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Abstract. In this paper, we consider two approaches to solving an optimization
based design problem where \shape" is the design parameter. Both methods use
domain transformations to compute gradients. However, they dier in that the
secondmethod is basedon solving a transformed optimization problem completely
in the computational domain. We illustrate the methods using a simple 1D problem
and discussthe bene ts and drawbacks of eath approach.
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1. Intro duction

The focus of the paper is an optimal design problem where the de-
sign parameter determinesthe shape of the domain of the constraint
equation. The cost function is given in terms of an integral expression
describing the L, dierence between some target function and the
state variable. The constraint equation, or state equation, takes the
form of an elliptic partial di erential equation de ned on a parameter
dependert domain. Under the assumptionthat ead point in the design
spacedetermines a unique state variable through the solution of the
state equation, we posethe unconstrained optimal designproblem.
Sincethe domain of the constraint equation changeswith perturba-
tions in the design,numerical solution of the optimal designproblem is
often hampered by burdensomegrid generation requiremerts at eadh
iteration of an optimization algorithm. One technique that can be used
to avoid this problemis to transform the domain of the constraint equa-
tion to onethat is xed and no longerdependson the shape parameter.
An equivalent transformed constraint equation is posedon this xed,
computational domain, see(Ho man and Chiang, 1993; Thompson,
Warsi and Mastin, 1984), for example. In this paper, we presen two
approades to the optimal design problem. Each approad usesthe
transformation technique mentioned above along with CSEMsin order
to solve the optimal designproblem. The main di erence betweenthe
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two methods is that one solvesthe optimal designproblem using the
parameter dependert domain of the constraint equation while the sec-
ond approad applies a mapping technique in order to transform both
the cost function and the constraint equationto a xed computational
space.This resultsin atransformed optimization problem. In ead case,
gradient basedoptimization is applied, and CSEMs are usedto supply
gradiernt information.

One of the major topics of concernfor using CSEMs with optimal
designis the issue of consistent derivatives Within the optimization
literature, the assumptionis usually madethat the gradiert information
is the derivative (with respectto the designparameter) of the numerical
approximation of the cost function. There is a great deal of concern
that corvergenceand robustness are compromised if the derivative
approximations are computed using techniques which don't accoun
for truncation and roundo errorsimplicitly contained in the costfunc-
tion. In (Borggaard and Burns, 1997; Borggaard, 1994), the notion of
asymptotially consistent derivatives is introduced, and CSEMs, when
coupledwith a trust region method, are shavn to be applicable within
optimal design algorithms. More precisede nitions are introduced in
Section5.1. We rst posean exampleoptimal designproblem, and the
computational approades mertioned above are sketched out in the
context of this example.Numerical results are shavn, and we conclude
with somegeneralremarks concerningthese approacesin Section 6.

2. A 1D Optimal Design Problem

Let Q = [1;+1 ) denotethe designspaceandforq2 Q,let 4= (0;0q).
Considerthe boundary value problem

d2
WW(x Q) =f(x); x2 g4 1)
with homogeneouDirichlet boundary conditions
w(0)=0; w(q)=0: (2

The forcing function, f : (0;+1) ! IR, is the piecewisecortinuous
function de ned by

0 O<x<1
1, 1 x<+1: ®)

For eah q 2 Q, (1)-(2) has a unique solution w( ;qg) 2 H?(0;q) \
H3(0; g). Thus, we de ne a cost function F:Q! IR by
z 1
F@=5 WG+ sin( 0P dx @
0

f(x) =
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Optimal Shape Design using CSEMs 3
and we focus on the optimal designproblem:

min F(a) ®)
Obsene that the state equation, (1) - (2), is de ned on the \physical"
space g, and the cost function, F( ), is de ned over a xed subsetof
this space.For this simple example, g can be interpreted as a \shape"
parameterin the sensehat it determinesthe length of the interval over
which the state w( ; ) is de ned.

2.1. Domain Transf orma tions

For large scale problems where the shape of the domain of the state
equation is parameter dependert, grid generation often posesa major
di cult y in the optimal designprocess.As mertioned earlier, one way
to overcomethis obstacleis to apply a domain transformation from
the physical spaceto the xed, computational space.For the model
problem discussedn this paper, transforming is clearly very simple. We
note that determining the domain transformation for any given two-
dimensional or three-dimensional set can be much more complicated.
Moreover, this calculation often requiresthe application of a numerical
method. In order to focus on the issuesrelated to sensitivity computa-
tion and the resulting gradient approximations, the application of an
algebraic domain mapping to the model problem is justi ed.

