(l)ﬂ a. U." + Ql ULI‘ + Clo W = f(.?‘)

e q, %) #'o this &roblem can b e

tonver -! cz}. +o a se | Jom'l'ﬁfm,

Re uride (1) _as :Ypl\ous

(2) W'+ Sl e By = 1 g

a&.,, e a, 9'3. e

Then mulBply (2) by the inteqrahng
Factor P S __ ~ <

X
Pix) = éxp \ q‘(-'cl A'E N (3
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_twhere
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'T-l- t5 ea.'St 7 shawn L 1S _rm‘mal'y

self aol\\o wn

CLg =g V,é ed




TS one leds u = (u.(a.) wia), wlb), W' BN then

mear bevndery Cmduhms canbewritlen

(3) Bu =0

R = b, b L:; Lm € iR

by 5y by, L

1 j 2P

Q. {Palf o-F

Equ»vale,h47 (3) may be wrilen as

Yo unJ.ary endibens

F

—IF cach B, O“‘y depends on evalwkion

&t X=a or 'X b %c.'-USLU¢‘ ‘H\en the

Lovndar wga:m!.n_amhangswﬂagc Laid 4o

% XD 5

bD o )r.f »x

_in which case B has form:

 Otherwise +heyare pot s%’fﬂ'ﬁa.mJ‘ ed as
15 +he case ~ pea Ledic B.C

uia) = ulh) wla) = Mi(b)

_an whiek case




Reao\c_;.r: ,,,,,,,, Stwrm kiouville ?fplnjem isLP)

) ?(x))o , WwiXx)20 Vxet.é;b]

tee) ?
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piw. 9 € Cla,b]
LI A A |
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_Note closed interval is necessary. IT°f

,, _opefotor L salisfes (0) -LuJ then
.................................. . \-f is_a T‘%JAQ.LMSLP

J

Se,c;a_ﬂ_, Bgupd,a_ry om o . R

‘wla) =o Dirichlet B.c. at

wib)y =p Dirichlet B.C. at x=bh

]
wia)

i
O

Neumann B.C. at x=a_

—

w(b)

!
|9

Neumann B.C. ot #=b

or—

Q+herwisée

F i
Bk(ul = %) v, wix.) =

is.a _mixed or Rohin B.C. at x-= Xjs




Us;nc\\l the L *ra bl nAner })\r‘o}ﬂucﬂ-

> LLuyvd = Tuws + <u, LD

w\'\ML'Fhs:BQUJ:AAr}/‘i’efmI.S

_ b
L2 J = ‘F('“V -~ k'v)

G

For B,(w) = ulaytd,u'a)=0 one
CAn._show

? (u V!"' u'v)‘ = L (3) wia) B (V )

aza. L

Thus B tw) =0 & B(v)= 0. Thus
_ Dinx c.b\e+ Neumann and Mixed B.C
___resultin ‘sel F'Mdam+ BJC Same.
.............. 1S true L'FTM)) Yhat f" ued(Ly
baP ?,u.; ehic B.C. se does D ().,

LT,
3

Summary
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Tf o reauvliar SLLP has wixed
m(_,iﬁ ratéd) B.C. or fwau odic

B. the 4#&&&(5 5§_H:ﬁlfom+

DY =D OF)




(wreen’s Funelion ﬁgf Reavlﬂ-" SLP

Lw = — (P w’y’ + G}u = £ xe [4, lo_]

Dlb) = fueCa, bl B iw) =B, lu) =0 {

basaoluHm

J

wity = (x,+) fle)dx

q
J

p
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.%w\nere_ U (%) are inde P wdent solns of

L2y Lqi =0 B (w)=0 x =a

3 Lu, =0 B (U,)=0 x=b

omd W is the Wronskian

Wixy = = uiu}_' - ui’u,‘_

?—\-\naA aﬂoly +o L Tw Semero..l-ﬁvrm.m




na SLP qenerad resvlt)

G bw = = (xufY

wuin=0 w2 =o

is_a self adioint problem. Must solue

Ly - “"“;" o Wy =0

| {3 -:'(.Xu; 5’ = D &"I(z) =0
\ z

L GReneral soln of Lu=0 is uwx = ¢, + ¢, 0nx.

