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. INTRODUCTION

Fully Sinc-Galerkin techniques, ones that use a sinc function basis in both space and time, have
become a powerful tool in the effort to efficiently solve time-dependent partial differential
equations. The Sinc-Galerkin method for differential equations was originally introduced by
Stenger [1, 2]. Since then, the Sinc-Galerkin method has been applied to a variety of ordinary
[3, 4] and partial differential equations, including those with Dirichlet, Neumann, and mixed
boundary conditions. The partial differential equations include Poisson’s equation [5], the wave
equation [6], the heat equation [7-9] the advection-diffusion equation [10], and beam equations
[11]. The fully Sinc-Galerkin method was used successfully for time-dependent problems. Most
importantly, this method exhibits an exponential order of convergence. Our goal is to develop
the fully Sinc-Galerkin method for the efficient solution of a (possibly) complex-valued partial
differential equation with time-dependent boundary conditions. To illustrate all the various
possibilities we will focus on the family of complex-valued problems
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Pw(z, t) —ikw(z, t) = F(z, 1), 0<z<1,0<1t,

ow(z, t) B *w(z, 1)

Iwlz )=—1 A1) 922 (1.1)

The function A ,(f) could also depend on the variable z but in our applications it does not. The
time-dependent boundary conditions and the initial condition are given by

w0, 7) =0 0< 1.2
62 - s t? ( . )

ow(l, 1)
W(l,t)-i‘O'Av(l‘)T:O, 0<t, (1.3)
w(z, 0) =0, 0<z<I1. (1.4)

Nonhomogeneous boundary conditions may be transformed to this homogeneous form via a
simple change of dependent variable. Other combinations of boundary conditions can also be
handled but this family will demonstrate all the necessary features.

Il. SINC BASIS FUNCTIONS FOR THE GALERKIN METHOD

We will review sinc function properties, sinc quadrature rules, and the Sinc-Galerkin method.
These are discussed thoroughly in [12] and [13]. To develop techniques for solving a partial
differential equation, these properties will be used extensively in the following sections. The
sinc function is defined for all z € € by

Sin(m2) 20

i

sinc(z) ={ =z
1, if z=0.

In general, approximations can be constructed for infinite, semi-infinite, and finite intervals.
Both spatial and temporal domains will be introduced. Define the function w = ¢(z) =

In[z/(1 — z)], which is a conformal mapping from %, the eye-shaped spatial domain in the
z-plane, onto the infinite strip, @ in the w-plane, where

(=
argl_z

77
QDSZ{w=u+iv:|v|<dS2}.

QDEZ{z:x-I—iy:

This is shown in Fig. 1. For the Sinc-Galerkin method, the basis functions are derived from
the composite translated sinc functions for z € P
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FIG. 1. Relationship between the domains 9 and 9.

d(z) — kh)

S(k, h) o p(z) = sinc( A (2.1)

The sinc basis functions in (2.1) do not have a derivative when z tends to O or 1. To
accommodate derivative boundary conditions, we modify the sinc basis functions as

: <¢(z)—kh)
Sty hy o d(x) " h
¢~ d

(2.2)

where 1/[¢'(z)] = z(1 — z). Note that the derivative of the modified sinc basis functions is
defined as z approaches 0 or 1. These functions are shown in Fig. 2 for real values, x.
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FIG. 2. Three adjacent members [S(k, i) ° ¢ (x)]/[d'(x)], when k = —1, 0, 1 and & = 71/8 of the modified
sinc basis on the interval (0, 1).
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FIG. 3. Relationship between the domains %, and 9.

For the temporal space, we construct an approximation by defining the function w = Y(r) =
In(r), which is a conformal mapping from %, the wedge-shaped temporal domain, onto %y, the
infinite strip, where

™
By = {r=t+ is : |arg(r)|<dS2}.

This is shown in Fig. 3. So the basis functions are derived from the composite translated sinc
functions,

Y(r) — kh)

. (2.3)

S(k, h) e Y(r) = sinc(

for r € 9y,. These functions are shown in Fig. 4 for real values, t.
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FIG. 4. Three adjacent members S(k, i) o Y(f) when k = —1, 0, 1 and & = 7/8 of the mapped sinc basis
on (0, o).
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A. Sinc Quadrature Rules

The sinc quadrature rule (see [12, 13] for the proof) can provide the approximation of a double
integral as follows.

Theorem 2.1. For each fixed t, let F(z, t) € B(@y) and h > 0. Let ¢ and Y be one-to-one
conformal maps of the domains Dy and Dy, onto D, respectively. Let z; = ¢ '(h), 1, =
Y~ !(kh,) and I, = ¢ '(R), T, = Y YR). Assume there are positive constants a,, B, and C[(1)
so that

F(z, 1)
¢'(2)

), z€TlY
), z€TIY

exp(—ad(2)
exp(—B.|$(2)

= Cz(t){

where TP = (z€T,: () =u € (—»,0)}, TP = {z€T,: d(z) = u € [0, ©)}. Also for
each fixed z, let F(z, t) € B(Dy,) and assume there are positive constants «,, 3,, and C(z) so
that

exp(—a|Y(t)
= Cf(Z){exp(—BJY(r)

), teTY
), teTY,

‘F(z, 1)
Y'(2)

where
I'W={el,:Yt)=u€ (~»,0} TIY={€T,:Y@t)=u€cl0,o)}

Then the sinc trapezoidal quadrature rule is

J f F(Z’ t)dzdt = hzht 2 E (Im + G(CXP(_azMzhz)) + G(CXp(_B?]Vzhz))

f . Jj=—M: k=—M,;

+ O(exp(—2md/h,)) + O(exp(—a,M,h,)) + O(exp(—B,Nh,)) + O(exp(—2md/h,)). (2.4)

Hence, make the selections

o, o,
] mef| )

sz[‘MerlH, M,=[at 8,

o
B:
where h = h, = h,, and
h = \/W,
and the exponential order of the sinc trapezoidal quadrature rule is O(exp( —\/m)).

