
Theorem 0.1 If there is a pair (µ⇤, x⇤
) for which

f(x⇤, µ⇤
) = 0 (4)

fx(x
⇤, µ⇤

) = 0 (5)

fµ(x
⇤, µ⇤

) 6= 0 (6)

fxx(x
⇤, µ⇤

) 6= 0 (7)

then ẋ = f(x, µ) has a saddle-node bifurcation with quadratic tangency at (µ⇤, x⇤
).

Transcritical (2-branch)

Theorem 0.2 If there is a pair (µ⇤, x⇤
) for which

f(x⇤, µ⇤
) = 0 (8)

fx(x
⇤, µ⇤

) = 0 (9)

fµ(x
⇤, µ⇤

) = 0 (10)

fxµ(x
⇤, µ⇤

) 6= 0 (11)

fxx(x
⇤, µ⇤

) 6= 0 (12)

then ẋ = f(x, µ) has a ( 2 branch) transcritical bifurcation at (µ⇤, x⇤
).

Pitchfork (Quadratic Tangency)

Theorem 0.3 If there is a pair (µ⇤, x⇤
) for which

f(x⇤, µ⇤
) = 0 (13)

fx(x
⇤, µ⇤

) = 0 (14)

fµ(x
⇤, µ⇤

) = 0 (15)

fxx(x
⇤, µ⇤

) = 0 (16)

fxµ(x
⇤, µ⇤

) 6= 0 (17)

fxxx(x
⇤, µ⇤

) 6= 0 (18)

then ẋ = f(x, µ) has a pitchfork bifurcation with quadratic tangency at (µ⇤, x⇤
).
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