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In this paper, we consider a discrete delay problem with negative feedback .T(t) = f(.’l?(t), .’IT(t — 1))
along with a certain family of time discretizations with stepsize 1/n. In the original problem, the attractor
admits a nice Morse decomposition. We prove that the discretized problems have global attractors. It was
proved in [G,M] that such attractors also admit Morse decompositions. We then prove certain continuity
results about the individual Morse sets, including that if f(.T, y) = f(y), then the individual Morse sets
are upper semicontinuous at 77 = 0Q.

1. Introduction.

In this paper, we consider the discrete delay problem with negative feedback

#(t) = fzt),z(t - 1))

z(t) = ¢(t), te[-1,0] (1.1)eo
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and the following time discretization of the problem

9o(t) = f (Yo, Yn)
71(t) = n(yo — 1)

yn(t) = n(yn—l - yn)

(11)n
90(0) = 4(0)
n(0) = 6(—)
n(0) = $(-1)

Notice that 9 (0) is the slope of the secant line from ¢(—k/n) to ¢(—(k —1)/n).

We consider the case when both problems (1.1), and (1.1),, admit a Morse decompo-
sition and we prove certain continuity properties of the individual Morse sets with respect
to the discretization parameter n.

Assume that the function f satisfies the following, which we will refer to collectively
as assumption (A1).

Ala. f:IR? = IRis C®
A1lb. nf(0,n7) <0 for all n # 0
Alc. A+ B <0 where A= 0f(£,1)/0n|0,0) and B = df(£,1)/01](0,0)

Notice that the first two conditions also imply that f(0,0) =0 and B < 0.

We will also assume that (1.1),, admits a global attractor. To state this assumption
precisely, we must specify the function space in which we usually consider (1.1)y and
define the flow in that space. Choose an initial condition ¢ € C := C([—1,0], IR) and let
z(t) be the solution with z(f) = ¢(#) for § € [—1,0]. We can define a solution of (1.1)4
as an element in C by defining the function z; € C as x4(0) = z(t + ) for 8 € [—1,0]. We
then define the solution operator To,(t)¢ = x;. The collection {Too(t)}+>0 is a semigroup
and the action of this semigroup on C defines a semiflow. We denote the set of all bounded
solutions of (1.1)se as Ass C C((—00,00), IR) and define Ao, C C as the set of all initial
conditions which give rise to a solution in A.. The semiflow given by {Th (t)}+>0 can be
extended to a flow {Too(t)}ten on As. We then assume that

A2. A, is a global attractor and floo admits a Morse decomposition.

Using the results in [H] and assumption A2, we will be able to show that (1.1),, admits
a global attractor for large n. It was proved in [G,M] that if there is a global attractor
then the global attractor admits a Morse decomposition.
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In the remainder of this introduction, we will give the Morse decompositions and state
the continuity results.

Since the Morse decomposition will be given in floo, we must define the flow on A
The flow will just be translation by time. If € A, then ¢ := Z[[_1 0] € Ao and Z is the
solution through initial condition ¢. For 6 € (—o0, c0), define Z4(0) := &(t + 6).

In [M-P], the author defined a discrete Lyapunov function on A, V
C((—00,0),IR) — IN. Define o := inf{t > 0 : Z(¢t) = 0} if it exists. Then, if o ex-
ists, define V(%) to be the number of zeroes, counting multiplicity, of & in the interval
(0 —1,0]. Otherwise, define V(&) = 1. The author then proved that, in Ay, V is bounded
above and takes odd integer values and V(%) is nonincreasing in .

The Morse sets will be sets in Ao, on which the Lyapunov function is constant. The
number of Morse sets will depend on the number of eigenvalues of the linearization which
have positive real part. Specifically, the characteristic equation obtained by setting z = et
in the linearization of (1.1)4 is

~A+ A+ Be =0, (1.2)

We assume

A3, The zero solution of (1.1) is hyperbolic; that is there are no roots of 1.2 with zero
real part.

Then, if N is the number of roots of 1.2 with positive real part, there are N* := N/2 + 1
Morse sets (it is proved in [M-P] that N is even). These sets are defined as follows. For
1<k<N*—1

Spi={2 € Ao \ {0} : V() = 2k — 1 for all ¢ and 0 & a(3) Uw(&)}

and
SN* = {0}

It is proved in [M-P] that the sets {S;}1<x<n- form a Morse decomposition of Ase.

To describe the Morse decomposition for (1.1),,, we begin by defining operators analo-
gous to Th. If yg is an initial condition in IR"*! then T}, (t)yo € IR"** will be the solution
through yo at time t. We will eventually drop the tilde notation when we have chosen a
function space in which we can compare solutions of (1.1),, with solutions of (1.1)..

