

• Substantial management and engineering effort is devoted to assessing, predicting, and evalu-
ating risks and liabilities, warranty costs, replacement policies, manufacturing methods, design
alternatives, as well as identifying causes of failure. Each project is related to studying product
lifetime, and hence, product reliability.

• Major decisions are based on data from studies of life data, and often these studies may involve
relatively few units.

• We will now review some basic probabilistic and statistical concepts.

• Let random variable Y be the lifetime of a product of interest. Let F (y) = P (Y ≤ y) be the
cumulative distribution function (CDF) of Y and f(y) be the associated probability
density function (pdf).

• The reliability function (or survival function) R(y) for Y is the probability of survival
beyond age y (or not failing by age y). Thus,

R(y) =

• The hazard function h(y) is the instantaneous failure rate at age y. That is:

h(y) =

It is also called the hazard rate or the force of mortality.

• In practice, we want to know if and/or when the failure rate increases, decreases, or remains
constant with the age of the product.

• The exponential distribution is the only distribution with a constant failure rate. That is,
h(y) = λ for all y > 0. This is due to the memoryless property of the exponential distribution:

This implies that an old unit and a new unit both have the same chance of failing over a
future interval ∆. See Figure 2A.

• A decreasing hazard function early in the lifetime of a product corresponds to infant mor-
tality. This indicates the product may be poorly designed or manufactured.
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• An increasing hazard function later in the lifetime of a product corresponds to wear-out
failure. This indicates the product is failing due to the product wearing out. Many products
will have an increasing hazard rate over the entire range of life.

• Some products have both a decreasing hazard function early in the lifetime and an increasing
hazard function later in the lifetime. This results in a “bathtub curve” for the hazard. See
Figure 2B.

• For example, some electronic components are subjected to a “burn-in” period. This weeds
out early lifetime failures which are removed. If the components survive the burn-in period,
then they will become part of the electronic device.

Figure 2
(A) Exponential Hazard Function (B) “Bathtub Curve”
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Special Cases for Life Distributions

• Distributions with failure at time zero: For some products, a certain proportion will
have already failed at time zero. This happens when a consumer purchases a product that is
already broken. See Figure 3A in which p is the proportion failing at time 0, and the failure
times of the ‘working’ proportion (1− p) follow some continuous distribution.

• Distributions with eternal survivors: A proportion 1− p of units may never ‘fail’. This
can occur in immunology for individuals that are immune to a disease, and, hence cannot die
from that disease. Another example occurs for the time to a warranty claim on a product
whose warranty only applies to the original owner but the owner sells the product before
failure. See Figure 3B in which 1 − p is the proportion of eternal survivors, and the failure
times of the ‘non-eternal’ proportion (p) follows some continuous distribution.

• Mixtures of distributions: A lifetime distribution may consist of a mixture of multiple
lifetime distributions. This can happen in a population having multiple sub-populations each
with different life distributions. This will happen when there are differences in raw materials
during production, different conditions under customer usage, etc. See Figure 3C for an
example of a mixture of two distributions.
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Figure 3
(A) CDF with a fraction CDF with eternal survivors

failed at time 0
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(C) Mixture of distributions
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The Exponential Lifetime Distribution

• The pdf f(y) of Y is given by: f(y) =


1
θ
e−y/θ for y > 0

0 otherwise
See Figure 4A.

• The CDF of an exponential random variable is given by:

F (y) =


0 for y ≤ 0

1− e−y/θ for y > 0
See Figure 4B.

Figure 4
(A) Exponential CDF (B) Exponential pdf
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• The exponential reliability function is R(y) = .
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• The pdf and CDF can also be written in terms of the failure rate λ = 1/θ:

f(y) = λe−λy and F (y) = 1− e−λy for y > 0.

• The mean E(Y ) = θ = 1/λ and the variance Var(Y ) = θ2 = 1/λ2.

• θ is in the same units as Y and is also called the mean time to failure (MTTF).

• The 100P th exponential percentile is yP =

• Some products/equipment/machinery have parts that are repairable. That is, the part is
repaired once it has failed restarting the lifetime of the product. In some cases, the time
between failures is exponentially distributed, in which case θ is called the mean time between
failures (MTBF).

The Normal Lifetime Distribution

• The support of a normal distribution is (−∞,∞). Lifetimes, however, must always be non-
negative. Therefore, for a normal distribution to be considered as a reasonable approximation
to a true lifetime distribution, the fraction below zero must be very small. That is F (0) must
be close to 0.

• If lifetime Y ∼ N(µ, σ2), then F (y) = Φ

(
y − µ
σ

)
.

• The normal hazard function h(y) is increasing. See Figure 5C. Thus, a normal distribution has
an increasing failure rate and may be considered to describe products experiencing wear-out
failure with increasing age.

• For example, if it is known that an older transformer in a light fixture is more prone to failure
than a newer transformer in a light fixture, then older transformers should be replaced first.

• The 100P th normal percentile is yP = where zp is the 100P th normal percentile.
That is, Φ(yP ) = P .

Figure 5

(A) Normal pdf (B) Normal CDF (C) Normal Hazard

255240

244



The Lognormal Lifetime Distribution

• The lognormal distribution is often used for certain types of lifetime situations. For example,
it is used to model the lifetimes related to metal fatigue and to insulation materials.

• One version of the lognormal pdf is:

f(y) =
1

yσ
√

2π
e−[(log(y)−µ)/σ]2/2 for y > 0.