Corollary. An important special case housed in the previous theorem occurs when the double
integrand has the form G(z, )S(p, h,) ° $(2)S(q, h,) ° Y(t). Due to the interpolation

S(p, h.) ° ¢(z) = S(p, h)(jh) = 8%  and  S(g, h)°Y(t) = S(g, h)(kh) = &),
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the sinc quadrature rule is a weighted point evaluation to the order of the method

G(Zp’ tq)

Jr £ G(Z, I)S(p, ]’lz) ° (i)(Z)S(q, ]’l,) o Y(l‘)dZdt = hzh[ m

+ O(exp(—2md/h,)) + O(exp(—2md/h)). (2.5)

B. Matrix Representation of the Derivatives of Sinc Basis Functions at Nodal Points

The Sinc-Galerkin method actually requires the evaluated derivatives of sinc basis functions
S(p, h) ° $(2) at the sinc nodes, z = z;. The rth derivative of S(p, h)  ¢(z), with respect to ¢,
evaluated at the nodal point z; is denoted by

(r) = @’
ﬁ 8, = b h)° & (2)]|,=.- (2.6)
The expressions in (2.6) for each p and j can be stored in a matrix 77 = [3)].
Forr=20,1, 2,
iz
0 = 5 0 — y=p
=[5, where 8 = [ i = 0@, = o i)
0,  ifj=p
IM=1[5],  wheres)= h*[S(p Wed@ley= (V" il
- .
3 ifj=p
1% =821, where 8}3>—h2 <1>2 [S(p, h) ° p(2)].-, = =V1-2(-1yr
-, fjFp.
(—p)
The following matrices are some examples for IV, IV, I Given —M_ — 1 = p < N, +

land -M, — 1 <j=<N,+ 1,(m,=M_+ N, + 3), the m, X m, square matrices 1©, 1V,
I® are given by

I — ™ 2 (-1
0 -1 ) T, 2 ™
2 m, — 1 3 2 (m,— 1)
1 : 2 :
1 1 2 . . . 2
(1) — _ _ - 2) — _ = . . . =
4 2 2 - 22 22
-1 . 2
(=10)™ 1 1 0 —2(—1)"! 2 ) T
Lm,— 1 2 i (m, — 1) 22 3]
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When —M, = j = N_, we remove the first and last columns of / O 1D and 1? in (2.7), to
arrive at the m_ X n_, (n, = M, + N_ + 1), nonsquare matrices

0O --- 0
1 --- 0
=
0O --- 0
] ] 5 _2 . e
b e L7 (m. =27
2 m,— 2 - -
0 ERE : 3
1 2
1 3 2 -5
(1) — 2) _
L"= L . 1= 2
L 0 —
(=) L : 3
L m. —2 2 A —2(=1)"? 2
T e = 2
L (m,—2) 2 o
(2.8)

When —-M,=g=N,+ land M, =j=N,(m, =M,+N,+2andn, =M, + N, + 1),
we remove the last column of I?, IV, and I® in (2.7), to leave the m, X n, nonsquare matrices

1 --- 0
.
L7 = o --- 1/
0O --- 0
[ (=17 A Az
0 1 3 (m, — 2)°
m,—2 "
. r, 2
1 2 2
M= -5 -1 |, @= 2?
) 0 ™
: . 3
(=™ 1 e
m— 1 ) 1 Ll)’l L. 2 2
' } - (mt_ 1)2 22 .
(2.9)

If a function f'is evaluated at the sinc nodes z = z; for =M, = j = N, then the n, X n, square
diagonal matrix %, (f) is written by
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f(Z—M,) ) 0

D,(f) =  f(zo) ‘ ) (2.10)
0 . f(ZN:)

C. Matrices and Kronecker Products

We will develop the notation and tools to simplify discrete systems for complicated formula-
tions. These tools are described in [12] and [14].

Definition. For an m X n matrix B = [bij], l=i=ml1=j=n,

b]'

L]
b

B=[b b, --- b, where b; = :2’ ,
b

the concatenation of B is the mn X 1 vector

b,

co(B) = b:2 .

b,

2.11)

Definition. Ler A be an m X n matrix and B be a p X q matrix. The Kronecker or tensor
product of A and B is the mp X ng matrix

aB a,B --- a,B
aB ayB --- a,B

A@B=|" " 2 (2.12)
am.]B am.zB s am',lB

A useful property of concatenation is given in the following theorem whose proof may be found
in [14].

Theorem 2.2. Let the linear system for the unknown matrix X be given as
A XB, + AXB, +---+AXB,=C, (2.13)
where A; are m X m, X, C are m X n, and B; are n X n. This is equivalent to
Gco(X) = co(C), (2.14)

where G=B] ® A, + BI® A, +---+ B{ ® A,.
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lll. SOLVING THE PROBLEM WITH TIME-INDEPENDENT BOUNDARY
CONDITIONS

The fully Sinc-Galerkin method is first applied to a simplified version of (1.1)—(1.4). This
simplifies the initial formulation and will later allow for a convenient generalization to the
time-dependent problem. The time-dependent boundary condition is first changed to a constant
multiple o and we choose £k = 0 so that

aw(z, t) *w(z, t)
Pw(z, t)ET_AU(t)T:F(Z’ 1), 0<z<1, 0<t (3.1

subject to the time-independent boundary conditions and the initial condition

ow (0, 1) “ o 0< 3o
HZ - Y, t’ ( . )
ow (1, 1)
w(l, ) +o———=0, 0<t, (3.3)
0z
w(z, 0) =0, 0<z<I. (3.4)

The Sinc-Galerkin procedure begins by selecting composite sinc functions appropriate to
each domain (0, 1) and (0, %) as the sinc basis functions for the approximate expansion of the
solution w(z, f). The conformal mapping functions on the spatial domain (0, 1) and the temporal
domain (0, ») are given by

b(z) = 1n<1 fz) Y() = In(o,

respectively, and the appropriate composite sinc functions S(p, h.) ° ¢ over (0, 1) and S(q, &,)
oY over (0, ©) are given by

( aw
m@w@—mﬁ

. ¢@—Mﬁ= ., ¢@) #ph,
s« e =sine %) = 7 (6) ~ ph)

eF ¢(2) = ph.,

m@ww—wﬂ
! Y(t) # qh,

S(g, h) ° Y (1) = Sinc(Y(t)_qh’)

h %wm—m)

|, Y(1) = gh..
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Consider the set of sinc basis functions for the one-dimensional transient problem (3.1)—(3.4) as
the product sinc basis functions (—-M, — 1 =p =N, + land —-M,=g =N, + 1)

{8,(2)85(1) = (S(p, )  $(2))(S(q, h) ° Y(1))}. (3.5)

