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Abstract

Sensitivit y analysis is an important tool in engineering with applica-
tions ranging from optimal designto computational 
uid dynamics. There
are many algorithms available for computing sensitivities. These range
from automatic di�eren tiation techniques to variational methods. In this
paper we describe two variational methods for computing sensitivities.
We use a 1D model problem as a platform for describing and comparing
these methods. In particular, the regularit y of the sensitivit y equations
obtained from each method is addressed. Numerical approximations to
each sensitivit y are calculated using �nite element schemes,and numerical
comparisonsare presented.

Keyw ords : Finite Elements, Sensitivity Analysis, Elliptic Systems

1 In tro duction

Accurate sensitivity calculationsplay an important role in the analysisand opti-
mization of engineeringsystems.Sensitivities can be usedto compute gradients
in optimization-based design. In addition, they have been used to construct
fast solvers for computational 
uid dynamics [1]. In this paper, we focus on
variational methods for computing state sensitivities. Theseschemesmake use
of sensitivity equation methods (see [2], [3]). However, there are a variety of
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ways to implement sensitivity equation methods, and thesevariations yield algo-
rithms with di�eren t convergenceproperties. We considertwo speci�c methods.
The �rst is basedon transforming the state equation to a �xed computational
domain and then deriving its sensitivity equation. Once the state and sensitiv-
it y systemsare solved, the solutions are mapped back to the physical domain.
The secondapproach transforms both state and sensitivity equations,solvesthe
transformed equations and maps these solutions back to the physical domain.
There are bene�ts and drawbacks to each method. Indeed, it is not always
obvious which schemeis best for a given problem. Many questionsneed to be
addressedbefore a complete theory can be developed. In this paper, we will
describe a simple 1D example in order to illustrate the methods and to moti-
vate someof thesequestions. The paper beginswith a description of the model
problem. Each of the variational methods will be described in the context of the
example,and numerical results will be presented. Finally, we will comparethe
performanceof these methods and make someconcluding remarks concerning
future work.

1.1 Notation

Before describing the variational methods, we de�ne the transformations used
to move between the physical and the computational domains. Somenotation
regarding Sobolev spacesis also introduced. The \ph ysical domain" for the
model problem is the interval (0; q), whereq is a parameter with q 2 (1; 2). The
computational domain is the unit interval (0; 1). For � > 0, let 
 � = (0; � ),
and for each �xed q 2 (1; 2) de�ne the transformation T : 
 q ! 
 1 by T(x; q) =
x
q = � . Note that the function M : 
 1 ! 
 q de�ned by M (� ) = � q = x is the
inverseof T and is commonly referred to as the \mesh map".

Let H m (
 1) denote the usual Sobolev spaceof \functions" whose partial
derivatives, up to order m, are also square integrable. Let L 2 = L 2(
 1) with
inner product de�ned by

hu; vi =
Z 1

0
u(� )v(� )d�

for all u(�); v(�) 2 L 2. For this paper, we needonly to considerV = H 1
0 (
 1) �

H 1(
 1), where V consists of functions in H 1(
 1) with zero trace. The dual
spaceof V is given by V � = H � 1(
 1). Finally, we need the bilinear form
a: V � V ! R by

a(�; � ) =
Z 1

0
� 0(� )� 0(� )d� (1)

for all � (�); � (�) 2 V .
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2 A Mo del Problem

In this section, a 1D model problem is introduced. This example is convenient
for numerical comparisonssince both the state and the sensitivity equations
have analytical solutions. The model problem is structured so that the physical
domain is parameter dependent.

