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Operators: definitions and properties

In the foltowing definitions and theorems, H is a Hilbert space though many definitions
hold for normed linear spaces.

Sets: Let S C H be some set. Then

(C1) S bounded & IM>0st|zlsMVzes

(C2) S compact 4«  Every sequence {zn} C S contains
a convergent subsequence {Zn, }
which convergestox € 5

(C3) S bounded A S compact

(C4) 5 (sequentially) compact = S closed and bounded

C5H8={zecH:|z||<1}compact = dim{H) <oo

Definition: Bounded Operator An operator L : H — H is bounded if there exists
some M > 0 such that
Il LallsMz|| VzeH (0

If L is not bounded thea L is unbounded.

Definition: Compact Operator An operator L : H — H is compact if it maps
bounded sets into compact sets. Equivalently, for every bounded {z,} C H the se-
guence { Lz, } has a convergent subsequence,

Definition; Adjoint Operator Let L : D(L) C H — H. The operator L* defined on
D(L*) is the adjoint of L if

< Ly, v >=<u,L*v > , Yu € D(L), Vv € D(L*)
Further we say L is self adjoint if

Lu = L'v , YueD(L)
D(L) = D(L*)

L is formally self adjoint if Ly = L*u on some set dense subset of H.

The Reisz representaion Theorem assures that bounded operators always have adjoints,
Since compact operators are bounded the same applies to them.



Theorems for Compact and Bounded linear operators

(1) L bounded < L continuous

(2) L bounded @ L(limg oo tin) = limg o0 Lty
(3) L bounded and R(L) closed & R(L) L N(L*)

{4} L compact = L bounded

(5) Llinear, dim(R({K}) < o0 = L compact

(6) L bounded, {¢,}52, orthonormal = limy.yoo Ly =0
{7y Ly, Ly bounded = Ly + Ly bounded
(8 Li, Ly compact = Ly + L, compact

(9) L, compact, || Lp ~ L flop— 0 = L compact

Definition: Operator norm For any bounded operator L : H — H we define the

operator notm as
I L llop= !!m|ax§ 9 || Lz ||= max _.___...." I

— 2
Tz @

Theorems above imply that the space of bounded (and compact) operators are normed
linear spaces. Completeness can also be shown.



Self Adjoint Compact Operators
The classic example of a self adjoint compact operator is the Hilbert-Schmidt operator
L defined on L?(£2) where 2 C IR™ is compact.

Lu = j;l k(z, y)uly) dy
This is well defined if kernel k is square integrable on 2% and is self adjoint if

k(z,y) = k(y, )

Below L is a self adjoint compact operator on [ with eigenvalue-vector pairs:

L¢n = An“fi‘n 1 ¢n -?5 0

a) All the eigenvalues of L are real

b) If A # O then the associated eigenspace has dimEj < oo

¢} If Ay # Ao then < uy,us >=0.

d) Either L has a finite number of eigenvalues or a countable number with Ay, — 0.

) Jasequence {¢n} of orthonormal eigenfunctions of L that are a basis for H !

Note that A = 0 is very possible hence N{L) may be nonempty. In the case of “de-
generate” integral operators one can even have dimN(L) = oo. Statement c) above
is not true for finite dimensional Hilbert spaces. It applies if dim{H) = co regardless
of whether N(L) is empty or not. The last fact €) is very important. In practice one
uses Gram Schmidt to orthogonalize bases for each eigenspace E)(L). Then, if L is
a self adjoint compact operator then the eigenvalues form an orthorormal basis for H
and one can always write:

f=Y <f¢n>¢n ., VfEH

n=1

1Reed and Simon, Punctional Analysis I, pg 203
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