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Abstract

Continuous sensitivity equation methods have beenapplied to a vari-
ety of applications ranging from optimal design,to fast algorithms in
computational uid dynamicsto the quarti cation of uncertainty. In
order to make use of these methods for interface problems, one needs
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fast and accurate numerical methods for computing sensitivities for
problems de ned by partial di erential equationswith solutions that
have spatial discortinuities suc as shocks and interfaces. In this pa-
per we dewvelop a discortinuous Petrov-Galerkin nite elemen scheme
for solving the sensitivity equation resulting from a 1D interface prob-
lem. The 1D exampleis sucient to motivate the theoretical and
computational issuesthat arise when one derives the corresponding
boundary-value problem for the sensitivities. In particular, the sen-
sitivit y boundary-value problem must be formulated in a very weak
senseand the resulting variational problem provides a natural frame-
work for dewveloping and analyzing numerical schemes. Numerical ex-
amplesare presened to illustrate the bene ts of this approad.

Keyw ords: Elliptic InterfaceProblems,Finite Elemerts, Petrov-Galerkin
Finite Elemens, Sensitivity Analysis

1 Intro duction

Accurate sensitivity calculationsplay an important role in the analysisand
optimization of engineeringsystems. Sensitivity equation methods have
beenusedto compute gradierts and greatly improve designcycle times in
optimization-baseddesignsee[1], [2], [3]. In addition, they have beenused
to construct fast solvers for computational uid dynamics[4] and for quan-
tifying uncertainties in parameter dependen systems[5]. Howeer, to take
advantage of these bene ts one must rst derive a boundary-value prob-
lem for the sensitivities, show the resulting boundary-value problem is well
posedin an appropriate space,and then dewelop good numerical schemesfor
approximating sensitivities. When geometryor shape parametersare consid-
ered, the sensitivity equationsmay have very weak solutions(e.g. only L, in
space)and require that onedewelop numerical algorithms that capture these
weak solutions. We shall presen a simple 1D interface problem to illustrate
this basicissueand to highlight someof the mathematicaland computational
di culties. In particular, we focus on a speci c variational formulation of
the correspnding cortinuous sensitivity equation, establishthe well posed-
nessof the problem and deelop a special Petrov-Galerkin method to resole
the disconinuities in the solution. Although there are seeral techniquesfor
computing sensitivities (see[1], [2], [3]), the approat we discusshere has
the advantage that it is very generaland can avoid Gibbs phenomenanear



discortinuities. The basic framework for setting up and analyzing the con-
vergenceof the numerical method has its roots in the work of J. L. Lions
[6] and in Aubin's approximation theory for generalelliptic boundary-value
problems|[7].

1.1 Notation

Before describingthe sensitivity equation and the Petrov-Galerkin method,

we de ne the function spacesand mathematical notation relatedto the course
of this exposition. Let H™() denotethe usual Sololev spaceof \functions"

whosepartial derivatives, up to order m, are squareintegrable. Let L? =

L2() with inner product de ned b)é

(U;v)o = u(x)v(x)dx

for all u();v() 2 L2. We denotethe induced norm as
Z :
kuko = [u(x)]?dx

This paper makes use of the typical Sololev spacesfor elliptic systemsde-
notedby V = H}() H(), whereV consistsof functionsin H() with
zerotrace. The spaceH () is equipped with the norm denotedby
Z Z 1 )
kuk, = u)PPdx+  [uYx)]?dx = kuk3+ kuk3 ?;

and the dual spaceof V is givenby V. = H (). The H! seminormis

denotedby 7

2
juj = [u)Pdx
and the spaceH?() is de ned to be
H3() =fu2H?*) :uje = uje = Ou:

During the courseof this paper, other de nitions are undertaken oncethe
readeris introducedto the appropriate motivation. In addition, di erentia-
tion with respect to the spatial variable (in the Fredet sense)is denoted by
Yx;q); howewer, di erentiation (alsoin the Fredet sense)with respectto a
parameter, q for instance, will be denotedby the notation @ (X; q).
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2 Motiv ating Example

