Conyex Funchiomals

Let X be a linear. SMFQ.LQ__QL\J T-A->2 R

wherce AC R is some admissible set,

We. assume. S_I_L_,'!L) XIS ¥S fugcall w el
and v e A*

Defa: T:AcXR >R is comvex on A if

T(utv) = T(w) > STI(4;V)

for all_ ued ved®. Tis s-l-nc.-Hv

Cmygﬁmﬁf%m ity holds Jor vz u.

Remark :  This defn is sjnecwﬁc, ‘o aphmza-hm

-ihearv and less qmerau! than +ha+

f”"!x

i <

i i
e
T

foc meicic spaces (for instance)

Theotem: T T is Lstrictly 1 cmue.x on A

then u__minim; zeiI W@mﬂm[-lfmquelv

Proot hLet ueAd . Then A3ved® s+

U=h+y.

In ‘oar-chlar’ VT Uu-@ € 4*.

Jtwy = Jtx) = Jtuty) - J(wy

2 $Jtw, v)

= O

$o that T(u) 2 T(&) Vued,

o




Cmu_cmxmimty..mghaéwln:lﬁﬁfgﬂ._w__fmugml s

et L=bkix,y 2) where %,aelk'“jxeﬂl.

ror +he :Folloumq HMAML\&Q;@ a) s gguﬁed wwwwwww )

So_ that he Atw ;5\\35 at pam’ s_,ww_w_%_* .............. .

19 4. _tonvex :Ft.rnc,-l—nmaﬁ

Seek caonditions on L_(x,)&r}lg sa +hat J’ta\

(;\ :ﬁuﬁ\'\) - T(a\ > §I(y h)
q a’

for all 56/4’ he 4*. Since |
. .
ST (u3hy = N b + Ly hiydx
qi J t '5‘.‘ t
G

+he_ maa)Jz. ) will be satisfied
l“F the $o l oL rgj ‘rmn'l'w 1S¢ _consWant S

Make the identitications

- — ' - ’
) | P=luiyD Ap = (h,h')

where 1‘>€ R




f A‘SQ define the maio pr?» hi(xp) by

Gix,p) T Lix,u,2)
p "Q

with y? the 3ra.alicn-l- ' PeRM.

| S_u.gress;nj the fFixed x no-la.l—im) eqn (2)

thl[)l;-gi es 4o

(3) Qlp+Ap) - Glpd =V Ap >0

B y Ta }L!momrswlhagn.‘:mmA......g{.g..wfmem,_.!_J......m.M§_.4—. :

- - . L aaT +
| Y Galprap - Gp) VoG Ap = ZAp M (prddp)ap
(& Thus . 1f the Hessian mabrix H, i siive |

defilite. (8) will bo drve andli m ﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁﬁ

sabsfied.

w_ﬁﬁm_mmgﬁ L2 iS5 Comuex

Yxe la _then anyY selvdion of

the EL"eafns mmimize T on .

Theorem: T ihe Hessian H, of the map

(u, 22> L4 2)i5 ppsitive '

finiie VReLa k] then an

Solufie of the ElL -eans NI MiIe
3 on !

Lo _Remark @  For maxima. Hy neaative

definide s af.srh?'i cient

cond i dq o .




'a v by |
Hf = | oyt ana
oY T V. W
’ ;af__u‘.

 Tn the special case L, =0 where bye

s a Lt n'n'!eangl..

H = 1] © )
S T |
\-(J_egmal:l'junﬁdeﬁhun ..... & Lzz 20 brall xela,s)
ece - | - | |

< L = Jroot+ 2t
— P R T

L.. = d >0 (siict)

TE ‘

((’"-l; 21)3/‘_ :

So (.bu Theorem) +hc :fvnc,hmg.@.

I 13)_8 et Y oy dx

Lhas a gg‘%_e_,__mm;_‘al_maM.ale}mmﬂinﬁi___hyWw‘il.;.u@wsfwnsmW.ﬁ

Minimal curve lenath Pfo\nlems ,n_parkcular

have un;qjuf wiin: Wa .