Systems of the form in (1.1),, are commonly known as cyclic feedback systems and
have been studied by Mallet-Paret and Smith [M-P,S], Gedeon and Mischaikow [G,M],
and Gedeon|G]|. In fact, assumption A1lb guarantees that this is a negative cyclic feedback
system. In [M-P,S], Mallet-Paret and Smith define a discrete Lyapunov function for (1.1),,
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in the case that it admits a global attractor fin For 1 <4 < n, define §; = 1 and define
8o = —1. For a vector {xg,...1,,) € IR"™! with z; # 0, define

Va({mo, 1, .oy xy)) = card{i : §;z;z;_1 < 0}

where we define z_1 = ,. Vj, counts the number of sign changes in the vector and adds
one if the first and last element have the same sign. We extend 174 by continuity whenever
possible. If the vector x(t) = (zo(t), z1(t), ..., zn(t)) is a solution of (1.1),, then V,,(x(t))
is nonincreasing. More precisely, if x(t) is in a region where V,, is defined, then Vj,(x(t))
is constant. If V,, is not defined at x(t), then for small €, V, (x(t — €)) = 2 + Vy,(x(t + €))
( Vau(x(t + €)) < Vo (x(t — €))) . Clearly, V,, is bounded and takes odd integer values. We
will use this Lyapunov function to define the Morse sets. Again the number of Morse sets
depends on the number of eigenvalues with positive real part. In section 5 we prove that

if A3 holds then
A3,, The zero solution of the linearization of (1.1), is hyperbolic.

Let K, be the number of eigenvalues with positive real part. If K,, is even, define K :=
K,/2+1;if K, is odd, define K} := (K, +1)/2+ 1. There are K, Morse sets. These are
defined as follows. For 1 <k < K} — 1,

Sn={x € Ay : Vo (To(t)x) = 2k — 1 for all £,0 ¢ a(x) Uw(x)}

and 3 )
St :={0}u{x e R"" :V,(x) > 2K -1}

It is proved in [G,M] that this indeed gives a Morse decomposition of A,,.

Hence for each problem (1.1),, n < oo, we have an attractor and a Morse decom-
position. These Morse decompositions are not unrelated. But it is not clear how we can
compare these two problems. It turns out that both the infinite dimensional problem and
the finite dimensional are connected to the following distributed delay problem.

i) = f (a:(t), / U st S)Qn(s)d5>

— 00

ro=¢, ¢ € C((—0o0,0])

where )
(_S)n_ ns

Qn(s) = n"me

With this kernel, we obtain the system in (1.1),, if we make the following change of variables
(see [B,T])

Yo(t)
Yr (1)

x(t)
/_ z(t + s)rp(s)ds
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where

k (_S)k_l ns

re(s) =n = 1)!6

The initial conditions will be

Y0(0) = ¢(0)
0 A4
w0 = [ olsri(s)ds (+4)

Problem (1.1) is the “limit” of the problems (1.3), in the sense that the kernels Qp
converge weakly to the d-function at —1; that is, for bounded functions z (in fact, for
functions in the space X defined below), we have

/ z(8)Qn(s)ds — z(—1) as n — oc.

— 00

The convergence of the kernels allows us to make use of results in [H] about the
dependence of attractors on the delay. To state these results, we must first give a function
space in which we can compare solutions for different values of n. The choice of function
space is discussed extensively in [H]. We choose the space

X :={¢:(—00,0] = IR|¢ is continuous on [—2,0] and ||¢||x < oo}

where
0

[6llx == sup |¢(s)| +/ |()|Q1(s)ds.
—2<5<0 —oo

It can be shown that the problems (1.3),, and (1.1),, are well-defined in X. The attractor
for (1.1)o, in X is just the backward flow through all elements in the attractor in C. This
construction is discussed completely in [H]. We will call the attractor in X A, also. We
define solution operators T, (t) for (1.3), in X, 1 < n < oo analogous to the operators
T, (t). If the following assumption is satisfied, then for large n, (1.3), admits a global
attractor in X (otherwise the attractors are local in a large ball whose radius goes to
infinity as n does).

A4 There is a fixed bounded set I' D Ay, into which the orbit T, (¢)B eventually enters
and remains for every bounded set B C X.

Remark 1.0. We will show that this assumption is satisfied if there is a u € IR such that
forz € IR andy € IR", zf(z,y) <0 ifz > u and |y| < z.

The attractors A,, are upper semicontinuous at n = oo. It is also shown that solutions are
continuous with respect to n uniformly for bounded sets of initial conditions and compact
intervals of time. We can use these two facts to great advantage to discuss continuity of
the Morse sets. First, however, we must give the Morse decomposition for (1.3), in terms
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of (1.1),. The Morse decomposition in A, gives rise to a Morse decomposition in A,,.
Define

0 0 0
SP = (b € An|(6(0), / ()17 (s)ds, / ()12 (s)ds, .., / ()™ (s)ds) € 57}
—o0 —o0 —o0
We will prove in section 1 that this indeed gives a Morse decomposition of A,,.
Finally, we now state the results that will be proven in this paper. We begin with the

most general result which holds with no further assumptions on (1.1) -

Theorem 1.1. Assume that assumptions A1 through A4 are satisfied. Then for any
€ > 0, there exists N so that for alln > N, the following hold.

a. N* = K}, that is, the number of Morse sets in the decompositin of A, is the same
as the number of Morse sets in the decomposition of A,,.
b. S is in an e-neighborhood of

My, := (Uj<S5°) U (Uji<kC™ (4, 1))

for all 1 < k < N* where C*(j,1) is the set of all connecting orbits with a-limit set
in S7° and w-limit set in S7°.

In order to get upper semicontinuity of the individual Morse sets, we require the
following extra assumption

A5 Assume that for every solution z € A, either z(t) — 0 as ¢ — —oo or there are t;
and t2 so that between any two zeroes of z in (—o0,t1]U|[t2, 00), there is precisely one
zero of z.

