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What Ar eDiscreteDynamical Systems?

Discrete Dynamical Systems are the discrete analog to
Differential Equations.

Examples:
1. The population of the world every year at midnight

on New Year's Eve.
2. The movement of pieces on a chess-board.

Each of these is a system which may be described by a
state variable at each time-step.

The key difference is from DE's is that time elapses in
discrete 'chunks'.
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Orbits

De�nition: Suppose that X is a set and T maps X into
itself. The pair (X ; T) is a discrete dynamical system .

For each point x0 2 X , the forwar d orbit of x0 is the
sequence O(x0) := f Tn(x0) : n ¸ 0g.

Notation: Tn(x) denotes composition of T with itself, e.g.,

T3(x) = T(T(T(x))) :

Example: Let (R; T) have T given by T(x) = 1
3x + 1

3.

O(¡ 1) = (¡ 1; 0; 1=3; 4=9; 13=27; 40=81; :::)

Where might this sequence be going?

How does the orbit depend on the initial choice of x?

MSU Dynolite Seminar 2005.tex – p.4/22



Orbits

De�nition: Suppose that X is a set and T maps X into
itself. The pair (X ; T) is a discrete dynamical system .

For each point x0 2 X , the forwar d orbit of x0 is the
sequence O(x0) := f Tn(x0) : n ¸ 0g.

Notation: Tn(x) denotes composition of T with itself, e.g.,

T3(x) = T(T(T(x))) :

Example: Let (R; T) have T given by T(x) = 1
3x + 1

3.

O(¡ 1) = (¡ 1; 0; 1=3; 4=9; 13=27; 40=81; :::)

Where might this sequence be going?

How does the orbit depend on the initial choice of x?

MSU Dynolite Seminar 2005.tex – p.4/22



Orbits

De�nition: Suppose that X is a set and T maps X into
itself. The pair (X ; T) is a discrete dynamical system .

For each point x0 2 X , the forwar d orbit of x0 is the
sequence O(x0) := f Tn(x0) : n ¸ 0g.

Notation: Tn(x) denotes composition of T with itself, e.g.,

T3(x) = T(T(T(x))) :

Example: Let (R; T) have T given by T(x) = 1
3x + 1

3.

O(¡ 1) = (¡ 1; 0; 1=3; 4=9; 13=27; 40=81; :::)

Where might this sequence be going?

How does the orbit depend on the initial choice of x?

MSU Dynolite Seminar 2005.tex – p.4/22



Orbits

De�nition: Suppose that X is a set and T maps X into
itself. The pair (X ; T) is a discrete dynamical system .

For each point x0 2 X , the forwar d orbit of x0 is the
sequence O(x0) := f Tn(x0) : n ¸ 0g.

Notation: Tn(x) denotes composition of T with itself, e.g.,

T3(x) = T(T(T(x))) :

Example: Let (R; T) have T given by T(x) = 1
3x + 1

3.

O(¡ 1) = (¡ 1; 0; 1=3; 4=9; 13=27; 40=81; :::)

Where might this sequence be going?

How does the orbit depend on the initial choice of x?

MSU Dynolite Seminar 2005.tex – p.4/22



Orbits

De�nition: Suppose that X is a set and T maps X into
itself. The pair (X ; T) is a discrete dynamical system .

For each point x0 2 X , the forwar d orbit of x0 is the
sequence O(x0) := f Tn(x0) : n ¸ 0g.

Notation: Tn(x) denotes composition of T with itself, e.g.,

T3(x) = T(T(T(x))) :

Example: Let (R; T) have T given by T(x) = 1
3x + 1

3.

O(¡ 1) = (¡ 1; 0; 1=3; 4=9; 13=27; 40=81; :::)

Where might this sequence be going?

How does the orbit depend on the initial choice of x?

MSU Dynolite Seminar 2005.tex – p.4/22



Orbits

De�nition: Suppose that X is a set and T maps X into
itself. The pair (X ; T) is a discrete dynamical system .

For each point x0 2 X , the forwar d orbit of x0 is the
sequence O(x0) := f Tn(x0) : n ¸ 0g.

Notation: Tn(x) denotes composition of T with itself, e.g.,

T3(x) = T(T(T(x))) :

Example: Let (R; T) have T given by T(x) = 1
3x + 1

3.

O(¡ 1) = (¡ 1; 0; 1=3; 4=9; 13=27; 40=81; :::)

Where might this sequence be going?

How does the orbit depend on the initial choice of x?