Here we describe the transformation of the parameter dependert do-
main [0; q] to the xed computational domain, [0; 1]. Oncethis mapping
is constructed, the transformeal state equation is de ned accordingly.
For > 0, let = (0; ), and for each xed gq > 1, de ne the
transformation M ( ;q): 1! by

M(;9= g=x (6)

Note that the spatial variable on the xed domainis , and we usex
to denote the spatial variable on . The transformations given above
are usedto de ne the \transformed” functions. Let 2 andqg> 1,
and for any function u 2 H}( o), dene the transformed function
0 2 H3( 1) asfollows

a( ;9 =u(M(;a);q = u(x;a): (7)

It can be shawvn that for a given value of q, if w( ;q) is a solution to
the boundary value problem given in (1)-(2), then the corresponding
function W( ;q) is a solution to the boundary value problem

2
SO = G 20 ®
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4 Lisa Stanley
with boundary conditions
w(O0)=0, w()=0: 9)

The forcing function f( ;) is obtained by using the mapping M and
the relation f( ;q) = f(M ( ;0);q) = f(x) and hasthe form

00 0< <1
@0

Henceforth, the boundary value problem (8)-(9) is referred to as the
transformed state equation, and it is usedin eat of the computational
approatesdescribed in the following sections.

3. Computational Approac h 1

In this section, we describe oneapproad for solving the optimal design
problemin (5). This approad canbedescribed asa\di eren tiate-then-
map" sdheme. Obsene that the gradient of the cost function has the
form
d 21
rF(g = @F(q) =, oG+ sin( )]s g (11)

where the sensitivity is de ned as follows

@
€

In order to compute the sensitivity, we use the CSEM approac. We
derive a sensitivity equation, an equation for which the sensitivity in
(12) is a solution. Formally speaking,this equationis derived by implicit
\di eren tiation" of the state equation and boundary conditions in (1)-
(2). For the model problem consideredhere, it can be showvn that the
sensitivity equation and assaiated boundary conditions are given by

s( ;9 2 =w( ;q): (12)

d2
Ws(x) =0 x2 q (13)
with boundary conditions
SO=0 SO —w = —w@:  (14)
dx dx

X=q

Obsene that the normal derivative of w appearsin the right bound-
ary condition in (14). This is typical for shape sensitivity problems,
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Optimal Shape Design using CSEMs 5

and these boundary conditions are tricky to derive correctly for more
complicated problems.

Gradient basedoptimization requiresthat we numerically approxi-
mate both the cost function and its gradiert for a given value of the
parameter g. Aside from the implementation of a quadrature rule, eath
iteration of the optimization algorithm involvesa numerical calculation
of both the state and the sensitivity for a given designparameter value.
The following section describes the numerical scheme employed for
these computations.

3.1. State and Sensitivity Calcula tions

Hereweillustrate the useof the mapping technique discussedn Section
2.1. Both a transformed state equation and a transformed sensitivity
eqguation are constructed on the computational domain 1. The deriva-
tion of the transformed state equation is preseried in detail in Section
2.1 and is given explicitly in equations(8)-(9). In a similar fashion, we
de ne the transformed sensitivity

8 ;9 =s(M( ;0);09 = s(x;0); (15)

and the transformed sensitivity equation is constructed. This boundary
value problem hasthe form

)=0 2(©1) (16)
with boundary conditions

1 d 1 d

80)=0;, 8(1)= q d wW() = q d w(l): (17)
Once the transformed equations are constructed, a discretization is
applied. For the numerical approximations preseried here, we apply
a piecewiselinear nite element method to (8)-(9) and to (16)-(17).
For the salke of brevity, the details of the implementation are omitted,;
howewer, the interested reader can refer to (Burns and Stanley, 2001)
for a more complete exposition. Once the numerical calculations are
performed, the recovery of the state and sensitivity approximations
(de ned on the physical space g) is achieved through the relations in
(7) and (15).