It will be shown in section 7 that this assumption holds for equations of the form

w(t) = f(z(t - 1))
With this we have the Theorem

Theorem 1.2. Assume that assumptions A1l through A5 are satisfied. Then for any
€ > 0, there exists N so that for alln > N, the following hold.

a. N* = K, that is, the number of Morse sets in the decompositin of A, is the same
as the number of Morse sets in the decomposition of A,,.
b. S} is in an e-neighborhood of Sp° for all 1 < k < N*

2. The Morse Decomposition of A,

In the introduction, we gave a Morse decomposition for A, © IR and we defined
the sets S}’ which will make up the decomposition for A,, C X. In this definition, we use
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a natural identification of functions in X to vectors in IR"! via the change of variables.
We begin here by defining the bounded linear operator L,, : X — IR™*!

[Lno](t) / d(s+t)ri(s ds,../ ¢(s + t)rp(s)ds)

Lemma 2.1. L, is linear for all n and is bounded uniformly in n. Hence it is continuous
uniformly in n.

Proof. The fact that L,, is linear is clear. We will prove that L,, is bounded uniformly
in n. Let ¢ € X. We look at an individual term in the vector L.

[ serieds < [ o)iieds+ [ g

-2

< / () (s)ds + sup |(s)]

00 —2<5<0

since for any n and k, fi)oor,? (s)ds = 1. We want to show that this expression is bounded
above by c||¢||x for some c. In this norm, the kernel is Q1(s) = e®. Define h}(s) :=
e *r(s) so that r} = h7?Q:. Notice that h} achieves its maximum value at s* = (1 —
k)/(n—1) > —1 and that A} is increasing for s < s*. Then we have

[ | <2 [ @i+ s (o)

—2<5<0

So we must show that A% (—2) is uniformly bounded. If k = 1, then A% (—2) = ne=?"e? <
1/2e. For k > 1, we will use Stirling’s formula, m! = m™e="v/2rme*/?™ for some
O<v<l,form=k-1.

1
n _ kaok—1_—2n 2
(-2) = = 1)!n 2" e e
k—1
_ € nkok—1,—2n,2,—v/12(k—1)
(k—1)k=1/27(k — 1)
< et kok—1,-2n,2

(k — 1)h=1\/2n(k — 1)

k
n (k—1) e~ e—(n—k+1)gk—1 2
k—1 2r

|
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Define j = k — 1 so that the last line above becomes

PESRS
hy(—2) < <E> \/ %6_”6_("_3')2%2
J s
7 .
= <E> e_(n_j) . ﬁ 2ie_n2j€2
J J V2T
N .
_ (1+71f9) e—m—ﬂ.z;/éLe—nz%z
J J T
n[j

< =) e n2ie?
7V 2

n Lﬁ_<2) &2
2w \ e
1 n [(2\"
= Dny/— (= 2
n+1(n+ n 2T (e) ¢
3
<72
=2+ 1)

IN

where the last estimate is obtained using standard calculus techniques to find the maximum

value of the function
z [(2\°
1 el e
(w+ )x\/ 2T (e)

for x > 0. This estimate holds for each k& and so for each k

IZ_MWﬂ@MS—Ei—/_W@@ﬂWw+sw ()

2(n —}— 1) — 0o _QSSSO
3e?
< - -

Since there are n + 1 terms in the vector L¢, we have

3e?
1Llx < > ligllx

What gives us the equivalence between the two systems (1.1),, and (1.3),, is the fact
that L commutes with the solution operator. In particular

Lemma 2.2. LT,(t)¢ = T, (t)[L¢].
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Proof. If ¢ € X and z; is the solution of (1.3),, through ¢ and (yo(t), y1(t), ..., yn(t)) is
the solution of (1.1),, with initial conditions (1.4), then we have

T, (t)[L (t)((0) / d(s)r7(s / B(s)rl(s)ds)

<y0 7y1(0)ﬂ"'7yn(0)>
= <y0(t)’ yl(t)a i yn(t)>

= (z(t) /0 (t+ s)rT(s)ds, ..,/O z(t + s)rp(s)ds)

oo —0Q0

= LTn( )¢

In order to prove that {S}}i<k<r+ is a Morse decomposition, we will make use of
the fact that S* = L(Sk). That the sets SP are disjoint, invariant and compact is fairly
trivial.

Lemma 2.3. The sets S} are disjoint, invariant and compact.

Proof. This is a consequence of Lemma 2.2. Suppose that there is a ¢ € S' N S7. Then

Lo € S’Zn N 5’;‘, but since these are disjoint, this cannot be. To prove invariance, suppose
¢ € S;. Then

0 0

LT, () = ([T () $1(0), / T (1) 6](5)r 2 (5)ds, .. / (T (£)8)(3)r7 (5) ds)

— 00 —0oQ

which is in 5’,’; and so Ty, (t)¢ € SE. To prove that S} is compact, we prove that is it closed.
From assumption A5 we know that it is bounded. If {¢;} is a sequence in S? with ¢; — ¢
in X, then since L is continuous, L¢; — L¢ in IR" 1. Since ST is closed, L¢ € SP and so
€ S, n

Next we must show that all solutions approach a set Sj.

