::A_lqebr’a'ic__. ?ro‘o\cm M 'f(x,t)-‘-'o ) X &R

Seek o reau\ar solvhen
) = % rOETN 4 -
Wy XE) = KX+ EX L+
Then
Fley = §ixtey,€) =¢ vee N (o)

I:Y- Slx,a) 15 Smooth +hen +the 'Taylor series
oF F(EY abovt € =0 musy Vomis\\_

Flo) + Floy e + ;’, Flioye*+-- - =0
' - | (™) :
Necessary cmditims are o) =0, Nn3 o0,

.Re.‘)ea.-l'eal vse of cham rules:

(2 Fley = £ dx + §

x ds £
(3) Fnl(‘” = fax (j—.‘-ﬁ‘:)t * 2 xl-:%z f:t il—::‘-"‘ 5.‘.%

Nex-l-, us;nj )

%_2 = %, +28%, + O(e*)

dx = 2%+ O(€)
det =

Use these in (1)-(13) and set &€ =0



- The cmdiHons F76) = E%) =0 imrly

O(§) Y
O(£Y) fu %y o+

where all posrtials of £ are sualvated at (%,,0)

Solue 5'0( 1' )+|Aen Xz_;

Recall +hat +he condition ?F (%,,0) # O
in the T V.T. s need 4o a:»sure_

the existence [and Smosthness) of
an X(£).

_CJY\SK_Aert.nS Yhe O(&) eﬁ“ (or O(E) 4eamn
of F(E))
Y = - F 1%5,0)
| ' 5,’{)(0)0)

i_S (le-ﬂfn}\ei mly i{: :F;t{xD)O) -iéO l.’

n ?ra.-d—‘\ce svch aenerald -\’Ir\emr)' 1S
not' often uvsed -ll el X

ES‘)o,c.'\ a.lly hard W owe 5eek +n -f'mal ?‘



EXAMPLE Polynormi ol

7

(1) ‘)<3+£?t"8 = O

He.rc, 7( so 1had 5(1. 0) = 0. Alsa,
f “- o)y = ll %0 So IF’Thm :mPl.cs.

xu:) has the o,..(owns.w\

1 3
(2) Xz X+ ex + € x, +0(£7)

SWhshtude (2) m4p ) ond collec+
Powus ot &

o) 3\‘\03 - 8
1 -
OlE) 3%, 3;, X, =0
r 3 - E S
O(€") 3%, X +3xl Xy = X,

Selue success}ue(7 for X, %, then X,

— S |
Xy, = 2 xl-z .

ond. conclude
x = 2+ Vg + 0(53)



EXAMPLE Binomi ol Theorem

For O\ny FGG and 12V <

(p-1
(Hz)P: |+ PR +E—%,— 2 4 ..

15 the camrlex versiom of the binomial Theorem,

: 93 £
l —

Note that flo) 0) = 0 so +he wramsim has

the .ﬁJYm

X = Ex + E.?'xz + 0(ed)

Since X=0(E€) one can use the binomial Fheavermn.
v, O
{1+ X)) 3:1+‘§(£x'+£1x;.) -»';(xlaJ»g‘xlf,.) + OlE’)

Cos X - i -tfz"(t:xli-g"xzw-)” + O(.Eq)

£

=g(1+ (RErEx,+) + O(ED )
L= %

Colleet like Powers o*F £ 4o 7’-e—ll..

O(E) X, F s = o x =3

4 8 - -3
O(E") 3%, * '_q.é‘x‘ + X, =0 X, 7%
Collec.’r'ruely



EXAMPLE Taylor Series

*S‘(x,g\ = cos(ee,") +.dpj(l+ £cosX) - Va-x

Note +hat flx,t)) = 1 =V2-X which has the
root x=1. Hemce

XX 4AEXE o T4 EX 4+ ole*)

Generald “Tay lor Series +hcar7 =

1y X, = ;?,_(x,)o)

51‘()(0)0)

S+l cumbasome but relahvyvel direct
and ar ua.lplj beHer -{’L\M-Powc saries
Mc‘-ﬂ-\afs.

