
Math 274 Chapter 7, the good parts version.
There is a lot of good material in Chapter 7. It is worth a read and some time digesting the language.
However, our hope is to solve a differential equation of the form

x′ = Ax. (1)

so what we need is somewhat limited in scope. Chapter 9 rests on understanding what one theorem
says.

Theorem
Let A be n× n, the following are equivalent:

1. A is singular.

2. A is not invertible.

3. det(A) = 0.

4. Ax = 0 has nontrivial solution, i.e., x 6= 0.

5. The columns of A are linearly dependent.

Our goal is to understand what those statements mean.

4. Ax = 0 has nontrivial solution, i.e., x 6= 0.
The trivial solution x = 0 solves Ax = 0 for any matrix A. We will be interested in what types of
matrices A have a nontrivial solution to the equation. The set of all solutions to Ax = 0 is called the
nullspace of A and is denoted null(A). This topic is addressed in more detail in section 7.4 in your
text.

5. The columns of A are linearly dependent.
In Chapter 4 we saw that we needed two linearly independent solutions to find a general solution to
a second order differential equation. We will have a similar result when solving (1). In Chapter 4 we
saw that two functions were linearly dependent if one was a constant multiple of the other. For two
vectors a similar condition holds, x1 and x2 are linearly dependent if one is a constant multiple of the
other. In general, the vectors x1,x2, . . . ,xn are linearly dependent if there is a linear combination
of the vectors that equals the zero vector where at least one of the constants is nonzero, such a linear
combination is said to be nontrivial. In symbols we have

c1x1 + c2x2 + . . .+ cnxn = 0

with ci 6= 0 for at least one i ∈ {1, 2, . . . , n}.
If the only linear combination that equals the zero vector is the trivial one where all the constants are
zero, we say the set is linearly independent.
It is worth noting that the rows of A are also linearly dependent. This will be a useful bit of information
later. There is much more information on this topic in section 7.5.

1. A is singular.
The n× n matrix A is nonsingular if the system Ax = b has a solution for every b ∈ Rn. If not, the
matrix is singular. Again, if we limit our scope to 2 × 2 matrices, this simply says that a system is
nonsingular if the the rows form lines that intersect at one point regardless of how we shift them (b is a
shift). A singular system is one where the lines are parallel and may have no intersection or an infinite
number of intersections depending on the shift (b). In this simple case, it should be clear that one row
is a constant multiple of the other, i.e., the rows are linearly dependent. There is more information on
this topic in section 7.6.



2. A is not invertible.
An n× n matrix A is invertible if there is an n× n matrix B such that AB = I and BA = I where I
is the identity matrix. A matrix B with this property is called the inverse of A and is denoted A−1.
A matrix A where no such inverse exists is not invertible.

It is useful to know that if A =

[
a b
c d

]
is invertible then A−1 =

1

detA

[
d −b
−c a

]
.

The connection between nonsingular and invertible, and hence singular and not invertible, is easy to
see. If A is invertible, then for any b the solution to Ax = b is x = A−1b since

Ax = A
(
A−1b

)
=

(
AA−1

)
b = Ib = b.

Additional details can be found in section 7.6.

3. det(A) = 0.
The determinant of a matrix is a very useful tool with many applications. Section 7.7 in the text is a
brief survey. For us, we need only the fact that an invertible matrix has a nonzero determinant, and
vice versa, a matrix that is not invertible has a zero determinant. It should be clear from the formula
for a 2 × 2 matrix inverse that the determinant cannot be zero. A formal argument is presented in
section 7.7.

Why do we care?
In chapter 9 we will see that solving (1) will require finding a scalar λ and a nontrivial vector v so that

(A− λI)v = 0.

The theorem gives us some equivalent ways to view the matrix (A− λI) so that will be easier to
algebraically manipulate. We will give such scalars and vectors special names, λ will be called an
eigenvalue for the matrix A and v will be called an eigenvector associated with λ. There will be
much more on this in a few weeks when we begin chapter 9.

One final note, the theorem can be written equivalently as follows.

Theorem
Let A be n× n, the following are equivalent:

1. A is nonsingular.

2. A is invertible.

3. det(A) 6= 0.

4. Ax = 0 has only the trivial solution, i.e., x = 0.

5. The columns of A are linearly independent.


