ation - intro

. ™
X = :F(x,_ e xe R p eiR

Let XUA-) be a bramch of i xed oam+5

whose Ta.cok;owx Df (X MO _has Conmnlc)'«

Cuv\:uj ate exjemvaiucs

)‘i(r.) = ol(‘u) * ‘B('p;)

Further Sugfose_ 3'].4.'-" such that

\’RQ(A:&) = 0((!-&*) =0

se that xt.p.*) 1S a nankyp.u\oo\:c Center

As = /Vo-r;es the cl)a’:\n oJ(“

Qf = (Ter} det D§)

may loak like

at ;,Lzlp\,i"

Ho(ﬁb;hrgahm

{F16y 13




In particvlar recall that

A, = % (Trd¥ £ [(w0f)2- adetdf )

s
iy
—~

§So the real ,‘oo\ri- of N is

Alp) = 15 T+ DY
1

[ The siqn of this deteamines the stalb)lity

of '\'\'\e.d £ xed Pom‘\’S K() . For the

| previovs fiaure the oha.se_ pertraits

\DO\C like
: \ 3 '/r"‘\ 2N >
L \ ) :
s St “'é/
p< p* o= ¥ p p*
i H i { {

o Thedrem xmohes cL“kf-ams\w of iadicC

56 long as +the crossing in Figl is tranmsverse

o bits evv\erqes from the H—oD{Y‘ Dom+ (y?‘ x*).,

wWe. ,ltu>+fa+7:‘l a s:mp\f. exmo\c ext

A det adet
< AP
P > > Tr
Tr
transverse




I EXAMP L.g . Polar

vvvvvvvvvv | L =rperh

="§'Lr,%.~.3
6 = w % br*

| Sole fired pom& xf.n«) =0 for all P A

beamch of Elomod:cs exists for w >0

L d

VL;A) =YW

&

From +his we dedvee the :mr)'Cyc(c.s Lo u>0

ore all stable

2-0 | S S .
BiiuCaxion

Difscarns. SuPERCRITICAL




___CFZ‘“Q&(H‘/V

Has tv do with whether 4the Limit cveles

emam,h"n% -g'rmm the Hae‘S’ {Joﬁ\-\' aré stable

& not.

stable Pu'. od s vastable \'au:odic.s

SvPsRCRITICAL SUBCRATICAL

Theme (- op £y

Let x -§(x ) be smooth amd “?(XLP«) pl=o

,,,,,, \I’ue t\fc rx“) where x* *XLM") i

0y Tr D&Lx’f,!f') =0

@y detDF LR >0

(3) f— TwafEwl L #o
r_ VA ]

s

then X% = :F(x o \r\a.s P@neo\ac.. orbits

VM.GM Ch") E<.




e
xX = X L(ll' 3 r\«a - X
- z
W T -Xu -~ uy+b
d da 1 g
lwhere u. b _are nomnegahive parametes.

‘See,k +o' show the sys&)m has a Hopf bifurcation

| at r. =0 . The sole Fixed {)om+ is

ey = (2 )

\ g5/

'rr‘"

After some calculabions
, s 9
P Y i
DE(FE, p) = | =V, brsp
77} D -rl"' , "
= f“"' 1= (b )
| bt o
Froemm this we thew comgote
TR detDf = b*+ =
Gy TeDS = 2B _ | b2,
b*+p !

For the S&\hz,c.';a.Q Call \> = t}, !u>-l we. hage_

i A
Trd '?' (. e ) 2 r‘ ;\\(' > f;:'h'ﬁf- l ==3#08

ﬂ*
' |

hemce 57s4cm has a l-}p.[o‘f bih

cahion ot ‘u=‘u‘*=~' 6




~ Yom der Tol oscllator

g—~kzu—'q"')& *Yy =0
0 d d

In 576‘}63\'\ §v\’m
(\) ig = xL
(2> X, T =% & z!;.x_‘,_-x_""x_

The sole fixed ilacm'f‘ S the origin xcu)“(o o)

T+ is co..s). o show
= %
Dfxy =] °
-1 zp
whose e‘;j@y\ua.lues aye

%

I

PL.?.L\/H‘%"

Clearly these are ourelv inasinaly at K

oond 4he -lvramsmsaml ~}u Cm@z

o is siut.s—f—aea(

.."'.:.’I"r'hg = 2 # 0

a

at p=p¥
[

37 +he Hop{: Thearem (-2 has o H—pb{'

 fvccation aﬂ'u -0 ot which smal))!