€ SintXx) ]

' X x
(X €Y= ~EE€ Sin (E¢ - +
2y 5.,‘ s (ee”) I+ € oS 2Nz =%
- - % . % CosS X
(» Fomer = -e'sin(ee®) * T oo

Evalvade (20+3) ad (X,,0)=01,0) and
use in (1)

xl = Rcos (1D



S¥§{-c.m5 of eq vathons ﬁx,es =0

¥

Here X =(x,,...%,) €R" and F: R xR ->MR".

(1) F(g) = g(;(CS)Ll

s also a wveckrr valved funckiom . Each
of s elements must have T-series
which vanish +o all orders. That is
to sar vf

F-le¢) = Fitoy + FltoY e + - - -
L t L
[ Y] - -
then Fi. to) =0, Nh=012...
Wwe assume
- = vy 2 - 3
ALE) = X_+ £ X + g*X, + O(?)

wher& ‘H'\C "VCC""UrS x“z (xIJK) . .7&4‘“ ) .

To examime how one might Aer?ucjenera.z
emi)tess')msl consider the L”‘ Cmponen+

of §

.LEY = x X 4
Fl( ) S':(xo-tax\* ,E)

A ionj hownd derivative of this 1n € Y'\Clo(S

3f; of-

/ 3_{,‘
Fogey = Z¢ (x vo(e))+-- Tx, voled) + "+
L aKl ‘l' D;r.n / 2L
Evalvate at € = 0
(2) F.’(o) = 3_{_,; x‘ + - - -a-—f;"x.n + 3:& VL:I)
t Ix, N Ix,, de



The expression in L) can be wriflen in
veckor form as
= = Dftx o)X o+
ey = o/ t 5.
where the Jacobian (at X'—'ID)E.'—'O)

— 3F;
DS(XD,D) = [BXJ-]

Thus o +wo team w?ansim of ) is

_T, ~
F(g) = S:(Simo) + 8(05(5[0’0){{‘ + 5{“‘“01) +O(£")

For the O(1) and 0O(g) team s 4o vanish

it

001 $(x,, 0 o

1

o (E£) X, - Df(%,,0) Je %6, 0)

One couvld use these ex Pmssians 4o 5e7uem+|'al{

:Fl'nc{ 750 then 52" bt in practice sveh 575+cms
arec fourd b eyy.‘oowwd the 57s+cm5 usinj oL

'Varic.%y of Hols .



Higher ordex empressions
J L]

For Sl;'hr“C'\Jt‘ ¥:§(;,£) where i‘:(x,y)éﬂlz_

X = K, ¥ EX ¥ -

a: ao-&Ea'-&---

COT\S‘.A.ef +the t-th Cmfmen+ o-F -f where l":.._lJl.
Fl"(f) Egi(xo+i*‘+'--)3o+£gl+-- /t)

Afrer lenﬂih_y calculabhons one €an Show

L 2
—— _1=T = LY %
iFi fo) = Exo H;. Ay +(3x2£)x' ‘(--3,3:)7:
3
+ ok R Y %
(‘é“'i"‘”(a,)ﬁ Y23

where the Hessian is4hat of & n (x,y).
Colle.c.h'ue,ly

- = - =, of =
FLE) = (X, &) + -‘-('\)5-'05”,0)&'+ 5—5“‘030’)
L Y S - v T +LY U X
+ € ( ng{..xo.l..a)...xl + bf(%,o) )(L + {XO H“f )‘DA)
¥
where 34 15 understood Hhat Al
He (X,,0)
" - S-l 0;
5_

u&“") o)

b 3

Tmujh doable +his is not frcHy.



EXAMPLE

- (1) N
X = u = gx =0
N
We use; the E/x{’dﬂS?fJ‘ﬂ SW
''''' X =X, v £% + O(EM)
o %:" o + £ :a, + O(E
n the 575{-em (1) and ejx?and N E <&}
g X, 4 € X4 “3"'+ £ ai;ﬁf} ) 23 - £ e X+ F_",;'i,, X =0
(X Ex e )P “Uyreu e = Bt emr) -
- Collectinag wn ?owt‘rs of £ }/ielAS o) and ole)
?robi_ems
o) \ , "lead ina ” B
............ ‘xe - Y = O
4]
who se S0 n by inspeetim 1s X, =3, Yo = 9. _
'''''''' o(¢e) Mo X, 4 XM =y xx) |
1 9 dl o]
o X, XK. “ =
o %, h o




in_ the OLE.) pfohbm N

USinqg Xy =3, UQO: ? SRR
Ynecar ﬁmEQW\

YIe‘&,S +‘\€

Q!