Elliptic interface problems arise in a number of applications ranging from
oil resenoir simulation to industrial applications sud as mold lling and
die casting as well as bio Im growth, see[8], [9], [10] and Chapter 8 of [11].
We begin by consideringa simple one dimensional example of an elliptic
interface problem posedon the domain = [0; 1], seeFigure 1. The classical
motivating exampleis that of steady state heat conduction in a thin rod
consistingof two materials with the interface of the two materials occurring
at the spatial location x = g. Assumethe parameterq2 Q = (0;1) is the
location of an interface betweentwo subdomainsdenotedby 1(q) = (0; ),
2(0) = (g; 1), and denotethe interior boundary of the sub-domainsas =
fgg. We de ne the state variable

wi(x;q); 0<x<gq
Wo(X;0); < X< 1

w(x; ) =

sothat w(x; @) is the solution of the boundary-value problem given by

(0 wIx)°=0 forx2 i(); i= 12 1)

wi(0) = 0; wo(1) = 1; (2
wi(g ) we(q')=0; (3)
wi(qg ) wo(q) = O (4)

The coe cient, (X;(Q), is a piecewiseconstart function that is discortinuous
at the location of the interface,and (x;q) is given by

1= 1 0<x<gq
2= 2, q< x< L

(x;q) =

Note that for eath q 2 Q, the state variable w(x;q) 2 H?(0;1), but

Figure 1: One Dimensional Example
w 2 H?2(0;1). In particular, we have (x;gwYx;qg) 2 H(0;1). The state
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equation may be interpreted in the senseof H 1(0;1), and the variational
formulation of this boundary-value problem is rather standard, seethe so-
called transmission problem of Example 21.8 in [12]. Howewer, the same
cannot be said of the correspnding sensitivity equation. The exact solution
of the system(1)-(4) is given by

(
: wi(x;q); 0 X<q _ @k 0 x<q
w(x;a) , wo(X;q); 9 x<1 a ﬁ(x 1)+1 q x<1IL (5)
For all 0< g< 1we de ne the sensitivity s(x; qd) 2 L?(0; 1) by
(
. si(X;0); 0<x<qg _ ﬁx; 0< X< q
G ) gex<1 - Gaz(x 1 g<x<1 (6)

and obsene that for x 6 @, (si(x;q);s2(x; @) = (@Qwa(X;q); @Qwa(X; Q).
In addition, note that this function satis es the following boundary-value
problem

[is2001°= 0; forx2 i(a); i=12 (7)

$100)= 0, (1) =0; (8)
sid)  se(a) = WHa")  wila )l; (9)
1s1(0 ) 28(07) =0 (10)

The system (7)-(10) is called the cortinuous sensitivity equation. It is
important to note that the sensitivity equation (7)-(10) can be derived di-
rectly from the state equation (1)-(4) by a formal di erentiation (see[1], [13],
[2], [3]). Howewer, in order to make this derivation rigorousand to provide a
framework for appraximation theory, onemust preciselyde ne what is meart
by a solution of the system(7)-(10). Obsenre that the sensitivity s(x;q) is
discortinuous at x = g and the magnitude of the jump discontinuity in (9)
is determinedby the jump in the state gradiert term at the interface.

We shall seethat the solution s(x;g) of the sensitivity equation can be
de ned as a \very weak" solution of a well posedelliptic boundary-value
problemonthe spacel?(0; 1). In particular, we must interpret the sensitivity
equationin (7)-(10) in the sensethat the di erential equation holds in the
dual spaceW where

W=1f 2HiO;1)j (x;9 Ax)2 H(O;L)g:
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The following sectiontreats the theoretical issueof describingthe appropriate
variational spacein which to interpret boundary-value problemsthat have
the form of sensitivity equation (7)-(10).