Let 1 < q < 2, and considerthe state equation given by the following elliptic
boundary value problem

� w00(x) = f (x); x 2 (0; q) (2)

with boundary conditions

w(0) = 0; w(q) = 0: (3)

Here f : (0; + 1 ) ! R is the piecewisecontinuous function given by

f (x) =
�

0; 0 < x < 1
� 1; 1 � x < + 1 :

(4)

The parameter q determines the length of the interval over which the state is
de�ned. The goalsare to solve (2)-(3) for the state, w(x; q), for a given value of
q and to determine the sensitivity of the state to small changesin the parameter.
The sensitivity is denoted

s(x; q)
4
= @qw(x; q): (5)

For this example, the state and sensitivity are given by

w(x; q) =

(
� (q� 1) 2

2q x; 0 < x < 1

� (q� 1) 2

2q x + 1
2 (x � 1)2; 1 � x < q

(6)

and

s(x; q) = �
(q2 � 1)

2q2 x; x 2 (0; q); (7)

respectively. However, we proceedto solve for both the state and the sensitivity
numerically using each of the methods previously mentioned. Comparing the
numerical calculations to (6)-(7) allows one to quantitativ ely measurethe use-
fulnessand accuracyof the methods. Note that for a �xed q̂ > 1, the function
x ! w(x; q̂) belongsto H 2(0; q̂) \ H 1

0 (0; q̂). However, @2
x w(x; q̂) is discontinuous,

while the sensitivity function, x ! s(x; q̂) is C1 . Having de�ned the relevant
equations and unknowns, we will now use (2)-(3) to describe two methods for
computing numerical approximations to s(x; q).
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3 Metho ds for Computing the Sensitivit y

For many engineeringapplications, a typical approach to such problems is to
begin by transforming the problem to a �xed \computational domain". This
\computational domain" is often more regular in shape which simpli�es grid
generation and can improve the accuracy of numerical calculations. The book
[4] is an excellent source of information about these topics. This technique
is especially common for problems in computational 
uid dynamics and for
many problems involving moving boundariessuch as shape optimization. The
transformations can be performed at the in�nite dimensional level as long as
the mappingsare isomorphismsand aresu�cien tly smooth in comparisonto the
regularity of the solution to the PDE in question [5]. Both methods considered
here make use of these transformations. It is important to note that in 2D
and 3D problems, transforming can be a complex process. In particular, in
addition to problemsof regularity, it is important to consideraccuracyloss. For
example, transformations that produce coordinate systemsthat are orthogonal
at boundaries are preferred. Otherwise, accuracy decreasesas orthogonality
declines(see[4], pp. 3-5). For the 1D examplehere, it is straightforward. Some
of the di�culties that occur in 2D and 3D problems are not present in this
case. In particular, this step often requires numerical approximations of the
mapping and its spatial derivatives. More about this issuewill be discussedin
the conclusion.

3.1 Tw o Approac hes for Sensitivit y Calculation

Beginning with the state equation de�ned on the physical domain, one can
implicitly di�eren tiate the state (2)-(3) in order to obtain a sensitivity equation.
At this stage,it is important to note that this di�eren tiation is rather formal. In
general, the partial derivatives @2

x w(x; q) and @qw(x; q) need to be continuous
in order to interchange the order of di�eren tiation. In this case@2

x w(x; q) is
discontinuous,but onecan verify by hand that the sensitivity @qw(x; q) satis�es
the following di�eren tial equation

� s00(x) = 0; 0 < x < q (8)

with boundary conditions

s(0) = 0; s(q) = � @x w(q) = � @x w(x)
�
�
�
�
x = q

: (9)

System (8)-(9) is called the sensitivity equation. The boundary conditions
should be derived with care as the right endpoint of the domain (0; q) depends
explicitly on the parameter q.

