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A Short Intr oduction to the Human Visual System

The human visual system consists of the set of organs
which allows us to input and process visual information
about our environment (optical system plus processing)

Image from the WebVision web site at the John Moran Eye Center at the University of Utah:
http://webvision.med.utah.edu/sretina.html
Authors: Helga Kolb, Eduardo Fernandez, and Ralph Nelson

MSU Applied Seminar 2004.tex – p.3/45



The Anatomy of the Human Eyeand Retina

Image from the WebVision web site at the John Moran Eye Center at the University of Utah:
http://webvision.med.utah.edu/sretina.html
Authors: Helga Kolb, Eduardo Fernandez, and Ralph Nelson
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SomeConventional Retinal Images

Typical Fundus Image
from a Doctor's

Ophthalmoscope

Tangential Micrograph
of Human Fovea

Images from the WebVision web site at the John Moran Eye Center at the University of Utah:
http://webvision.med.utah.edu/sretina.html
Authors: Helga Kolb, Eduardo Fernandez, and Ralph Nelson
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Flood Illumination Imaging with AdaptiveOptics

Composite Image of Foveal Cones
(0.975 mm or 3.25 degrees across)

Image by Heidi Ho�er of Matt McMahon's fovea while at the David Williams Lab at the
Univerisity of Rochester's Center for Visual Science:
http://www.cvs.rochester.edu/williamslab/
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The AdaptiveOptics ScanningLaser Ophthalmoscope(AOSLO)

The AOSLO is an Adaptive Optics (AO) enhanced
Scanning Laser Ophthalmoscope (SLO) for real-time
imaging of the retina

A focused laser beam raster scans across a 1.5 x 1.4
degree patch of retina to create video images at 30 fps

Laser illumination combined with a confocal pinhole at
the detector produces higher contrast images as
compared to �ood illumination systems

Axial sectioning of retinal tissue layers is also possible

AO boosts both lateral and axial resolution, correcting
eye aberrations to produce a tightly focused beam

Photoreceptors, nerve �bers , and �o w of blood cells
through capillaries have each been observed
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AOSLO Imaging

AOSLO Laser
Raster Scanning an

Arti�cial Eye

AOSLO Image of a
Retinal Photoreceptor Mosaic

(» 450 microns wide)

Lateral resolution is approximately 2.5 microns

Axial resolution is approximately 100 microns
MSU Applied Seminar 2004.tex – p.8/45



Schematicof the AOSLO

The adaptive optics scanning laser ophthalmoscope. The six main components are labeled.
Lenses are labeled L# and mirrors M#. Retinal and pupil conjugate points are labeled r and
p through the optical path. FO: �ber optic light source, AP: arti�cial pupil, BS: beamsplitter,
DM deformable mirror, HS: horizontal scanner (16kHz), VS: vertical scanner (30 Hz), LA:
lenslet array, FM: �ipping mirror, CP: confocal pinhole, PMT: photomultiplier tube.

From A. Roorda, et al., “Adaptive optics scanning laser ophthalmoscopy,”
Opt. Express 10, 405-412 (2002).
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Eye-MovementDuring Visual Fixation

During AOSLO imaging, the subject �xates his/her gaze
on a reference point

Even during normal �xation, there is considerable
residual eye-movement

The small, residual eye-rotations are rigid body motions
of the eyeball within its orbit

Eye-movement statistics for and between subjects can
vary greatly

Subjects may also suffer from pathologies such as
nystagmus, an involuntary oscillatory movement in one
or both eyes
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The Anatomy of EyeMovement

Below is a CT scan of the front portion of the head. The
major muscle groups enabling eye movement have
been drawn in red and blue

Image from the WebVision web site at the John Moran Eye Center at the University of Utah:
http://webvision.med.utah.edu/sretina.html
Authors: Helga Kolb, Eduardo Fernandez, and Ralph Nelson
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Typesof Normal Eye-MovementDuring Visual Fixation

Normal eye-movement during �xation has three main
components:

