Math 172 - Trigonometric Integrals

Section 7.2 Done Right

1. INTEGRALS OF THE FORM /sinme cos™ 6 do.

e If the power of cosine is odd and positive, save one cosine factor, use cos?6 = 1 — sin’ 6 to
express the remaining factors in terms of sine, and substitute u = sin 6 so that du = cos 6 df.
For example

/cosgxd:c: /cos%vcosxd:c = /(1 —sin? x) cos x dz
u=sinw /(1 — u2) du

du=cos x dx

1
=sinz — gsin:gx—i—C.

e If the power of sine is odd and positive, save one sine factor, use sin? § = 1 — cos? 6 to express
the remaining factors in terms of cosine, and substitute u = cosf so that du = —sin6df.
For example

/ sin® 2z cos? 2z dx = /(sim2 2x)% cos? 2z sin 2z dx
= /(1 — cos® 2z)? cos? 2 sin 2z dx

u=cos 2x _ 1 /(1 _ u2)2u2 du

du:72;n 2x dx 2

1 1 1
= ~5 cos® 2x + = cos® 2z — 1 cos’ 2x + C.

e If both are odd and positive, use either of the above.

e If both are even and positive, use the half-angle identities

1-— 20 1 20
sin?f = ST eosey or cos’ 0 = 1tcosab

2 2

to rewrite until you have odd powers. For example

1— 2
/sin43:1:d:v:/(sin2 33;)2 dq::/<c2086x> de

1
:4/(1—26036x+c05261‘)da¢
1 1 12
:/ 1—20086x+w dx
4 2
1

= 8/(3 — 4 cosb6x + cos 12x) dx

3 1 1
= gx— ﬁsinﬁx—i—%sinmaﬂ—a



2. INTEGRALS OF THE FORM / tan™ @ sec™ 0 do.

e We have discussed the three basic integrals.

o /tan@d@ =In|secl| + C o /sec0d9 =In|secf +tanf| + C

1
o /sec39d0 = §(secﬁtan0—|—ln|sec€+tan9|) +C

e If the power of secant is even and positive (n = 2,4,6,...), save a factor of sec?f, use
sec? = 1 + tan? @ to express the remaining factors in terms of tangent, and substitute
u = tan @ so that du = sec? 0 df. For example

/ 4tan* 4z sect 4z dx = / 4tan 4z sec? 4z sec? 4z dx
_ 4 2 2
= /tan 4z(1 + tan® 4x)4 sec” 4z dz

u=tan dz /u4(1 + u2) du

du=4 S;Q 4z dx
= / (u* 4 u®) du

1 1
:5’&5—‘—?’&7“—0

1 1

= —tan’ 4z + - tan’ 4z + C.
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o If there is at least one secant and the power of tangent is odd and positive, save a factor of
secHtanf, use tan? 6 = sec?§ — 1 to express the remaining factors in terms of secant, and
substitute u = sec 6 so that du = sectan df. For example

/tan5 bxsechr dr = /(tan2 5x)% sec 5z tan 5z dx

= /(sec2 5z — 1)? sec 5 tan 5x dx

u=sec 5 1/(u2 _ 1)2 du

du:5sec5_xtan5xdz5
1
:5/(u4—2u2—|—1)du
1 . 2 4 1
=W - Bt tu+C
25u 15u +5u+

1 2 1
= %sec55x— Bsec35x+gsec5a:+0.

e If neither of the above apply, you have an adventure on your hands. You can try to use the
identity tan® @+ 1 = sec? @ to rewrite it. You may have to convert everything to sec § and use
integration by parts in a manner similar to the way we derived the integral of sec? . Two
random examples follow.