ifip.tex; 12/09/2001; 12:13; p.5



6 Lisa Stanley

4. Computational Approac h 2

In this section, we presen an approad to the optimal designproblem
which is similar to an idea consideredin (Laumen, 2000). Like the
previous scheme, both domain transformations and CSEMs are used
in this strategy. The fundamertal di erence betweenthe following ap-
proach and the one preseried in Section 3 is the order in which these
techniques are applied. In this section, the domain transformation is
applied to the cost function as well as the state equation. First, we
construct a transformed optimal design problemwhich is equivalent to
the original in (4) and which usesinformation from the transformed
state equation. A CSEM is then usedto supply gradiert information
for the transformed cost function.

Before preserting the transformed optimal design problem, we re-
mark that under the mapping M de ned in (6), the following equality
holds

Z1 Z Mo dMm Z 4
g(x)dx = gM(C;@) 5~ d =g gM( g)d;
0 M (0;q) 0

where g is any C!-function dened on ;. Along with the previous
equality, the de nitions in (6) and (7) give rise to the transformed cost
function 7.

B@=30 "+ sin(@ ) (19)

Here W( ;q) is the solution to the transformed state equation given
by the boundary value problem (8)-(9) for eadh g 2 Q. Hence, the
transformed optimal designproblem is given by

min F(a) (19)

where the design space, Q, remains the same as in Section 2. Ob-
sene that a factor of q appearsin the expression(18). Recall that
the mapping, M, depends explicity on the parameter g. Hence, the
absolute value of the derivative of the mapping (and more generally
the determinant of the Jacobian matrix) is also parameter dependert,
and this term appears explicitly in (18). For this particular example,
the derivative is very simple, but we remark that the issueof parame-
ter dependert derivativesis more complicated for two-dimensionaland
three-dimensionaldomains. A very simple two-dimensionalillustration
can be found on pages365-3660f (Ho man and Chiang, 1993).

Once the transformed optimal design problem is constructed, we
proceedin much the samemanner as previously discussed.Using Leib-
nitz' formula, the gradient of the transformed cost function has the
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following form
Z1

P@ = 5 WG sin@ Pd + g WAl o
Z:
+ 3 A rsin@ )] gw(id+ cos@ ) d
which can be simpli ed to the expression
Z1
rE@ = q Oq W( ;0 +sin(g )lp(;aq+ cos(q )d
1 1
— 2F = q?
* 3 2F(q) [W(q,Q)] (20)

In the equation above, the notation p( ;q) is usedto denotethe sensi-
tivity of the transformed state; that is, we de ne

4 @

) = =wW( ;0): 21
p( ;0 @ (o) (21)
It is important to note that the sensitivity of the transformed state,
p( ;qg), is related to, but not the same function as, the transformed
sensitivity, 4( ;). The notation used above re ects this important
distinction. The following section describes the techniques used for
obtaining numerical approximations for the transformed state and the
sensitivity, p( ; Q).

4.1. State and Sensitivity Calcula tions

For this approad, the optimization algorithm requiresthat we compute
a numerical approximation to the transformed state, W( ; q), and the
sensitivity of the transformed state, p( ;). As in the previous section,
a piecewiselinear nite elemen method is usedto approximate the
transformed state W( ;q).

In order to calculate an approximation for p( ;q), we derive a sensi-
tivit y equation for which p( ;) is a solution. In particular, the trans-
formed state equation in (8)-(9) is \di eren tiated". Although the pa-
rameter appears explicitly in the right hand side of equation (8) and
determinesa point of discortinuity of the forcing function, one can still
derive the sensitivity equation in a mathematically precisefashion. A
rigourous mathematical construction is preseried in (Stanley, to ap-
pear) and referencegherein. Here we simply state that the sensitivity,
p(;q), satis es the secondorder, linear elliptic boundary value problem
given by

2
TG = 2fCa 10 22
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8 Lisa Stanley
p(0)=0, p@)=0: (23)

Here :( ) is the Dirac delta function with massat = % Sincethe
q

domain 1 doesnot depend on g, the boundary conditions are clear.
Obsenethat the sensitivity equationis decoupledfrom the transformed
state equation, but we caution the readerthat this decouplingis merely
a phenomenaof the linearity of the transformed state equation. We
also note that the linear elliptic problem (22)-(23) does not have a
solution in H3( 1), and the system must be interpreted in the weak
sensethat is, in integral form. For the results preseried in this paper,
a piecewiselinear nite elemen method is usedto approximate both
wW( ;q) and p( ;q). For the sake of brevity, the details of the nite

elemen implemenations are omitted, and we proceeddirectly to the
computational results.

