GENERICITY OF THE FIXED POINT SET FOR THE
INFINITE POPULATION GENETIC ALGORITHM
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ABSTRACT. The infinite population model for the genetic algo-
rithm, where the iteration of the genetic algorithm corresponds to
an iteration of a map G, is a discrete dynamical system. The map
G is a composition of a selection operator and a mixing operator,
where the latter models the effects of both mutation and crossover.
This paper shows that for a typical mixing operator, the fixed point
set of G is finite. That is, an arbitrarily small perturbation of the
mixing operator will result in a map G with finitely many fixed
points. Further, any sufficiently small perturbation of the mixing
operator preserves the finiteness of the fixed point set.

1. INTRODUCTION

In this paper we study a dynamical systems model of the genetic
algorithm (GA). This model was introduced by Vose [12] and is further
extended in [6] and [9]. The dynamical systems model of the genetic
algorithm provides an attractive mathematical framework for investi-
gating the properties of GAs.

A practical implementation of the genetic algorithm seeks solutions
in a finite search space which we denote Q = {1,2,...,n}. Each ele-
ment of 2 can be thought of as a “species” with a given fitness value;
the goal of the algorithm is to maximize the fitness. Usually there are
multiple species with high fitness value and n is large. In order to avoid
local maxima the GA algorithm uses mutation and crossover operations
to maintain diversity in the pool of r individuals, representing the n
species. The infinite population model considers an infinite population
of individuals represented by the probability distribution over €2,

P:(Pl,Pg,...,Pn)

where P; is the proportion of the i-th species in the population. An
update of the genetic algorithm consists of mutation, selection and
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crossover steps and is represented in the infinite population model as
an iteration of a fixed function G.

Although the precise correspondence between behavior of such infi-
nite population genetic algorithm and the behavior of the GA for finite
population sizes has not been established in detail, the infinite popula-
tion model has the advantage of being a well defined dynamical system.
Therefore, the techniques of dynamical systems theory can be used to
formulate and answer some fundamental questions about the GA.

The fixed points are fundamental objects of interest in our study,
because in realistic implementations of genetic algorithms one usually
observes convergence to a fixed point. Convergence to a unique fixed
point is automatic when the quadratic map is a contraction. However,
this paper is about a more subtle situation when the genetic algortithm
is not a contraction. Wright and Bidwell [10] found examples of genetic
algorithms with stable period two points, that is, examples of GAs for
which not all solutions converge to a fixed point. These examples, how-
ever, were constructed using mutation and crossover operators which
do not correspond to operators used in practice. In spite of this discov-
ery, it is clear that one cannot expect to prove convergence to a fixed
point for all genetic algorithms. Thus, the important problem is to
carefully define the largest possible class of realistic genetic algorithms
for which all solutions do converge to a fixed point. This problem is
still open.

Wright and Vose [11] considered a class of mappings G that were a
composition of a fixed mutation and crossover maps, and a proportional
selection map. The set of fitness functions that correspond to the
proportional selection was parameterized by the positive orthant. They
have shown that for an open and dense set of such fitness functions,
the corresponding map G has finitely many fixed points.

In this contribution we will take a different path. We consider a
class of mappings G = M o F where F is an arbitrary, but fixed,
selection map and M is a mixing map from a class M described in
Definition 2.2. This class is broad enough to include all mixing maps
formed by a composition of the mutation and crossover maps described
in monographs by Reeves and Rowe [6] and Vose [9]. We show that for
a typical (i.e. open and dense) set of mixing maps, the corresponding
map G has finitely many fixed points.