Drift Slow shift in gaze; on the order of seconds
Micr osaccades Small `jumps' in gaze; may correct drift
Tremor Higher frequency oscillations; 10 - 100 Hz, with

power approximately / 1=f 2

An example eye-movement trace during �xation:
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The Effect of Eye-Movementon RasterScanning

It is desirable to register and average many frames from
an AOSLO movie sequence in order to produce retinal
images and image mosaics with higher S/N

Retinal images produced via raster scanning are
subject to distortions (a.k.a. `warping') due to the
combined movement of the eye/retina and the raster

These distortions complicate image registration
between frames from a video sequence because the
retinal motion changes signi�cantly both within and
between frames

The retinal and raster movements combine in four basic
ways, as the retina may move with or against the raster
in both the horizontal and vertical directions
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The Effect of Eye-Movementon RasterScanning(cont'd)

Consider an idealized raster which is scanning, to the
right then down, a retina with:

Horizontal, Constant Velocity Drift to the Right

Retinal

Motion
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Displayed Raster
Image Pixels

Actual Portion of
Retina Sampled
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The Effect of Eye-Movementon RasterScanning(cont'd)
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The Effect of Eye-Movementon RasterScanning(cont'd)

Consider an idealized raster which is scanning, to the
right then down, a retina with:
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AOSLO VideoSequenceof a Micr osaccade

The three AOSLO video frames below capture a
microsaccade event:

Frame 1: Pre-Microsaccade Frame 2: Microsaccade Frame 3: Post-Microsaccade

Notice the severe distortion of the vascular feature in
the second frame
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Computer Simulation of AOSLO Imaging

The forward problem is modeled mathematically with
the help of an AOSLO simulator written in MATLAB

For small eye-movements during �xation, it is assumed
that torsion is negligible

The small patch of retina is essentially �at, so small
horizontal or vertical rotational eye displacement is
assumed to correspond to planar image translation

Attention is given to the path and timing of the raster:
Horizontal Sweep Sinusoidal at 16 kHz; pixels sampled

during middle 80% of forward sweep only

Vertical Sweep Sawtooth at 1 frame
525lines £ 16000lines

s ¼ 30 fps

MSU Applied Seminar 2004.tex – p.16/45



Computer Simulation of AOSLO Imaging

The forward problem is modeled mathematically with
the help of an AOSLO simulator written in MATLAB

For small eye-movements during �xation, it is assumed
that torsion is negligible

The small patch of retina is essentially �at, so small
horizontal or vertical rotational eye displacement is
assumed to correspond to planar image translation

Attention is given to the path and timing of the raster:
Horizontal Sweep Sinusoidal at 16 kHz; pixels sampled

during middle 80% of forward sweep only

Vertical Sweep Sawtooth at 1 frame
525lines £ 16000lines

s ¼ 30 fps

MSU Applied Seminar 2004.tex – p.16/45



Computer Simulation of AOSLO Imaging

The forward problem is modeled mathematically with
the help of an AOSLO simulator written in MATLAB

For small eye-movements during �xation, it is assumed
that torsion is negligible

The small patch of retina is essentially �at, so small
horizontal or vertical rotational eye displacement is
assumed to correspond to planar image translation

Attention is given to the path and timing of the raster:
Horizontal Sweep Sinusoidal at 16 kHz; pixels sampled

during middle 80% of forward sweep only

Vertical Sweep Sawtooth at 1 frame
525lines £ 16000lines

s ¼ 30 fps

MSU Applied Seminar 2004.tex – p.16/45



Computer Simulation of AOSLO Imaging

The forward problem is modeled mathematically with
the help of an AOSLO simulator written in MATLAB

For small eye-movements during �xation, it is assumed
that torsion is negligible

The small patch of retina is essentially �at, so small
horizontal or vertical rotational eye displacement is
assumed to correspond to planar image translation

Attention is given to the path and timing of the raster:

Horizontal Sweep Sinusoidal at 16 kHz; pixels sampled
during middle 80% of forward sweep only