5. Computational Results

In this section, numerical results are presened for two cases.The rst
is a comparisonusing a four-point Gaussquadrature rule for both the
cost function approximations and the gradiernt approximations. The
secondis an interesting anecdotalcommert concerningthe importance
of choosing a quadrature rule with the appropriate degreeof accuracy
Recall that eath computational approad involves discretizing and
numerically computing an approximation to the transformed state equa-
tion (8)-(9). The distinction betweenthe calculations is the fact that
Computational Approach 1 recovers an approximation to the original
state through the mapping, M, and implemerts the quadrature rule in
the physical spacewhile Computational Approach 2 appliesthe quadra-
ture rule in the computational space. Since M is a straightforward
algebraic manipulation which can be \hard-wired", there is no lossin
accuracy for the state approximation during the recovery processof
Computational Algorithm 1. We brie y note that a four-point quadra-
ture rule is su cien t to obtain an extremely accurate approximation to
the true costfunction in ead case.Figures 1 and 2 show the respective
cost function approximations plotted againstthe graph of the true cost
function. The step in the parameteris g = 0:1 over the parameter
range given, and the transformed state approximations are obtained
using N = 3 grid points for these graphs. We also note that the error
(measuredin the vector norm, k ki ) in the cost function approxima-
tions is on the order of 10 # for ead of the computational algorithms.
Now we move to the more interesting issueof gradiert approximations.
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— F(o)
=0- N=03

F(a)

Figure 1. True Cost Function and Approximations for Computational Approach 1

= Trans. Cost
- N=03

Figure 2. True Cost Function and Approximations for Computational Approach 2
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10 Lisa Stanley
5.1. Gradient Appr oximations

This sectionbrie y addresseghe issueof gradient approximations for
eat computational approad. We preface the numerical results with
two de nitions regarding gradient approximations. The following dis-
cussionand de nitions aretakenfrom (Borggaard, 1994;Borggaardand
Burns, 1997). We remark that the notation in (Borggaard and Burns,
1997) is slightly dierent becausethey explore the issue of applying
di erent approximation schemesto obtain the state and sensitivity
approximations. For our results, the discretization applied to compute
the state approximations, and subsequetly the cost function approxi-
mations, is exactly the sameasthat applied to compute the sensitivity
approximations and the subsequeh gradiert approximations.

In the following discussion,we also refer to the discretization as
an N -discretization in the sensethat N refersto the number of grid
points in the nite elemen mesh.To be more precise,we shouldinclude
notation identifying the quadrature rule here as well. Howewer, since
we are comparing approximations using a four point quadrature rule
in both caseswe chooseto simplify the notation as much as possible.
Furthermore, J denotesan arbitrary cost function which dependson
the designparameterq. A sensitivity approad is saidto produceconsis-
tent derivativeswith respectto the state and sensitivity approximations
using the N -discretization if

rdV@=rJ@" 8q2Q: (24)

This de nition statesthat the gradien of the approximate costfunction
is the sameasthe approximation of the true gradiert. A more relaxed
de nition stipulates that the di erence betweenthe two gradiernt ap-
proximations should approadh 0 with grid re nement. In particular, a
sensitivity approad is saidto produceasymptotically consistentderiva-
tives with respect to the state and sensitivity approximations using the
N -discretization if

rdV@ [rJ@" ! o 8q2Q; (25)

asN ! 1 ,that is,asthe grid isre ned. The computational approaces
preseried in Sections3 and 4 fall into the category of an approxima-
tion of the true gradient. Hence, Computational ﬁpproach 1 produces

[r F(q)]V, and Computational Approach 2 yields r F(q)

In the foIIowmg gures, we presen a sampleof the gradient approx-
imations obtained using eady computational approac. The gradient
approximations are comparedwith both a certered di erence gradient
approximation (solid curve with o's, represeting r FN andr FN, re-
spectively) and the true gradient (solid curve). In Figure 3, the gradient

ifip.tex; 12/09/2001; 12:13; p.10



Optimal Shape Design using CSEMs 11

;
— \F@
=0~ Fin. Diff.
—0- N=03
—+- N=05
—-N=09
- N=17
—-N=33

Figure 3. True Gradient and Approximations for Computational Approach 1

approximations generatedusing Computational Approach 1 corverge
to the nite dierence gradiert (and to the true gradiernt) with mesh
re nement. Hence, Computational Approach 1 yields asymptotically
consisten derivatives.Figure 4 indicatesthat Computational Approach
2 producesconsistert derivatives.