Once the sensitivity equation has beenderived on the physical domain, the
transformations in Section 1.1 are used to de�ne the \transformed" functions.
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For � 2 
 1 and q 2 (1; 2), de�ne

ŵ(� ; q) = w(M (� ; q); q) = w(x; q);

ŝ(� ; q) = s(M (� ; q); q) = s(x; q) (10)

and

f̂ (� ; q) = f (M (� ; q); q) = f (x): (11)

Once transformed, the original forcing function f becomes

f̂ (� ; q) =
�

0; 0 < � < 1
q

� 1; 1
q � � < 1

(12)

and now dependsexplicitly on the parameter q. Using the above de�nitions and
the chain rule, the spatial derivativesof the original functions and those of the
transformed functions are related by

@x w(x; q) = @� ŵ(T(x; q); q) � @x T(x; q)

= @� ŵ(� ; q) �
1
q

(13)

and

@2
x w(x; q) = @2

� ŵ(T(x; q); q) � [@x T(x; q)]2 +

@� ŵ(T(x; q); q) � @2
x T(x; q)

= @2
� ŵ(� ; q) �

1
q2 : (14)

These identities are used to derive transformed boundary value problems
for both the transformed state and the transformed sensitivity in (10). The
transformed state equation is de�ned by the di�eren tial equation

� ŵ00(� ) = q2 f̂ (� ; q); � 2 (0; 1); (15)

with boundary conditions

ŵ(0) = 0; ŵ(1) = 0: (16)

Likewise,the transformed sensitivity equation is given by the di�eren tial equa-
tion

� ŝ00(� ) = 0; � 2 (0; 1); (17)

with boundary conditions

ŝ(0) = 0; ŝ(1) = �
�

1
q

�
� @� ŵ(1) = �

�
1
q

�
� @� ŵ(� )

�
�
�
�
� =1

: (18)

5



Using (6) and (7), the solutions to the transformed state and sensitivity equa-
tions are given by

ŵ(� ; q) =

(
� (q� 1) 2

2 � ; 0 < � < 1
q

� (q� 1) 2

2 � + ( � q� 1) 2

2 ; 1
q < � < 1

(19)

and

ŝ(� ; q) = �
(q2 � 1)

2q
� ; 0 < � < 1; (20)

respectively.
Beforedescribingthe variational formulations and the discretization, we will

discussan alternate approach. The processwe outline in the following para-
graphs varies from the one previously described in the order in which the sen-
sitivit y equation is derived and the transformations are performed.

A secondapproach to the computation of the sensitivity is similar in spirit
to the Semi-Analytical method (SAM). This technique is often used in the en-
gineering community (see [6]). Roughly speaking, the SAM begins by �rst
transforming the state equation to the computational domain. The secondstep
is to discretize the state equation, thereby producing an algebraicsystem. This
discrete equation is then di�eren tiated to obtain a discrete sensitivity equation
which is solved using special techniques. An abstract version of this method
(A-SAM) may be constructed by deriving a sensitivity equation after trans-
forming but before discretizing the state equation. In particular, the in�nite
dimensionaltransformed state equation is \di�eren tiated" in order to obtain an
equation for the sensitivity of the transformed state. We now present the details
of this approach.

On the computational domain, 
 1, de�ne the sensitivity of the transformed
state by p(� ; q) = @qŵ(� ; q). In order to derive a system for p(� ; q), the trans-
formed state equation (15)-(16) is \di�eren tiated" with respect to q. This re-
quires that the function f̂ (� ; q) be \di�eren tiated" with respect to q aswell. As
before, formal di�eren tiation yields the boundary value problem

� @2
� p(� ; q) = g(� ; q); (21)

p(0) = 0; p(1) = 0; (22)

where g(� ; q)
4
= 2qf̂ (� ; q) + q2@q f̂ (� ; q) belongsto V � . In particular,

g(� ; q) = 2qf̂ (� ; q) � � 1
q
(� ); (23)

where� 1
q
(� ) is the delta function with massat 1

q . Sincethe linear elliptic problem

(21)-(22) doesnot have H 2(
 1) solutions, the systemmust be consideredin the
weak sense.We usethis systemto derive a weak formulation in Section 4.