MSU Dynolite Seminar 2005.tex – p.4/22



Orbits

De�nition: Suppose that X is a set and T maps X into
itself. The pair (X ; T) is a discrete dynamical system .

For each point x0 2 X , the forwar d orbit of x0 is the
sequence O(x0) := f Tn(x0) : n ¸ 0g.

Notation: Tn(x) denotes composition of T with itself, e.g.,

T3(x) = T(T(T(x))) :

Example: Let (R; T) have T given by T(x) = 1
3x + 1

3.

O(¡ 1) = (¡ 1; 0; 1=3; 4=9; 13=27; 40=81; :::)

Where might this sequence be going?

How does the orbit depend on the initial choice of x?

MSU Dynolite Seminar 2005.tex – p.4/22



Fixed Points and Periodic Points

De�nition: A �x ed point of the system (X ; T) is any point
x¤ 2 X such that T(x¤) = x¤.

In the previous example, x¤ = 1
2 is a �x ed point, since

T
µ

1
2

¶
=

1
3

µ
1
2

¶
+

1
3

=
1
2

:

De�nition: An periodic point of (X ; T) is any point x¤ 2 X
such that Tn(x¤) = x¤ for some n 2 N.

De�nition: The period of a periodic point is given by the
smallest n such that Tn(x¤) = x¤.

Example: In the system (R; T), with T(x) = ¡ x, every
nonzero real number is a period two periodic point.
Zero has period one, i.e., it is a �x ed point.
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Finding Fixed Points

In the earlier example, x¤ = T(x¤) = 1
3x¤ + 1

3 has the
unique solution x¤ = 1

2, so x¤ = 1
2 is the only �x ed point.

It also appears the �x ed point at x¤ = 1
2 is attracting the

orbit O(¡ 1) = (¡ 1; 0; 1=3; 4=9; 13=27; 40=81; :::).

The map S(x) = 2x has a repelling �x ed point at x¤ = 0.

Given any particular space X and map T, it might be
hard to determine all the �x ed points, and whether they
attract or repel.

Given additional structure on X or T, or both, we may
be able to guarantee existence and uniqueness of �x ed
points, and determine their stability.
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Vector Spaces

A common algebraic structure for X is for it to be a
vector space.

A vector space V is commutative group under addition
with a scalar multiplication from a speci�ed �eld F.

In common language, we can add elements in V and
“stretch/shrink" them via scalar multiplication.

Example: R and R2 are vector spaces over the �eld R.

Example: C is a vector space over the �eld R and over C.
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Normed Linear Spaces

De�nition: A normed linear space is a vector space where
a norm gives a length (or magnitude) for each element.

De�nition: A norm on a vector space V over a �eld F is a
function k ¢k: V ! [0; + 1 ) such that:
1. kxk = 0 , x = 0,
2. kaxk = jajkxk 8x 2 V; a 2 F, and
3. kx + yk · kxk + kyk 8x; y; 2 V.

Note that usually F = R or F = C, and that jaj for a 2 F is
the absolute value, or modulus, of a.

The distance between any two points v1 and v2 in a
normed vector space is given by kv2 ¡ v1k.

A norm places a geometrical, or topological, structure
on the space X and speci�es the “closeness" of points.
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Completeness

Orbits are sequences in X , so we add one last bit of
structure to the space X that will affect how certain
sequences behave.

De�nition: A sequence (vn)1
n=1 is Cauchy if for every

² > 0, there is an integer N 2 N such that
kvn ¡ vmk < ² 8n; m ¸ N .

De�nition: A vector space (V; k ¢k) is complete if every
Cauchy sequence in V converges to some vector v 2 V.

De�nition: A complete normed linear space is called a
Banac h Space.

De�nition: A subset C of V is closed if the limit of every
convergent sequence in C is contained in C.

MSU Dynolite Seminar 2005.tex – p.9/22



Completeness

Orbits are sequences in X , so we add one last bit of
structure to the space X that will affect how certain
sequences behave.

De�nition: A sequence (vn)1
n=1 is Cauchy if for every

² > 0, there is an integer N 2 N such that
kvn ¡ vmk < ² 8n; m ¸ N .

De�nition: A vector space (V; k ¢k) is complete if every
Cauchy sequence in V converges to some vector v 2 V.

De�nition: A complete normed linear space is called a
Banac h Space.

De�nition: A subset C of V is closed if the limit of every
convergent sequence in C is contained in C.