/ 6 tan? 6z sec 6z dz “=" /(sec2 u—1)secudu = /(sec3 u — secu) du
du=6dz

1
= [2(secutanu+lnsecu+tanu|) —In|secu + tanu|| + C

1
= i(secutanu— 1n|secu+tanu]) +C

1
= E(sec 6 tan 6z — In [sec 62 + tan 6z|) + C



/tan4 Txdr = /(se02 7r—1)%dx
= /(sec4 Tz — 2sec? Tx + 1) dz
= /(se02 Tx — 2)sec® Tx dx + / ldx
= /(tan2 7z —1)sec? Txdr + x
i [ e

1 1
—ud— —utz+C

~ 21 7
1t 37 1t Tv+2+C
= — tan xr— —tan(xr X
21 7

3. INTEGRALS OF THE FORM / cot™ @ csc” 0 df are treated in a manner similar to the previous case.

4. INTEGRALS WITH ARGUMENTS THAT DO NOT MATCH. In the previous examples, it was critical
that the arguments of the functions matched. Things are trickier when the arguments differ.

e For integrals involving sin 26 or cos 26 we can make use of the double-angle identities below.
o sin260 = 2sinf cos 6
o cos20 = cos? —sin?f = 2cos?0 — 1 =1 —2sin%0

Return to the second example. Just because you see a 20 does not mean you should use
the double-angle identities; using the identities in that example would have greatly increased
the work required. However, you should use them when the arguments do not match. For
example

- 2 2
/Sin2$COS$d{L‘:/QSiHl‘COSQSL‘dIL‘ uTIose —2/u2du:—3u3+02—3cos3a}+0

du=—sinz dzx

and

/cos2mtanxdm = /(ZCOS2 x—1)

sin x

dzx = /(2 cos zsin z—tan ) dz = sin® z—In |sec 2| +C.
cos

e For integrals involving sin nx cos mx, cos nx cosmx, or sin nx sinmz, use the product to sum
identities.

o sinacos 3 = %[sin(a + B) + sin(a — B)]
o cosacos 3 = %[cos(a — B) + cos(a + )]
o sinasin 3 = %[cos(oz — ) — cos(a + )]

For example
1
/sin Sx cos 2x dx = 5 / (sin(bx + 2z) + sin(bx — 2x)) dx

1
=35 / (sin 7z + sin 3z) dx

1 1
= —ﬂcos,?x— 6C083$+C.

e For other integrals with mismatched arguments, find a computer, it will be a better use of
your time.



Math 172 - Trigonometric Integrals - Supplemental Examples

5. INTEGRALS INVOLVING TRIGONOMETRIC FUNCTIONS WITH A NONPOSITIVE OR NONINTEGER
POWER. The same basic rules apply. Two examples follow;

Ccos ¥ u=sinx du 12 12 '
\/m xdu=cosz dx \/E / u u u + \/SITJT +

and

. sinzx . sin® x sin” x)“sin
/tanx51n4xdx:/ sln4a:d:c:/ dm:/()dx

COS T COsS T COS T

1 —cos?x)?
:/( ) sinx dx
cosS T

U=COS T 17 22
oo _/(u)du

du=—sinz dx U

1—2u? 4 u? 1
:—/Mdu:—/<—2u+u3> du
u u

1
:—ln|u|+u2—1u4+0

1
= In[sec z| + cos® x — 1 cos*z + C.

6. [ sec®@df. Surprisingly, this is a remarkably important integral. We use integration by parts
with

u = sec b dv = sec® 0 db

du = secftan 6 do v =tan6

after the second equal sign.

/secgede = /sec@secQQdH =secfHtanf — /Sec@tan2 0do
=secftanf — /secﬁ(sec2 0—1)do
=secftanf — /sec30d9 + /Sec&d@
=secftanf + /sechG - /sec?’@dH

= secftanf + In [sec + tan 0| — /sec30d9

Combining the integrals gives
2/sec30d0 = secftanf + In [sec O + tan 0| + C

and hence

1
/sec39d9 = i(secetanﬂ+1n|sec€+tan9|) +C

In the example above we related [ sec® 0 df to [secdf. A similar strategy works for relat-
ing [sec®0df to [sec30dh. In general, the same strategy works to relate [sec*™6df to
J sec?"1 0 de.