Theorem 1.1. Let G = M o F be a composition of a selection map F
and a mizing operator M. Then for a typical mixing operator M € M,
G has finitely many fized points.
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The main tool in the proof of this result is the powerful notion of
transversality. This idea has been successfully used in differential topol-
ogy and dynamical systems for over forty years. Before we go into
mathematical details, we wish to illustrate this notion on some simple
examples. Consider a scalar function f(x,a) := 2 + a, that depends
on a real parameter a, and let W be the z—axis in the plane R?, see
Figure 1. Notice that for all parameters a # 0 the graph of f(z,a)
either does not intersect W at all (for a > 0) or it intersects W in
two points (for a < 0). Both of these situations are stable under small
change in the parameter a. That is, if there are two intersections for
a = ap, then for all a; sufficiently close to ag the graph of f(x,a;) also
intersects W in two points. A similar statement is true for no intersec-
tion. We observe that the set of these “stable” values of a (i.e. a # 0)
is open and dense in the set of all a. The value a = 0 is exceptional
since arbitrary small change in a changes the number of intersections

with W.
a>0
. \ /W
a <0

a=20

FiGURE 1. An exceptional value of a corresponds to non-
transverse intersection of the graph of f and W (left
figure); typical value of a corresponds to transverse in-
tersection.

We can characterize geometrically the “stable” values of a by observ-
ing that the sum of the tangent space to the graph of f and the tangent
space to W at all points x of intersection generates the tangent space
to R? at x. This tangent space is again R2. In this case we will say
that f s transversal to W. For the exceptional value a = 0 these two
tangent spaces at the point of intersection x = 0 coincide and therefore
their sum is a strict subspace of the tangent space of R? at 0. This is a
just a sophisticated way of saying that the graph of f and W “cross”
for the “stable” values of a and only “touch” for the exceptional val-
ues of a. Notice that we have to define “crossing” loosely since empty
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The fundamental mathematical result we will use states that, under
certain assumptions, the set of parameter values for which a general
parameterized function intersects a given manifold W transversally, is
both open and dense in the set of all parameters.

In proving our result, the essential step is to transform the problem
of finiteness of the fixed point set to a transversality problem. We
will set f(z, M) := M(F(x)) —x = G(x) — x, where instead of a
scalar parameter a we have multi-dimensional parameter space M that
characterizes the set of all admissible mixing operators. If we let W =
{0}, then the intersections of the graph of f and W correspond precisely
to the fixed points of G. To prove finiteness of the set of fixed points,
we evoke another general transversality theorem (Theorem 3.3) which
states that this set has finitely many components for every M for which
we have transversality.

The paper is organized as follows. In section 2 we carefully define
the infinite population model, GA map and the set of admissible mix-
ing operators M. In section 3 we review transversality and provide
the necessary background. In section 4 we prove the main result and
conclude in section 5.

2. THE INFINITE POPULATION GENETIC ALGORITHM

The genetic algorithm searches for solutions in the search space €2 =
{1,2, ... n}; each element of Q can be thought of as a type of individual.
We consider a total population of size r with r << n. We represent
such a population as an incidence vector:

2, \T
y Ynj

v = (1. Vs
Wi, V2, ..

where v; is the number of times the individual of type 7 appears in the
population. It follows that >, v; = r. We also identify a population
with the population incidence vector

p= (plvp?a "'7pn)T

where p; = - is the proportion of the ¢-th individual in the population.
The vector p can be viewed as a probability distribution over €2. In this
representation, the iterations of the genetic algorithm yield a sequence
of vectors p € A" where

A" = {(p1,p2ssn)T ER™ | py = Y and v; €40,...,r}forallie{1,...

(2.1) with Y vy =r}.



We define
A= {xER”|ZxZ~: lLand @; > 0 forallie {1,...,n}}.

Note that A" C A C R", where A is the unit simplex in R”. Not
every point x € A corresponds to a population incidence vector p € A",
with fixed population size r, since p has non-negative rational entries
with denominator r. However, as the population size r gets arbitrarily
large, A" “becomes dense” in A, that is, U,>nyA" is dense in A for all
N. Thus A may be viewed as a set of admissible states for infinite
populations. We will usc p to denote an arbitrary point in A” and x to
denote an arbitrary point in A. Thus p always represents a population
incidence vector in a finite population and x the corresponding quantity
in infinite population, which is the probability distribution over 2.
Unless otherwise indicated, z € A is a column vector.

Let G(x) represent the action of the genetic algorithm on x € A, and
assume that G : A — A is a differentiable map ([9]). The map G is
a composition of three maps: selection, mutation, and crossover. We
will now describe each of these in turn.