For this example,p(� ; q) can be calculated directly from (19) to obtain

@qŵ(� ; q) = p(� ; q) =
�

� (q � 1)� ; 0 < � < 1
q

� (q � 1)� + (� q � 1)� ; 1
q < � < 1:

(24)
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Clearly, \@qw(x; q) = ŝ(� ; q) 6= p(� ; q). In particular, we observe that the sensi-
tivit y of the transformed state, p(� ; q), is lesssmooth than the transformed sen-
sitivit y ŝ(� ; q) in (20). Furthermore, the relationship between the transformed
sensitivity and the sensitivity of the transformed state can be derived using
(13)-(14) and the chain rule. Beginning with the de�nition of the sensitivity of
the transformed state, it follows that

p(� ; q) = @qŵ(� ; q)

= @qw(M (� ; q); q)

= @qw(M (� ; q); q) + @x w(M (� ; q); q) [@qM (� ; q)]

= s(M (� ; q); q) + @x w(x; q) [@qM (� ; q)]

= ŝ(� ; q) + [@x T(x; q)] @� ŵ(� ; q) [@qM (� ; q)]

= ŝ(� ; q) + [@� M (� ; q)]� 1 @� ŵ(� ; q) [@qM (� ; q)] :

The relationship betweens(x; q) and p(� ; q) can be obtained by using (10) and
the de�nition of the transformation T. Direct computation yields

s(x; q) = p(
x
q

; q) � @� ŵ(
x
q

; q)
�
@� M (

x
q

; q)
� � 1 �

@qM (
x
q

; q)
�

: (25)

Observe the appearanceof the \mesh derivative", @qM (� ; q), and the spatial
derivative of ŵ(� ; q) in this equation. In order to calculate s(x; q) using this
(A-SAM) approach, one needsto compute not only the sensitivity of the trans-
formed state but also the spatial derivative of the transformed state and the
meshderivative. For this example,@qM (� ; q) is easily accessible.However, for
2D and 3D problems, these maps are constructed using numerical algorithms,
and obtaining derivativesof the mapscan be very di�cult. Using the preceding
de�nitions, we de�ne two methods for computing the sensitivity s(x; q).

Hybrid-Sensitivit y Equation Metho d (H-SEM)

Step 1. Solve the transformed state equation (15)-(16) for ŵ(� ; q).

Step 2. Solve the transformed sensitivity equation (17)-(18) for ŝ(� ; q).

Step 3. Map ŝ(� ; q) back to the physical domain to obtain the sensitivity by

s(x; q) = ŝ(T(x; q); q):

Abstract-Semi Analytical Metho d (A-SAM)

Step 1. Solve the transformed state equation (15)-(16) for ŵ(� ; q).

Step 2. Solve (21)-(22) for the sensitivity of the transformed state p(� ; q).

Step 3. Map p(� ; q) back to the physical domain to obtain the sensitivity using

s(x; q) = p(
x
q

; q) � @� ŵ(
x
q

; q)
�
@� M (

x
q

; q)
� � 1 �

@qM (
x
q

; q)
�

:
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Di�erences in the regularity of the sensitivity equations have already been
noted. We want to examinethe e�ect of thesedi�erences on numerical approxi-
mations of the sensitivities. The following sectionsexplore somecomputational
issuesthat are relevant to each method. Variational formulations are described,
and a brief section outlining the discretization is presented.

4 Variational Form ulations

We begin by considering the transformed state equation in (15)-(16). Multi-
plying by an arbitrary function � 2 V and integrating by parts, we have the
following integral equation

Z 1

0
ŵ0(� )� 0(� )d� = q2

Z 1

0
f̂ (� )� (� )d� 8 � 2 V: (26)

This equation, along with the bilinear form and L 2-inner product de�ned in
Section 1.1, producesthe variational form of (15)-(16). In particular, (15)-(16)
is equivalent to the following variational equation. Find ŵ(�) 2 V such that

a(ŵ; � ) = q2hf̂ (�; q); � (�)i (27)

for all � (�) 2 V . The reader is referred to [5] and [7] for details regarding the
equivalenceof the variational formulation to the boundary value problem.