For the boundary conditions in (3.2) and (3.3), the sinc basis functions (3.5) tend to zero as
z approaches to 0 and 1 but their z partial derivatives are undefined at z = 0 and z = 1. To
remedy this it is necessary to both modify the sinc basis functions as shown in (2.2) and add
some additional boundary basis functions. Following [12], Hermite functions, whose derivatives
are defined at the two endpoints, are selected to be boundary basis functions for the spatial
domain as

wo(z) = 2z + 1)(1 — 2)%, wi(z) = (1 — 2)z + o(3 — 22)7*. (3.6)

Also the sinc basis functions (3.5) tend to zero as ¢ approaches %, so a nonzero bounded
function is chosen to be an additional basis function for the temporal space

t
Wx(t) = m (37)

The approximate solution for w(z, ?) is represented by the expansion, (m, = M_ + N, + 3,
n,=M,+N,+1,m=M+N,+2,n =M+ N, + 1),

N1 N+l

waz )= D X ), (3.8)

j=—M.~1 k=—M,
where

wo(z), ifj=-M -1
S e Sie), ifk=-M,...,N,
gj(z) = ((&)(Z), ifj=-M,...,N, Gt = {Wm(t), ifk=N, +f 1. '
wi(2), ifj=N,+1,
(3.9)

Approaching the formulation of the fully Sinc-Galerkin method, we start by rewriting the
approximate solution w,(z, t) in (3.8) as

Wz, 1) = wy (2, 1) + wo(z, 1) + wo(z, 1) + wy(z, 1) + wo(z, 1) + w,(z, 1),

where

N
Walz, 1) = 2 C(—M;—l)kWO(Z)S;I:(t)a Wo,(z, 1) = C(—M:—1)(N,+1)W0(Z)W%(t)’
k=—M,
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Sj
qbr

NN N S
w(z, 1) = E E Cjk( )(Z)St(l‘)s w,(z, 1) = 2 C_/‘(Nt+1)<¢]r>(Z)Woc(t)’

J=-M. k=—M,

N:

Wo(z, 1) = E C(MZ+1)kW1(Z)S>I‘:(t)a Wo(2, 1) = cors e+ nWi1(@wa(r).  (3.10)
k=—M,

The unknown coefficients c; are determined by orthogonalizing the residual with respect to
the sinc basis functions in (3.5). This leads to the equations (—M, — 1 =p=N,+ 1, —M, =
g=N,+1

(EWays $,8%) + (Lwyys $,8%) + (LW S,8%) + (Lway, S,5%) + (Lw,,, S,5%)

+ (Pw,, $,5% = (F, 5,5%, (3.11)

where the inner product and the choice of weight function are given by
® 1

(f. g) = f j f(z, g(z, @z, t)dzdt,
0 0

_ Y@
@ 0= Vg2

To each inner product in (3.11) we apply the sinc quadrature rule. This leads to the
construction of the discrete system that approximates (3.11). From (3.11), the inner product
involving $w, is

N;
(EWary $,5%) = D el Wo(SD', S,8%) — (AwiSE S,5%)1. (3.12)

k=—M;

The first inner product in (3.12) is evaluated by first integrating by parts once in the variable
t and then applying the sinc quadrature rule in space and time. First we get

. . ! Y'(1)
(wo(SD)', S,8%) = f J wo(2) (SH(1))'S,(2)S%(1) mdzdr

_[Twe@S @ | [T ey
_L o [BT, f@ Sk(t)(Sq\,Y)(t)dt]dz. (3.13)

From [12], the boundary condition term

By, = (SISEY) (D7 (3.14)



TIME-DEPENDENT BOUNDARY CONDITIONS 505

equals zero, and

dss 1
(S5 (1) = ( ol Si(t))(Y%o)”.

Then applying the sinc quadrature rule (2.5), (3.13) becomes

(WO(S?:)” SpS"‘q‘) = J'O WO\(/;)I/%()Z) dz J *( )< () ;Sj(t))(Y'(t))mdl

- wo(z,) (1) «n} ;
~hzht(¢,(zp))3,2{ =80 + 5891 \Y'(t). (3.15)

The last inner product in (3.12) is handled by the direct application of the sinc quadrature rule
(2.5)

(A wiSt §,8%) = ) 1w”(z)A (1)SE1)S,(2)S%(1) Y dzdt = wils,) A
vV 0P ks PpP g . . 0\< v k P q d)() t((b())%/z /Y’(tk)'
(3.16)
So
(Pw,., S,5% = h.h, 2 "o(z,) ~Lewy Laol K
Waps D) (¢'(z ))3/2 C—M.— )k h, 2 Ok [ k
Wg(zp) Az/(tk)

Letting p, g range over all values gives the matrix approximation to (¥w,, S, S5,

h.h{sd, €D, + D, CRB,}, 3.17)
with the m, X m_ (m, = M, + N, + 3) block matrices

Ay = [a2,-1]0,,, 01,

Dy, = 021105, |0p1 . (3.18)
the m, X m, (m, = M, + N, + 2) block matrices

o Lo T
D, = AT D, (A,), %IE[ B ] (3.19)
' O1m, ' O,
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and the nonsquare m, X n, (n, = M, + N, + 1) matrix
B, E{_ﬂ>+ ﬂm}@m( ). (3.20)

Here the m, X n, matrices I, I") are from (2.9), and the m, X 1 column vectors a°,, , and
b%,.-, have pth component, p = =M, — 1, =M_, ..., N_, N, + 1,

wo(z,) wo(z,)
[a(lM:*l]p =- Wp)p)sm [bOM = (d'(z ;)1/2 (3.21)
The diagonal matrices
1
1 \Y,(th,)
(-] ,
Y 1
VY (2y)
Av(t—M,)
%,.(A,) = . (3.22)
Av(tN1+1)
Next, the inner product (£w,,, S,,S;) in (3.11) is similar to ($w,, S, ) so we get
(Ew,, S,8%) = h.h, E wi(z,) ¢ 5“> +Lso N
as» Op (d) (Z ))1/2 (M +1)k 2 gk / k
(Zp) A (tk)

(@) Ny |
Letting p, g range over all values gives the matrix approximation to (¥w,,, S,S,
h.h{ds€D, + D CR,}, (3.23)
where QD[I, 9%, are in (3.19), the m, X m, block matrices
As =[0,.410,x. )N 1],

@ss = [Omz><1|0mz><nz|bll\/z+l]’ (324)

and the m_ X 1 column vectors a,_,, and by ,, have pth component, p = —M, — 1, =M., .. .,
NN, + 1,
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w ’ll(Zp) Wi (Zp)