Vertical Sweep Sawtooth at 1 frame
525lines £ 16000lines

s ¼ 30 fps

MSU Applied Seminar 2004.tex – p.16/45



Computer Simulation of AOSLO Imaging

The forward problem is modeled mathematically with
the help of an AOSLO simulator written in MATLAB

For small eye-movements during �xation, it is assumed
that torsion is negligible

The small patch of retina is essentially �at, so small
horizontal or vertical rotational eye displacement is
assumed to correspond to planar image translation

Attention is given to the path and timing of the raster:
Horizontal Sweep Sinusoidal at 16 kHz; pixels sampled

during middle 80% of forward sweep only

Vertical Sweep Sawtooth at 1 frame
525lines £ 16000lines

s ¼ 30 fps

MSU Applied Seminar 2004.tex – p.16/45



Computer Simulation of AOSLO Imaging

The forward problem is modeled mathematically with
the help of an AOSLO simulator written in MATLAB

For small eye-movements during �xation, it is assumed
that torsion is negligible

The small patch of retina is essentially �at, so small
horizontal or vertical rotational eye displacement is
assumed to correspond to planar image translation

Attention is given to the path and timing of the raster:
Horizontal Sweep Sinusoidal at 16 kHz; pixels sampled

during middle 80% of forward sweep only

Vertical Sweep Sawtooth at 1 frame
525lines £ 16000lines

s ¼ 30 fps

MSU Applied Seminar 2004.tex – p.16/45



AOSLO RasterPath and Timing

The graph below is the raster path for the �rst two lines:
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Sinusoidal Raster Scan Path - First Two Lines

There are three timescales in the rastering process:
Pixel to Pixel » 50 nanoseconds
Line to Line 62.5 microseconds
Frame to Frame 32.8125 milliseconds

MSU Applied Seminar 2004.tex – p.17/45



AOSLO RasterPath and Timing

The graph below is the raster path for the �rst two lines:

0 0.5 1 1.5

0

1

2

3

4

5

x 10
-3

x (deg.)

y 
(d

eg
.)

Sinusoidal Raster Scan Path - First Two Lines

There are three timescales in the rastering process:
Pixel to Pixel » 50 nanoseconds
Line to Line 62.5 microseconds
Frame to Frame 32.8125 milliseconds

MSU Applied Seminar 2004.tex – p.17/45



SimulatedAOSLO VideoSequenceof a Micr osaccade

The three simulated AOSLO video frames below
capture a simulated microsaccade event:

Frame 1: Pre-Microsaccade Frame 2: Microsaccade Frame 3: Post-Microsaccade

Notice the severe distortion of the photoreceptor
mosaic in the lower half of the second frame
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Eye-MovementCompensationfor AOSLO Imaging

Simulations with prescribed eye-motions of a known
retina are used to develop retinal image reconstruction
algorithms which compensate for eye-movement

The inverse problem of image reconstruction (i.e.,
`dewarping') occurs in two stages:

Stage 1 The motion of the retina during a scan is determined

Stage 2 The knowledge of the raster motion and the
reconstructed retinal motion is used to dewarp the
image by appropriately reapportioning pixels

Finally, several dewarped frames may be averaged
together to produce a cleaner composite image
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Eye-MovementCompensationfor AOSLO Imaging (cont'd)

Two main methods for motion determination are under
consideration:

Cross-Correlation Estimates velocity based on image
registration between frames

Works well for constant velocity drift between frames,
even large drift, but fails to compensate for tremor

Gradient-Based Optical Flow A technique from machine
vision for reconstructing the apparent velocity �eld
(i.e., the `optical �o w') from an image sequence

Handles more general �o w �elds , but may require
multi-level techniques to handle larger motion

Cross-correlation is a more global approach, while
gradient-based optical �o w is a more local approach
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multi-level techniques to handle larger motion

Cross-correlation is a more global approach, while
gradient-based optical �o w is a more local approach
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The Mathematicsof Cross-Correlation, Part I