µ is called the log mean and −∞ < µ < ∞. It is the mean of the log of life. Its standard
deviation σ is the standard deviation of the log of life (not of life).

• In most statistical textbooks, ‘log’ represents a natural log ‘ln’. In engineering application,
‘log’ often represents the base 10 common log.

• Figure 6A shows that a lognormal distribution can have a variety of shapes depending on the
choice of σ.

Figure 6
(A) Lognormal pdf (B) Lognormal CDF
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• The lognormal CDF F (y) = Φ

(
log(y)− µ

σ

)
for y > 0. See Figure 6B.

• The 100P th lognormal percentile is yP =

assuming a common logarithm pdf.

• For a natural logarithm pdf, replace 10 with e.

• The log of a lognormal variable Y with parameters µ and σ, is normally distributed with
mean µ and standard deviation σ.
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• Examples of the lognormal hazard function are given in Figure 7.

– For σ ≈ 0.5, h(y) is essentially constant for y > 10µ.

– For σ ≤ 0.2, h(y) is increasing and is similar to the normal hazard.

– For σ ≥ 0.8, h(y) is decreasing.

• The flexibility in possible hazard functions has made the lognormal distribution a popular
choice for modelling product life.

Figure 7 Lognormal Hazard
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The Weibull Lifetime Distribution

• The Weibull distribution is often used as a life distribution because it allows for either in-
creasing or decreasing failure rates.

• It is also used when the lifetime a product is determined by the lifetime of its weakest com-
ponent. That is, when one component of the product fails, then the entire product has failed.

• The two-parameter Weibull pdf f(y) is given by:

f(y) =


β
αβ y

β−1e−(y/α)β for y > 0

0 otherwise
for β > 0 and α > 0. See Figure I.6A.

• The mean E(Y ) = αΓ

(
1 +

1

β

)

• The variance Var(Y ) = α2

[
Γ

(
1 +

2

β

)
− Γ2

(
1 +

1

β

)]
• The CDF of a Weibull random variable is given by:

F (y) =


0 for x ≤ 0

1− e−(y/α)β for y > 0

• By varying β and α, the Weibull pdf can assume many possible shapes, and, therefore, by
choosing appropriate β and α, we can find a density that reasonably approximates many
real-world situations. See Figures 8A and 8B.
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• The P th percentile of the Weibull distribution is

yp =

For example, y.632 ≈ α for any Weibull distribution.

• The Weibull hazard function h(y) = . See Figure 8C.

h(y) is increasing if β > 1.

h(y) is decreasing if β < 1.

h(y) is constant if β = 1 because it reduces to an exponential distribution.

Figure 8

(A) Weibull pdfs (B) Weibull CDFs
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(C) Weibull hazard
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Series Systems and Multiple Causes of Failures

• Many products will have multiple potential causes for failure. For example, there are multiple
potential causes why your car may not start (e.g., dead/dying battery, broken alternator,
wiring problems, etc.).

• The series-system model is a representation of the relationship between product life and the
product’s components.

• Suppose a product can fail from any of M causes (also called competing risks or failure
modes. The product is a series system if its life is the smallest of the M potential times to
failure. That is, the product fails when any of its M causes of failure occur.

• Let T1, T2, . . . , TM be the time to failure for failure mode i = 1, 2, . . . ,M . Then the product is a
series system if the random variable T for its lifetime distribution is T = min(T1, T2, . . . , TM).

• Let R1(y), R2(y), . . . , RM(y) be the reliability functions for each of the M causes (with each
function assuming the absence of all other causes of failure).

• If it is assumed that the M potential times to failure are statistically independent, then
the system is said to have independent competing risks or is a series system with
independent causes of failure.

• For a series system, the reliability function R(y) is

R(y) =

This is known as the product rule for reliability of series systems with independent
causes of failure.

• Example: A three-way light bulb has two filaments, and the bulb fails if either filament fails.
Let Y1 and Y2 be the lifetime distributions (in hours) of filaments 1 and 2, respectively. Assume
Y1 ∼ N(1500, 3002) and Y2 ∼ N(1200, 2402).

• In Figure 9, the reliability functions are plotted using a normal probability plot scale, and
thus appear as decreasing straight lines. Assuming filament failure times are independent,

R(y) =

• R(y) is also plotted in Figure 9. It, however, is not exactly a straight line because the product
does not correspond to a normal distribution.

• The median lifetime y.50 of the three-way bulb is the solution of R(y.50) = .50, and is approx-
imately 1160 hours.

• For a series system, the hazard function h(y) is

h(y) =

This is known as the addition law for failure rates for independent failure modes (or
competing risks). An example is given in Figure 10.
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Figure 9: Reliability Function of a Bulb with Two Filaments
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Figure 10: Hazard Functions of a Series System and Its Components
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• Suppose a product can be improved to eliminate a cause of failure. To determine the effect of
removing this cause of failure (and without loss of generality, let’s assume it is the first cause),
then R1(y) = 1 and h(y) = 0 for all y. Then the revised reliability and hazard functions are:

R∗(y) = R2(y) × R3(y) × . . . ×RM(y) and h∗(y) = h2(y) + h3(y) + . . .+ hM(y)

• A series-system may not have independent causes of failure. For example, neighboring seg-
ments on a cable may have positively correlated lifetimes. Models for dependent part lives
are often complicated and involve multivariate distributions with a joint pdf that cannot be
written as the product of individual pdfs.
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