3 A Weak Formulation

In this section,we consideran elliptic interface boundary-value problem that
is a generalizationof the sensitivity equationstated above. Letd2 IR, g2 Q
and f (x) 2 L?(0;1) be given. We considerthe boundary-value problem of
nding s(x;q) 2 L2(0;1) sud that

( (s a)°=f(x); x2(0;1); (11)

s(0;0) = 0; s(1;q) = O; (12)
s(g";a) s(q ;9 = d; (13)
(g ;a9sYg ;) (g ;a)sYq ;0) = O; (14)

in the sensahat the system(11)-(14) satis es a weak form of the di erential
equationin W . Here, we allow

DN 1, 0 x<gq
(0 = 2 < X 1

where ; > Ois constart on ;(q) fori = 1;2.
A correspnding weak formulation for this problemis to nd s(x;q) 2
L2(0; 1) sud that

((v%s)o= (vif)o+ dlg(v()); 8v2W, (15)
wherelg 2 W is de ned by

ll(v()) = (GD@V(D 2 (X PVAX)jxeq

forallv2 W. Notethat |4( ) is awell-de ned cortinuouslinear functional on
W sincev()2 W)  (x;qvdx) 2 HY(0; 1). Hence,the variational equation
(15) is to be interpreted in the senseof W .

If we de ne the set

Z = fu(0) = O;u(1) = O; Ujio.q) 2 H(0; 0); Uj(q1y) 2 H(q; 1) and u °2 H'(0; 1)g;

thenit is a straightforward variational argumert to verify the following result.
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Lemma 1 If the solution to the variational problem(15) is in Z, then it is
also a solution to the boundary value problem(11)-(14).

Proof: Assumethat for eat g2 Q, s(x; @) is a solution of the variational
problem. Choosev() 2 W sud that v( )joq 2 H5(0; ) and v( )jq1y = O.
Then applying integration by parts twice to (15) gives

Z Z Z

q q q
v(ks)%x = (v9%dx=  vfdx;
0

0 0

which leadsto  ( (x)sYx))°= f (x) in L2(0;q). Similarly wehave ( (x)sYx))°=
f (x) in L?(q; 1), and theseimply that s(x) satis es (11) in the L? sense.Thus
for any v() 2 W, integration by parts in (15) leadsto the equality

vhig+ vsid  vig+ vsii=d (gvia): (16)

Note that s 2 Z satis es the essetial boundary conditions given by (12).
The arbitrariness of

(@ V¥a )= (@) via+) = (via);
and v(qg) in (16) imply that s(x) satis es the interface conditions
s(q”) s(q)=d;
(@)s{a’) (q)stg)=0

Hence,s(x; ) is a very weak solution of the boundary-value problem de ned
by the di erential equation(11) and the side conditions (12)-(14).

The focusnow shifts to an investigation of the regularity of the variational
equationin (15). For v() 2 W, the quartity
q__
kvkw = kvkZ+ jv 9%

de nes a norm on W and we considerthe following bilinear form on W
L2(0;1):
a(v;s)= ((v9%s)e; 8v2 W, s2 L?0;1):

Lemma 2 The bilinear form a( ; ) hasthe following properties:
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1. There existsa constant C suchthat

ja(v;s)j  Ckvkyw ksko:

2. There existsa constant suchthat for nonzeo v,

sup a(v;s)

ksko:
vaw  KvKky °

3. For everynonzeo v 2 W, there existss 2 L?(0; 1) suchthat

a(v;s) 6 O:

Proof. Property 1 follows directly by de nition. For Property 2, we note
that for any xed s 2 L?(0; 1), there exists a unique solution v( ;s) 2 W of

(v)°=s;
v(0) = 0; v(1) = O;

sud that
kv(;s)kw  Cksko:

This inequality follows directly from the Lax-Milgram theorem (see[12] for
example)and Property 2 follows from

SUIOa(v;s) a(v( ;s);s) ksk3 _1

—kskg:
P kvkw  Kv(:S)kw  Ckskg C >0

Property 3 is alsoobvious sincewe can simply sets= (v 9°

Theorem 1 For anyf 2 L?(0;1), the weak formulation (15) has a unique
solution's 2 L2(0; 1).

