Polynomial Interpolation and Error Analysis

0.1 General Error Bound

Theorem 1

Assume that f € C™*'[a,b] and that zo, 1, ..., are distinct nodes in [a,b]. Let p, denote
the unique interpolating polynomial of degree < n for the given n + 1 nodes. If z € [a, b],
then there exists a number ¢ = ¢(z) € (a,b) such that
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where the error function is explicitly given by
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Note: This expression for the error e,, can be simplified if we choose to distribute our nodes
so that they are equally spaced. That is, fix n and define the step length

then we can define the partition of the interval [a,b] as follows:
To=a, ;=a+1th, fori=1,2,...,n.

This results in z, = b. See your textbook for more details that the following bound can be
derived for the product term in (2),
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Then the error term in equation (2) can be bounded as follows
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Hence, if we want to bound the error term, we need to be able to bound the derivative term
in equation (2) for a given value of n.

0.2 Implications of Error Bounds

If the derivatives of f can be uniformly bounded by a constant, then we can choose n
appropriately large in order to force the error term to be as small as we want. So, we can
find a very accurate interpolating polynomial. In particular, if we look at the case when
we choose to use equally spaced nodes (but without pre-determining n), then bounding the
derivatives allows us to choose n large enough (alternatively h small enough) to give an
accurate polynomial interpolant. See your Homework 2 for an example. The above form
of the error bound is not as useful as the following one for quick calculations.



REMARK: If the derivatives of a function are not uniformly bounded, then we
can get into trouble by choosing a large number of nodes at which to interpolate
the function. Theorem and example follow.

Theorem 2

Assume that f € C™*![a,b] and satisfies the bound |f™"+)(z)| < M for all z € [a,b]. Let
pn(z) denote the unique interpolating polynomial of degree < n that interpolates f at n + 1
equally spaced nodes in [a, b], including the endpoints. If z € [a, b], then
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Example 1: See page 174 of your textbook Let f(z) = sinz, and give an upper bound
for the error if f is approximated by an interpolation polynomial with ten equally spaced
nodes in [0, 1.6875].

n=9; a=0; b=1.6875;

AND
fOz) = —sinz — |fz)| <1 VzElq

Hence, the interpolation error can be bounded by
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[sing — pn(®)] < 35(1) (Viﬁ) ~ 134510~

for all z € [0,1.6875].

Remark: And note that f((z) = £sinz for even n and f™(z) = £ cosz for odd n, so we
have a UNIFORM BOUND on f(z) FOR ALL n. That is, |f™(z)| < 1 for all z and for
all n. In such instances, we can force interpolation error to 0 by increasing the number of
interpolation nodes.

MORE IMPORTANT REMARK: If the derivatives of all order for the function f are
continuous but we CANNOT uniformly bound the derivatives, then increasing the # of
interpolation nodes MAY NOT result in smaller errors. Example 2 gives us an example of
when bad things happen to good mathematicians. (tongue-in-cheek cliche for entertainment
purposes only)



Example 2: Runge’s Function is defined by

1
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It is the solid curve shown in Figure 1 below. Choose zg = —5.0, h = 10/9 and z; = =5+ jh
for j = 1,2,...9, so xg = 5.0. If we use a Lagrange Polynomial interpolant of degree 9,
then we have the dashed curve (- -) in Figure 1. Notice the oscillations in the interpolating
polynomial.
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Figure 1: Runge’s Function with Lagrange Interpolating Polynomial of degree 9.

How could we have predicted this behavior? If we examine the error bound for the Lagrange
polynomial, we know that we are guaranteed a bound of
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where M = max.c[_s5 | f¥(c)|. What is the maximum value that the tenth derivative of f
takes on over the interval [—5,5]? Check out graphs of the f’, f” and f" in Figure 2. Notice
the scale of the graph! The maximum absolute value of the third derivative is nearly 15, and
the maximum value for |f9| is a very large value. Note that the term
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so this term will not be small enough to guarantee a reasonable bound on the error. Fur-
thermore, if we allow n to get larger, then the magnitude of the derivatives of f also get
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First 3 Diarivatives of Rungs's Funclion
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Figure 2: The first 3 Derivatives of Runge’s Function

very large very fast. So, adding more interpolation points can increase the oscillation of the
interpolating polynomial.

A different approach is a cubic spline interpolant. (We will talk about this one later.) In
Figure 3, we see that the cubic spline interpolant does not show any of this oscillatory
behavior. The cubic spline interpolant is the dashed and dotted (- .) curve. We get much
better agreement with the function f over the entire interval [—5,5]. Sometimes (that is,
for some functions), we need better ways to interpolate, and we will talk about cubic splines
SOOI
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Figure 3: Lagrange and Cubic Spline Interpolating Polynomial.
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