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Abstract

Continuous sensitivity equation methods have beenapplied to a vari-
ety of applications ranging from optimal design, to fast algorithms in
computational 
uid dynamics to the quanti�cation of uncertainty. In
order to make useof thesemethods for interface problems, one needs
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fast and accurate numerical methods for computing sensitivities for
problems de�ned by partial di�eren tial equations with solutions that
have spatial discontinuities such as shocks and interfaces. In this pa-
per we develop a discontinuous Petrov-Galerkin �nite element scheme
for solving the sensitivity equation resulting from a 1D interfaceprob-
lem. The 1D example is su�cien t to motivate the theoretical and
computational issuesthat arise when one derives the corresponding
boundary-value problem for the sensitivities. In particular, the sen-
sitivit y boundary-value problem must be formulated in a very weak
sense,and the resulting variational problem provides a natural frame-
work for developing and analyzing numerical schemes.Numerical ex-
amplesare presented to illustrate the bene�ts of this approach.

Keyw ords : Elliptic InterfaceProblems,Finite Elements, Petrov-Galerkin
Finite Elements, Sensitivity Analysis

1 In tro duction

Accurate sensitivity calculationsplay an important role in the analysisand
optimization of engineeringsystems. Sensitivity equation methods have
beenused to compute gradients and greatly improve designcycle times in
optimization-baseddesignsee[1], [2], [3]. In addition, they have beenused
to construct fast solvers for computational 
uid dynamics [4] and for quan-
tifying uncertainties in parameter dependent systems[5]. However, to take
advantage of these bene�ts one must �rst derive a boundary-value prob-
lem for the sensitivities, show the resulting boundary-value problem is well
posedin an appropriate space,and then develop good numerical schemesfor
approximating sensitivities. When geometryor shape parametersareconsid-
ered,the sensitivity equationsmay have very weaksolutions(e.g. only L 2 in
space)and require that onedevelop numerical algorithms that capture these
weak solutions. We shall present a simple 1D interfaceproblem to illustrate
this basicissueand to highlight someof the mathematicaland computational
di�culties. In particular, we focus on a speci�c variational formulation of
the corresponding continuous sensitivity equation, establish the well posed-
nessof the problem and develop a specialPetrov-Galerkin method to resolve
the discontinuities in the solution. Although there are several techniquesfor
computing sensitivities (see[1], [2], [3]), the approach we discusshere has
the advantage that it is very generaland can avoid Gibbs phenomenanear
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discontinuities. The basic framework for setting up and analyzing the con-
vergenceof the numerical method has its roots in the work of J. L. Lions
[6] and in Aubin's approximation theory for generalelliptic boundary-value
problems[7].

1.1 Notation

Beforedescribingthe sensitivity equation and the Petrov-Galerkin method,
wede�ne the function spacesandmathematicalnotation relatedto the course
of this exposition. Let H m (
) denotethe usualSobolev spaceof \functions"
whosepartial derivatives, up to order m, are squareintegrable. Let L 2 =
L2(
) with inner product de�ned by

(u; v)0 =
Z



u(x)v(x)dx

for all u(�); v(�) 2 L 2. We denotethe induced norm as

kuk0 =
� Z



[u(x)]2dx

� 1
2

:

This paper makes useof the typical Sobolev spacesfor elliptic systemsde-
noted by V = H 1

0 (
) � H 1(
), whereV consistsof functions in H 1(
) with
zero trace. The spaceH 1(
) is equipped with the norm denotedby

kuk1 =
� Z



[u(x)]2dx +

Z



[u0(x)]2dx

� 1
2

=
�
kuk2

0 + ku0k2
0

� 1
2 ;

and the dual spaceof V is given by V � = H � 1(
). The H 1 seminorm is
denotedby

juj1 =
� Z



[u0(x)]2dx

� 1
2

;

and the spaceH 2
0 (
) is de�ned to be

H 2
0 (
) = f u 2 H 2(
) : uj@
 = u0j@
 = 0g:

During the courseof this paper, other de�nitions are undertaken once the
reader is introduced to the appropriate motivation. In addition, di�erentia-
tion with respect to the spatial variable (in the Fr�echet sense)is denotedby
� 0(x; q); however, di�erentiation (also in the Fr�echet sense)with respect to a
parameter,q for instance,will be denotedby the notation @q� (x; q).
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2 Motiv ating Example

Elliptic interface problems arise in a number of applications ranging from
oil reservoir simulation to industrial applications such as mold �lling and
die casting as well as bio�lm growth, see[8], [9], [10] and Chapter 8 of [11].
We begin by considering a simple one dimensional example of an elliptic
interfaceproblem posedon the domain 
 = [0; 1], seeFigure 1. The classical
motivating example is that of steady state heat conduction in a thin rod
consistingof two materials with the interfaceof the two materials occurring
at the spatial location x = q. Assumethe parameter q 2 Q = (0; 1) is the
location of an interface betweentwo subdomainsdenotedby 
 1(q) = (0; q),

 2(q) = (q; 1), and denotethe interior boundary of the sub-domainsas � q =
f qg. We de�ne the state variable

w(x; q) =
�

w1(x; q); 0 < x < q;
w2(x; q); q < x < 1;

so that w(x; q) is the solution of the boundary-value problem given by

� (� i (x; q)w0
i (x))0 = 0 for x 2 
 i (q); i = 1; 2; (1)

w1(0) = 0; w2(1) = 1; (2)

w1(q� ) � w2(q+ ) = 0; (3)
�
� 1w0

1(q
� )

�
�

�
� 2w0

2(q
+ )

�
= 0: (4)

The coe�cien t, � (x; q), is a piecewiseconstant function that is discontinuous
at the location of the interface,and � (x; q) is given by

� (x; q) =
�

� 1 = 1; 0 < x < q;
� 2 = 2; q < x < 1:

Note that for each q 2 Q, the state variable w(x; q) 2 H 1(0; 1), but

q

=k= 21k

x = 0 x = 1

Figure 1: One DimensionalExample

w =2 H 2(0; 1). In particular, we have � (x; q)w0(x; q) 2 H 1(0; 1). The state
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equation may be interpreted in the senseof H � 1(0; 1), and the variational
formulation of this boundary-value problem is rather standard, seethe so-
called transmission problem of Example 21.8 in [12]. However, the same
cannot be said of the corresponding sensitivity equation. The exact solution
of the system(1)-(4) is given by

w(x; q) ,
�

w1(x; q); 0 � x < q
w2(x; q); q � x < 1

=

(
2

(q+1) x; 0 � x < q;
1

(q+1) (x � 1) + 1; q � x < 1:
(5)

For all 0 < q < 1 we de�ne the sensitivity s(x; q) 2 L 2(0; 1) by

s(x; q) ,
�

s1(x; q); 0 < x < q
s2(x; q); q < x < 1

=

(
� 2

(q+1) 2 x; 0 < x < q;
� 1

(q+1) 2 (x � 1); q < x < 1
(6)

and observe that for x 6= q, (s1(x; q); s2(x; q)) = (@qw1(x; q); @qw2(x; q)).
In addition, note that this function satis�es the following boundary-value
problem

� [� i s0
i (x)]0 = 0; for x 2 
 i (q); i = 1; 2; (7)

s1(0) = 0; s2(1) = 0; (8)
�
s1(q� ) � s2(q+ )

�
= [w0

2(q
+ ) � w0

1(q
� )]; (9)

�
� 1s0

1(q� )
�

�
�
� 2s0

2(q
+ )

�
= 0: (10)

The system (7)-(10) is called the continuous sensitivity equation. It is
important to note that the sensitivity equation (7)-(10) can be derived di-
rectly from the state equation(1)-(4) by a formal di�erentiation (see[1], [13],
[2], [3]). However, in order to make this derivation rigorousand to provide a
framework for approximation theory, onemust preciselyde�ne what is meant
by a solution of the system(7)-(10). Observe that the sensitivity s(x; q) is
discontinuous at x = q and the magnitude of the jump discontinuity in (9)
is determinedby the jump in the state gradient term at the interface.