MSU Dynolite Seminar 2005.tex – p.9/22



Completeness

Orbits are sequences in X , so we add one last bit of
structure to the space X that will affect how certain
sequences behave.

De�nition: A sequence (vn)1
n=1 is Cauchy if for every

² > 0, there is an integer N 2 N such that
kvn ¡ vmk < ² 8n; m ¸ N .

De�nition: A vector space (V; k ¢k) is complete if every
Cauchy sequence in V converges to some vector v 2 V.

De�nition: A complete normed linear space is called a
Banac h Space.

De�nition: A subset C of V is closed if the limit of every
convergent sequence in C is contained in C.

MSU Dynolite Seminar 2005.tex – p.9/22



Completeness

Orbits are sequences in X , so we add one last bit of
structure to the space X that will affect how certain
sequences behave.

De�nition: A sequence (vn)1
n=1 is Cauchy if for every

² > 0, there is an integer N 2 N such that
kvn ¡ vmk < ² 8n; m ¸ N .

De�nition: A vector space (V; k ¢k) is complete if every
Cauchy sequence in V converges to some vector v 2 V.

De�nition: A complete normed linear space is called a
Banac h Space.

De�nition: A subset C of V is closed if the limit of every
convergent sequence in C is contained in C.

MSU Dynolite Seminar 2005.tex – p.9/22



Completeness

Orbits are sequences in X , so we add one last bit of
structure to the space X that will affect how certain
sequences behave.

De�nition: A sequence (vn)1
n=1 is Cauchy if for every

² > 0, there is an integer N 2 N such that
kvn ¡ vmk < ² 8n; m ¸ N .

De�nition: A vector space (V; k ¢k) is complete if every
Cauchy sequence in V converges to some vector v 2 V.

De�nition: A complete normed linear space is called a
Banac h Space.

De�nition: A subset C of V is closed if the limit of every
convergent sequence in C is contained in C.

MSU Dynolite Seminar 2005.tex – p.9/22



ContractiveMaps

We now add structure to the map T.

Our Goal: The Contraction Mapping Principle.

Recall our earlier example (R; T), with T(x) = 1
3x + 1

3.

R is a Banach space, i.e., a complete, normed linear
space.

The 1
3x term “contracts" points in R towards zero and

the + 1
3 moves them towards the �x ed point x¤ = 1

2.

De�nition: Let X be a subset of (V; k ¢k). A map
T : X ! X is a contraction on X if there is a positive
constant c < 1 (the Lipschitz constant) such that

kT(y) ¡ T(x)k · cky ¡ xk 8x; y 2 X :
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The ContractiveMapping Principle

The Banac h Contraction Principle: Let X be a closed
subset of a Banach space (V; k ¢k). If T is a contraction
map of X into X , then T has a unique �x ed point x¤.
Furthermore, if x is any vector in X , then

x¤ = lim
n!1

Tn(x) and kTn(x) ¡ x¤k · cnkx ¡ x¤k:

Note that the power of this theorem is threefold:
1. All orbits starting in X converge to a �x ed point in X .

2. The �x ed point is unique.
3. A rate of convergence is given, and it is affected by

both the Lipschitz constant c and the initial distance
from the �x ed point kx ¡ x¤k.
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Example: Lipschitz Continuity

The map T(x) = 1
3x + 1

3 is contractive with c = 1
3, since

kT(x) ¡ T(y)k =

°
°
°
°

µ
1
3

x +
1
3

¶
¡

µ
1
3

y +
1
3

¶ °
°
°
°

=

°
°
°
°

1
3

(x ¡ y)

°
°
°
°

=
1
3

kx ¡ yk

In fact, since R is closed, x¤ = 1
2 is the unique �x ed

point for any starting value x0 2 R!

It follows that T is Lipsc hitz contin uous since

kx ¡ yk < 3² = ± ) kT(x) ¡ T(y)k < ²:
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Example: Newton'sMethod

Newton's Method uses the Contractive Mapping
Principle �nd numerical approximations to roots of
equations.

A root x¤ of f : R ! R is sought, i.e., f (x¤) = 0.

The method is an iterative scheme which:
1. Makes an initial guess x0 for the root.
2. Repeatedly applies a map to produce an orbit of root

approximations.
3. Iterates enough times to (hopefully) converge close

enough to the root x¤.