We let FF: A — A represent the selection operator. The i-th com-
ponent, F;(z), represents the probability that an individual of type i
will result if selection is applied to x € A. As an example, consider
proportional selection where the probability of an individual k£ € €2
being selected is
_ Tl
Zjeﬂ z;f;’
where x € A is the population incidence vector, and fi, the k-th entry
of the vector f, is the fitness of k € Q. Define diag(f) as the diagonal
matrix with entries from f along the diagonal and zeros elsewhere.
Then, for F': A — A, proportional selection is defined as

F(z) = C”‘}g#.

We restrict our choice of selection operators, F, to those which are C!,
that is, selection operators with continuous derivatives.

We let U : A — A represent mutation. Here U is an n X n real valued
matrix with ¢j-th entry u;; > 0 for all 4, j, and where U;; represents
the probability that item j € 2 mutates into ¢ € 2. That is, (Uz); :=
> s ugix; is the probability an individual of type & will result after
applying mutation to population z.

Let crossover, ' : A — A, be defined by

Prlklz] =

N (T - -
U) =" hx,..., T UrT)



for x € A, where Cy,...,C, is a sequence of symmetric non-negative
n x n real valued matrices. Here Ci(x) represents the probability that
an individual £ is created by applying crossover to population x.

Definition 2.1. Let Mat,(R) represent the set of n X n matrices
with real valued entries. An operator A : R® — R" is quadratic
if there exist matrices Ay, Ag, ..., A, € Mat,(R) such that A(z) =
(2T Az, ..., 2T A,x). We denote a quadratic operator with its corre-
sponding matrices as A = (A4y,..., A,).

Thus, the crossover operator, C' = (C1,...,C,), is a quadratic oper-
ator ([8]).

We combine mutation and crossover to obtain the mixing operator
M = CoU. The k-th component of the mixing operator

My(z) = 2" (UTCyU)z

represents the probability that an individual of type k will result after
applying mutation and crossover to population x. Since Cj is sym-
metric, My is symmetric. Further, since C} is non-negative and U is
positive for all k, M} is also positive for all k. Additionally, it is easy
to see check that since Y, [My];; = 1, M : A — A, and mixing is also
a quadratic operator ([8]). Here [M}];; denotes the ij-th entry of the
matrix M. This motivates the following general definition of a mixing
operator.

Definition 2.2. Let Mat, (R) represent the set of n x n matrices with

real valued entries. We call a quadratic operator, M = (My,..., M,),
a maixing operator if the fnﬂnwing prnpprﬁpﬁ hold:

(1) My € Mat,(R) is symmetric for all k =1,...,n;
(2) (My)y; >0foralli,je{l,....,n},andforallk=1,...,n;
(3) YoMyl =1forall j=1,...,.nandi=1,...,n.

Let M be the set of quadratic operators M satisfying (1)-(3). It is
easy to see that (3) implies that M € M maps A to A. We define a
norm, || - ||, on M by considering for M € M, M € R", and using
the Euclidean norm. For an alternative norm on the set of quadratic
operators, see [7].

Definition 2.3. We set
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We extend the domain of definition of F' to the positive cone in R",
denoted R™". The extension of F' is denoted F' and is defined by

Foy=F (5)

Thus F|y = F, and for « € A, DF(x)|y = DF(z), the Jacobian of F.
Let R} := {z € R*| >, 2; = 0}. Since R} is the tangent space to A at
z and F(A) C A, DF(R?) C RZ. Because F : R* — A, it is also clear
that the map G is extended to a map G : R — A and the preceding
remarks apply to G as well. In order to simplify the notation we will
use symbols F' and G for these extended functions.

Definition 2.4. If f(x) = z, a point x is called a fixed point of f.

Definition 2.5. A property is typical, or generic, in a set S, if it holds
for an open and dense set of parameter values in S.

3. TRANSVERSALITY: BACKGROUND AND TERMINOLOGY

This section provides the reader with the necessary background in
differential topology. The material provided below follows [1]. Other
references include [2], [3] and [5].

Let X, Y be n and m dimensional manifolds, respectively. For z € X,
we let T, X denote the tangent space to X at x. For a differentiable
map f: X — Y, we let df, : T,X — Tjy,)Y denote the derivative
of the map f at the point z. In the special case that T, X = R"™ and
Tr)Y = R™, we note that df, : R® — R™ is given by the Jacobian
matrix D f(z) ([4]).