Proof. First, we note that for any f 2 L?(0; 1),

(vif)o+ dlg(v())

is a cortinuouslinear functional on W. The result now follows from Lemma
2 (see[14, 15)).



The previous results establish the well-posednessand regularity of the
variational equation (15). We turn our attention to numerical methods for
appraximating the solution to (15) and hencethe solution to the boundary
value problem (11)-(14). Standard nite elememn techniquescan provide a
very accurateappraximation, in the L? senseput theseschemeswill always
exhibit a Gibbs phenomenaaround the interface becauseof the jump condi-
tion in (13). An alternative approad is to usea Petrov-Galerkin nite ele-
mert method which accourns for the jump condition in (13) by constructing
a basiscortaining functions which are not required to be cortinuous across
adjacen elemens. The trial function is represeted using this basis;while
a basisof piecewisecubic polynomialsis usedto generatethe test functions.
The next sectiongivesan overview of this approad.

4 A Petrov-Galerkin metho d

We rst descrite the nite elemen spacesusedto approximate the weak
solution in (15). The spacecortaining the trial functions is descrilked rst
followed by that of the test functions. Form a partition

Th:0=Xg< X1 < < XN < Xn+1 = 1

sudh that xx = gfor a xed integerk with 1k N. For the trial function
s, we will use a spaceformed by polynomials of degreel on subintervals
e = [X; 1;Xi] denoted by P;(g). In particular, the trial function spaceis
piece-wiselyde ned through the partition T, asfollows:

Note that functions in S;, are not required to be cortinuous over the en-
tire domain = [0;1]; in particular, they are not requiredto be cortinuous
acrosselemets. To descrike the spacein detail, we considerthe following
local nodal basisfunctions in ead elemen g;:

p(x)=1 i2(X) =

with < x
= Tll; hi =X X 1 (17)
|



basisfunctions to form two piecewiserst degreepolynomials as follows:

, _ i2(X); X2e;
2i 1(X) = 0; otherwise
' _ i+1;1(X); X2 €41;
2i(X) = 0; otherwise
It can be shown that
Sh=spanf 1(x); 2X); 5 v 1(X); an(X)Q:

Two typical basisfunctions are plotted in Figure 2. In this particular exam-
ple, the basisfunctions are certered at node X.
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Figure 2: Two basisfunctions for the trial nite elemen space.

On the other hand, the spaceof test functions is formed as polynomials
of degree3 and is constructed as follows:
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To descrile this spacein detail, we considerthe following local nodal basis
functions in eat elemen g:

()= (@ )A2 + 1), i2X)=h 1 )%

()= *3 2); pa(x) = hi 2@ );
with  dened asin (17). At ead interior node x; with i 6 k, the above
local nodal basisfunctions can be usedto form the usual piecewiseHermite
cubic basisfunctions 5 1(X) and (x) with the following properties:

(18)

_ N_ L oifi=j; 0 N - .
2 1(Xj) = 0. otherwise 2 1(X)=0, 0 j N+1
. 1, ifi=j;
a(g) =00 N+1 5(x)= o; othervjvise

Figure 3 presetts plots of 3(x) and 4(x). Thesebasisfunctions are certered
around node X5, and in the gure, we assumethat k 6 2.

The basisfunctions certered at the nodesx; and x5 which arecloseto the
boundary of the solution domain needto be formed sud that their second
derivative is zeroon the boundary, and this can be achieved by slightly mod-
ifying functions 1(x); 2(X); 2n 1(X); on(X) de ned above. For example,
at Xxq, we can let

< Ts(x); X 2 ey < T14(X); X2 e
1(X) = . 21(X); X2 e 2(X) = . 22(X); X2 ey
0 otherwise O otherwise
where
- 1, 3 _ 1, 1
. = — + — . = — -
1:3(X) 5 5 1:4(X) > >

Similar modi cations canbecarriedout at xy for functions .y 1(X); 2n (X).