We shall seethat the solution s(x; q) of the sensitivity equation can be
de�ned as a \v ery weak" solution of a well posedelliptic boundary-value
problemon the spaceL 2(0; 1). In particular, wemust interpret the sensitivity
equation in (7)-(10) in the sensethat the di�erential equation holds in the
dual spaceW � where

W = f � 2 H 1
0 (0; 1) j � (x; q)� 0(x) 2 H 1(0; 1)g:
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The following sectiontreats the theoretical issueof describingthe appropriate
variational spacein which to interpret boundary-value problems that have
the form of sensitivity equation (7)-(10).

3 A Weak Form ulation

In this section,we consideran elliptic interfaceboundary-valueproblem that
is a generalizationof the sensitivity equationstated above. Let d 2 lR, q 2 Q
and f (x) 2 L2(0; 1) be given. We considerthe boundary-value problem of
�nding s(x; q) 2 L2(0; 1) such that

� (� (x; q)s0(x; q))0 = f (x); x 2 (0; 1); (11)

s(0; q) = 0; s(1; q) = 0; (12)

s(q+ ; q) � s(q� ; q) = d; (13)

� (q+ ; q)s0(q+ ; q) � � (q� ; q)s0(q� ; q) = 0; (14)

in the sensethat the system(11)-(14) satis�es a weakform of the di�erential
equation in W � . Here, we allow

� (x; q) =
�

� 1; 0 � x < q;
� 2; q < x � 1;

where� i > 0 is constant on 
 i (q) for i = 1; 2.
A corresponding weak formulation for this problem is to �nd s(x; q) 2

L2(0; 1) such that

� (( �v 0)0; s)0 = (v; f )0 + d lq(v(�)) ; 8 v 2 W; (15)

wherelq 2 W � is de�ned by

lq(v(�)) = � (q; q)@xv(q)
4
= � (x; q)v0(x)jx= q

for all v 2 W. Note that lq(�) is a well-de�ned continuouslinear functional on
W sincev(�) 2 W ) � (x; q)v0(x) 2 H 1(0; 1). Hence,the variational equation
(15) is to be interpreted in the senseof W � .

If we de�ne the set

Z = f u(0) = 0; u(1) = 0; uj (0;q) 2 H 1(0; q); uj(q;1) 2 H 1(q; 1) and �u 0 2 H 1(0; 1)g;

then it is a straightforward variational argument to verify the following result.
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Lemma 1 If the solution to the variational problem(15) is in Z , then it is
also a solution to the boundary valueproblem(11)-(14).

Proof: Assumethat for each q 2 Q, s(x; q) is a solution of the variational
problem. Choosev(�) 2 W such that v(�)j (0;q) 2 H 2

0 (0; q) and v(�)j(q;1) = 0.
Then applying integration by parts twice to (15) gives

�
Z q

0
v(ks0)0dx = �

Z q

0
(�v 0)0sdx =

Z q

0
vf dx;

which leadsto � (� (x)s0(x))0 = f (x) in L2(0; q). Similarly wehave� (� (x)s0(x))0 =
f (x) in L2(q; 1), and theseimply that s(x) satis�es (11) in the L 2 sense.Thus
for any v(�) 2 W, integration by parts in (15) leadsto the equality

� �v 0sjq0 + �v s0jq0 � �v 0sj1q + �v s0j1q = d � (q)v0(q): (16)

Note that s 2 Z satis�es the essential boundary conditions given by (12).
The arbitrariness of

� (q� )v0(q� ) = � (q+) v0(q+) = � (q)v0(q);

and v(q) in (16) imply that s(x) satis�es the interfaceconditions

s(q+ ) � s(q� ) = d;

� (q+ )s0(q+ ) � � (q� )s0(q� ) = 0:

Hence,s(x; q) is a very weaksolution of the boundary-valueproblem de�ned
by the di�erential equation (11) and the sideconditions (12)-(14).

