Law of Mass Achion. — Simple

Rate 0'\: c\naﬁge a'f' con centration B

proportional the ‘wodud- of reactants
: k- .
A+ B — C
resulds n S}IS-\-e.w:\
Al = kAR
B’ = -KkAB
c’ = +KAB

vw\ne_rt k is +he reachon rate.

Remarks

O Conncentrats o usua.lh/ in me larity M
[iter contains

[.A_l = 1M <:> Na =6.OZX!O"3MOI€CU‘CS

Mass action (3w omly works Jor
molaridy . Once di ffearential e«7ns
have béen S:-Dur\o‘ +hey can be
converted dv am/li¥er use +he
8rawn molecula weii\r\‘rs .

(29 AB ?r'o])ar-\—}maﬁ. +o ttal number
of reachims kollisions) at
3m/ aiue,n instant



Arrhenivs Theory

-Ea/RT
k = < e

Reaction rate. is 2roporBonael +o the
eAcFanenHa.Q‘-}erm where

€, = achvahon emersy e, ) = T/imole
Sor reachion
T = +em‘>e/\a\.+u'r¢ ET1 = Kelvin

R = (as constant = 8314 T/mole/K
Tn some cases o = o, " Lor net-1, 1),
Note +had m 7T l.m‘:liCS rate k T
EXAMPE  Stoichiometric coe fficients
k

) A+28 — C

Noumber of possible collisions is [A1[B]®
so (V) shevid be thovgh 4 of as
K

NERN A+ B +B — C

hav s'ns “Yhree ’ reactants. L.O.M.A. then =

dc _ <
'cY'E—+kAB

Here “2" in eﬁn (1) is a Stoichiomedric coefl .



Law o(: Mass Achon — jev\eraL

K -
(Y ArmB — nB+rC

" dA - tde o v dB
(2) kAB E FF nomy Jt

i
I

The stuichigmetric cefficients reflect
the Fact For every wmolecvle of A

F molecwles of C Pmiucea(

m-n) net loss of wole cules of B

ExAMPLE Reaction eq vahms dor

K
A+ 2B ? B+ C reversib le Rx
={
ko
A+¢C —BH irreversible Rx

T s a set a‘F 4hrée C\mem. g% C7A5

>
"

/ " =
-k,A8B +k_'BC - K, Ac

0

-k AB" -k BC + k,AC
/ ~ T - r
C’ = kAR -k BC =KAC



EXAMPLE - Audu ca.4-a.ly-41'c / S+oich"-avne+r\/

Ky

A+ 3% —2 B+C+D

K

d |

Ka
A+D —> B

k3
B+ 2¢c — A

Reachi e.TJa.h"ms Fov A, B) C, D

A" = -k AB’ sk BCD ~kAD +k,Bc”
B = -lz.klAB3 #2k 8cD +szD» —k$Bc"
c’ = KkAB> -k BCD -2k, Bc®
D' = kAB® -k BCD -kAD

Reaction eguations avtocatalyhc since
A s uH-ima¥e17 nvolved in 18’ qwin creation.




| K,
B u{:?e_r_fg% S+B— C
k.
S = Svbstrate ( Ca*? )
R = Buffer ( ProYein - )
C = c:.:vr\\{;\ex ( Protein -Ca cam.‘ple'x )
Low of Mass Action
(1y 57=-k,S8 rk.c Slo) = 5,
(2> 8= -K 3B + K C Blo) =B,
3) ¢’ = ks® - kc Clo)= C,
Conservadimn of rec@'(_ﬂ*u(s
(8+c) = o
4\ B+ C =N =B +C, # receptor sites
Use 1\ 4o sfM(\)lI)('}l (1) = (3)

"
u->

L‘H
bwU\

(g

A

_ where_

5—(3}53 =

-k, sB+k (N-8)
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deteamines %a\%ec-l—\rr\/
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S -kfss {g_,__gu—s)‘i o . -
_ ~ (k,s+k )B +kN < 0
o saw__;;‘%g)fwa e o .
S | §<o
B where ihe equhnmﬁm
I - T

_,_'i_:__f o

5 a ‘lf\f O'F S'AXQA ‘7011\"5 e i it ——— e —————

. $<o0 is kamca; reauﬁ\ Since %5_ <0 +heve.