5.2. Anecdot al Obser vation

In the casewhere a three-point Gauss quadrature rule is used, the
guadrature rule is insu cien t for corvergenceof the cost function ap-
proximations asthe meshis re ned. That is, if we usethree quadrature
points for the integral approximations, then the cost function approx-
imations for ead approact are given in Figures 5 and 6. We have
included the graphs for N = 3 grid points and N = 33 grid points
to show that the accuracy of the approximations does not improve
with meshre nement, and the error (using k ki ) in these approxi-
mations is on the order of 10 3. All of the approximations generated
using valuesof N between3 and 33 exhibit exactly the samebehavior.

The gradient approximations for this caseare somewhat interesting.
In particular, Figures 7 and 8 suggestthat Computational Algorithm

1 produces asymptotically consistert gradients while Computational

Approach 2 producesinconsistent or \non-consistert" gradient approx-
imations. This behavior may be a result of the fact that the we usethe
transformed cost function approximation during the gradiert calcula-
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T
= Grad. Trans. Cost
=0~ Fin.Diff.
- N=03

q

Figure 4. True Gradient and Approximations for Computational Approach 2

tion on the computational space,recall the expressionin (20). The
gradient expressionfor Computational Algorithm 1, in (11), does not
explicitly involve the cost function, F (g).

6. Computational Issues

We concludewith someobsenations gathered during the courseof the
researtr. Since the domain transformations depend explicitly on the
parameter, spatial derivativesare alsoparameterdependert and appear
explicitly in both the transformed cost function and the transformed
state equation. As a result, the derivation of a gradiernt expression
is tedious and involves sewral terms including the transformed cost
function, F(q). We approximate F(q) at ead iteration of the opti-
mization algorithm, and the approximation is reusedin the gradient
approximation routine. Howewer, this may require good judgemert for
the quadrature rules as shown in Section 5.2. The results given here
indicate that CSEMs canyield accurate, consistert gradierts provided
that the numerical schemesare chosenwith care. Using the domain
transformations is advantageousfor the rigorous mathematical deriva-
tion of sensitivity equations. However, the issue of di erentiabilit y of
the mappingsbecomesan important questionfor both gradiernt deriva-
tion and sensitivity analysisin Computational Approach 2 for problems
with complicated geometries.
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4 45

13

Figure 5. True Cost Function and Approximations for Computational Approach 1

using three-point quadrature rule

= Trans. Cost
—+- N=03
—0- N=33

4 45

Figure 6. True Cost Function and Approximations for Computational Approach 2

using three-point quadrature rule
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— F(a)
-©- Fin. Diff.
—0- N=03
—- N=05

Figure 7. True gradient, nite dierence gradient and approximations for Compu-
tational Approach 1 using three-point quadrature rule

T
= Grad. Trans. Cost
—©- Fin. Diff.

-0- N=03

V- N=17

- -N=33

Figure 8. True gradient, nite dierence gradient and approximations for Compu-
tational Approach 2 using three-point quadrature rule
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In Computational Approach 1, the derivation of the sensitivity equa-
tion is somewhatad hoc; howewer, di erentiation of the domain map-
ping is not required. One must also be willing to acceptthe asymp-
totically consistent derivatives that this method produces. For many
problems, we obsene that the gradient approximations for this ap-
proach tend to accurately pinpoint the location of the root of the
gradiert evenon coarsemeshesFinally, the results givenin Section5.2
indicate that for certain problems, CSEMs can produce asymptotically
consistert gradiens even if the cost function approximations are inac-
curate. Each computational algorithm exhibits speci ¢ characteristics
that can beview asadvantageous.Further researt to determine which
computational approac best ts a given problem is needed.
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