' Q.(Y\?\l *l'vala. Q,G)\.\ oGLC. orhits e»W\@V\dd'e

The Hheary A.oes no+ bfeaLIC‘) kow (ong (Canrge

o u_\ +\\é7’ ‘AQA515+




Hopf Bifurcations - Summary

Consider the planar system

%%:' = f(myau*) s (1)
T )

where 4 is a parameter. Alternately, we have the notations:

dx d (= f(z,y)
_— == f = — = !
a =g ( y ) ( 9(z,y)
Further, let X(u) = (Z(n), 5(p)) be the equilibria. The Jacobian of the vector
field f(x) at X is

o - | f2&39) fu(39) ]

Df(x) = IR

0=\ en ey
The eigenvalues of Df(X) are functions of the parameter . In terms of the
trace TrDf and determinant detDf, the eigenvalues of the Jacobian are:

T1Df + 1/(TrDE)? - ddetDf
- 2

In this summary we consider the special case where at some parameter value
B = lo

Ax (1)

TrDf(X(po)) = 0 (3)
detDf (X(19)) > O (4)

When these two conditions are satisfied, the eigenvalues of the Jacobian are
purely imaginary. If, in addition to (3)-(4) being satisfied, the transversality condition

ﬁﬂRdMMMHmm¢O (5)

is satisfied, then a Hopf bifurcation occurs at the bifurcation point (%(10)), to)
(here, Re(z) is the real part of z). At such a Hopf bifurcation for some p
near pg, small amplitude oscillations (limit cycles) exist. The amplitude of
these oscillations approaches zero as u approaches po. Though Hopf theory
guarantees the existence of such periodic orbits for i > g, it does not guarantee
the existence of the oscillations for p further away from pug. Often, however, the
periodic orbits persist and grow in amplitude as |p — po} increases.
At p = ug the linearized system (linearization of (1)-(2) about X)
dz

= =Di(®)z , z=(uz2)cR’ (6)



has a center at z = 0. Therefore, solutions z(t) have the form
2(t) = e1€1 coswt + pCa sinwi

for some real constants ¢ and constant vectors (i, k = 1,2. Given the assumed
conditions (3)-(4), Ax = Fwi where i2 = —1 and

w = v detDf (7)

By Hopf theory, if (3)-(5), are satisfied then for every u with |u — pg| sufficiently
small, there exists a T-periodic orbit (limit cycle) x,(¢; #) which satisfy (1)-(2).
The period T' = T'(u) and Hopf theory also guarantees

2
lim T{p)=— 8
i T) =7 (8)
In other words, for u very nearly equal pp, the period of the (emergent) periodic
orbits of (1)-(2) nearly equals the period of the concentric periodic orbits of the
linearized system (6).

If the Jacobian has the very special form:
—w
i

then a third-order Taylor Series expansion of (1)-(2) about X yields a system of
the form:

Df()‘co):[g } , %o = X(uo)

le

- = (dp +a(z + 23))z1 — (w +cu+ b(z} + 23)) 20 (9)
e R RN TRETE NI\ )
which when expressed in polar coordinates is
% = (dp+ar?)r (11)
%g- = (w+cp+br?) (12)

for constants a, b,¢,d,w, z; = rcosf, z3 = rsinfd. Note the equation for r(t) is
not coupled to the equation for §. Furthermore, depending on the signs of the
constants a and d, this third-order system possesses periodic orbits along the
locus
p=—ar’/d d#0
It can be shown that p
4= 2 {Re (14 (1)} imio

so that the existence of periodic orbits local to the bifurcation point depends
on d # 0. This is just the transversality condition (5).



The constant a has a very complicated dependence on the vector field defining
the system. In Nonlinear Oscillations, Dynamical Systems and Bifurcations of
Vector Fields, J. Guggenheimer, P. Holmes (1983) the stated value is:

1 1
a = i‘é’ [fxx:c + fmyy +gxa:y + gyyy] -+ m {fwy(.fxx + fyy)]

1
- T [gmy (Gze + gyy) + fez9ze — fyygyy]

16w
evaluated at the Hopf point (z*,y*, u*). Collectively, the signs of a and d
determine whether the Hopf bifurcation is Supercritical (stable periodics) or
Suberitical (unstable periodics). Recall the locus of periodic orbit (leading-
order) radii is given by
p=—ar/d d#0

For this reason the branch of periodic orbits are sometimes said to have a
quadratic tangency to the fixed points.
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