L)smj +his we find

u = Lnx

LN
X

~Using generel resolt for_2nd ovdun BVP, pW =- o

adnxi.u = .ﬂv\x X<+ <2

[ 1y

\ . AL kLN




;thenyunc.hms of Resular SLP

; LC‘—?!T,. Lu = "(Pu) +qu  have & domain

defined b 5e9arq+ei or peaiodic

'oauhclarv Candahcms and define

b
&) <u,vd o= | Wi b ix) vix) dx

where wix) >0 assumed ., Let ¢,

be e.;gen func,hms of

~(P# ) + 98, = Awd.
1 [ A i | LA A

TSNV S VI SR N LTI

(g ) ?95 } are a complete set+

Sor L*ta b] and orthgaonal

under -H\e weiahted nher

Prarluc!- Q)

Naid eax-s-!rwc_ew of a Camo lete sed is

Q cmSeque.-nc.e a‘F w  stence

of a s,mmel-rac (Areen's aqlnd-vm




O Pt un Let 2, #2

o GEY rgqwg o

(2) :.(mz.')’ + (9=w) ¢ =0

Perform.

dtn-q/ (1) 4o find.

(Aj=2; ), gJ. = (|>¢) S ARG SK

il

\"-.l

3;1@4;# c’p,dJ \;f‘

.In-iue_admﬂc, quer ta:gbl

) ok, = Tl |

:.:Gnue.n ¢‘,§J eD(L) we have




| Re-f\,d\“r SL Eigen valve Yroblem

4D Lu = Awuw weéDW)D

bw 2 "(.Pu- )+ qu xe1a,b] B
Suppose, the domain is deFined bv aenerald
Mlxd ®.C. J
(2) B_. (w) = Jmmu + J Mu’ =0 -x:qlb

Let u tx) amd U tx) be s male.owalen-i-
solubions oF

| I The 3%3:‘01. selvbhon is

(3)  wlxjA) = ¢ U, Lx) + C U, Ix)

_where U .ﬁ.mg._l_a_rzw;!-_mgomd. on D

We seek a nontriviald solvhom (3)
which Sahisfies (2). Such o

solvBion 1S an el j@n&nc:-h'm.

S;nce__ +the bounotar%_ﬂﬁéﬁiﬁgdifs arlé

lmca.r“ .

N B (qurc,u,) = ¢ B (u)+ C, B (Uy)
{\ K ) oo Rl




3 _Thus the requirement both B.C. be

_sahisfied resulds in a linear

sys¥em§u~r+h;c‘@n5’ran4 s ¢, and €, :

e, Biwd + c, Biw) =po

e Bty k€ B My =0

e

which can be written

e Ay 2 =3

0y
"
nn

o S

foc

Bty B uy) |

CAGY =

By(u, ) B t4,)

N Thus an el qen value of L is a reot of

‘‘‘‘‘‘ __derA) =0

For such A, NUMY#F0 so ¢ #0

solvina  (4).
a

() det AQ,) =0

ted ) 94 (X) = c,u_ix) +C_w, (x) 26 N (A)
A ] F A | " A~ #

e (?‘:’.ﬁ,-a:@ Li"i

Nermalizaton w.r.+. L: iner {brao(ucl-_




Dirichlet and Neumann B.C.

bet ¢ be an e’:gm fonction Sa.-l—fs'F}n'AS

;ﬁeDLL)

Us nanwe Cind

Thegrem I_F +he SLP(‘)has onlv .............

Dirichlet or Neumann B.C

and g0 20 enTa,bl then

Az

,,,,,,,,,, Proof  The boundary Yerm in (2 vanishes.

If 440 the Cight side is s—hnc-Hv

?oiahuﬁ S:ACC,J?(%)>0 0‘1 >0.. l-le,ncc

A20. If qy=o cmd d z0 then 2)

implies thw'-{)gﬁ) 0 DA=0,

T\ms Case oCcculs ;'F ¢ Censtant

:;nrf)wl"ﬁ Neumann B.C. |
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Eind all +he eff}emﬁ:nd—ians Jor sLP

W e =0

wio)=uln)=0p
Here RO ==ty 9 =0, il =, o
Since B.C. are Dirichlet ) 20
CASE A =0 |
wn = e x ey “
Boun‘iaf‘f conditi mS tmoly C C. 2o sp A=0D