_______._:t.uho Sﬁ So luh o 15 X, >

__Alternate Method (Generad Theoy)

2x-E — o

-zFor the %Fa.nslm x

523, DT

+£.3'§+O (£*) wher

(‘4\ chxo,_o_)__.__ = [ L - ‘J L ié (%, )V,o_)____."__._( - 3j I

Gem m“y —Vl\eory —

- L5) DG , = - §1_E_f~(

Sma H) n (5) wf. .5&‘3 (.5)

9

__5_ (2)-(3) abope




jer-’mrbecl Linear S ys4ems. JCLX)E.) =Atg) x -ble)

Le+ Ale) e R, big) e IR" be reauvlar

n £ and aSSvme Alo) s nveri le .
Seek o rcau\a.r exxfwnmm

—-— z' -
%=X FEX T A

for
Aley x = ble)

We expand ovt A, % and b and collect
ke Powe(S of E

(A°+€Al+£"A )(x+£'X+-)-(L+£L+--)
a’ueh‘ls

o0y A, x, = b,
0 (&> A % = b —Ax,
o (Y Ap %y = b, -Ax ~Ax,

Since Ao mverhible

x = Ak, + E(A)b, - AAx)ft(A\o AAx AAlx,,)»f-
? ? 1

(o\lec-\rihj the ndicated 4eam we have «a S;mP\c vesvld ;

X = A"; ble) - eA"A [ ME) - a‘A;'Al xe) + 0(e*)
+
wigqle b leo.J.tn-a e{lect
of A Faad'urba:l-\m



. Svppose Ate) eR™" and bereR” both

havye reqular expansions in £  but

__ |+ ..‘_ims__,W__ng_.{w__n_‘cwc_gjs*q.rj,i)(,;kmc tha+t

Ao) = A, “is net ihvertible. Then

Atey x =big)

" has o reqular solubion x.

we _illustrale +his by +wo simple examples:

EXAMPLE

it

l X, T . = (WE-]_. ) R

S A.x_Lz_)A“ﬁg.sn_sinau\ar behavisy in €,

_ BXAMPLE

Tn this Case XY 13 r‘ejula,r in Ve —




Yerturbed E ]jem;alue Problem

(Y AE) x = A x - Ae R™

_ch assume coeficiends a:

J(-E) ra.re Svouoth
n E . Coﬂset)ucn-“\/

(2} Aler =Ao+ £A1+£1Az.*"

One m'nj\ni %Pec4 ALEY v be smooth

buy this i3 not always 1he case .
A simple example 'S

l

A= [1 4] PO =ded(A-AT )Y = (A-1)"- e
€

Here Atey = 1 t2(€ guln'-c‘\ has na series
em(:ansim n £ MA Aoy un&e-F{neo[

Theotem : TIFf A, a §;mﬁlg eiqemvalve
o—? A -}hen YEc j )

(40) ceriaim Ay
MEy =X e+ ChU SR
s

De fine the charactarish c Polynom ial
PO ) = ded (AL)-AT). Hypothe'ses

" l\/ P(2,,0Y=0. And fhere 35 a
?o‘i?r\amia.e_ RNy of J.ejrce, n -1 sueh thed

P (X ey= (A-21QIN

QLM + (l/ﬁo)Q’())
Py, 00 = Q) #0 since A, Smple.

'B\/ lﬁ\fhc\‘}'}v\'ﬂ\fc(ewx AtLEy = Ao—+ Ejl_;...-.