[ay,], = e [bNH]],_(d)( T (3.25)

Since ($w,,, S,5%) = ¢ M+ DWW, S, S¥ = (A wowe, S,S%) in (3.11), we must
approximate

o 8,59 = | | wiwe08,0850) | dea
WoWs, S,8% . wo(2)wi(2)S,(2)S% b () zdt,
" O D wn YD)
(Awow.., S,87) = wo(2)w.(1)A(1)S,(2)S5(1) &2 dzdt. (3.26)
0 0
Applying the sinc quadrature rule (2.5), the result is
(z,) =(1,)
(Ew,,, S,S5%) = h.h, W CM— )N+ 1) V/VY,T
0(zp) w(1,)

— hh,Wa s nAL(t,) /Tq)

Letting p, g range over all values gives the matrix approximation to (¥w,, S,57),

hh{st, 6D, + B, 6RB,}, (3.27)

where o, 9, are in (3.18), the m, X m, block matrix

On, m; 071, n,|0nf
R, = [ - ] @, = [XX‘]@%(AU) (3.28)
a, : b2
and the m, X 1 column vectors a,, and b, have gth component, ¢ = —M,, —M, + 1,..., N,
N, + 1,
wil(t,) w.lt,)

[aw]qz\m, [b.], W) (3.29)

From (3.11), w,_is similar to w,,, so the inner product is approximated by
Wl(zp) W;(tq)
(Ewye S,8%) = h.h (,)c DO, <,
PP q t (d) (ZP))3/2 (M +1)(Ni+1) \/ﬁY (tq)

(Zp) Wm(tq)
- hﬁr(((b (2 ))3/2) C(M,+1)(N+1) 'U(tq)< \/W)

q

Letting p, g range over all values gives the matrix approximation to (¥w,,, S,S5,
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hh{sds€%D,, + D, €RB,}, (3.30)

where &, and %, are in (3.28) and 5 and %,_are in (3.24). From (3.11), the inner product

(W, S,8%) = E Z ((i";)(w,spsj) i E c,k( (i) S%, spsi;).

(3.31)

Applying integration by parts in ¢ to the first inner product in (3.31), we get

5\ (s, s,5%| = S r)s (20550 )dzd
¢ | R 5 ) @

' $/(2)S,(2) [

<¢> (@' ()" *<f><S:§W>’<t>dt]dz

The boundary condition term By, in (3.14) equals zero, so we get

Sj )/ | — S(Z)SP(Z) g% *() 1 % 1 ()32
((d") (S%) ,Squ) —J @) dZJ ()( + 2Sq(t))(Y (1))"dt

} N'(t). (3.32)

1
8q

iy Law o
Z r(d)r(zj))S/Z h qk

The second inner product in (3.31) is

Ains*ss*= ’ A(t) ()
M A ' (2)

= f (ASISENY) ()
0

Y'(1)
$'(2)

g+ | 5@ [ 50E ”d dr. (3.33)
P e@ | o) T

*(t)S,,(z)S’;(t) dzdt

where

C[(S@V( S\ (5@ 5@\
br.= [(df(z)) <\/¢’(z)) <¢'(Z))<\¢’(Z)> ] 339

0

equals zero, and

S, \" (&S, 1 o
(\/d”(Z)) _< d¢? 4SP(Z)>(¢ (2))*.
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So (3.33) becomes

S\ 1 1 A1)
_J * | 5 5(2) _ 5(0) ‘ )
(‘”(df) Sk S"‘”) {h } ) (JY'@))

Then the inner product (3.31) is

N. N,

*) ~ (1) (0) ’
(Ew,s S,57) E > hh,(¢())5/z{ o O +284k} N ()

—M; k=—M,

1
+ 2 > hzh{—hzsg)+45;3)

=—M. k=—M,

} e At
Vo' () (1)

Letting p, g range over all values gives the matrix approximation to (¥w,,, PS’,’;)
h.h{d: €D, + D CRB,}, (3.35)
where &, and %, are defined in (3.19), the m, X m, block matrices

‘ﬂfi = [Omz><1|AW|Om3><l]9

1
0) -
Ig gDnz((d)/)sl2>

D, = [Omm Om,Xl], (3.36)

and the nonsquare m, X n, matrix

1 1 1
=J]__ 42 4L~ 50 _
AW—{ hzr +41§ }@"f(\l&) (3.37)

Lastly, we have (£w,, S S¥) in (3.11) such that

ag> =pTq

N: ”
z S
D559 = 3 el (5ot 557) - E c,(N,m(A 3] v 5,57)
Jj=—M:

(3.38)

Applying the sinc quadrature rule (2.5) to the first inner product in (3.38), the result is

((Sj>'SS*)— B (R A P S L)
o )" S T ] g OSSO gy G = b Gy )

Next, the second inner product in (3.38) is integrated by parts twice in z
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a5 s = [ w22 vos st 29 dua
v cb’ Woey Op0 g | = . . v(t) (b,(Z) Ww(t) p(Z) q(t) ¢’(Z) zat
'S [ S |
Br* J $'(2) <\m) "Z]d”

where the boundary condition term By, given in (3.34) equals zero. The result is

- f (A WS Y7 (1)
0

s\ 1 1 1 A(t)w.(z,)
A J[) . S S*) ~ hvht{ 8(2) _ S(Q)} q q )
( v(d’ w rlq z h2 pj 4 “pi \d),(zj) \/Y!(tq)

Then the inner product (3.38) is

1 wi(t,)

N:
Lw,,, S,8% =hh s G EVIToRY
( Ways Op9 g z szE}MZ (d’ (Zj))s/z Ci(N+1) \/m

e 1 1
+hh, D =580+ 80

W 4 v
j=-M: ¢

} ! Aty wa(t,)
\rd)’(Z') CiNi+1) \ﬁ;’(tq) .

7
Letting p, g range over all values gives the matrix approximation to (¥w,,, S,S%,
h.h{d:€D,, + D CRB,}, (3.39)

where 3, 9, are in (3.36) and 9, , %A, are in (3.28).
Applying the sinc quadrature rule (2.5), the inner product in the right-hand side of (3.11)
leads to

! Y’ (1) 1 1
F, S,8% = F(z, 1)S,(2)S*(t ——~dzdt = hh, ——35 F(z,, t )
5659 f f (& DS, (SUO gy Aot = M gz yym o 1073
(3.40)
Letting p, ¢ range over all values gives the matrix approximation to (F, S,S7),
h.h ! F% ! 3.41
2= m; (¢/)3/2 my V]YT ’ ( . )

where the pgth-entry of F (=M, —1=p=N_+ land —M, = g = N, + 1) contains the point
evaluation of the function F(z, 1) or F(z,, t,).