If the hypotheses of the Contraction Mapping Principle
are met, then we can guarantee convergence at a
particular rate.
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Newton'sMethod: The Iterati veScheme

The iterative scheme is derived from the linear
approximation to f at the initial guess x0:

y = f (x0) + f 0(x0)(x ¡ x0)

Setting y = 0 at x = x1 gives

0 = f (x0) + f 0(x0)(x1 ¡ x0)

) x1 = x0 ¡
f (xn)
f 0(xn)

This process gives the iterative map T(x) = x ¡ f (x)
f 0(x) .

Note that we need f 0(x) 6= 0 and that f (x¤) = 0 implies

x¤ is a �x ed point since T(x¤) = x¤ ¡ f (x¤)
f 0(x¤ ) = x¤ ¡ 0 = x¤.
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Proof of Newton'sMethod

Newton' s Method: Suppose that f is twice continuously
differentiable, and there is a point x¤ 2 R such that
f (x¤) = 0 and f 0(x¤) 6= 0. There is an r > 0 so that if x0
belongs to [x¤ ¡ r; x¤ + r ], then the iterates

xn+1 = xn ¡ f (xn )
f 0(xn ) converge to x¤.

The requirement on f 00(x) allows a bound to be placed
on the derivative of T in some closed interval about x¤.

It can be shown that if a function has a bounded
derivative, then it is Lipschitz continuous.

The proof shows that a small enough r may be chosen
so that c < 1, i.e., T is contractive on X = [x¤ ¡ r; x¤ + r ].
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Fractals and Iterated Function Systems

The Contraction Mapping Principle generalizes to
metric spaces.

A complete metric space requires a contraction map.

A compact metric space actually requires a less
restrictive shrinking map (c · 1).

A norm induces a metric on a vector space, so the
Banach Contraction Principle is merely a special case.

The Hausdorff metric is typically used to measure the
“closeness" between sets, such as two B&W images.

An Iterated Function Systems (IFS's) is a system of
contractive af�ne maps on a suitable compact metric
space which may generate fractals as �x ed points.
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1D Example: The Cantor Set

The IFS below generates the “middle thirds" Cantor Set:

f̂ (S) = f 1(S) [ f 2(S);

where f 1; f 2 : R ! R are given by

f 1(x) =
1
3

x and f 2(x) =
1
3

x +
2
3

;

and S ½ [0; 1].

Iterating from the initial condition S0 = [0; 1], the IFS
corresponds to the standard construction method:

S1 = [0;
1
3

] [ [
2
3

; 1]; S2 = [0;
1
9

] [ [
2
9

;
1
3

] [ [
2
3

;
7
9

] [ [
8
9

; 1]; etc.
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f 1(x) =
1
3

x and f 2(x) =
1
3

x +
2
3

;

and S ½ [0; 1].

Iterating from the initial condition S0 = [0; 1], the IFS
corresponds to the standard construction method:

S1 = [0;
1
3

] [ [
2
3

; 1]; S2 = [0;
1
9

] [ [
2
9

;
1
3

] [ [
2
3

;
7
9

] [ [
8
9

; 1]; etc.
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2D Example: The Sierpinski Gasket

The IFS below generates the 2D fractal known as the
Sierpinski Gasket:

f̂ (S) =
3[

i=1

f i (S);

where f 1; f 2; f 3 : R2 ! R2 are given by

f 1(x; y) =
µ

1
2

x;
1
2

y
¶

; f 2(x; y) =
µ

1
2

x +
1
2

;
1
2

y
¶

;

f 3(x; y) =

Ã
1
2

x +
1
4

;
1
2

y +

p
3

4

!

;

and S ½ [0; 1] £ [0; 1].
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The Sierpinski Gasket

Even with different initial conditions, the IFS converges
readily to the �x ed point.
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Mathematics Imitating Nature

Below are a few of Barnsley's “Spleenwort Ferns":

Images from David Nicholls Web site “Ferns of the Canberra Region".

http://www.home.aone.net.au/byzantium/ferns/fractal.html

Can you think of some very common phenomena in
nature where a compact set of instructions leads to
signi�cant variety and complexity?!?
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Application: Fractal ImageCompression

Contemplating the DNA mechanism, one can ask:
Can we take an image and come up with a relatively
compact list of instructions to generate a good
approximation to the image?

The instructions would be IFS's.

The approximate image would be a mosaic of �x ed
points.

Transferring the instructions should be faster than
transferring the image.

Prior knowledge of the image could suggest particular
initial conditions to speed reconstruction.

Constructing the IFS's is an interesting inverse problem.
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