. f =~ §20 is & “sible invaniomtmani fuld Y




Low amd.;Higk qf‘?iv\'\-\rv ‘o'mgl\'v\i

Traiectories in the SB- \olane, have slaoe ane.

omd a{o‘praaak the curve

Ke-N k
B:ﬂ(S)= KE=___‘.'
d Kg+ S R

Consider the +wo cases. Ké'”l ond KE « |

B - )(s"JﬁO)
~ s
X I sS | (Low dcg‘n 4\11
A% *i ety
\__/~
\Sw&\_’____ l{e\«l (H'«jk fon‘n?-\},)
7

S

Tn +he h\q\h aﬁ.n\-&\, case the a.S\/Mp'hJ'HC. *va{ut

w of S IS Sma“er/mea.mr\q Mofe SULS'H'a'fe_

mo le cules are beund.

KE‘ >> 1 Low APS.MH\] ‘arje" Seo

Kg<s! H't%h A {:{1\'\-&7 smaller S,




|
i
|

;gAsl\;th:Hc, behavior
st (%, 8,)

msSty=s_
1900

L s
|

1S, can be $ound as the inteasechon of the
| two curues

B=S+A A=B=S,
8= a(S)
Results in a quAracHC eqn o S
I Keg N
S+A =
(@D} : KE* 5

;‘So\v;r\g omnd. ?\o"'h-ng Soe versvs KE one je:l'ﬁ

]




Michaelis - Menten Kinehes

E"El"C-—--—?Pa*E

S + pan
,A‘,k.-,; kl
where
S = svbstrate (small)
E = enzyme (large)
C = Ccnnf\lp lesx <
P = lproatc‘;c:l‘

Can model cell nutriemt vel'ake. via membrane

?re-teins E

. Typically
1y /

E, << 5,

intracellvlay-

N LN,

~ =%

g

Law of Mass Action

oy S = k € -ksSE Sk) =S,

2y E = (kﬂ*kal c : k‘, SE Ero) = E,

3y C = —E Co) = o

- y F = KC Plo) =0
Conservation of feceptovs: E+C cE,




Nondimensimmolizahion

.y - E ¢ -t -t
Sz Tgr 82w C= ¥y p=%w T=Tu

For the £oll0w3ng choices

d

l

5*:: So £¥= C¥: € F*s > 47 = o —

)

x

L1t

(5] | 14[‘ p

one camn derive. the dimensioless egns forr

the dmenmsimless wvariables (s e, ¢ P,

QD) S = KHC - S$€ Slo) = 1
(2y ¢ce = Ko -se e() =\
5y ec’=-kerse  cmzo B
fo vee o
where.

so
and
g = Ko g = Ktk
L Ka 0 iz k',S,v,

No¥ice that for POS'I'H(’C, k“., k_, and K,

K > K shysicality
‘ cond i Hoh




_Q vAaS| S-\'eady State (@ SS )

:W ::; .Ls A SC.|€W\C.€ chrm wkere ov\e, ¢e+5 €"’70 _

- Qs an a ()f‘onY\ahc'Y\ +o ()-(H4). This

— 7/1&!0[5 vyorn the Ee e«?h B

':7_* *,M_,.ﬁ,.cﬁs_s_ﬁ,,_,_, _ K,e-se =0 S *

S S | Cmsseruaha\(\ O'F rece‘DW§ (Aawws:m(cfsj s N

R 7S *é} c =t

- ~ One _may selve Jke_ s /s ckem (5)-(6) :f'ar - )

: ‘f,,Q,*_ibg_ié,,m_é,*Q'Fﬁs, cintewms eftsy

O T | e=*™  c=_5 I
R YS ] ',ﬂzi'_,,s,_‘_ [

| Next gage shows a 1

I o j__fgﬁ)g__d)ﬁ S

”):Cmt vwmenc&& Solu'hm I




Si=
(0

Kk
(

T\!gi cal Numerical solukon

K,> %, €|

1c-s(1-0 o ki=1 k2=3
-k2 ¢ + s (1 - ¢))/epsilon _ epsilon = 0.02
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FAST-SLow TIME APPROX (MATIONS

Usfng censervatbion of (‘eceFers

e+ c = |

n (1N-Q3) we je-\- o Planar 575+em

I ds = £(sc) = kcC-50-
) = f}(S,c) e

S — , — —
?.-OT{___-— &z(S)C) = -4,C +sU=¢)

~ '&\m%’ ‘with nirial condihons:
" Sle=1V  Clo)=D

,jThese ealuad-ims are exact .,

| Null clines / E‘qu? llibkium

Are eaS)« ‘o deSine

fl::o @ C:Htls)s ’il+5
5 =o & c=H(s) = =
- L

 From these it s easy to shew (0,0) 15 the
Sole ejuih'bﬁum .