Finally, we can determine the discrete system by substituting the expressions (3.17), (3.23),
(3.27), (3.30), (3.35), (3.39), and (3.41) into (3.11) and multiplying both sides by (4_h,)~ L With
simplification, the discrete system to approximate the solution to (3.1)-(3.4) becomes
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A €D, + D, €RB, + A, €D, + D, R, + A;€D,, + D, €B, + A;€D,, + D E€RB,
1 1
+ ACD, + D CRB, + A€, + D, €B, =D, ((d’ )3,2>F9Dmt< \/?),
which leads to

ACD, + DECRB = F, (3.42)

where the block matrices are

A=d,+d;+ ds= [a M.~ 1|Aw aN+1] (3.43)
1
D, = QZ)SI + QD“ + QDJ,S = [bOle I(ZO)QDR<W> bllv!+1:|, (3.44)
=y ra ) 549
= m 32 my . .
@) N
Also the m, X m, block matrices
1

g‘Dn, \/W On,><l

gbt = gbt] + thz = bT gbm,(Av)s (346)
BT

B=R,+RB,= LTW] (3.47)

There are various methods for solving the generalized Sylvester equation (3.42). They are
described in [12]. Using Theorem 2.2, (3.42) is algebraically equivalent to the system

%Gco(6) = co(%F), (3.48)
where the matrix 9 involving Kronecker products is given by an (m_m,) X (m.m,) matrix
G=a9 ® 4+ B ® D,

and co(‘€) and co(%) are (m_m,) X 1 column vectors.

IV. PARAMETER SELECTIONS FOR THE FULLY SINC-GALERKIN METHOD

The matrices that comprise the discrete system in the Sinc-Galerkin method are full matrices.
More sinc grid points lead to larger matrices and make for an expensive computation. Some
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cases found in [12] show how to choose an appropriate sinc grid in space and time and those
selections will be used here. If the exact solution satisfies the condition

lw(z, )] = Cz(1 — z)Prre™ 4.1

for (z, 1) € (0, 1) X (0, ), we should make the selections

N, = ’aM—Fl‘ M, = ‘aM—Fl‘ N, = ‘11 aMh +1 4.2
=g M , =M , (= || Inl g M- , (4.2)
where [|[] denotes the greatest integer operation, & = h, = h, and
’7Td 172

For a given problem with a known real or complex solution, one can determine «, f3, vy, and
0 using (4.1). Then (4.2) and (4.3) provide the computational parameters. In practice, one sets
a=f=+vy=1andd = «/2. Then from (4.2) and (4.3), M, = N, = M, and h = @/V2M,_,
respectively. Numerical experiments suggest the choice N, = (1/2)M, for the infinite time
interval instead of that given in (4.2). To illustrate the performance of the method, we define
g, o]l and ||E<| for reporting error and convergence results between a true solution w(z, f) =
u(z, t) + iv(z, t) and a Sinc-Galerkin approximate solution w,(z, t) = u,(z, t) + iv,(z, t) on the
sinc grid ¥ with h = h, = h, as

)

ih
S = {(zj, B4 = g k=€ M~ 1=j=N.+1,-M=k=N,+ 1},

2

= max{

2

'UF/’” = max?/{|va(zjv t) — 'U(Zj, t)

}.

||u(/’|| = maX.‘f’ﬂua(Zj’ tk) - u(Zp tk)

We also report results on the uniform grid U with step size I, = .01 and /, = 0.1 as

Ey

lugl, [l

b}

U ={(zp t,) : Zw=ml, t,=nl,m=0,1,...,100,n=0,1, ..., 100},
||M5]L|| = maxm{|utz(zmv tn) - M(Zm’ tn) }a ||‘Ucu|| = max%ﬂvu(zma tn) - U(Zm’ tn) }’
|E°u = max{||um s ||}

For visual clarity, all three-dimensional graphs of approximate solutions are plotted on a
uniform grid U with step sizes of 0.025 in z and 0.1 in ¢ as

U = {(zm 1) : 7w = (0.025)m, t, = (0.1)n,m=0,1,...,40,n=10,1,...,100}. (4.4)

Two-dimensional graphs of approximate solutions are plotted on a uniform grid U, with step
size of 0.025 in z as

U.={z, = (0.025m,m=0, 1,..., 40}. (4.5)
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FIG. 5. The graph of the approximate solution w,(z, f) on the uniform grid U for Example 5.1 with
A =@+ D/(t+2)and 0 = 1 with M, = N, = M, = 16, N, = 8.

V. NUMERICAL EXAMPLE FOR TIME-INDEPENDENT BOUNDARY CONDITIONS

Example 5.1. In this example we choose A (f) = (¢ + 1)/(t + 2) and the parameter o = 1.
This is a heat equation with a time-dependent coefficient, Neumann boundary condition at z =
0 and mixed boundary condition at z = 1. So the initial-boundary-value problem becomes

aw(z, t) B (t+ 1) 3wz, t)

=F(z, 1), 0<z<l, 0<t

at t+2 az’
ow (0, ¢t
7)20, 0<t
0z
. aw(l,t)_o 0
W( ,t)+T— s <t

w(z, 0) =0, 0<z<lI.

With the forcing function given by

(-2 + 7%

F(z, 1) :W— (1 _6Z+6Z2)

t
(1 +1)

the exact solution is

wi(z, t) = 22(1 — 2)? a+0

The discrete system given by (3.48) is solved to produce the approximate solution in Fig. 5.
A time plot of the approximate solution is graphed for each of z = 0, .20, .50, and 1 in Fig. 6.



514 KOONPRASERT AND BOWERS

0.0 T T T T T T T T T

0.03- .

W (z,t)

0.02¢ ¢ PSS .

ol

N
EE
[N
S @
20

c
=}
=
T
N
[e]

FIG. 6. The graph of the approximate solution w,(z, f) at z = 0, 0.20, 0.50, 1 on the uniform grid U, for
Example 5.1 with A (1) = (¢ + D/(t + 2)and o = 1 with M, = N, = M, = 16, N, = 8.