The following notation is adopted from [1]. Let A, X, Y be C" man-
ifolds. Let C"(X,Y") be the set of C" maps from X to Y.

Definition 3.1 (Restricted definition from [1] for finite vector spaces).
Let X and Y be C! manifolds, f : X — Y a C! map, and W C Y a
submanifold. We say that f is transversal to W at a point z € X, in
symbols: f thy W, if, where y = f(z), either y ¢ W or y € W and

(T, ) (T X) + T,W =T,Y.

We say f is transversal to W, in symbols: f th W if and only f h, W
for every x € X.

We reformulate the example in Figure 1 in terms of Definition 3.1.
Let X := [-1,1,Y := R? and let W := {(z,y) € R?| y = 0} be
the x-axis. We define the the family of maps f, : [-1,1] — R? by
fa(t) := (t,t* + a). Then the map f_, is transversal to W (Figure 1
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Theorem 3.2 (Transversal Density Theorem, [1]). Let A, X,Y be C"
manifolds and W C 'Y a submanifold. Let p, : X — Y be a family
of maps such that the correspondence ev(a,z) := py(x) is C". Define
Aw C A by

Aw ={a € Alp, h W}.
Assume that

(1) X has finite dimension m and W has finite codimension q in
Y:

(2) r > max(0,m — q);

(3) ev(a,x) M W.

Then Ay is residual (and hence dense) in A.

In our example, the set Ay := {a # 0} and the set A = R. Density
of Aw in A means that in an arbitrary neighborhood of the value a = 0,
there is a value of the set Ay .

Theorem 3.3 (Corollary 17.2, [1]). Let X,Y be C" manifolds (r > 1),
f: X =Y al map, W CY aC" submanifold. Then if f hW:

(1) W and f~(W) have the same codimension;
(2) If W is closed and X is compact, f~*({W}) has only finitely

many connected components.

As an example, let f, : [-1,1] — R? be as defined above with
a # 0. Since W = {(z,y) € R?ly = 0}, the set f (W) consists
of finitely many points. In fact, this set consists of two points when
a < 0 and no points when a > 0. Each of these points is a zero-
dimensional submanifold of the dimension 1 interval [—1,1]. Thus,
71 (W) has codimension 1. Since W is a 1-dimensional submanifold of
R?, it also has codimension 1. Note that in our example, f, 'wW)y=0
and is a point. However, we can modify the family f, in such a way
that fo(—e,¢) = 0 and 0 is still the only value of a where we lack
hyperbolicity, see Figure 2. This example shows that hyperbolicity is
necessary for the conclusion of the Theorem 3.3.

Observe that the compactness of X is also necessary. Consider the
function g : R — R? defined by g(t) = (t,sint). Then ¢g7'(0) = kr has
infinitely many components in X = R.

Theorem 3.4 (Openness of Transversal Intersection, [1]). Let 4, X,Y
be Ct manifolds with X finite dimensional, W C Y a closed C* sub-
manifold, K C X a compact subset of X, and p, : X — Y be a family
of maps such that the correspondence ev(a,x) = p,(x) is C". Then the
subset Axw C A defined by Axw = {a € Alp, N, W forz € K} is

open.



a>0

a<0

FIGURE 2. A modified example from Figure 1. The map
fo maps a subinterval (—¢, €) into W.

In our example, K = X = [-1,1] is compact and Axw = Aw =
{a # 0}. The set Agw is open in A = R if a small enough neighbor-
hood, N.(a), of the value a € Agw, has N.(a) C A. That is, for any
a # 0, there is a small interval (a —¢,a +¢) C A.

4. PROOF OF MAIN RESULTS

Let A = JAV/l, where J
Definition 2.2, and let X = A € R" and Y = RL.
define a famlly of maps pus
Recall that Ry := {z € R
CHA, A),we also have py € C

Finally, we define ev,(M, ) :

for M € M and z € A. That is,
ev(M,z) = pu(z) = M(F(z)) — .
Finally, note that since G, F are C', the function ev, is also C*.
Lemma 4.1. Forev,(M,z) := M(F(z)) — z, rank(d(ev,)) =n — 1.