We now turn to the transformed sensitivity equation. Note that the bound-
ary conditions (18) are nonhomogeneous. In order to simplify notation, we
denote the right boundary condition of (18) by 
 = � 1

q @� ŵ(1). If s� (� ; q) is
de�ned by the function

s� (� ; q)
4
= 
 � ; (28)

then s� (� ; q) 2 H 1(
 1) and s� (� ; q) satis�es the boundary conditions s� (0) = 0
and s� (1) = 
 . It follows that v(� ; q) = ŝ(� ; q) � s� (� ; q) belongsto V and solves
the di�eren tial equation

� v00(� ; q) = 0 (29)

with homogeneousDirichlet boundary conditions

v(0; q) = 0 v(1; q) = 0: (30)

The corresponding variational equation is de�ned in V . Find v(�) 2 V such that

a(v; � ) = 0 (31)

for all � (�) 2 V . Once v(� ; q) is computed, the transformed sensitivity ŝ(� ; q)
is recovered using the relationship ŝ(� ; q) = v(� ; q) + s� (� ; q). Details regarding
this technique can be found in [7].
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We now derive the variational problem involving the sensitivity of the trans-
formed state, p(� ; q). As noted in Section 3.1, the system in (21)-(22) must be
interpreted in the spaceV � . That is, the following equation holds

Z 1

0
p0(� )� 0(� )d� = 2q

Z 1

0
f̂ (� ; q)� (� )d� �

Z 1

0
� 1

q
(� )� (� )d�

= 2q
Z 1

0
f̂ (� ; q)� (� )d� � � (

1
q

) (32)

for all � (�) 2 V . De�ne the linear functional lq 2 V � by

lq(� ) = 2qhf̂ ; � i � � 1
q
(� ) (33)

for all � (�) 2 V . It follows that equation (32) is equivalent to the following
variational problem. Find p(�) 2 V so that

a(p; � ) = lq(� ) (34)

for all � (�) 2 V . Variational problems of this type can also be found in [5].
Before turning to numerical issues,we note that this example falls within a

generalframework that provides the basicexistence,uniquenessand di�eren tia-
bilit y of the transformed state equation. Observe that the variational problem
(27) has the form

Aŵ = F(q) in V � ; (35)

where A : V ! V � and F : R ! V � are de�ned by

[Au](v) = a(u; v) 8 v 2 V (36)

and

[F(q)](v) = q2hf̂ (�; q); v(�)i 8 v 2 V; (37)

respectively. If one de�nes the function G : V � R ! V � by

G(ŵ; q) = Aŵ � F(q); (38)

then the following result provides the theoretical foundation for the numerical
methods presented below.

Theorem 1 If q 2 (1; 2), then G(ŵ; q) = 0 has a unique solution ŵ = ŵ(�; q).
Moreover, p(�; q) = @qŵ(�; q) exists and is the unique solution to the sensitivity
equation (in V � )

Ap � @qF(q) = 0: (39)
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The proof of Theorem 1 follows easily from the implicit function theorem. In
particular, one can show that the strong Fr�echet derivatives @̂w G(ŵ; q) and
@qG(ŵ; q) exist and are given by

@̂w G(ŵ; q) = A; (40)

and

@qG(ŵ; q) = � @qF(q) = � lq(�); (41)

where lq(�) is de�ned by (33). Observe that the sensitivity equation (39) is
equivalent to the variational problem (34).

Although the framework de�ned by (35) - (39) is suitable for many elliptic
problems, it is not su�cien t for more general shape sensitivity problems. For
example, the classicalelliptic interface problem requires a more general theory
(see[8]). We now move to the numerical approximation of the solutions to the
variational problems. The following section describesthe appropriate �nite ele-
ment spacesfor approximating the transformed state, ŵ(� ; q), the transformed
sensitivity, ŝ(� ; q) and the sensitivity of the transformed state, p(� ; q).