At the node xx = @, where the jump conditions are imposed, we let

o« 1(X) be de ned in the samemannerasany 5 1(x) introduced above

becausene caneasilyverify that 5 1(x) isin V. Howeer, the requiremen

that . (x) 2 W leadsto the following modi cation on the formula of the
general 5 (x):

8

< kua(X); if X 2 &;
2k(x) = . R k+1;2(x); if X2 e41;

0 otherwise
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Figure 3: Two basisfunctions for the test nite elemen spaceat a typical
non-interface node.

with
(q).
(aq)

The two basisfunctionsin V;, whosesupport includesthe interfaceare plotted
in Figure 4.

R =

let

With these nite elemen Spares,we now formulate a Petrov-Galerkin
nite elemen method: nd s, = 122'1 Z j(X) 2 Sy sudh that

a( i;sn) = ( if)o+dlg( i()); =212  ;2N:
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Figure 4: Two basisfunctionsfor the test nite elemen spaceat the interface
node x4 = @.

In matrix form, this method is to compute z from
Az=1+T,

where
0 1
Z3
A=(a( i ) %jN:1; f=( i:f)o)y: =l iONAL: Z:% Z:z §5
N

By the construction of the basis functions for the test function space,the
only nonzeroertry of is its 2k-th entry whosevalue is

dlg( () =d (q°) 2(d):
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We now turn to the error estimation for the Petrov-Galerkin solution sy.
We begin with the following two lemmasthat guarartee the existenceand
uniquenesof the Petrov-Galerkin solution.

Lemma 3 Functions {x);i = 1,2, ;2N form a hasis of S,, and we
have

Sh=spart 2{x); 20x);::n N 1(0); N (X)g:

Proof. We rst note that %{x) is a piecewisepolynomial of degreeone;
hence

spanf 2{x); 2tx)iiin 1) N(X)g Sh
Now, let us assumethat
a )+ M)+ +on RNKX) =0 8x2[0;1]
Restricting the function on the left to e; = [Xo; X1] we have
C T9a(X) + & 9(X) = 0; 8x 2 e

We note that ~9%(x) and ~9%(x) are two linearly independert functions on
the interval [Xq; X4] becausethelr Wronskianis nonzero. Hencewe must have
¢ = ¢ = 0. Applying the sameargumeris on other intervalse;;i = 2;3; N +1

consecutiely, we further have ¢, = 0;i = 3;4; ; 2N, and this implies that
functions i = 1;2; ;2N arelinearly independer.
Then the result of this lemmafollows from the obvious fact that:
dim(sparf Xx); %x);:::; N 1(x); R (x)g) = 2N = dim(Sy):
| ]

Lemma 4 The Petrov-Galerkin nite elementmethal hasa uniquesolution.

Proof. Becausethe dimensionis nite, we only needto shav the unique-
nesswhich in turn is equivalert to showving that

a( i;sn) =0, i=12 ;2N; (19)

implies s, = 0. Because] is one of the nodesin the partition T, and (X) is
a piecewiseconstart function with a jump at x = q, (19) is equivalert to

( ¥sno=0 i=12 ;2N:
Then the result of this lemmafollows by applying Lemma 3 to (19) because
S IS obviously an elemen of S,,.
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Lemma 5 For any s, 2 S, there existsone w, 2 V;, suchthat
(Frs ( ¥0)9%0 = (Fnisn)o; 8fn 2 Sp; (20)
and
kvnkw — Ckshko: (21)

Proof. Again, we only have to shov uniquenessbecauseof the nite
dimensionalproperty. Assumethat vy, 2 V, is sud that

(ii (v%% =0 i=12 ;N:

Wenotethat (v ?)%isanelemen of S,. Thus,the aboveleadsto (v 2)°=
0. The boundary conditions will further imply that v, = 0, and the unique-
nessis henceproven.

Then, letting fr, = ( ¥)%in (20), we have

k( ¥)%o  ksnko;

and (21) follows becauseof the equivalenceof any two norms on the nite
dimensionalspaceV,, and the Poincare-Friedrich's inequality.