The focusnow shifts to an investigationof the regularity of the variational
equation in (15). For v(�) 2 W, the quantit y

kvkW =
q

kvk2
1 + j�v 0j21;

de�nes a norm on W and we considerthe following bilinear form on W �
L2(0; 1):

a(v; s) = � (( �v 0)0; s)0; 8 v 2 W; s 2 L2(0; 1):

Lemma 2 The bilinear form a(�; �) has the following properties:
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1. There existsa constant C suchthat

ja(v; s)j � CkvkW ksk0:

2. There existsa constant � suchthat for nonzero v,

sup
v2 W

a(v; s)
kvkW

� � ksk0:

3. For everynonzero v 2 W, there existss 2 L 2(0; 1) suchthat

a(v; s) 6= 0:

Proof. Property 1 follows directly by de�nition. For Property 2, we note
that for any �xed s 2 L 2(0; 1), there exists a unique solution v(�; s) 2 W of

� (�v 0)0 = s;

v(0) = 0; v(1) = 0;

such that
kv(�; s)kW � Cksk0:

This inequality follows directly from the Lax-Milgram theorem (see[12] for
example)and Property 2 follows from

sup
v2 W

a(v; s)
kvkW

�
a(v(�; s); s)
kv(�; s)kW

�
ksk2

0

Cksk0
=

1
C

ksk0:

Property 3 is alsoobvious sincewe can simply set s = � (�v 0)0.

Theorem 1 For any f 2 L 2(0; 1), the weak formulation (15) has a unique
solution s 2 L 2(0; 1).

Proof. First, we note that for any f 2 L 2(0; 1),

(v; f )0 + d lq(v(�))

is a continuous linear functional on W. The result now follows from Lemma
2 (see[14, 15]).
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The previous results establish the well-posednessand regularity of the
variational equation (15). We turn our attention to numerical methods for
approximating the solution to (15) and hencethe solution to the boundary
value problem (11)-(14). Standard �nite element techniques can provide a
very accurateapproximation, in the L 2 sense,but theseschemeswill always
exhibit a Gibbs phenomenaaround the interfacebecauseof the jump condi-
tion in (13). An alternative approach is to usea Petrov-Galerkin �nite ele-
ment method which accounts for the jump condition in (13) by constructing
a basiscontaining functions which are not required to be continuous across
adjacent elements. The trial function is represented using this basis;while
a basisof piecewisecubic polynomials is usedto generatethe test functions.
The next sectiongivesan overview of this approach.

4 A Petro v-Galerkin metho d

We �rst describe the �nite element spacesused to approximate the weak
solution in (15). The spacecontaining the trial functions is described �rst
followed by that of the test functions. Form a partition

Th : 0 = x0 < x1 < � � � < xN < xN +1 = 1;

such that xk = q for a �xed integer k with 1 � k � N . For the trial function
s, we will use a spaceformed by polynomials of degree1 on subintervals
ei = [x i � 1; x i ] denoted by P1(ei ). In particular, the trial function spaceis
piece-wiselyde�ned through the partition Th as follows:

Sh = f s 2 L2(0; 1) j s(0) = s(1) = 0; sjei 2 P1(ei ); i = 1; : : : ; N + 1g:

Note that functions in Sh are not required to be continuous over the en-
tire domain 
 = [0; 1]; in particular, they are not required to be continuous
acrosselements. To describe the spacein detail, we considerthe following
local nodal basisfunctions in each element ei :

� i; 1(x) = 1 � � ; � i; 2(x) = �

with
� =

x � x i � 1

hi
; hi = x i � x i � 1: (17)
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For each interior nodex i ; i = 1; : : : ; N , onecanusethe �rst degreelocal nodal
basisfunctions to form two piecewise�rst degreepolynomials as follows:

� 2i � 1(x) =
�

� i; 2(x); x 2 ei ;
0; otherwise;

� 2i (x) =
�

� i +1 ;1(x); x 2 ei +1 ;
0; otherwise:

It can be shown that

Sh = spanf � 1(x); � 2(x); � � � ; � 2N � 1(x); � 2N (x)g:

Two typical basisfunctions are plotted in Figure 2. In this particular exam-
ple, the basisfunctions are centered at node x2.
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Figure 2: Two basisfunctions for the trial �nite element space.