4.1 Discretization

For the �nite element approximation of the variational equations, we begin by
constructing the grid. Note that the function f̂ (� ; q) is discontinuous at the
point � = 1

q in the computational domain. Hence,a grid point of the mesh is
placed at that point. We partition the domain 
 1 into subintervals (� j ; � j +1 )
where 0 = � 0 < � 1 < � � � < � k = 1

q < � � � < � N < � N +1 = 1. We choosethe �nite
dimensionalsubspaceof V to be the spacespannedby N piecewiselinear basis
functions denoted

V N = f  (�) 2 V :  (� ) =
NX

j =1

cj hj (� )g; (42)

where hj (� ) is the standard continuous piecewiselinear basis function.
For the computations presented in this paper, we use the partition of 
 1

developedabove for both state and sensitivity approximations. Hence,the mesh
(� j ; � j +1 ), for j = 0; 1; : : : N is usedto calculate approximations to ŵ(� ; q), v(� )
and p(� ; q). The function v(� ) is approximated in the same manner as the
transformed state. In particular, we let

ŵN (� ) =
NX

j =1

� j hj (� ); (43)

pN (� ; q) =
NX

j =1

� j hj (� ) (44)
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and

vN (� ) =
NX

j =1

� j hj (� ) (45)

be �nite element approximations of ŵ(� ; q), p(� ; q) and v(� ), respectively. Once
vN (� ) has been obtained, we compute the approximation of the transformed
sensitivity using

ŝN
H (� ; q) = vN (� ) + 
 N � ; (46)

where 
 N is the approximation to 
 = � 1
q @� ŵ(1; q) given by


 N =
� 1
q

@� ŵN (1; q): (47)

Note that the subscript notation usedon ŝN
H (� ; q) refersto the useof the H-SEM

approach for the sensitivity calculation.

Remark: The useof 
 N for 
 introduceserror into ŝN
H (� ; q) that is independent

of the error in vN (� ; q). However, this error signi�cantly a�ects the accuracyof
ŝ(� ; q), and eventually, that of s(x; q). It is alsonoteworthy that eventhough the
weak form of (34) doesnot require spatial information about ŵ(� ), the spatial
derivative @� ŵ(� ) is required to reconstruct s(x; q) through (25). These issues
play an important role in the numerical results presented in Section 5.3.

5 Numerical Results

In this section,we present numerical approximations to w(x; q) and s(x; q) using
the methods described in the previous section. We comparenumerical approxi-
mations of s(x; q) that result from implementing each of the methods discussed
in Section 3.1. In particular, we compare results obtained using H-SEM with
those of the A-SAM.

5.1 State Appro ximations

All computations presented in this paper usethe samegrids for both sensitivity
approximations. It is important to recall that a node is placedat � = 1

q . Figure
1 shows the �nite element approximations to ŵN (� ; 1:5) for various values of
N . These approximations converge rapidly. Similar behavior is observed over
a range of parameter values. The corresponding approximations to wN (x; 1:5),
obtained by transforming the �nite element approximation, ŵN (� ; q), back to
the physical domain, are shown in Figure 2. Comparing Figures 1 and 2, one
can seethat convergenceof the approximations is preserved under the transfor-
mation T.
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Figure 1: Finite Element Approximations to ŵ(� ; 1:5)
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Figure 2: Approximations to w(x; 1:5)
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Figure 3: H 1-Error of wN (x) for q ranging from 1:1 to 1:9

Figure 3 shows the H 1-error in w(x; q) for values of q between 1:1 to 1:9.
The valuesof N range from 3 to 33 and are indicated in the legend. Note that
the rate of convergenceis better for q ! 1 as the quadratic term (see(19)) in
the transformed state becomeslessdominant.