Cross-correlation technique for image registration is
based on minimizing a metric between the functional
representations of two images

Let E1; E2 : < 2 ! < be the intensity of the �rst and
second image as a function of position

To measure the difference between two images, de�ne
the metric d by

d2(E1; E2) =

+ 1Z

¡1

+ 1Z

¡1

(E1(x; y) ¡ E2(x; y))2 dx dy

We assume the images have in�nite extent, but have
zero intensity outside some bounded region
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The Mathematicsof Cross-Correlation, Part II

Now consider the set S = f E2(x ¡ u; y ¡ v) j u; v 2 < g of
all possible shifted versions of the second image

De�ne the new function D from the metric d by

D2(u; v) =

+ 1Z

¡1

+ 1Z

¡1

(E1(x; y) ¡ E2(x ¡ u; y ¡ v))2 dx dy

=

+ 1Z

¡1

+ 1Z

¡1

E2
1(x; y) ¡ 2E1(x; y) E2(x ¡ u; y ¡ v) +

E2
2(x ¡ u; y ¡ v) dx dy

Note that, because we are integrating over the plane,
the �rst and third terms are independent of u and v
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The Mathematicsof Cross-Correlation, Part III

The two images E1 and E2 are best registered when D
is minimized

This is equivalent to �nding the pair (umax ; vmax ) that
maximizes the cross term

C(u; v) =

+ 1Z

¡1

+ 1Z

¡1

E1(x; y) E2(x ¡ u; y ¡ v) dx dy

The cross term has convolution form, and thus can be
quickly calculated using Fourier transforms

In practice, the integration is considered only over a
�nite region, the search space for (umax ; vmax ) is
bounded, and the second image is never a perfect,
shifted replica of the �rst image
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Cross-Correlation ReconstructionUsingSimulatedAOSLO VideoFrames

Reconstruction using cross-correlation has been
applied to simulated AOSLO video sequences such as
the two frames below:

Frame 1
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Motion during the above frames is constant velocity drift
only, in a west-northwest direction
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Cross-correlation of the Two SimulatedFrames

Based on the location of the cross-correlation max:
1. Horizontal drift between frames is » 27 pixels
2. Vertical drift between frames is » 15 pixels
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Reconstructionof the SimulatedRetinal Image

Below is the reconstructed simulated retinal image:

Reconstructed Simulated Retinal Image from Two Stacked, Unwarped Frames 
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Compression and shear are removed from each frame

With only constant velocity drift (no microsaccades or
tremor), the dewarped frames stack cleanly
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Cross-Correlation ReconstructionUsingActual AOSLO VideoFrames

Reconstruction using cross-correlation has been
applied to actual AOSLO video sequences such as the
two frames below:
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Motion during the above frames is not known in
advance
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Cross-correlation of the Two AOSLO Frames

Based on the location of the cross-correlation max:
1. Horizontal drift between frames is » 2 pixels
2. Vertical drift between frames is » -4 pixels
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Reconstructionof the Actual Retinal Image

Below is the reconstructed actual retinal image:
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The dewarped frames do not stack as cleanly; this is
expected since the real system has noise, and real
eye-movement has a signi�cant tremor component

MSU Applied Seminar 2004.tex – p.29/45



Reconstructionof the Actual Retinal Image
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Gradient-BasedOptical Flow

Gradient-based optical �o w is based on the Optical
Flow Constraint Equation (OFCE), which assumes
continuously differentiable object motion and images

Before deriving the OFCE, some de�nitions:

Let (x; y; t) be a point in the image space

Let E : < 3 ! < be the object image intensity, where
E(x; y; t) is the object image intensity at (x; y; t)

Let D : < ! < 2 be the displacement of the object in
time, where D (t) = (X (t); Y(t))

Note that each point on the object is assumed to have
the same planar displacement in time, i.e., the motion is
rigid translation without rotation
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The Optical Flow Constraint Equation (OFCE)

In an ideal imaging system, tracking an object point
along the path of motion results in recording a constant
image intensity