1]

?‘) (A,D)

0



| 3 S . i
,_Ex?ans un %..f Srrn%\g, e:ﬁ&nﬂ)abes
RO (AEY-AI>X To
Sub shitvte the eocFamsims
L2 ¢ = ﬂo-f Eflqh zlyz-k- - %GiA)x,;\}

ko equakien (V) and. collect powers of £

ol1) (Ap=2,T) x, = ©
O(€) (A=, TH X = (AT-A) %,
o(ey  A-XTHrXx, = (AT-A)x, +(3I-A )X

Since ) 1 .SumPle dim CA(A Y= 1, Let %X,
be any e. envecthr. B the f-und.a.mem-!al_

Mhearemnm of linear aljeb ra
dim N((A I)T) = |

 Let 'UEN(A ). The DLE) preblewm has
o Soln on\y 1-F (Freilnalwﬂl-b\nd.-lw-e)

u (AlI—A,)xo =0

So|vfnj-fuf‘ ;\,
r
VAR
>| = T .
’UXD

Note +hat V=%, when Ao is s/vmme.—}r;c )



Reqular expansiens of definide iﬂ-l-%ralé
—— L]

Ey way o¥ %mPle we seek an ahoraxfma-\%m O‘f

b
T ey = S le,e) Jx 0« €LY
[+

where La,b7] closed and bounded and =
1S smooth.

l.
EXAMPLE Tley = S CoS(EX) dx
| x2+ 7
6
. 3
For :Fixed x) cos(Ex) = 1 -%!Elx"*"i—! g x4 O(E")
! y
2
Te) =%( I AL N L . £"*--)Jx
(x*+1) 2%x*+ 1) #l (x4
o

":L"Meara.’fc term b); +exm 4o je+

wy T(ey = T 4
1

JE

) ™+ O(e")

NN

This .m-\-esro.\ cCan be ex CSSé'A m terms
of Si(x)Yand C{(x) inchons but suck
expressions have less avalve ... the olg?) deam
15 very casy o uwndersiand. .



.:Requarl\, ?e.r{-urlne,L INP - Ptgl'éc.-l-{lg
~J 7 <

By way of example. Suppose a mass m
19 sho+ vp From the eardth’s surface
e+t 'vcloc.f+7 v, . Gravity acts on +the
mMass So that the ITVP 15

L

2 R
(v . .:..;(1 - a .

T (x+ RA)
() X(o) = o
B xto) = W, (nitial velocidy)

where
X1y = altihde at 4ime. T
R = earth!s radius

= ._Clﬂ.c = Surface arau. Con Stan+t
P R
Note +hat when % is small relabive v R
*he E?n Ay ma\/ \oc al’PfO lea.'{'eol- By

x = -3 (heqr5ur~Face,)

However, iT %, is larqe a« projechle
may reach aﬂwee—iub\ \ﬂcijh-l-s.

Noh&imevxsima.\ii‘.v:‘.:

a = x/x¥* t=zT/T*
wheve X
»_ v, ¥ = Vo



Noendimensionalized Prok\em:

i
U] — o, ———— -
(%) a = (Hga)z -:th,s)
(5) -alol = 0
(¢) a‘fo) = |\
ju\'\erc | 2
£ = Moo o«
3

on occount of earth’s radivs R be.'nﬂ so larjc_
The sslutiom L of () o(epewots

Smco‘ﬂ\l\/ on Ea bY + wc_,fas-l-[)cme_ ahy fur*hcv‘
discussiion. We expand

(¥ \al&.,a) = éau\-u—g..alu).g... .
Use +the binomialZ theorem 4o evxf:amol Jc‘l'a,E\
| ('*Ea)-1-= 1 -Lt\a *+ O(g™)

Exfcmaleo() eqns (W andk (67 are

" 'Y

4o ¥ aa, = = +2£3" + o(g*)
aol!o)-l-ita:(o) =\ > O(e?*)

Matc hin tf:owcrs of € in both-+he
ODE an ntad Conditions



#

o au = - aolo\ =0 ao’ro) =1

0(¢) a;’ = 2.\3‘, a‘lol=0 a:(a) = u

' The solution +6 +his sequence of TVP 13

k™

__l
\aolt\ = 2-& r &

a‘tt) ”_4: 34:.