Proof. Note first that since A C R™*, the derivative d ev, of ev,,
dev, =D ev,, is a Jacobian of ev,. Similarly, we note that

3/\
8
S

i
>

— Ry by ev (M, z) = pu(zx)

N{ avr Y\ — Dav 1, . .
_L/\UVpl(MXA)} = _L/UVp|1<P’y>(M><A).



Because T'(Rf) = Rf, and
T(M x A)={(P,y)|P=(P1,...,P,) with Y P, =0and y € R"},

it suffices to show that the Jacobian D ev, : T(M x A) — R} is onto.
Thus, for (P,y) € T'(M x A), we calculate

dev, Oev P dev dev
D evi e (Py) = {arf’ axpl ( y ) = aﬂflj%- 8$py

By a short computation we get

dev,,
oM

P = PF(z),

o
o
o

dev,

ox
Finally, for any z € Rf}, and (M, z) € M x A, we show there exists
(P,y) € T(M x A) such that

(4.1) Devipray(Py) = PF(x) 4+ 2(MF(z))DF (z)y —y = =.

We start by choosing y = 0 € R™. Now, by equation (4.1), it suffices to
find P = (P,,..., P,) such that

(4.2) Deviygy(Py) = PF(z)+0—-0 = z.
Because F' : R*"t — A, we let u = F(x) € A. By equation (4.2), we

y=2(MF(z))DF(x)y —y.

see that for fixed u € A we want P = (P ,Pn) such that Pu =
(u? Py, ..., uf Pyu) = z. Clearly, fori = 1,...,n—1, we can choose P;
such fhaf prw = z. F‘lnallv becanse 2 < Rn fhaf is ST 2 =0 we
such that LY, DELasE o < Ry, Wab s ) < = Uy
see that z, = — >, z;. Thus, for our choice of P,..., P,_1,
T T
S SR ST
and P, = —>"'P. Because B, = —.1"' P, it is clear that

>, P =0,and for this choice of P = (P, ..., P,) with y = 0 we have
Devp g (P, y) = 2. Because z, M, x were arbitrary, we have shown that
Dev, : T(M x A) — R} is onto. That is, rank(Dev,) =n — 1.

]

Lemma 4.2. Letev, : M XA = R}, z € A, and M € M. Then
ev, M {0}.

Proof. Choose W := {0}. Since TyW = {0}, to prove transversality

R I P oo
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T,Y = R" . In other words, we need to show that Dev,(x) is surjec-
tive. By Lemma 4.1, rank(Dev,(z)) = n — 1, and therefore Dev,(z) is
surjective and ev, rh {0}. O

Proposition 4.3. Let My = {M € M|py  {0}}. Then My
is dense in M. That is, the set of parameter values for which py; is
transversal to {0} is dense in M.

Proof. We apply the Transversal Density Theorem: Theorem 3.2. We
first note that by Lemma 4.2, ev, h {0}, and therefore condition (3) of
Theorem 3.2 holds. We now verify the remaining conditions (1)-(2).

(1) X = A has finite dimension m and W = {0} has finite codimen-
sion ¢ in Y = Rj. Because X = A, m =n—1 < oco. Clearly,

the codimencion
tile coaimension

l 14
(2) r > max(0,m — ¢g). Since r = 1, clearly r > max(0,0) = 0.

Proposition 4.4. The set My is open in M.

Proof. We apply Theorem 3.4, and therefore start by verifying its
hypothesis conditions. Clearly M, X,Y are C! manifolds. We take
K =X = A, and thus K is a compact subset of the finite dimensional
manifold X. Similarly W = {0} C Y is closed. By the previous argu-
ment, the maps pyr(z) are C'. Thus, all hypothesis requirements have
been met and by Theorem 3.4,

Mgy = {M € M|py hy {0} for z € K = X}
is open in M. O

Proposition 4.5. For generic M € M,

(1) par M {O0}. That is, the set of parameter values for which pyy is
transversal to {0} is open and dense in M.