Note that the solutions at z = 0 and z = 1 are both zero for this example. The numerical results
given in Table I demonstrate the convergence of the Sinc-Galerkin method as the parameter M,
is repeatedly doubled. Note that the discrete system (3.48) involves no imaginary part, so both
v(z, 1) and v,(z, 1) are identically zero. Hence ||uy|| = ||Ey|| and (though not shown) ||u,|| = ||Eq,]l-

VI. SOLVING THE PROBLEM WITH TIME-DEPENDENT BOUNDARY CONDITIONS
More generally, a Sinc-Galerkin method can be developed to produce a discrete system for a
partial differential equation with time-dependent boundary conditions similar to (3.1)—(3.4). In
this section we consider the special case of (1.1)—(1.4) with k = 1:

Ewlz, 1) —iwl(z, 1) = F(z, t), 0<z<l1, 0<t, (6.1)

subject to the time-dependent boundary conditions and the initial condition

ow (0, t
w0

iz ., 0<t, (6.2)

TABLE L. Errors on the sinc grid ¥ and the uniform grid U for the choices M, = N, = M, = 2N, for
Example 5.1 with A (f) = (¢t + 1)/(t + 2) and o = 1.

M, N, M, N, h Uy Uy IE (1ol
4 4 4 2 1.111 2.021e—02 0.000e+00 2.021e—02 1.799¢e—02
8 8 8 4 0.785 4.124e—03 0.000e+00 4.124e—03 3.560e—03
16 16 16 8 0.555 3.949¢—04 0.000e+00 3.949e—04 3.334e—04

32 32 32 16 0.393 1.227e—05 0.000e+00 1.227e—05 1.026e—05
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ow(l, t
wl)

W(l’ t) + o-AI/(t) az b

0<t, (6.3)

w(z, 0) =0, 0<z<l. (6.4)
We rewrite the additional boundary basis function w,(z) in (3.6) as
wi(z, 1) = w,(2) + oA (Dw,(2), (6.5)
where
w(z) = (1 — 2)2%, wy(z) = (3 — 22)2%
The approximate solution w,(z, f) can be written in the separated form
wa(z, 1) = we(z, 1) + wy(z, 1), (6.6)

where

N1 N+l

wz, 1) = E E cjkgﬁz>§k(t)s

j=—M.—1 k=—M,

Ni+1

wy(z, 1) = dA (1) E v niwn(2) §i(1), (6.7)

k=—M;
and the basis functions §7(z) are

WQ(Z), lf] = _MZ -1
Sj e
A2) = ((&)(Z), ifj=-M,....N
w2,  ifj=N, +1,
with £,(7) in (3.9).

The unknown coefficients c; are determined by orthogonalizing the residual with respect to
the set of sinc basis functions in (3.5). This yields the discrete system

(Ew,, $,80) + (Lwy, $,870) — i(w,, $,8%) = (F, S,5%). (6.8)

The first inner product (£w,, Sij) in (6.8) is similar to the inner product in (3.11). Letting

p. q range over all values gives the matrix approximation to (£w,, S,57),
hh{d, €D, + D ECRB}, (6.9)

where the m_, X m_ block matrices are
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‘ﬂg = [a(lM;7I|Aw|a§Vz+l]’

4‘”@":(

biﬂ] (6.10)

o= o |
g —M.—1 (¢!)5/2

The block matrix 9%, is in (3.46) and % is in (3.47) and the m_ X 1 column vectors a‘lMI,l and
b, are given in (3.21). The m, X 1 column vectors af ., and b§,,, have pth component, p =
-M,—-1,...,N, + 1,

wi(z,) w(z,)

[af..], = T @)™ [biz,ﬂ],,EW. (6.11)

Next, the second inner product in (6.8) is

Ni
(Lw,, S,:Sj) =0 Z C(N:+1)k{(Wh(Av§k)’, S,;Sf; - (Aigsz, Sij)}

k=—M;

+ UC(N;+1)(N,+1){(Wh(AuWW)’7 SpS?;) - (AiWooW/;:, S,;S?;)} (6.12)

Applying integration by parts once with respect to ¢ to the first inner product in (6.12), the
result is

Y'(2)
¢'(2)

(Wh(Avgk),7 S[)S>’q<) = f J Wh(Z)(Av(t)gk(t)),Sp(Z)Sj;(t) dZdl

_ Jl wi(2)S,(2)
Vo' (2)

By, - f wAv(t)ék(t)(Si‘;\W)'(t)dt]dz.

The boundary condition By, = A NGDOSHDOV Y'(t)|; equals zero. Applying the sinc
quadrature rule in space and time (2.5), then leads to

"wi(2)S,(2) w_ P
T J 0 ADLOSENY (t)ddz

\j

(Wh(Avgk) ,? S])Sil;) = f
0

=~ h.h

Wh(zp) {_ l
I

1
PR 85}?}Av(tk) N'(@). (6.13)
t

The rest of the inner products in (6.12) are directly integrated by the sinc quadrature rule in
space and time (2.5) as

"A2 E3 N l 1 2 %k Y,(t) W’P:(Zp) Ai(tk)
(W éAvgk’ SPSq) = WIZ(Z)A1/(t)gk(t)Sp(Z)Sq(t) (b,(Z) dZdt = hzht (d)/(Z ))3/2 /m»
0 Yo ’ 4 v k
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w 1 Y/
(WA ), $,8%) = W@ A (W)’ S, (SHD) | dzar
s ¢'(2)
Wh(Zp) Woc(tq) , Wgc(tq)
=~ h_h, (d)r(zp))a/z { \//Y,(tq) Av(tq) + VWAU(L,)},

and

o (1 Y'(t)
(WhAiw., S,8%) = f f wiD)ANDw.(1)S,(2)SH(r) () dzdt

wilz,)  Alt)w.(t,)

= hh, — 6.14
z (d) (Zp))3/2 \f/Y’(lq) ( )
Therefore, (6.12) becomes
. N wi(z,) 1 » 1 © ;
(Lwy, S,8%) = h.ho 2, (@' ()2 o) ~ S + 5 Ot A)\Y' (1)
k=—M, P !
W) AT ) W) )
(d)r(zp))yz C(N.+ 1)k \Ni'(lk) L0 ( ¢'(Zp))3/z CNA+DN+1) rﬁ(t‘,) g \r, (tq) Ay

wil(z,) At)w.(t,)

