Polynomial Interpolation and Error Analysis

0.1 General Error Bound

Theorem 1

Assume that f € C™*'[a,b] and that zo, 1, ..., are distinct nodes in [a,b]. Let p, denote
the unique interpolating polynomial of degree < n for the given n + 1 nodes. If z € [a, b],
then there exists a number ¢ = ¢(z) € (a,b) such that
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where the error function is explicitly given by
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Note: This expression for the error e,, can be simplified if we choose to distribute our nodes
so that they are equally spaced. That is, fix n and define the step length

then we can define the partition of the interval [a,b] as follows:
To=a, ;=a+1th, fori=1,2,...,n.

This results in z, = b. See your textbook for more details that the following bound can be
derived for the product term in (2),
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Then the error term in equation (2) can be bounded as follows
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Hence, if we want to bound the error term, we need to be able to bound the derivative term
in equation (2) for a given value of n.

0.2 Implications of Error Bounds

If the derivatives of f can be uniformly bounded by a constant, then we can choose n
appropriately large in order to force the error term to be as small as we want. So, we can
find a very accurate interpolating polynomial. In particular, if we look at the case when
we choose to use equally spaced nodes (but without pre-determining n), then bounding the
derivatives allows us to choose n large enough (alternatively h small enough) to give an
accurate polynomial interpolant. See your Homework 2 for an example. The above form
of the error bound is not as useful as the following one for quick calculations.