(2) The set of parameter values for which py; ({0}) has finitely
many solutions is open and dense in M.

Proof. The proof of part (1) follows directly from Lemmas 4.3 and 4.4.
We now prove part (2). By part (1), the set of parameter values
for which py; is transversal to {0} is open and dense in M. Thus
by Theorem 3.3, for this open and dense set, p3; ({0}) has only finitely
many connected components. We now show by contradiction that there
are finitely many solutions to pp(x) =0 in A.
For z € py/({0}), let M, C p;; ({0}) denote the connected compo-
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exists a sequence {x,} C M, such that z, — z, and by choosing a
subsequence {z, },

Tp, — T
(4.3) lim x

g ’U’
ni—oe ||z, — |

where v € T,.(py; ({0})). Here v # 0 because the terms in the quotient
are on the unit sphere. Since

(4.4) MoF(z,)— MoF(x)=D(MoF)x) (x,, —2)+ R

where R is a remainder, then

(4.5)
MoF —MoF D(MoF . —

L MoF(r,)=MoF(x) . D(MoF)@) (t,-2)+R

me [, —al] oo 20, — ]

By equations (4.3) and (4.5), and because @,z are fixed points,

(4.6) v=D(MoF)(z)- ( lim u) +ofim

=0 [[Tn, — || ) oo ||zn, — ||
That is,
(4.7) v=D(MoF)(z) v+0,

and v # 0 is an eigenvector of D(M o F')(z) with eigenvalue 1. However,
since z € py; ({0}, and pyy is transversal to {0} at x, D(MoF)(z)—Iisa
linear isomorphism on a finite vector space. Thus, for all v # 0, (D(Mo
F)(z) — I)v # 0 which is a contradiction. Thus, all the components of
pri ({0}) only contain isolated points and each connected component
of py/ ({0}) is itself an isolated point. Since there are finitely many
connected components of p;; ({0}), there are finitely many solutions to

~ (Y N L e — A M
/JM\JJ)—UJ.ULJ./CIL. .
Proof of Theorem 1.1. By Lemma 4.5, for M € My C M,
pu(z) = 0 has finitely many solutions in A. That is, for generic
Me M,

pu(e) = M(F(z)) -«
has finitely many solutions in A. Thus solutions to py(x) = 0 corre-
spond to fixed points of G = M o F.

5. CONCLUSIONS

In this paper we have shown that given an arbitrary selection func-
tion and a typical mixing function, their composition has finitely many
fixed points. This composition represents an infinite population model
of a GA. Even though the correspondence between the infinite popula-

R | ~L o 3 T JR S N
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practitioners is not straightforward and likely depends on the details
of that implementation, our result adds to the increasing body of ev-
idence that the infinite population model can give qualitative insights
into the functioning of the GA. Genericity of the finiteness of the fixed
point set is expected for any reasonably rich model, consisting of iter-
ations of a map on a compact space. Our results can be interpreted
as showing that the GA map and the class of mixing operators con-
stitute such model. That is, as analogously stated in [11], for a given
mixing operator, unless proven otherwise, it is reasonable to assume
that G has finitely many fixed points. We note that the perturbation
from an infinite to a large finite population model can be viewed as
a small perturbation of the infinite population model. Therefore, for
any finite population model which in the infinite population limit falls
into the class we study in this paper, one can reasonably assume that
each large population model in this class has finitely many fixed points.
There is, however, a caveat behind the words “reasonably assume”. It
is generally more difficult to prove density results in a smaller param-
eter set as opposed to in a larger parameter set. This difficulty arises
for the simple reason that in the smaller parameter set, there are fewer
available perturbations to perturb off of “bad” parameter values (as is
a = 0 in our example). Therefore, it is possible that there may be a
specific class of mixing operators in which genetic algorithms with a
finite number of fixed points will not be dense. Whether, for instance,
the widely used crossover bit string operator for finite population gives
rise to such a class, remains on open question and will be addressed in
our future work.

The additional contribution of our work is to once again (after [11])
bring the attention of the GA community to a set of powerful ideas from
differential topology, centered around the notion of transversality. We
believe that these ideas can be applied in different contexts to many
problems in the study of genetic algorithms.
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