Theorem 2 Assumethat the exactsolution s(x) of (11)-(14) is in Z such
that

Si:9 2 H?(0;0); Si(qn 2 H3(q 1); (22)
then we have
ks Shko Ch2:

Proof: We rst shaw that properties 2 and 3 of the bilinear form a(v; s)
stated in Lemma 2 hold for v 2 V,, ands 2 S;. In fact, for any s, 2 S,
accordingto Lemmab5, there existsa v, 2 V;, sud that

(sh; ( ¥)%0 = (Sn;sn)o = ksnks;

15



which together with (21) leadto

a(vh;sn) _ (sni ((¥)9o  kspkd _ 1
kw, Ky kv, Ky Ckspky C

Then we must have

kshKo:

a(vh ; Sh)

vi2V,  KVpkw

ksyKo:

For property 3, we note that for any v, 2 V,, with v, 6 0,
sh=(vp)°
isin S, and
a(Vh;sn) = k(v )% 6 0

Then, by the well-known abstract convergencetheorem for Petrov-Galerkin
nite elemen methods [14], we have

ks syko Cks 1nSko; (23)

wherel,s 2 S, is the interpolant of the exactsolution s. Sinces is a function
in W, s must be a cortinuous piecewiserst degreepolynomial. Then the
standard error estimate of 1 ,s [16] leadsto

ks Ipsko Ch? (24)
Finally, the result of this theorem follows by applying (24) to (23).
|

Remark : Using an argumert similar to the proof of Theorem 3.1 in [17],
we can show that the regularity requiremen (22) is satis ed solong asthe
function f (x) is piece-wiselysmooth enough.

5 Numerical Examples

In this sectionwe presem two examplesto illustrate the advantage of the
Petrov-Galerkin method de ned above. The rst exampleis provided by the
motivating interface problem (1)-(4) with correspnding sensitivity equation
(7)-(10). The secondexampleconsidersa problemwith non-constant  (X; Q).
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5.1 The One Dimensional Interface Problem

Here we focuson g = 0:5 and recall that the true solution to the sensitivity
equation (7)-(10) is given by

A s1(x;05); 0<x< 05 _ 0<x< 05
S(:0:9), Sp(X;0:5); 05<x<1 2(x 1); 05<x< 1:
It is possibleto dewelop an approximation theory for cortinuous piecewise
linear (and cubic) elemeits alongthe lines found in [18]. Howewer, as shovn
in Figure 5 this approad canleadto Gibbs phenomena.Here we usedstan-
dard cubic elemetts, asfound on page55 of [19], to generatethe numerical
approximations. The plots in Figure 5 werecomputedusingN = 4;8 and 16
elemerts on a uniform grid with g = :5 asone of the grid points. Also note
that the nodal valuesare indicated on the graphs, and linear interpolation
of the nodal valuesis usedsimply to call attention to the Gibbs phenomena.
On the other hand, the Petrov-Galerkin method de ned in the previous
section producesthe solution shovn in Figure 6 and the Gibbs phenomena
can be avoided.

5(x,0.5)

Figure 5: True solution (solid) s(x; 0:5) and standard cortinuous nite ele-
mert approximations (seelegend).
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Figure 6: True solution (solid) and Petrov-Galerkin nite elemen approxi-
mation (asterisks).

5.2 A Spatially Varying Coecien t Case

In this example we apply the Petrov-Galerkin method to the general el-
liptic boundary-value problem (11)-(14) with  (x;qg) not constart on the
subdomains. In particular, we selectthe parameterq = 0:5 and de ne the
coe cient by

1 sin(x); 0<x< 03
(X,O.S) = 4p 2(1_'_ SII’](OS) COSQ( 05)' O5<x< 1

The exact solution is

Ay SIN(2 X);  0< x< 05
SO 0:5) = cos(05 x); 05< x < 1;

and f (x) chosenaccordingly Although the theory presened here does not
apply to this problem, the numerical example below clearly illustrates the
convergenceof the Petrov-Galerkin method. In this case the jump condition
can be determined from the statemert of the true solution s(x;0:5) given
above. A sample nite elemen calculation along with the graph of the true
solution canbe seenin Figure 7. The true solution is represeted by the solid
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Figure 7: True solution s(x; 0:5) (solid) and Petrov-Galerkin appraximation
(asterisks).