On the other hand, the spaceof test functions is formed as polynomials
of degree3 and is constructedas follows:

Vh = f v 2 W j v(0) = v(1) = v00(0) = v00(1) = 0; vjei 2 P3(ei ); i = 1; : : : ; N + 1g:
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To describe this spacein detail, we considerthe following local nodal basis
functions in each element ei :

 i; 1(x) = (1 � � )2(2� + 1);  i; 2(x) = hi � (1 � � )2;
 i; 3(x) = � 2(3 � 2� );  i; 4(x) = � hi � 2(1 � � );

(18)

with � de�ned as in (17). At each interior node x i with i 6= k, the above
local nodal basisfunctions can be usedto form the usual piecewiseHermite
cubic basisfunctions  2i � 1(x) and  2i (x) with the following properties:

 2i � 1(x j ) =
�

1; if i = j ;
0; otherwise;

 0
2i � 1(x j ) = 0; 0 � j � N + 1;

 2i (x j ) = 0; 0 � j � N + 1  0
2i (x j ) =

�
1; if i = j ;
0; otherwise:

Figure 3 presents plots of  3(x) and  4(x). Thesebasisfunctionsarecentered
around node x2, and in the �gure, we assumethat k 6= 2.

The basisfunctionscentered at the nodesx1 and xN which arecloseto the
boundary of the solution domain needto be formed such that their second
derivative is zeroon the boundary, and this can be achieved by slightly mod-
ifying functions  1(x);  2(x);  2N � 1(x);  2N (x) de�ned above. For example,
at x1, we can let

 1(x) =

8
<

:

~ 1;3(x); x 2 e1;
 2;1(x); x 2 e2;
0; otherwise;

 2(x) =

8
<

:

~ 1;4(x); x 2 e1;
 2;2(x); x 2 e2;
0; otherwise;

where

~ 1;3(x) = �
1
2

� 3 +
3
2

� ; ~ 1;4(x) =
1
2

� 3 �
1
2

� :

Similar modi�cations canbecarriedout at xN for functions 2N � 1(x);  2N (x).
At the node xk = q, where the jump conditions are imposed, we let

 2k� 1(x) be de�ned in the samemanner as any  2i � 1(x) introduced above
becausewe caneasilyverify that  2k� 1(x) is in Vh. However, the requirement
that  2k(x) 2 W leadsto the following modi�cation on the formula of the
general 2i (x):

 2k (x) =

8
<

:

 k;4(x); if x 2 ek ;
R k+1 ;2(x); if x 2 ek+1 ;
0; otherwise;
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Figure 3: Two basis functions for the test �nite element spaceat a typical
non-interfacenode.

with

R =
� (q� )
� (q+ )

:

The two basisfunctions in Vh whosesupport includesthe interfaceareplotted
in Figure 4.

Then functions  i (x); i = 1; 2; : : : ; 2N are all in the spaceW, and we can
let

Vh = spanf  1(x);  2(x); : : : ;  2N � 1(x);  2N (x)g:

With these �nite element spaces,we now formulate a Petrov-Galerkin
�nite element method: �nd sh =

P 2N
j =1 zj � j (x) 2 Sh such that

a( i ; sh) = ( i ; f )0 + d lq( i (�)) ; i = 1; 2; � � � ; 2N:
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Figure 4: Two basisfunctions for the test �nite element spaceat the interface
node x4 = q.