15 no'l‘aun 3,3%\,&[0&

_CASE A Y0 A= pt
! u(#) = f:i Sin ('wx) +C,cos (,u.ﬂ
Roundar y conditions resuvld in systen
wlo) = C;_ .:.'ow
‘‘‘‘‘ w(ilr) = SunpT ¢ + Cospm &, =0
Nendvriui ol solubims only i F
| detA = - Sl'nlpﬂr =0
Ca-nc.lual.af,
A = n* n=v2 .. .
7 7
G (%) = Sin (nx) M




( gx Fird all the cigenfmckions for SLP
UL" + AU =0 U-I(a) = l-l.((lT) =‘-'C>
A, =0
satisFies oDE and B.C. for A=0.
cASE A=t yo
i 1
Ulx) = ¢ Sin(px) + 6. COSux
i || : [ I' T
- The bo uv\dar\/ condiHons /vie.\at
A=W °
. %*Cq_SLrQ[).,., =3 t,uﬂ)
detA = - r."sfn ('p:lT )
Alsp clear ¢ =0 Se we conclude
A=t # (x) = Cosnyx) ny
Callec;l«iuel\}: e may e/xPavu( Loy e L', b]
rrrrrrr w0
foo = £ 4+ 2 £ & (x)
- d o ntn

= . Heve __df_a_s%,__,,rfeaum LY,

nalidy inder w VD _weighted




Ex E;sév\J bc\-—\'ms of

oy
: A————

W rAw Fe wiod- e = um-ulm -

Th;sw_?rob\am has a nejq:‘.'i-.}é é‘i‘genvaiue N

ASE D= —H=- <0

]

wix) = C_Cos\ﬂy\x + C ,45:'n|nr.>t

After some len -Hrw cal culas c\ns the
\::amiarycfm Y 0 ) NS iMoo \7 A8 =z0 ,

2y A= v | -
,_CQshrT‘ rs:nhrur cosku‘ﬁ‘ smhmr-

_ Feur sueh )\ a nontrivial saluHon exists
i an\;g of

_only if wPa i 5o 4hat A =-1 e. i qemvalve.,
' l-_:-afl%a\.=—l N (2) we See C, :vaeﬂds

ulxy = Q. (C“Sl\-rbx"'s"‘ku"o

Conclude &

Azmi wms e

| GASE _r=o0

o One can show «x= ¢, +C, ¥ and boundary

condiions imply €=C,=0 so ulx) 20 and
AZ0 not an eibenvaloe .




cAsE Azipro

Wix) = € COSPX + C,Sinpmx

Proceed in a simi I@c,:hshgm to conclude Q=(¢,,¢,)

is a Soluliom of A& =20 where

3 A =] v B o

- | { )
| cos rﬂ!‘ p sin I.nr SinpT = o Camért'f{;

_Ei qenve e eq vaHion

‘A_e_{- A = Lt-t- p.]') <o M_“_: 5

Hence p=n and Q.= n* are eiqenvalues,

Foc -H\e%e. A the F‘rs-’r Yo w o-F ‘CS) mn{)lu:s

¢ - n C,_:::

and we conclude the eigenvalve/funckion pairs:

Wy ) =t W (x) = (1 Cos(nx) + Sinnx)

metHons for A<o ,A>0

Conclusion The. eug_

L£ases l!c:ah ue,l\, \cvrm an

or#hwﬁma.ﬂ., basis foxr L*L[e,m1

Cixy = ﬁ: e’ 7 (neosnx +sinnx)

);-s. o A 2D

Since to(x) =| or-ﬂ\oqmal otiu,

.
Aars-fanda_rd, Lo *T] inf r‘orao? f’a
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Here we have po=x , qoaz=- T W=,
X x
and Neumann B.C.

5 ﬁe.arra,nf)?na we. o"Bi'gin"CQuch};«Eulcr Ec‘m

x*u” + xu’ r (Mr23u =0

*a (Ar2) =

Cor (hv215 5 e je;l- -Hne_jc,ﬂe ol ln

uix) = C Cos(\lx zﬂnx) t C Sm( Jhx.)

Using boundary C
4Arri ol

Ahmswculh&zﬂ_e_ly -

- — e —
A, TR (sz) L u = Cas( nwox )

gor n=1 J 2. g 3 S =

_Wi:or (A+2) =0 we have Fz':‘-D “ and

Wix) = ¢ + C,_.Qy\'x

Boundary conditions im ply-Cp = =0 ami