Svch solns can be used +o answer vseful
vestion. For insiance, if v, is largqe

ewau:jh the ;Flij\n-l- +ime T(e)Y shouvld increase .
let

TE)=T, + € L O(e?)
Then
atﬂm + 23 (T(eY) + OCEY) = o
(-] i

T ! = i
301&0) + (3b<T°>Tw+ 4T € Oe®)

Tndicated terms vanish uH;MB"c.\y
resuli-inj in

T = 2 + £+ 0

\.__,_(—--—‘

correction Jor increased
£ ;JLH +ime,

-k



‘Reaclarily Pertuched 2-point BVP
Define +the :S:ollowfnj oPera-l-m- and domams
Liw)y = - (rcmu’)’ ¥ qu0 w
D) = }ueCzLa,b] : Bl(u)=d-)_Bz'tu) =P}
DOLL) = Yue C.th‘b]'. Bi(u\ = Bz“‘) =0 }
wherc B tw) are bpwr\d.ary orera.lmrs. Fov
mstance
Bolwy = ¢ ula)+ cz_u'(a.)
We seek a regqular expansion For +he

Solvblon Wix, g +o +he we.akly nonlinear

BVl

Luwu-Aw = ¢ gsu,u’,x)

weDL)

where o0<E<&!I. LchnS

R, € = @, (x) + Eutx) + 0(e?)

on e S's'r\AS

oW ) Lu, -2u, =0 u, € D(L)
— [

OCE) bw = 2w = fugu x) U €D,k

Note u«, and w, 5a+'~5§\/ diffexent B.C.



T\nouj\n AN=0 is FO.SS'Ilole H',s incdusion
can TJllvstrade some 15sUlS

A an eiqenvalve of L

This wovld mean N(L-AT) -'f'O n
which case the OGN Prob‘em

oM Luo— Au, =0 u, € D(L)

wovid no+ have a uniquée soludion.,
Even worse the Pro‘o‘cm may no+
have a reguvlar solubhon at all.
Consider +he 0O(g) problem

olE)D Lu.-’,\ul = ¥ Q'ebou.)
where :Y=§Iuwu°',x). Noting L is

self adioint and N(L-2AT) £0 +he
Fredholm Alternative implies

the OLEY problem will have a
Solvh om anly VF

<’v} £S =0 Ve NL=-ATL)D

As +o whether +his i5s satisHed alevanals
‘afjely o :F

A not an e.]qw'Ualug__
J

Since NL-2T) =p +he soludions
of all O(g™) problems is vnique
5-51‘ n:a)\Jz..-.



Remarks on GQreen’s Funchonsg

| Suf ose ) is not an eiqenvalve of L ,
and Uy(x) 1s the soluvbim of

Luo-—').uo - O uDGD(.L)

This must have nmhemogencous B.C.
. S
otherwise U,lx) =0,

The O(£) problem
Lwu-2u, =¥ u €D, L)

has o Green's funchion asscciated with 1+
in part since the B.C are h_mojenaaus
Ccmse.olu&h*\\/

u =<q),f>‘

|
6 ™More emc 17 et ly

b
u = = S Q)lx,p 5(%“,), u,’n,),})ah]

Ex\srcssim\s ‘g'a'r higher order c#fansim S, f.e.)
u, , are more ea.s'saj writen ov us;'nj

suclh waner Prod vets.



w s+ At = 3guun’

| ) ) uto) =0 u.( O =1 |

~ The leading 0 problem is

Ulo)y =0 _y )=t
[~]

e Yy + A u, =0

TPy T |
Sin (A)

oy o — —
— Wt A M dU u.
Mty =0 v ) = O .“Aﬁdnamggaous)

. Aftec comsiderable calcvlations.
sin (%) (€052 = cos () -

N
- }_ S LA } "'L_,cang-“k&_zm; T

- Note +hat w () is also undefined at

o etaemu_alucs o¥ L . I

for L. on DQIL)

__Finag Remark Tf a Green’s !

A5 kwnpwn

D

LM EY = uptx) 4 ",s”..S.f""fc';'_f('fzﬂc;;'fg'_.if}.'i__;o,({;;ga,{,fjL ds +ole™.




