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MATH 348 - Sample Test II

October 9, 2015

Present,n. That part of eternitiy dividing the domain of
disappointment from the realm of hope. Ambrose Bierce.

The second order ordinary differential equation

d2y(x)

dx2
+ p(x)

dy(x)

dx
+ q(x)y(x) = 0 (1)

where each of p(x) and q(x) are analytic at x0 = 0 has a solution of the form

y(x) =
∞∑
k=0

akx
k = a0y1(x) + a1y2(x). (2)

The a0 and a1 are arbitrary and the functions y1(x) and y2(x) are linearly independent.

Assume xp(x) and x2q(x) are analytic at zero and satisfy the limit statements

p0 = lim
x→0

xp(x) and q0 = lim
x→0

x2q(x). (3)

Further, assume r(r − 1) + p0r + q0 = 0 has real roots satisfying r1 ≥ r2.

Frobenius Theorem: The differential equation (1) has a solution in the form

(a) y1(x) = xr1
∞∑
k=0

akx
k , a0 6= 0 and, perhaps, (b) y2(x) = xr1

∞∑
k=0

âkx
k, â0 6= 0. (4)

Whether y2(x) provides a second independent solution depends on the difference

∆r = r1 − r2. If ∆r = positive integer then (4b) may or may not provide a second

independent solution. If ∆r = 0, (4b) never provides a second independent solution. It is the

case that a second independent solution can be found using the formula

y2(x) = y1(x)u(x) where u′(x) =
1

y21(x)
e−

∫
p(x)dx. (5)

1. If (2) is an assumed solution for
d2y(x)

dx2
− 2x

dy(x)

dx
+ 2y(x) = 0 one finds a2 = −a0 and

the three term recursion formula an+2 =
2(n− 1)

(n + 2)(n + 1)
an, n ≥ 1

(a) Find two independent solutions for the differential equation.

(b) One of these solutions is a “short” series. Call this solution y1(x). Use this solution

and (5) to find a form for y2(x), call it ŷ2(x).

(c) How is the solution y2(x) from part (a) related to ŷ2(x) from part (b)?

2. Assume (4a) is a solution for x2
d2y(x)

dx2
− 2x

dy(x)

dx
+ 2y(x) = 0.

(a) Find p0 and q0 in (3) and the solutions to the corresponding quadratic.

(b) What is ∆r? Find two independent solutions for the differential equation.

3. Find two independent solutions to Bessel’s diffrential equation with p = 1/2. Proceeding

along the lines of using (4a) was done in class. Here, set y(x) = u(x)/
√
x and find the

differential equation for u(x). Solve for u(x) and then find y(x).