In matrix form, this method is to computez from

Az = f + ~f ;

where

A = (a( i ; � j ))2N
i;j =1 ; f = ((  i ; f )0)2N

i=1 ; ~f = (d lq( i (�))) 2N
i=1 ; z =

0

B
B
B
@

z1

z2
...

z2N

1

C
C
C
A

:

By the construction of the basis functions for the test function space,the
only nonzeroentry of ~f is its 2k-th entry whosevalue is

d lq( 2k (�)) = d � (q+ ) 0
2k (q+ ):
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We now turn to the error estimation for the Petrov-Galerkin solution sh.
We begin with the following two lemmasthat guarantee the existenceand
uniquenessof the Petrov-Galerkin solution.

Lemma 3 Functions  00
i (x); i = 1; 2; � � � ; 2N form a basis of Sh, and we

have

Sh = spanf  00
1 (x);  00

2(x); : : : ;  00
2N � 1(x);  00

2N (x)g:

Proof. We �rst note that  00
i (x) is a piecewisepolynomial of degreeone;

hence

spanf  00
1 (x);  00

2(x); : : : ;  00
2N � 1(x);  00

2N (x)g � Sh:

Now, let us assumethat

c1 00
1(x) + c2 00

2 (x) + � � � + c2N  00
2N (x) = 0; 8x 2 [0; 1]:

Restricting the function on the left to e1 = [x0; x1] we have

c1
~ 00

1;3(x) + c2
~ 00

1;4(x) = 0; 8x 2 e1:

We note that ~ 00
1;3(x) and ~ 00

1;4(x) are two linearly independent functions on
the interval [x0; x1] becausetheir Wronskian is nonzero.Hencewe must have
c1 = c2 = 0. Applying the samearguments on other intervalsei ; i = 2; 3; N +1
consecutively, we further have ci = 0; i = 3; 4; � � � ; 2N , and this implies that
functions  00

i ; i = 1; 2; � � � ; 2N are linearly independent.
Then the result of this lemma follows from the obvious fact that:

dim(spanf  00
1 (x);  00

2(x); : : : ;  00
2N � 1(x);  00

2N (x)g) = 2N = dim(Sh):

Lemma 4 The Petrov-Galerkin �nite elementmethod hasa uniquesolution.

Proof. Becausethe dimensionis �nite, we only needto show the unique-
nesswhich in turn is equivalent to showing that

a( i ; sh) = 0; i = 1; 2; � � � ; 2N; (19)

implies sh = 0. Becauseq is oneof the nodesin the partition Th and � (x) is
a piecewiseconstant function with a jump at x = q, (19) is equivalent to

( 00
i ; �s h)0 = 0; i = 1; 2; � � � ; 2N:

Then the result of this lemma follows by applying Lemma 3 to (19) because
�s h is obviously an element of Sh.
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Lemma 5 For any sh 2 Sh, there existsone ~vh 2 Vh suchthat

(f h; � (� ~v0
h)0)0 = (f h; sh)0; 8f h 2 Sh; (20)

and

k~vhkW � Ckshk0: (21)

Proof. Again, we only have to show uniquenessbecauseof the �nite
dimensionalproperty. Assumethat vh 2 Vh is such that

(� i ; � (�v 0
h)0)0 = 0; i = 1; 2; � � � ; N:

Wenote that � (�v 0
h)0 is an element of Sh. Thus, the above leadsto � (�v 0

h)0 =
0. The boundary conditions will further imply that vh = 0, and the unique-
nessis henceproven.

Then, letting f h = � (� ~v0
h)0 in (20), we have

k(� ~v0
h)0k0 � kshk0;

and (21) follows becauseof the equivalenceof any two norms on the �nite
dimensionalspaceVh and the Poincar�e-Friedrich's inequality.