- W CVt )N+ 1) m] (6.15)
Letting p, g range over all values gives the matrix approximation to (£w,, SPSZ),
hh,o{A, €D, + D, CRB,}, (6.16)
where the m_ X m_ block matrices
Ay = [0,,1| O k1],
D, = [0,1|00 0 D11 (6.17)

the m, X m, block matrices

B£ On,><m,
gbt;, = gbrgbm,(14v)’ %h = ? @m,(Av) + bT gb"l,(AI,))? (618)

9, is in (3.46), and a,, and b, are in (3.29). The m_ X 1 column vectors aj, ., by.., have pth
component, p = —M_ — 1,..., N, + 1,
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w };(Zp) _ W (Zp)

[ak..i], = — @) [b1], = @) (6.19)

In the Sinc-Galerkin method, the solution w,(z, #) in (6.7) is usually evaluated at the nodal
points (z,, t,), where z, = e”I(1 + ") and t, = ¢?". So letting p, g range over all values gives
the m, X m, evaluator matrix approximation to wu(zp, tq),

{sd,€D,, + 04,,69,,}, (6.20)

where the m_, X m_ block matrices

1
'-ﬂeu = |:e(lM—l IEO)@m(/) e§\17+l:|’
2 z (b z
‘ﬂf/; = [Om;><1|0mz><nj|e7\/;+1]~ (621)
The m, X m, block matrices
In,><n, On,><1
gbeu = eT il gbeb = gbe[,gbm,(Av)’ (622)

and the m_, X 1 column vectors, e(le,l, e ef’vzﬂ have pth component, —M,—1=p=N_+1,
[yl =wo(z),  [ehal,=wdz),  [ef.i],=wiz) (6.23)
The m, X 1 column vector, e, has gth component, —M, = g = N, + 1,
[e.], = w.(z,). (6.24)

Next, applying the sinc quadrature rule (2.5), the inner product (w,, S,5%) in (6.8) is

a =pTq

!

o |7 . Y'(¢) _ 1 1
(Wu’ Squ) - JO JO Wa(z7 [)Sp(Z)Sq(t) d)/(z) dZdt -~ hzht ((bl(zp))}/Z Wa(zp7 [q) \/m’

(6.25)

where w,(z,, t,) is in (6.20). Letting p, g range over all values gives the matrix approximation

to (W, S,50),

hhiD €%, + 09,6}, (6.26)

where 9, is in (3.46), D, is in (6.10), D, is in (6.17), and D = DD(1/A,). Using the
expressions (6.9), (6.16), (6.26), and (3.41) substitute into (6.8) to arrive at the discrete system

A, 6D, + DCR + 0, 6D, + 0D, CRB, — iDCD,. — i0D, 6D, =F, (6.27)
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FIG. 7. The graph of the approximate solution w,(z, f) on the uniform grid U for Example 7.1 with
A =2—e¢*ando = 1withM, = N, =M, =16, N, = 8.

where A, 9, are in (6.10), F is in (3.45), R is in (3.47), D, is in (3.46), A, D, are in (6.17),
and %, , A, are in (6.18). With Theorem 2.2, (6.27) is algebraically equivalent to the linear
discrete system

Gco(6) = co(%F), (6.28)
where the matrix 9 involving Kronecker products is given by an (mm,) X (m_m,) matrix

=9 ® A, +B" ® D, +9D! ® od, + B, ® D

Sb

-9 ® i9, -9 ® icD,,

and co(“6) and co(%F) are (mm,) X 1 vectors.
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0.005: | N g

1 2 3 4 5 6 7 8 9 10

FIG. 8. The graph of the approximate solution w,(z, #) at z = 0, 0.20, 0.50, 1 on the uniform grid U, for
Example 7.1 with A(f) =2 — e > and ¢ = 1 with M, = N, = M, = 16, N, = 8.
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TABLE II.  Errors on the sinc grid & and the uniform grid U for the choices M, = N, = M, = 2N, for

Example 7.1 with A(f) =2 — ¢ * and o = 1.

M, N, M, N, h ””?” Uep HESPH “E@uH
4 4 4 2 1.111 5.525¢—-03 4.165¢—03 5.525¢—03 5.925¢—03
8 8 8 4 0.785 1.067e—03 9.711e—04 1.067e—03 1.286e—03
16 16 16 8 0.555 1.273e—04 8.918e—05 1.273e—04 1.278e—04
32 32 32 16 0.393 3.711e—06 2.912e—06 3.711e—06 3.842e—06

Vil. NUMERICAL EXAMPLES FOR TIME-DEPENDENT BOUNDARY CONDITIONS

Example 7.1. An increasing time-dependent function A (f) = 2 — e~

and o = 1 are chosen

in (6.1)—(6.4). Then the partial differential equation with time-dependent boundary conditions

becomes
ow(z, 1) W(z, 1)
67_( —e ) ——5——iw(z, 1) = F(z, 1),
t

ow (0, 1
w0 _o o<,

0z

ow(l, t

w(l, )+ 2—e?) ——— ( ) =0,
w(z,0) =0 0<z<I.

With the forcing function given by

Flz,) =(z—2D*1 — e — (2 — e ) (2(1 — 2z)%*te™" —
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FIG.9. The graph of the real part of the approximate solution, u,(z, t), on the uniform grid U for Example

72 with A() = 1 + te' " and o = 1 with M, = N, = M,

=16, N, = 8.
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FIG. 10. The graph of the imaginary part of the approximate solution, v,(z, ), on the uniform grid U for
Example 7.2 with A(f) = 1 + te' "and 0 = 1 with M_ = N, = M, = 16, N, = 8.

the real-valued solution is

wi(z, t) = (z — 2H)%te".

Note that the solution is real, so the imaginary part, v(z, ), is zero. The discrete system given
by (6.28) is solved for the approximate solution shown in Fig. 7. A time plot of the approximate
solution is graphed for each of z = 0, 0.20, 0.50, and 1 in Fig. 8. Again the graphs at z = 0 and
z = 1 are both zero. Both the numerical errors on the sinc grid & and the uniform grid U are
reported in Table II. Note that the discrete system (6.28) includes an imaginary part. So, though
v(z, 1) = 0, y,(z, 1) is only zero to the accuracy of the method. Thus there is error involved in

0.07
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oo

PR
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Sk @

é N

FIG. 11. The graph of the real part of the approximate solution, u,(z, 1), at z = 0, 0.20, 0.50, 1 on the
uniform grid U, for Example 7.2 with A (1) = 1 + te' “and 0 = | with M, = N, = M, = 16, N, = 8.
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FIG. 12. The graph of the imaginary part of the approximate solution, v,(z, ), at z = 0, 0.20, 0.50, 1 on
the uniform grid U, for Example 7.2 with A (1) = 1 + te' "and o = 1 with M_ = N, = M, = 16, N, = 8.

the approximate v,(z, #) which is reflected in the column |vy]. In all cases this is smaller than
el

Example 7.2. With the time-dependent function A (1) = 1 + te' " and o = 1 in (6.1)—~(6.4)
the partial differential equation with time-dependent boundary condition becomes

owl(z, t 3wz, t
g—(1+te'*’)#—iw(z, t)=F(z, 1), 0<z<l, 0<t
ot 0z
aw (0, t
WOD_o <
0z
ow (1, 1) 3

wi(l, 1) + (1 + te!™) 0, 0<t

dz
w(z, 0) =0, 0<z<I.