Mathematically, this implies that through any point
(x; y; t) in the image space there is some parametrized
level curve ¡ : < ! < 3 of E

A convenient parametrization of ¡ by ¿ 2 < is

¡ (¿) = (x + (X (¿) ¡ X (t)) ; y + (Y(¿) ¡ Y(t)) ; ¿);

so that ¡ (t) = (x; y; t)

So given any point (x; y; t), it follows that for all ¿

E(¡ (¿)) = E(¡ (t)) = E(x; y; t) = Constant
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The OFCE (cont'd)

So at any point on ¡ the chain rule gives

d
d¿

E(¡ (¿)) = r E(¡ (¿)) ¢¡ 0(¿) = 0

Evaluating the last expression at ¿ = t gives

Ex(x; y; t) X 0(t)+ Ey(x; y; t) Y 0(t)+ Et (x; y; t) = 0 (OFCE)

where the subscripts denote partial derivatives

This is the Optical Flow Constraint Equation (OFCE)
which holds at any point (x; y; t) in the image space

If the OFCE can be used to determine X 0(t) and Y0(t),
then, at least theoretically, the object displacement
D (t) = (X (t); Y(t)) can be recovered via integration
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Solving the OFCE: SnapShotvs. Raster Imaging

The OFCE is typically solved for X 0(t) and Y0(t) in
discretized form, which necessitates the numerical
estimation of the image gradient, i.e., Ex; Ey; and Et ,
from image data

In conventional snap shot imaging, the image intensity
E is sampled all at once over some rectangle R ½ < 2 in
a sequence of time intervals (¢ tk)F

k=1 , and the OFCE is
solved in this rectangle for each of the F frames

In raster imaging, the image intensity E is sampled
along a periodic curve traced out by the raster in the
image space, and the OFCE is solved along this path

While the numerical estimation of Et is the same in
each case, the estimation of the spatial derivatives Ex
and Ey is more complicated in raster imaging
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and Ey is more complicated in raster imaging
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Estimating Gradients fr om RasterData, Part I

In estimating gradients from raster data, it is important
to consider the periodicity of the raster

Let R : < ! < 3 be the (known) raster path as a function
of time whose components are given by

R(t) = (R1(t); R2(t); t)

Let ¿S = the scan period
Let ¿L = the line period
Let ¿P = the pixel sample time

¿S = M ¿L , where M is the number of lines per scan

R1(t), the x-position of the raster, is periodic in ¿L & ¿S

R2(t), the y-position of the raster, is periodic in ¿S only

The measurement at time t is E(R(t))
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Estimating Gradients fr om RasterData, Part II

Let ¢ t be a small time interval, then

E(R(t + ¢ t)) ¼ E(R(t)) + ¢ t Et (R(t)) +

(R1(t + ¢ t) ¡ R1(t)) Ex(R(t)) +

(R2(t + ¢ t) ¡ R2(t)) Ey(R(t))

Letting ¢ t = ¿S gives:

E(R(t + ¿S)) ¼ E(R(t)) + ¿S Et (R(t)) +

(R1(t + ¿S) ¡ R1(t)) Ex(R(t)) +

(R2(t + ¿S) ¡ R2(t)) Ey(R(t))

= E(R(t)) + ¿S Et (R(t))

because R1 and R2 are ¿S-periodic
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Estimating Gradients fr om RasterData, Part III

Solving for Et gives the following estimate for Et :

Et (R(t)) ¼
E(R(t + ¿S)) ¡ E(R(t))

¿S

Letting ¢ t = ¿L gives:

E(R(t + ¿L )) ¼ E(R(t)) + ¿L Et (R(t)) +

(R1(t + ¿L ) ¡ R1(t)) Ex(R(t)) +

(R2(t + ¿L ) ¡ R2(t)) Ey(R(t))

= E(R(t)) + ¿L Et (R(t)) +

(R2(t + ¿L ) ¡ R2(t)) Ey(R(t))

because R1 is ¿L -periodic
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Estimating Gradients fr om RasterData, Part IV