Theorem 2 Assumethat the exact solution s(x) of (11)-(14) is in Z such
that

sj(0;q) 2 H 2(0; q); sj(q;1) 2 H 2(q; 1); (22)

then we have

ks � shk0 � Ch2:

Proof: We �rst show that properties 2 and 3 of the bilinear form a(v; s)
stated in Lemma 2 hold for v 2 Vh and s 2 Sh. In fact, for any sh 2 Sh,
accordingto Lemma 5, there exists a ~vh 2 Vh such that

(sh; � (� ~v0
h)0)0 = (sh; sh)0 = kshk2

0;
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which together with (21) lead to

a(~vh; sh)
k~vhkW

=
(sh; � (� ~v0

h)0)0

k~vhkW
�

kshk2
0

Ckshk0
=

1
C

kshk0:

Then we must have

sup
vh 2 Vh

a(vh; sh)
kvhkW

� � kshk0:

For property 3, we note that for any vh 2 Vh, with vh 6= 0,

sh = � (�v 0
h)0

is in Sh, and

a(vh; sh) = k(�v 0
h)0k0 6= 0:

Then, by the well-known abstract convergencetheorem for Petrov-Galerkin
�nite element methods [14], we have

ks � shk0 � Cks � I hsk0; (23)

whereI hs 2 Sh is the interpolant of the exactsolution s. Sinces is a function
in W, I hs must be a continuouspiecewise�rst degreepolynomial. Then the
standard error estimate of I hs [16] leadsto

ks � I hsk0 � Ch2: (24)

Finally, the result of this theoremfollows by applying (24) to (23).

Remark : Using an argument similar to the proof of Theorem 3.1 in [17],
we can show that the regularity requirement (22) is satis�ed so long as the
function f (x) is piece-wiselysmooth enough.

5 Numerical Examples

In this section we present two examplesto illustrate the advantage of the
Petrov-Galerkin method de�ned above. The �rst exampleis provided by the
motivating interfaceproblem (1)-(4) with corresponding sensitivity equation
(7)-(10). The secondexampleconsidersa problemwith non-constant � (x; q).
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5.1 The One Dimensional In terface Problem

Here we focus on q = 0:5 and recall that the true solution to the sensitivity
equation (7)-(10) is given by

s(x; 0:5) ,
�

s1(x; 0:5); 0 < x < 0:5
s2(x; 0:5); 0:5 < x < 1

=
�

� 8
9x; 0 < x < 0:5

� 4
9(x � 1); 0:5 < x < 1:

It is possibleto develop an approximation theory for continuous piecewise
linear (and cubic) elements along the lines found in [18]. However, asshown
in Figure 5 this approach can lead to Gibbs phenomena.Herewe usedstan-
dard cubic elements, as found on page55 of [19], to generatethe numerical
approximations. The plots in Figure 5 werecomputedusingN = 4; 8 and 16
elements on a uniform grid with q = :5 as one of the grid points. Also note
that the nodal valuesare indicated on the graphs, and linear interpolation
of the nodal valuesis usedsimply to call attention to the Gibbs phenomena.

On the other hand, the Petrov-Galerkin method de�ned in the previous
sectionproducesthe solution shown in Figure 6 and the Gibbs phenomena
can be avoided.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

x

s(
x,

0.
5)

N = 04
N = 08
N = 16
s(x,0.5)

Figure 5: True solution (solid) s(x; 0:5) and standard continuous �nite ele-
ment approximations (seelegend).
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Figure 6: True solution (solid) and Petrov-Galerkin �nite element approxi-
mation (asterisks).

5.2 A Spatially Varying Coe�cien t Case

In this example we apply the Petrov-Galerkin method to the general el-
liptic boundary-value problem (11)-(14) with � (x; q) not constant on the
subdomains. In particular, we select the parameter q = 0:5 and de�ne the
coe�cien t by

� (x; 0:5) =
�

1 + sin(x); 0 < x < 0:5;
4
p

2(1+ sin(0:5) cos(x � 0:5); 0:5 < x < 1:

The exact solution is

s(x; 0:5) =
�

sin(2� x); 0 < x < 0:5;
cos(0:5� x); 0:5 < x < 1;

and f (x) chosenaccordingly. Although the theory presented here doesnot
apply to this problem, the numerical examplebelow clearly illustrates the
convergenceof the Petrov-Galerkin method. In this case,the jump condition
can be determined from the statement of the true solution s(x; 0:5) given
above. A sample�nite element calculation along with the graph of the true
solution canbeseenin Figure 7. The true solution is represented by the solid
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Figure 7: True solution s(x; 0:5) (solid) and Petrov-Galerkin approximation
(asterisks).

curve, while the asterisks,?, indicate the Petrov-Galerkin approximation at
each node.