With the forcing function given by

TABLE III.  Errors on the sinc grid & and the uniform grid U for M, = N, = M, = 2N, for Example 7.2
with A, () =1 + te'"and o = 1.

M, N, M, N, h (] vy IE | |
4 4 4 2 L1l 6767e—03  2.566e—02  2.566e—02  2.574e—02
8 8 8 4 0785  1258e—03  5.085¢—03  5.085¢—03  5.335¢—03
16 16 16 8 0555  1268¢—04  5.100e—04  5.100e—04  5.126e—04

32 32 32 16 0.393 4.102e—06 1.559e—05 1.559e—05 1.583e—05
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TABLE IV. Errors on the sinc grid & and the uniform grid U for the choices M_ = N, = M, = 2N, for
Example 7.3 with A (f) = 1 + 3te' " and o = 1.

M, N, M, N, h ””?” Uep HESPH “E@uH
4 4 4 2 1.111 1.948e—02 2.278e—02 2.278e—02 2.285e—02
8 8 8 4 0.785 5.138¢—03 3.953e—03 5.138¢—03 5.197e—03
16 16 16 8 0.555 4.755¢—04 4.542¢—04 4.755¢e—04 4.919¢—04

32 32 32 16 0.393 1.504e—05 1.396e—05 1.504e—05 1.511e—05

F(z,t) = (2 (1 — 2> + iz’ (1 — 2)H)e " — (1 + te' ) ((2 — 12z + 1277
+i(2 =122+ 1229))(1 —e™) —i(Z*(1 — 2)* + i’ (1 = 2))(1 —e'™"),

the complex-valued solution is
wiz, 1) = (221 — 2)* + iz%(1 — 2))(1 — e7)).

The purpose of this example is to illustrate the approximate solution of a complex-valued partial
differential equation with a nonzero steady state. The discrete system given by (6.28) is solved
for the approximate complex-valued solution. Both real and imaginary parts of the approximate
solution are shown in Figs. 9 and 10, respectively. Of course, the real and imaginary parts of this
solution are the same, so the approximations are very similar. Time plots of the real and
imaginary parts of the approximate solution are graphed for each of z = 0, 0.2, 0.50, and 1 in
Figs. 11 and 12, respectively. Again, the approximations are nearly identical and again the
graphs at z = 0 and z = 1 are zero. The numerical errors are reported in Table III and bear out
the fact that the real and imaginary approximations are accurate to the same order of magnitude.
The results here are remarkably similar to those reported in Table II for Example 7.1 in spite of
the fact that this example has a complex-valued solution. The results are also similar to those
in Table I for Example 5.1, which involved a real-valued solution to the problem with a
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z 0.2 .‘ 4
= t
0 o

FIG. 13. The graph of the approximate solution (real part) u,(z, f) on the uniform grid U for Example 7.3
with A(f) = 1 + 3te' "and 0 = 1 with M, = N, = M, = 16, N, = 8.
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FIG. 14. The graph of the approximate solution (imaginary part) v,(z, ) on the uniform grid U for
Example 7.3 with A(f) = 1 + 3te' " and ¢ = 1 with M, = N, = M, = 16, N, = 8.

time-independent boundary condition. These results indicate that the method is performing
extremely well under various circumstances.

Example 7.3. Consider the partial differential equation with time-dependent boundary
condition in (6.1)—(6.4) with A (f) = 1 + 3te' " and o = 1 given by

owl(z, t 9w z,t
#—(1+3[€1_t)%_iW(Z,f)=F(Z,I), 0<z<1, 0<t

ow (0, 1)
az 0,

Ua(2,t)

PN

0 1 2 3 4 5 6 7 8
t

FIG. 15. The graph of the approximate solution (real part) u(z, f) at z = 0, 0.20, 0.50, 1 on the uniform
grid U, for Example 7.3 with A (1) = 1 + 3te'“and ¢ = 1 with M, = N, = M, = 16, N, = 8.

©
[
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o

FIG. 16. The graph of the approximate solution (imaginary part) v,(z, f) at z = 0, 0.20, 0.50, 1 on the
uniform grid U, for Example 7.3 with A (1) = 1 + 3te' "and 0 = 1 with M, = N, = M, = 16, N, = 8.

ow(l, ¢
it

<
Py s 0<t

w(l, ) + (1 + 3zte'™)

w(z, 0) =0, 0<z<I.

With the forcing function

F(z, 1) = (z2(1 -2+ é (32 — 27° — 1)>e’ —(1+ 32" ™2 — 12z + 122
+i(l —22)(1 —e) — i<z2(1 -z + é (32— 27 — 1))(1 —eh),

the complex-valued solution is

wi(z, 1) = (Z2(1 -2+ é (32— 27— 1))(1 —e ).

This example illustrates a solution whose real and imaginary parts behave in a significantly
different manner. The real part is an increasing function of time and the imaginary part is a
decreasing function of time. In addition, the steady state is nonzero. All these are possible
complications for the method. The discrete system given by (6.28) is solved for the numerical
solution. The errors are reported in Table IV. Again these results are remarkably similar to the
previous examples. This demonstrates that the method is quite robust, seemingly impervious to
different behaviors of the true solution. The graphical results for the real and imaginary parts of
the approximate solution are shown in Figs. 13 and 14, respectively. Time plots for the real and
imaginary parts of the approximate solution are graphed for each of z = 0, 0.2, 0.50, and 1 in
Figs. 15 and 16, respectively. The time plot of the real part in Fig. 15 shows that the approximate
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solutions at z = 0 and z = 1 are both zero. The time plot of the imaginary part in Fig. 16 shows
that the approximate solution at z = 1 is zero.
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