curve, while the asterisks,?, indicate the Petrov-Galerkin appraximation at
ead node.
To descrike the numerical errors, we let

S

Z7
Eo(sh) = (s snh)2dx;
0
S 7 S e 2
L 1= Z

Ea(sn) = [(s sn)?+ (s° sp)2dx+ [(s sn)?+ (s° sp)dx;
0 1=2

Ex () = maxis(9)  sn()i

For eadt of the error evaluations, the integrations are carried out numerically
with a suitable amourt of accuracy and P is a subsetof [0; 1] consisting of
a nite number of points including the nodes. Obviously, these quartities
correspnd to the errors of the numerical solutions in the L?-norm, H -
norm, and maximum norm, respectively. Table 1 cortains errorsfor a group
of typical numerical results.
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h

Eo(sh)

E1(sn)

E1 (sh)

1=20

1.8630e-3

2.8565e-1

8.1358e-3

1=40

4.6148e-4

1.4263e-1

2.0506e-3

1=80

1.1511e-4

7.1289e-2

5.1369e-4

1=160

2.8761e-5

3.5640e-2

1.2849e-4

1=320

7.1894e-6

1.7820e-2

3.2126e-5

1-640

1.7973e-6

8.9098e-3

8.0318e-6

1=1280

4.4932e-7

4.4549e-3

2.0080e-6

Table 1: Errors of the Petrov-Galerkin nite elemen solution.

The errorsin thesenumerical results seemto satisfy

Eo(sn) 0:7462h%0022:
Ei(sn) 5:7146n10004
E. (sn) 3:2501h19880;

which are within our expectation for numerical solutions basedon Theorem
2.

6 Conclusion

Although the motivation for this paper comesfrom the needto dewelop ac-
curate numerical methods for boundary-value problemsthat de ne \geomet-
ric" sensitivities, the mathematical framework and correspnding variational
method is quite general. The fact that the sensitivities may have discortinu-
ities along interfaceseven though the statesare cortinuous must be consid-
eredin the formulation of the boundary-value problem and the dewelopmert
of numerical methods. As we illustrated by the numerical examplesabove,
the discortinuous Petrov-Galerkin method o ers an improvemen over stan-
dard nite elemen methods. It is also worth noting that there are other
numerical techniqueswhich can provide an approad for approximating these
discortinuous sensitivitiesthat is free of the Gibbs phenomenasee[20],[21,
[22] and the referencesherein for examples. Domain decompmsition algo-
rithms have also beenstudied in great detail for the last seweral years (see
[23, [1]] for example), and these algorithms are constructed with multiple
domainsin mind. For a specic example of an iterative, non-overlapping

20



domain decomposition algorithm usedfor a discortinuous sensitivity compu-
tation, oneis referredto [24].

Yet another approad to discortinuous sensitivity computations is the
idea of incorporating the discortinuity into the variational formulation. In
[25], the authors prese a mixed formulation of the state equationwith the

ux term beingan additional variableto be determined. The sensitivity equa-
tion is then derived using the sametype of formulation. Numerical results
are alsogiven for a 2D problem, and [25] senesto cortrast with this paperin
the following point. Essetially, if onewants to avoid Gibbs phenomenafor
the problemsconsideredhere, one must accourt for the discortinuity of the
sensitivity acrossthe interface. One may chooseto accoun for that discorti-

nuity in a variety of ways. Theserangefrom mixed variational formulations
wherethe underlying function spacesare carefully chosento re ect the dis-
cortinuity, or onecanaccour for the discontinuity by constructing the nite

elemen basisin a very special way.

For this paper, the authors have only included a sampleof 1D problems.
Approximating sensitivity equationsacrossinterfacesis even more challeng-
ing in 2D and 3D problems. The extensionof this paper to the more general
systemsis the subject of a forthcoming paper.
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