5.2 Hybrid Sensitivit y Equation Metho d

In this section, we present sensitivity calculations obtained by applying the
H-SEM algorithm. Figure 4 shows the convergenceof the �nite element ap-
proximations to ŝ(� ; 1:5). Observe that the entire error results from the approx-
imation of 
 = � 1

q @� ŵ(1; q) by 
 N = � 1
q @� ŵN (1; q). Since the transformation

T is smooth, the only error in sN
H (x; 1:5) is due to this approximation. Figure 5

shows the convergenceof sN
H (x; 1:5) to s(x; 1:5).

Recall that ŵN (� ) is a piecewiselinear approximation. Thus, the �nite
element spatial derivative is a piecewiseconstant function. This function is used
to approximate the spatial derivative at the right boundary point � = 1. Figure
6 shows a piecewiseconstant approximation used to obtain an approximate
boundary condition 
 N . Hence,the error in @� ŵ(1) results in sensitivity errors
that can be attributed to the poor approximation of this boundary condition.
There are techniqueswhich can be usedto obtain better approximations to the
spatial derivative along the boundary. Higher order elements can be usedin the
transformed state calculation, but this can be costly for 2D and 3D problems.
As an alternativ e, projection techniques have been developed to enhancethe
accuracy of the spatial derivative for nominal expense(see [9] and [10]). We
move to the A-SAM.
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Figure 4: Finite Element Approximations to ŝ(� ; 1:5)
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Figure 5: H-SEM Approximations to s(x; 1:5)
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Figure 6: Approximation of @x ŵ(� ; 1:5) with N = 3

5.3 Abstract Semi-A nalytic al Metho d

We turn our attention to numerical results obtained by using the A-SAM al-
gorithm for sensitivity calculations. First, note that sN

A (x) is constructed from
pN (� ; q) and @x ŵN (� ) using the relationship.

sN
A (x; q) = pN (

x
q

; q) �
�

x
q2

�
@� ŵN (

x
q

; q): (48)

Note that we use the subscript A for the sensitivity approximation obtained
using the A-SAM approach. The �nite element approximations to p(� ; 1:5) are
shown in Figure 7 for various values of N . Since the sensitivity equations are
linear, the approximations pN (� ; 1:5) convergeas expected. When constructing
sN

A (x; 1:5) from (48), the piecewiseconstant approximation of @x ŵN (� ) pro-
duces discontinuities in sN

A (x) as shown in Figure (8). These discontinuities
occur at points of the physical domain which correspond to meshnodesof the
computational domain lying in the interval [ 1

q ; 1). Note that the expressions
for the mesh derivatives in (48) are \hard-wired", continuous functions, and
the �nite element approximations to p(� ; q) are continuous. It follows that
ks(x; q) � sN

A (x; q)kL 2 ! 0 as N ! 1 . However, one doesnot get convergence
in the energy(H 1

0 ) norm since@x sN
A (x; q) is not in V .
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Figure 9: H 1 Errors for Sensitivity Calculations

6 Conclusion

Each of the methods described in this paper present computational challenges.
The Hybrid SEM requiresgradient information along the boundary of the com-
putational domain. Even in the 1D example, this information becomescritical
to accurate sensitivity calculations. Approximating gradients along the bound-
ary only gets more challenging in 2D and 3D problems. However, the Abstract
SAM requiresaccurategradient information within the computational domain.
This exampleclearly illustrates the seriouscontamination of sensitivity approx-
imations that can occur if the approximate gradients are inaccurate or are not
su�cien tly smooth. Moreover, the issueof calculating derivativesof meshmaps
is not addressedin this 1D example. Those were analytically computed and
\hard-wired" into the computations. In practical problems, calculating these
derivatives can be an extremely di�cult task as well as a source of compu-
tational error. Both methods require accurate gradient information from the
transformed state. In the caseof the Hybrid method, this is the only major
stumbling block to obtaining reliable sensitivity calculations. In contrast, ac-
curate gradient information may not be su�cien t to obtain good sensitivity
approximations using the Abstract SAM method as the needfor accuratemesh
derivativesmay overshadow the entire process.
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