Lemma 2.4. For any ¢ € A, there are j > i so that a(¢) C S} and w(¢) C S}

Proof. First we need to show that L¢ € A,,. Then we will use the Morse decomposition

in A,. Since ¢ € Ay, itisin w(Ay). Hence there is a sequence of initial conditions ¢y € A,

and a sequence of times ¢y so that T, (tx)¢r — ¢. Now consider the set T = {LT,(tx)br :
1 <k < oo}. Since L is bounded, the set ' is bounded and so w( ) C A,. But, since L is
continuous, LT (tx)¢r — L¢ and so Lo € w(T) C A,.

Since L¢ € A,,, there exist j > i such that a(L¢) C S*J” and w(L¢) C SP. To show that
w(p) C S}, consider ¢ € w(¢$). There exists a sequence of times ¢ such that T'(tx)¢ — ¢
in X. Then T(tx)L¢p = LT (tx)¢p — L1, so Ly € w(L¢p) C SP. Therefore ¢ € S and
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w(¢) C SP*. The proof that a(¢) C S} follows similarly. In the case that i = j, Lo € S’}c‘
and so ¢ € S7. [ |

We can also define the Lyapunov function in A,,. If z € A,,, then define

Vi(z) = i ((a:(O), / D () (s)ds, .. / ’ x(s)r:(s)ds>) (2.1)

— 00 — 00

V,, has the same properties as V,, and if z € Si then V,(z) = k.

3. Lower Bounds and Compactness of U, A,

Besides various convergence properties that we will need, there are three facts which
are central to the proof of part b. of Theorem 2.1 and these are presented here.

The first is given as a Theorem in [M-P].

Theorem 3.1a. Assume that A1 through A3 hold. If z € Ay, then either z(t) — 0 as
t — oo or x satisfies the following.

1. liminf; oo (|z(t)| 4+ |Z(t)|) > C where C > 0 is independent of x

2. There exist t1 > 0 such that all zeroes of x which lie in [t1,00) are simple.

3. There exist ta > 0 and d > 0 such that if z; and zs are two zeroes of x in [t3,00), then
we have |21 — z9| > d.

Since the solution operator is a semigroup in A.,, we also have

Corollary 3.1b. Assume that A1 through A3 hold. If x € A, then either z(t) — 0 as
t — —oo or x satisfies the following.

1. liminf,,_ o (|z(t)| + |Z(t)|) > C where C > 0 is independent of x

2. There exist t; < 0 such that all zeroes of x which lie in (—oo,t1]| are simple.

3. There exist to < 0 and d > 0 such that if z; and ze are two zeroes of x in (—oo,t3],
then we have |21 — 22| > d.

The second fact is that there is a constant ¢ > 0 so that if x € S? C IR™*! for any k
and n then ||x||; > ¢ where
|z||1 ;== max ;.
0<i<n

This is a result of the following Lemma.

Lemma 3.2. Let us denote the vector field given by (1.1),, by F,(x). There is a constant
¢ > 0 such that for all n there is a homeomorphism h,, such that

DF,(0) o hy(z) = hy o Fp(z)

10
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for all ||x||; < ¢.

Lemma 3.2 is standard and follows from the Hartman-Grobman Theorem (see [R]).
In the proof, we indicate how to obtain the uniformity.

Proof of Lemma 3.2. Recall that the proof of the Hartman-Grobman Theorem for flows
proceeds in three steps. First let f = Df(0) +g, f : IR"™ — IR™*! be a diffeomorphism
which satisfies

1. Lip(g) < € where Lip(g) is the global Lipschitz constant
2. €(1 —a)~! < 1 where a is such that spectrum Df(0) C {A: |A| < a or |[\71| < a}.

Then there is a C°-conjugacy h such that Df(0) o h(z) = ho f(z) for all z € IR,

The second step is the local version of the first step which says that since g(z) = o(x)
in the neighborhood of the origin, given “the gap” in the spectrum at a, we can always
find a small neighborhood of the origin where Lip(g) < (1 — a). Then we modify the
function g outside of this neighborhood to obtain the function § with Lip(g) < (1 — a)
for all z € IR™*t!. Then we can use the first part to get a global conjugacy using the
function g which becomes a conjugacy with g on the small neighborhood of the origin
where Lip(g) < (1 — a).

The third step involves taking a time one map of the flow, which is a diffeomorpism,
and then applying the above construction and showing that when the time one map is
conjugate to a time one map of the linear flow then the conjugacy extends to the time ¢
map for any ¢, and hence to the entire flow.

The important point for our purposes is that, given a, the conjugacy between the two
flows is valid on a neighborhood U where Lip(g) < (1 — a).

We have to consider a family of flows, F,(x) = DF,,(x) + g, (x). In order to prove the
Lemma we need to show that a and U can be chosen independently of n, for large n.

The fact that a can be chosen independently of n is the consequence of Lemma 5.1
and assumption A3. For n < oo, we denote by A(n) the spectrum of (1.1),,. Let n > 0 be
such that A(oc) N{z: |Re(2)| < 2n} = 0. Then by Lemma 5.1 there is an N such that for
all n > N we have that

A(n)N{z:|Re(2)| < n} =0.

We observe that a := e~ is the desired gap.