To describe the numerical errors, we let

E0(sh) =

s Z 1

0
(s � sh)2dx;

E1(sh) =

s Z 1=2

0
[(s � sh)2 + (s0 � s0

h)2] dx +

s Z 1

1=2
[(s � sh)2 + (s0 � s0

h)2] dx;

E1 (sh) = max
x2 P

js(x) � sh(x)j :

For each of the error evaluations, the integrationsarecarried out numerically
with a suitable amount of accuracy, and P is a subsetof [0; 1] consistingof
a �nite number of points including the nodes. Obviously, these quantities
correspond to the errors of the numerical solutions in the L 2-norm, H 1-
norm, and maximum norm, respectively. Table 1 contains errors for a group
of typical numerical results.
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h E0(sh) E1(sh) E1 (sh)
1=20 1.8630e-3 2.8565e-1 8.1358e-3
1=40 4.6148e-4 1.4263e-1 2.0506e-3
1=80 1.1511e-4 7.1289e-2 5.1369e-4
1=160 2.8761e-5 3.5640e-2 1.2849e-4
1=320 7.1894e-6 1.7820e-2 3.2126e-5
1=640 1.7973e-6 8.9098e-3 8.0318e-6
1=1280 4.4932e-7 4.4549e-3 2.0080e-6

Table 1: Errors of the Petrov-Galerkin �nite element solution.

The errors in thesenumerical results seemto satisfy

E0(sh) � 0:7462h2:0022;

E1(sh) � 5:7146h1:0004;

E1 (sh) � 3:2501h1:9880;

which are within our expectation for numerical solutions basedon Theorem
2.

6 Conclusion

Although the motivation for this paper comesfrom the needto develop ac-
curate numerical methods for boundary-valueproblemsthat de�ne \geomet-
ric" sensitivities, the mathematical framework and corresponding variational
method is quite general.The fact that the sensitivitiesmay have discontinu-
ities along interfaceseven though the statesare continuous must be consid-
eredin the formulation of the boundary-value problem and the development
of numerical methods. As we illustrated by the numerical examplesabove,
the discontinuous Petrov-Galerkin method o�ers an improvement over stan-
dard �nite element methods. It is also worth noting that there are other
numerical techniqueswhich canprovide an approach for approximating these
discontinuoussensitivities that is freeof the Gibbs phenomena,see[20],[21],
[22] and the referencestherein for examples. Domain decomposition algo-
rithms have also beenstudied in great detail for the last several years (see
[23], [11] for example), and thesealgorithms are constructed with multiple
domains in mind. For a speci�c example of an iterativ e, non-overlapping
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domain decomposition algorithm usedfor a discontinuoussensitivity compu-
tation, one is referredto [24].

Yet another approach to discontinuous sensitivity computations is the
idea of incorporating the discontinuity into the variational formulation. In
[25], the authors present a mixed formulation of the state equation with the

ux term beingan additional variableto bedetermined. The sensitivity equa-
tion is then derived using the sametype of formulation. Numerical results
arealsogiven for a 2D problem, and [25]servesto contrast with this paper in
the following point. Essentially , if onewants to avoid Gibbs phenomenafor
the problemsconsideredhere,onemust account for the discontinuity of the
sensitivity acrossthe interface. Onemay chooseto account for that disconti-
nuity in a variety of ways. Theserangefrom mixed variational formulations
wherethe underlying function spacesare carefully chosento re
ect the dis-
continuity, or onecanaccount for the discontinuity by constructing the �nite
element basisin a very special way.

For this paper, the authors have only included a sampleof 1D problems.
Approximating sensitivity equationsacrossinterfacesis even more challeng-
ing in 2D and 3D problems. The extensionof this paper to the more general
systemsis the subject of a forthcoming paper.
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