Perturbed eiﬁcn’ualug problems

Let LIDW > H be some linear operator
defined on DILY S H where H s a Hilbert
space. Furdher let S H>H, Seek
h‘sahcr order aFrrax{maHms ‘o eijcn‘vq,lut
Ale)Y of

buw =2u +ef ue DL

For e 0 we assume.

hu, = 2, Y, W, eDL)

and dim N(Lk-2,Z) =t 50 that }\o is 5u'mPle_,
ASSum{ns

wlx £) = U, + Eu, + O(e?) 2

it

A N+ E DX + O(EY)
one reaalil\/ £inds

OO N L“o = on\o

olEY Lu, :)au, ¥ ?\'uo+¥{u03
Let ve N(L-2,T). The Fredholm Alternatve o
<{v, }‘le*'flual) =0 (v=uy, u.\.o.j.)

Sa\m}r\ﬂ S
— < “‘a) §(q0)>

(S
TRPIRT

A=

¥ Smoothness AeWs o L’ D(L) and H.



Pecturbed Domain Problems (Regular)
ket w=wlx) be the solubion of
Lw = ) xe 1,
w r‘—‘alxlc.\ xedn,
cwhere . i5 a perl—urh.ecl dovnain of <
8 way of example we show how o

eon stvuct a rc:'vlar %‘Fczhsz’m v
us(x,-‘-l.

ExAMPLE L, =0, Tre]

"

Gy w’ o+ w = |
(2)y wlo,g) = o

1 -
(3) k(—;"’i,f.)-\

Let-
wix, £y = U, xy + zu‘(x) +---

Resuvids in the §allow{nj wransimrﬁrr
+he r'uj'rs—\' ‘ooundary

u.(l'-;+g) £) = uo['%'-l-a) + gu‘(g+s) + O(€g2?)

() u(f—-zr:-l-c} £) = MQLI-—;:) + (uo'(%)-t-ui(

N

e



CouCC’f{r\j O and O(e) terms

, _ _ -
O(V u;’ + u, = wio)=o uo(-_:_)-J
Qe u"‘ ouo=

, So\ua'nfl these th SVECeSion

(o] u'lm =Q

“ (%-) == “o‘(!zl.)

i»tol:-.) = 1 —~CoSsA

w iy = Sinx

| Which 7i eids

| (1) ulx,e) = (i-TSasx) -~Esinx + O(€?*)
and seen 4o be an efo'a-nSIm of exact soln

uix, £y = (1=-cosx) - 4ankE Sin X

Ampli hvde Phas'e Soven of solubHom

Seek o SolvhHon 6f +the gurm U=AC°S(?¢+¢)"'!

Acostx+g ) = Acosg cosx —Asing sinix
) T

—
match teams o (1) above

ACOS§‘ = 1 “ASl't\ﬁ =g

a;eus A=Vi+e?2 and ¢ =arctan(-€) =-£+ 0(€3) :

utx,€y = 1| = JI+&* cos(x-£) + O(e*)



EXAMPLE Expansions need not be rcaular

1y w? + u =y xe,p.asto,‘fhcl

(2) uito) = o ) ullr+e) = O

Here +he leading €=0 problemws does not
have a unic'ue solubk on

U XYy = | + €5inx YecelRk

However ()-(2) does have a um’cluc.
soluben for all €3¢

(1+Cos€Y) sInX
Sing

% ey = Ll-;oSX) +

As ¢»0" +this has a s;}\julare/xpansim

251NX
£
Nt et
sl‘f\jul&v_

t+ (1—-cosx) + QO(g)

uin,e) ~



Remarks on ?er-h_iggé Bouvxa(arigs
| gx?_ans'aans nceg( net be f‘ﬁl-‘-‘_a.ulﬂ.f

W) w”” + w =

(2y mwile) =p W (TT+€Y =p

has the 5.}\eu\ar soluhon

SInX( 1+ CoSE
Uiy €y = (v~ cosx) r : " )
n

wix gy ~ 230X
) £

\.._:—V_._.-—-

Slf\avlar

* (1—cosx) + Of€&)

Vomams _Q.‘_ < "

M'a), o cecur fovc POE rroblem:s

Stresses l.hJJJCCA.b _swal) .
o, changes +o demain RS0

v =0
o f'

1s biharmonic 97 vation .

The Air»l siess funchom sblx,y) jemera.-les

v = iﬂ
* xx & normad sivesses

~¢
(1

Pyy
'ny = - %xr } Shear siresses .
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