Now we discuss the Lipschitz constant and the neighborhood. From (1.1),, we know

f(@o, zn) — %xo - 2L,
gn(x) = 0
0

since (1.1),, is linear except in the first equation. This function does not change with n.
Therefore, there is a constant C such that if \/z3 + 22 < C then the Lipschitz constant

11
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Lip(gn) < (1 — a). The constant C' does not depend on n. If we choose ¢ = C//2 then we
have that for ||x||1 < {, Lip(gn) < 1 — a for all n. This proves the Lemma. [

Corollary 3.3. Ifasolution ™ of (1.3),, satisfies |x™(t)| < ( for allt > 0 then z™ € W*(0).

The final fact is that U, A,, is compact in X, provided it is bounded in X. Assumption
A4 ensures that it is bounded. In [H], it is proved that a set which is equicontinuous and
equibounded in C((—o0,0],IR) is compact in X. The proof is not hard and relies on two
facts; first, in such a set in X, a sequence has a subsequence which converges uniformly in
compact intervals and second, the weight in the X-norm decays exponentially at —oo. We
will use this result here.

Proposition 3.4. If U, A,, is bounded in X then it is equicontinuous and equibounded in
(7(0_00,0]»”%)

Proof. By assumption there is a K > 0 so that for every ¢ € U, A,,, we have ||¢||x < K.
Suppose ¢ € A,, for some n . We will show that, independent of n, for every s € (—o0, 0],

[¢(s)| < K. Hence sup_ ;<o |#(s)| < K.

If —2 < s < 0 then clearly

()] < [6(s)| < [I8llx

sup
—2<s5<0
If s < —2, then we use the fact that the flow in A,, under T, is translation to the left and
the fact that A,, is invariant under 7T;,. So

[¢(s)| = [[Tn(s)¢1(0)| < sup [Tn(s)¢| < [ Tn(s)dllx < K

—2<5<0
Hence if U, A,, is bounded uniformly in X it is bounded uniformly in C'((—o0, 0]).

To show that U,.A,, is equicontinuous, we will show that there is an M > 0 so that
for all ¢ € U, A,,, we have |¢(s)| < M for all s € (—o0,0]. Suppose ¢ € A, for some n.
Since, as above, ¢(s) = [T (s)¢](0) and A,, is invariant, we really only need to show that
for all ¢ € U, Ay, [¢(0)| < M. Since

13(0)] = | £((0), / $(5)Qn (5)ds)|

and f is continuous, we just need to show that |¢(0)| and fi)oo|q5(s)Qn(s)|ds are bounded.
That |¢(0)| < K is clear since |¢(0)| < ||¢]|x. So we prove fi)oo|¢(s)|Qn(s)ds is bounded.

—2

/ 16(5)|Qn(s)ds = / 16(5)|Qn(5)ds + / 16(5)|Qu(s)ds

—00 2 —00

-2 n—1
< s [66)1+ [ ol g (s

—2<5<0 _ (n-—-l)

= sup [4(s)]+ / S ()@ (s)ds

—2<s<0 oo

12
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where h}! is as in the proof of Lemma 2.1. Since h]i_; achieves its maximum value at
s*:=—(n—2)/(n—1) > —1 and A’ _, is increasing for s < s*, we have as in Lemma 2.1

/ $(5)|Qu(s)ds < sup [p(s)] + A7y (~2) / ()| Q1 (s)ds

—2<s<0 —00
Following the remainder of the proof of Lemma 2.1 in which we estimate hy, we get

32K
2

0 2
| 16)@us < - glx <

— 00

where the estimate is independent of n. Hence the derivative is bounded and U,.A,, is
equicontinuous. [

4. Convergence Results

We will need two basic types of convergence results. First, if a sequence {z™} with
x™ € A, converges in X, then it converges uniformly for compact intervals of time and the
same holds for derivatives of z™. Second, the integral

/ z™(s+t)ry(s)ds (4.1)

—00

x(t—k;1> (4.2)

and the analogous fact holds for derivatives of 2™ and x. This is because r} has its
maximum value at —(k — 1)/n and as n gets bigger, each 77 looks more and more like a
d-function at —(k — 1)/n.

is close to

We begin with the convergence of sequences z".

Lemma 4.1. Suppose z" € A, and 2" — = € A, where the convergence is in the X-
norm. Then, given € and T, there exists N(e,T) so that for n > N, |z™(t) — z(t)| < € for
allt € [-T,0]

Proof. Remember that functions in U, A,, are continuous by virtue of the norm and the
facts that the flow T;, is translation in A,, and A,, is invariant. Since ()7 is increasing, we
have

Q1) [ (o)~ alolds < [ ") - a(9)|Qu(s)ds

-T

< / 12" (s) — 2(5)|Qu(5)ds

—0o0

— 0

13
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Hence z™ — z for almost every ¢t € [-T,0], but since z" and z are continuous, the
convergence is uniform. [ |

Before we prove convergence of the derivatives, we must show that the derivatives are
bounded

Lemma 4.2. For any j > 0, the set {;Tjjac : 2 € Uy Ay} is bounded and equicontinuous in
C((—OO, 0]7 m)

Proof. If z" € A,, we use the differential equation (1.3),, to compute the higher order
derivatives. We find that these include the partial derivatives of f up to order j evaluated

" (:v(t), /_ (;a:(t + S)Qn(s)d3>

and powers of ™ and f_Ooo:i:" (s)Qn(s)ds. In proposition 3.4, we proved that there is an M
so that ||Z||cc < M for all x € UpA,,. By using the same proof that we used in Proposition

3.4 to prove that f x(5)|Qn(s)ds is uniformly bounded for z € U,A,,, we can prove
that f $)|Qn(s )ds is uniformly bounded for z € U,.A,,. Then since f is C*°, we are
done. [ |

To prove convergence of the derivatives &gy dt] z uniformly as n — oo, we must

dti
prove, in the following order, that

1. f z™(t + 5)Qn(s)ds — z(t — 1)
2. z" —>x
3. [0 "t + 5)Qn(s)ds — it —1).