To understamd the soluhians of system (5)
- we introduce ‘fas+ and slow -l-ime_s/

T slew t'me

£ = -E— Fost dime

jS(nce, €<< L only a small change in

the slow hme T 'is needed o ¥make
the Sast +time chan e_b7 order 4 or O(D
Forinstance. . £ = 10-% ‘and T =2x0"3
,)lvte.‘AS t=2,

- Lastly, (s’cem (5) caqbe; expressed
I w-H« arther time usma +the chain rule,

ds _ dsdt _ 1 ds
dt ~ dtdt ~ f d€

dS _ ¢(s ds - ¢

P MR Bt 2R A A
(55) d dC (Fs)

e SE " }1(5 c) i SZLS,C) B

SLow suBsSY STEM FAST SUBSYSTEM

T = slow time t= qu’r time




Leading order Fast Subsystem (FS)

Le. ; s smaller hijiner arder terms—
SI4) = S,k) + €5 (6) + -
Clt) = ¢ (&) + acgﬁ) -
in_the (FS) 7.&%45 leadin j rder belhavior
" 2% =0 5,0y =
I 3_—_ = 5.5,6%)  cwizo I
£ Solv;r\S with ‘nn-.ir_agi_c,m_dmms
Selt) = | -
Cylk) = # (1= exp(=pt)) pE Hyt !

Nete ¢ cu-—>-—; or Hm.i-f(a()—‘?o

L

<7 B




'Lea.d;ng‘ ordec Slow Su\ns)/s’cem (55>
U I 4

. Let

i gunc—l'\w\s of slew $me
SIT) = 5,(T)+ €5 (T) + - -

D) = T * g (py+---

in_ the (SS) /ie(o(s (ealfr\a order be havior

4 . I ds - S Di 'H‘ercn-HaL
(6 : a_'CQ, ¥l( olCﬂ) Alﬂe,_LTa.lC_—
. ?ua-hms
o =3 c,so,c,,)f

 Recall +hat :} o & C = H (s )‘” Se

| | Rat 3o
'-'"("43' "”5‘5';!'1':(53- $¢s A‘(s‘})“ E—
o dx 97 T e T2t

ilExfl»IAc'\-U7 (%) 1S
%’% = (k) H 15:)—<-0

T This s S;e‘)arable omd ifs (‘nnflic;‘(' soln 15

Sp * My dn(5,)= 1 = - (Ko )




™\

vilibria 3 tability (FS)

ds - ed (5,0

dt

de = Sztii c)

dt

¥ =o C=H(sy =2
| }s +S
5,20 c=H (sy =2 —=
| B K, +3

Jacovian at P= (0,0)

Sa\e_e_?ujlﬂ) ria 1S P= (0,0). Nyllelines are

-
B&u,g_)__: -£ £k,

From this we see

N
der Df = e(K-v) Yo
(=¥

X
T~D§ ‘-"'(l?z-l'i) L6

hence. P is stakle,




.:_ig,gnméry of Dynahlgé
/4 (]

() Rapidly achieves @SS

 (2) Measvrable dynamic more \ikcl]vfo

lmbe_ ma‘ncm on slow5ub575+¢m
to ‘A .L" 0 or

S
qzrs

c=
(3) Contwues unkil substceate Aer\em!
¥ Smce €4 C =\ , e=> 1| as w00, |

(5 Prodverim rate aiuén b)/ slow 5u£5ys+em

dp o o = _S
I’t\:_ -vh_i-S



Production Rate

The dimensionless Ipfodvc.-Hlm fote. v is

=dp = _S
T S+ 4,
This can be converted back to dimensimal form
Q) Y = dP = V.S'
dt K + 8
A .5
where
- | — W
V = sze sz r\_lk" 2

,. Ecin“( D cam be re-wriien

Lo v R

A% v \V4

Measore ?roduc{-\m tate anmd S. Use

linear re' a-cc_ssz o find V and €.

v

: ,:mSLQee_-‘é-m
Line weauer / v
lot -
KX x = dota
/ ~
~
>3




Quick Derivation (Michaelis-Menten)

| Sup?ose yow Know apriori that E and C
_are fast wariables then prodvchon

. rates can be can?uhsaé direchl\/ Frismn
4he dimemSisnal’ ea)uad—iuvu

5’ = k,Cc -k SE

when in

7 -
E - (k_lf kL) C - k,Sl: } BO"{"\ zero
ass

/

€' -k tky)C * K SE
-
P’ = Kk C

 Noting thot the number of 'recerﬂmrs
is ¢ _se_rved,

k +kyc - k\sE =0 Qss
|

E + C = Eo rece‘;-l-c(;.

These are +wo eqns for (E C). Solving these
we 3&‘!’ C a/nd E' as functions of S:

~C7 P SE-O

;:50 +hat

as before _