Solving for Ey gives the following estimate for Ey:

Ey(R(t)) ¼
E(R(t + ¿L )) ¡ E(R(t)) ¡ ¿L Et (R(t))

R2(t + ¿L ) ¡ R2(t)

where we use the estimate for Et calculated above

Letting ¢ t = ¿P gives:

E(R(t + ¿P )) ¼ E(R(t)) + ¿P Et (R(t)) +

(R1(t + ¿P ) ¡ R1(t)) Ex(R(t)) +

(R2(t + ¿P ) ¡ R2(t)) Ey(R(t))
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Estimating Gradients fr om RasterData, Part V

Solving for Ex gives the following estimate for Ex:

Ex(R(t)) ¼
E(R(t + ¿P )) ¡ E(R(t)) ¡ ¿P Et (R(t))

R1(t + ¿P ) ¡ R1(t)
¡

(R2(t + ¿P ) ¡ R2(t)) Ey(R(t))
R1(t + ¿P ) ¡ R1(t)

where we use the estimates for Et and Ey calculated
above

Altogether, this gives estimates for Et , Ey, and Ex,
which must be calculated in this order from the
measured data
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The DiscretizedOFCE

We can discretize the OFCE and solve it for each image
pixel measured by the raster through time

The discretization of this equation at every pixel in an
image is given by the following matrix equation:

diag(Ex ) X 0+ diag(Ey )Y 0+ Et = 0 (D ¡ OFCE)

where the boldface vectors `string out' the M £ N pixel
array

Et , Ey , Ex , X 0, and Y 0all have K = M N components,
where K is the number of pixels in the image

Et , Ey , and Ex are estimated from the image data

Thus, there are 2K unknowns with only K equations, so
the system is severely underdetermined
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Regularizing the D-OFCE

Because the system is underdetermined, the problem is
ill-posed, i.e., a solution found will not be unique

In addition, the image data are noisy

The problem must be regularized

Regularization schemes have been developed in
machine vision problems, but working with sequences
of image `snap shots', not with rastering

Regularization is typically treated as a variational
problem, e.g., minimizing a functional representing the
OFCE with a penalty for large variation in X 0and Y0

Here, the choice of regularization depends heavily on
the prior information about the raster, esp. the three
separate timescales ¿P , ¿L , and ¿S
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SomeNumerical Resultsfor Gradient-BasedOptical Flow

The method can be tested initially without regularization

Assuming the �o w is approximately constant on the
order of the scan period ¿S, then for each frame of data
the OFCE can be solved as an overdetermined system
using least squares (K = M N eqns in 2 unknowns)

Below are some reconstruction results from simulated
data with small, constant velocity motion:

True Motion Reconstructed X' Error Reconstructed Y' Error

(pixels/scan) (pixels/scan) % (pixels/scan) %

1 North 0.0000 N/A -0.99792 0.208

1 East 0.82768 17.232 -0.00448 N/A

0.5 East 0.4872 2.56 0.0000 N/A
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SomeNumerical Resultsfor Gradient-BasedOptical Flow (cont'd)

If the �o w is approximately constant on the order of the
line period ¿L , then for each line of data the OFCE can
be solved using least squares (N eqns in 2 unknowns)

Reconstruction plots for north motion at 1 pixel/scan:
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The need for regularization is readily apparent
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SomeNumerical Resultsfor Gradient-BasedOptical Flow (cont'd)
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Ongoingand Futur eWork

Ongoing and future work on reconstruction include:

1. Settling upon a regularization scheme and
determining the regime of retinal motion which
gradient-based optical �o w can handle

2. Making design recommendations on optimal
rastering technique

3. Considering torsion effects
4. Automation of the image reconstruction process
5. Modeling, as necessary, speci�c retinal motions,

system noise, and raster laser spot characteristics in
the forward simulation

6. Using motion reconstruction as a `retinal tracker' to
learn more about retinal motion
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