To thls end, we prove the following lemmas.

Lemma 4.3. Suppose {v,} is a sequence in X and that there is a v € X so that v,(t) —
v(t) for all t € [-T — 2,0] and the sequence {v,}3° is equicontinuous and equibounded
in C((—o0,0],IR). Also suppose that for each n, 0 < k(n) < n is such that the sequence
{k(n)/n} converges to some limit . Then for all €, there exists N(e,T) so that for all

n> N,
k(n)—1 /0
TR/ (s 4+t d
v( - ) _Oov (s + U)rm)ds| <e
and o
v(t—1)— / Un (8 + )T (8)ds| < 2€
for t € [-T,0].

Remark 4.4. Notice that Lemma 4.3 also implies that for any € there is an N so that for

allm > N
k—1 0
v|t— —/ vn(s+ )y (s)ds
n —0o0

14
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for all 0 < k < n. One simply applies the first estimate n times, each for some fixed value
of k. We will often use the convergence in this form as well as in the form given in the

Lemma.

Proof of Lemma 4.3. Recall that fi)oor,ﬁ(s)ds =1 for any k£ and n. Then
k(n) — 1 0
v (t — L) _/ Un(t + 8)1(n)(s)ds

n
0
</
—o00

0
Ty (8)ds + / [t + 8) — vnlt + 8)[ T, (8)ds

— 00

v(tk(nzlloj —o(t + 5)

= I1+I2

First we show that I — 0. We assumed that {v,} is equibounded. Let K be the bound.
Then

0
lun(t +8) —v(t + 5) |5y (s)ds
2

I, = /_ v (t + ) —v(t—}-s)\r;‘(n)(s)ds-l—/

—00 —

—2
< oK / o (8)ds+ sup [va(s) — v(s)|
—0o0 t—2<s<t

<2Krp(=2)+  sup  |va(s) —v(s)]
—T-2<s<0

Convergence of the first term is shown in the proof of Lemma 2.1, where we obtained the

inequality
n —21n / n 2 "

Convergence of the second term is by assumption. Hence there exists N; so that for all
n> Ny, I < €/2.

Next, we show that I; — 0. To shorten the notation, we will write k instead of k(n).
Let 6 =n~ Y3 +nYand 6 =n"Y3 —n=1 . We have

11:/_000 v(t—k_1>—v(t+s)

n

T (s)ds

—(k—1)/n—5; k1
< / v (t — T) —v(t+s)|ri(s)ds
—(k—1)/n+55 E— 1
-I-/ v (t— ) —v(t+s)|r;(s)ds
—(k—1)/n—6; n
0 k—1 "
+/ vl t——— ) —v(t+s)|rp(s)ds
—(k—1)/n+32 n

::J1+J2+J3

15
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where we define r7(s) = 0 for s > 0. For every e, there is an Ny so that for all n > Ny,
Ja < €/4 by the equicontinuity in assumption.

Let K be the bound for {v,}. Then for both J; and J3 we have

—(k—1)/n—6,
J1 < ZK/ rr(s)ds

0
J3 < 2K/ ri(s)ds
—(k—1)/n+682

To estimate these, we will think of r7 as a probability distribution and use Chebyshev’s

inequality.
Wty —v 0 n\2
/ rp(s)ds +/ rip(s)ds < (sz)

—00 [,LZ+V

where 7' is the mean of 7 and (07')? the variance. We will prove in following Lemmas
that p? = —k/n and (0%')? = k/n?. Then we have

—(k—1)/n—5; 0
/ rp(s)ds + / rp(s)ds

—00 —(k—1)/n+462

—k/n—1/¥Yn 0
= / re(s)ds + / ri(s)ds
—o0 —k/n+1/¥Yn

k3n2<n{"/ﬁ2_1
n2 — n2  ¥n

<

And so

2K
Ji+J3 < —
1+ J3 < In
Hence there is an N3 so that for all n > N3, J1 +J3 < €/4. If we choose N4 = max(Na, N3)

then for all n > Ny, I} < €/2. Hence if n > max(Ny, Ny), then I1 + I3 < € and we obtain
the first inequality of Lemma 4.3.

iFrom this and the fact that v is continuous, the second inequality of Lemma 4.3 is
simple since

v(t—1) —/ Un(t+ s)ri(s)ds

—00

<

u(t—z)—v(t—$)‘

+

o(t— F =1 —/ vn(t + $)17(s)ds

n — 00

16
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Finally we prove that jTjjx" (t) — jTjja:(t). Though this holds for all j provided f is
C*°, we only use it for 5 = 1,2 and hence we only prove it for those cases here. Higher
order derivatives follow in a similar manner.

Lemma 4.5. Suppose z" € A,, and 2" — x € A, in X. Then, given ¢ and T, there exists
N(e,T) so that forn > N, |™ — &(t)| < € for all t € [-T,0].