In w___bA:l:_fm_liau,i;@_é prove some in m""..'ﬁdua’ﬂ'}/

 Theorems rejard n'nj ex¥ema of

Tiwy =)\ LixuDidx = DuzvVu

Lr).;./; |

where Q cIR", On¢ neei,iip ‘know certain

defini Hons Sobaolev .SP aAces:

A

'\\r“;"(_n_y = A 3 I} wif <Wf

W

where the normn

1w il =[ s Cipi 1P s \ T
W wk‘r \\‘:wk JP“ J%

These are subspaces of L), As an

- éxamble
' 0 yn
Wull yp = 3 vt e PP I ) T

Tiwy = g L-gac‘ujué’)gj)(

a




EXISTENCE QOF A MINIMITER

Let (1) L be bvounded belowu
() L he C'(M7'xn) |
(3) > L(p, 2, *) Conuex V2eER, xell
) tp, 2, x), <1p |3-EL ﬁJrSoﬂhev()o 20, ?él'dﬂ)

J
(5) A—aﬁ;é) =Ywew’ Jwac-d 3

“Then theve exists at leasi me wed suettuat

_ Tiw) = vin JTwo)
wed

'im&__u?) Tirst we note the set of réa.l numhes s
= jzeM: 2= Tww) for some weAl

s Lomd.zl below. Hence,

m = n‘n‘F Tlw) . '(SI-h(Q_A#;A)
el (since L bd bedor)
exisds. Thus we Can Seléct a
minim'nzqhg S.Lcluonq_ ., ]CA- with

Ty > m
MoTeav-u) since L is bounded belowo,
l.e. . ,
M 2 L, 3 %
‘e
~,oe < MINLY £ v

!a"\b\d.o o Finmite m.



(xr) Wivhou+ loss of a.lil-y P = O
elst we would “eonsiodlea

t = L+P

‘rk&e-&vre,
Lip,,xy 2 L I1pi7 Coercivity )
T(w) 2 *S\N\QJX Nwed.

oy e

No-h‘na %% Gt act
M 3 'I(u,.,)
& “DM,.I\L,_ ¢ Tlw,)

____s:? “’D@"“L’ e ®

() Fix oma weh Mi .na+¢ U, ¢ A =

9 .
w,~w € W)

Thus
Nunl s £ 06w s+ Rl  (PRoP 0F NoRMS)
& HluewW- @0 ¢ Awll + gE-wil
. T ' lrtl.n&u¢’_
£ c ho(ue-w. + G -
£ €, Ubu,-Dwil. + C;
£ C



Conclude

SU? “ Mh " L& < wJ
n v

NO"‘"I.I'\B
i "ﬂ = Nu il o + NDu
Nlnllyva nhy e »" 9

we find

| I‘u,,s ~wounded in .._\ALL’_?L.SL.)_ .

7?&&1‘]2 Since W' a l-‘-ilw_sr:ace owoh U}
, ,_laowd.u() e %“n") =)

. %3 !
u,"‘-——l w & W weale A -
Th view of e focc %oul'
assurmp tions O~ 1mp1)y T
1S wea.kla frued St conthnvous

Tiw £ him inf THw, ) =™
<> oo

—Bu—} U..EA' IMPITCS

THtw) = min T L)
e A



UNIQUENESS OF MMINIM L ZERS

Shoutd not expeck atd Tiw) to hare unique

MminIma .

et L2 O omd e be roots of L 1n B mauvﬁamt.
Lip, 3y, %) =0 V,Pem") x€ L

Then LT (3, )=0 =

=z min ) owven
we A

A.....::..s...u)ewt’a T W= 0 e and

aaA one O'P mama GJ!CMV\P|€S~,

Wokgm _ (uu.n QU ENESS)

Yy vecm™Mxn).
() L=LIp )
(35 pr—>Lip X s s-hr'.cjl\’ conyeK

Therr minimi2ersS: oL unio‘u-e,.

?n.é_qf Let u, “ be. om +Huo Minimi T-€AS
Since. L s conver Shctly amd Lis c*

Lpeg (P 33 2 @031° 20 3#0, 3R
owd O 0. T‘w#, Vf,gerk",'xe.n—_
(1 LUpw > Lig,x +DLg0-(p-g) + %\P-ar\"

| Lua Ta,a'u*f_‘.’b ‘theorern



Let v = %uw+i).
Set p=Du, ‘}‘—' Dy n (1) and n'ﬂ}eara_}c
vy Tw> T ¢+ SDrL" (v, ) (D.E..;_-P.‘.*) dx + %Slbu-b‘d\tax

Sek 1’-"’1; q=DV. PN STI- W ;n+e7m*e,

y

' More acouendaly, |
(w I(V) + _9%% IDu-Dpn ] dx £ ‘5_ (I(u)+ILGI) = ™

Bw, since

m= Tlw) = T(R) = min Tlw) £ Tv)

we_A

we dedoer fron (MY Hiat Duw=z DA a.c. Snca
.u)'i?. -——3 o~ dN- Conchu o .

w e W a.t . In|