Proof. By Proposition 3.4 and Lemma 4.1, the sequence z,, satisfies the hypotheses of
Lemma 4.3. In that Lemma, choose k(n) = n for all n. Then we have for all ¢ € [T, 0],

<e€

£t —1) - / En(t + 5)Qu(5)ds

— 00

Since f is C'°°, we also have that, for n large enough,
0

‘f(:v(t),m(t )= 1 (o) [

—0Q0

on(t + s)Qn(s)ds>‘ <e

and so we are done [ ]

So statement 3. before Lemma 4.3 also holds by applying first Lemma 4.5 and them
Lemma, 4.3 with v,, = ™. We have proved the following proposition.

Proposition 4.6. Let j > 0. Suppose ™ € A, and x™ — x € A in X. Then, given ¢
and T, there exists N(e,T) so that for n > N,

&
ww (t) — @x(t) <€

for all t € [-T,0].

Now we do the computations for the mean and variance.

Lemma 4.7. u} = —k/n

Proof. We will use induction on k for the proof. For £ = 1 we have
0 0 1

pt = / sri(s)ds = / sne™ds = ——

—o0 —o0 n

Now suppose that
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Lemma 4.8. (o7)% = k/n?

Proof. We will use the identity
° 2
n\2
01 = [ rieds - (i)

Evaluating the first term requires integrating by parts.

0 0 nk
/ s*r(s)ds = / s =) (—s)Ftemds

0k
= / G- (—s)kTlensds

- /_Ow(k’ﬁkl)! (o s [ wrne

1/° k
__k+ s—" (—s)*lensds

< >(k1)!
k+1 .
(

R

)

18

s)ke

ns

n

is)



OELIVITUUIN 1LL1INULL 1 U MIURWLE o1 O

So

5. The Proof of Theorem 1.1a In this section, we will show that the roots of the
characteristic equation associated with (1.1),, converge to the roots of the characteristic
equation associated with (1.1)e uniformly on bounded regions of C. With this, we can
show that for large n, the number of eigenvalues with positive real part, and hence the
dimension of the unstable manifold, is constant. This proves a. of Theorems 1.1 and 1.2.

The characteristic equation associated with (1.1) is
AN =(A-Ne*+B=0 (5.1) 00

The solutions of (5.1) are isolated and there are only finitely many in the right half plane.
We will denote them by A; where Re();) > Re(Ag) for j < k.

For the ODE (1.1),, the linearization about the origin is

Zi?() = A.’E() + B.’En

.’j?l = ’17,(.’170 — iCl)

ETn =n(Tp—1 — Tp).

If J,, is the matrix

A 0 0 0 B

n -n 0 0 0

0 n -n 0 0
Jn =

0 0 0 O

0 0 0O ... n —-n

then the characteristic equation associated with (1.1),, is

det(Jn — pl) = (A= p)(-n—p)" + (-n)"B =0

n

or, if we divide through by (—n)",
— (A LAY —
Ay = (A—p) (1 + n> +B=0 (5.1),

We will use p to denote roots of (5.1), with Re(u?) > Re(pg) when j < k. A, — A
uniformly on bounded sets of C.

19
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Lemma 5.1. There is an N > 0 so that for alln > N, the number of eigenvalues of (5.1),
with positive real part is constant and equal to the number of eigenvalues of (5.1)s with
positive real part.

Proof. Define

gn(N) = —AN) + An(X) = —(4 = Ne* + (A= )) <1 + %)

so A, = A+g,. Let I" be any closed curve which contains Ay, ..., A;,, but contains no other
roots of A. Let 6 = min,er [f(2)] > 0. Then there exists N (which must be larger than
m), so that for all z € I, |g,,(2)| < 0 for all n > N. Hence, by Rouche’s Theorem, A := f
and A, := f + g, have exactly the same number of roots inside I' for all n > N. If we
pick I" to be in the right half plane so that it contains all the eigenvalues of (5.1) in the
right half plane, then we are done. [ |

Lemma 5.2. For any € and m, there exists N such that for all 1 < 57 < m and for all
n>N,
A —ujl <e

Proof. Let f and g, be as above. Let B; be the boundary of the e-ball around A;. and
let 6 = min,ep; [f(2)] > 0. We can choose N large enough so that for all z € U;B;,
lgn(2)| < 6 for all n > N. Then, on each B; we have |f| > |g,|, so inside each B; we
have that both A,, := f + ¢, and A := f have exactly one root. Again, this holds for all
n > N. [ |

Remark 5.3. As a corollary to Lemmas 5.1 and 5.2 we have the assumption A3,,.

6. The Proof of Theorem 1.1b

For a fixed k, we consider a sequence z™ € S7}. This sequence has a convergent
subsequence x™ — .
Lemma 6.1. Suppose x™i € ng CAp; and 2™ — z in X. Then v € Aw.

Proof.  Suppose v ¢ A and let d = §(z, Ax) 1= infyea_ ||z — ¢l|x, the distance
between x and A,,. Choose € < d/2. Since the attractors A, are upper semicontinuous,
there exists Ny such that for all n; > Ny, Ap; C Ne(As) 80 §(2", Ax) < € and there
exists Ny so that for all n; > N, ||2™ — z||x < e. Thus for n > max(N;, N3) we have

0z, Ax) < ||z — 2™ || x + (2™, Axo) < d

20
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and so we have reached a contradiction. [ |

Lemma 6.2. Suppose z € S;’ C Ay, and ™ — x in X. Then z(t) is a solution of
(1.1) for all t.

Proof. By the Lemmas in section 4, ™ — 2z uniformly in [—1,0] and also in [—1, 0],
&" — & and ffoox”j (t+ 5)Qn(s)ds — z(t — 1). Therefore &(t) = f(z(t),z(t — 1)) and so
x(s) satisfies (1.1)y, for s € [—1,0]. Let x be the restriction of z to the interval [—1,0].
Since in the attractor the flow associated with (1.1) is just translation, z(t) = [T(t)a:o]( )
and so z(t) satisfies (1.1)o for all ¢. |

The goal of this section is to prove that, in fact,
z € My, = (Uj<iS;°) U (Ui,<kC(S77, 557))
Then with the following Lemma, we can complete the proof.

Lemma 6.3. Suppose that every sequence {z"} with z™ € S} has a convergent subse-
quence which converges to an element ©x € M. Then for every e there is an N such that
for alln > N, S} C N(Mj).

Proof. Suppose this is not true. Then there exist an € so that for all NV there isan 7 > N
with S} ¢ N.(My). Consider a sequence N; — oo and a corresponding sequence 7; — 0o.
Then we can construct a sequence z™ so that 2% € S but 2™ ¢ N.(My). According
to the discusion above, this sequence has a convergent subsequence which converges to an
element z € My, so in fact, for n; large enough, 2" € N.(Mj) and we have reached a
contradiction. [

So for the remainder of this section z will be the limit of a subsequence of {z"} and
we will write {z™} for the subsequence as well. In order to use the results of Corollary
3.1b, we must know that x(¢) / 0 as t - —oc. For now we state this as Assumption 6.4,
however we will prove in Lemma 6.7 that this assumption is indeed satisfied.

Assumption 6.4. z(t) /A 0 ast — —oo.

Hence, by Corollary 3.1b there exists t; < 0 such that all zeroes of x in (—oo, t1] are
simple. Also 2 and 3 of Theorem 3.1 hold. Since V'(z;) takes integer values and is bounded
below (by 1) and above, there is a t3 so that V(z(t)) is constant for ¢ < to. With d and C
as in Theorem 3.1, define 7 so that

_ . 2dC C
‘=min | ——, —
7 d+472
The following Lemma holds

Lemma 6.5. There is an a < min(tq,t2) and ann < 7 so that |z(a)| > n and |z(a—1)| > 7.

We will prove that V(z,) < 2k — 1. Then, since V(x;) decreases along solutions, we
have V(x;) < 2k — 1 for all ¢ and so x € M.

21
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Proposition 6.6. V(z,) <2k -1

The proof requires a string of inequalities. First, we compare the number of sign
changes in the vector associated with the ODE (1.1),, with the number of sign changes in
the discretization of ™. In particular, define

0

X" = (z"(a), /_ Zox”(a—i-s)r’f(s)ds,..., / 2 (a + 5)r™ (s)ds)

— 00

and
D" := (z"(a),z"(a),z" (a — %),w"(a - %), wnx™a—1+ %))

We expect the vectors X™ and D™ to be close since 7} has it’s maximum at —(k — 1)/n
and each 77} looks more and more like a ¢- function as n gets bigger. We have

Proposition 6.6a. For n large enough V,,(X™) > V,,(D").

Next we compare the sign changes in the discretization vector D™ with the sign changes
of the function z™ in the interval (a — 1,a]. In particular, we want to show that if the
discretization is fine enough then we have captured all of the sign changes of ™. To this
end for any function y € Up<oo Ay, define

sgn (y(0)y(—=1)) +1
2

N(y) := the number of sign changes of y in (—1,0] +

Then
Proposition 6.6b. Ifn is large enough then V(D™) = N(Ty,(a)z").

Next we compare the functions ™ with the limit x.

Proposition 6.6c. If n is large enough then N(T,(a)z™) = N(T'(a)z) = N(z,).

And finally
Proposition 6.6d. N(z,) = V(x,)

For Proposition 6.6 to hold, n must be large enough so that the following conditions
hold (where n was chosen in Lemma 6.5).
CL. supyera_1,q) [2"(t) — z(t)| < n/4
C2. |z™(t)| + |z"(t)| > C/2 for all t € [a — 1, q]
C3. \fi)oo:c(a—}— s)rp(s)ds —z(a— (k—1)/n)| <n/dforall0 <k <n
C4. 1/n< d/2

22
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C5. n > 2M/n, where M is the bound on the magnitude of the derivative for functions in

UA,.

That we can choose n large enough to satisfy 1 is a result of Lemma 4.1 and that we
can satisfy 2 is a result of Lemmas 4.1 and 4.5 and Corollary 3.1b part 1. Condition 3 is
possible by Remark 4.4. Clearly, we can choose n large enough to satisfy 4 and 5. These
five constraints are technical and will show up in the proofs of the inequalities.

We begin with the proof of Proposition 6.6a.
Proof of 6.6a. We will show that we can add a perturbation to D™ of size less than 7/2
without decreasing the number of zeroes. For this to be true, it must be the case that
between any two consecutive zeroes of D", there must be a vector element with magnitude
greater than 7/2. Indeed, if for some k, we have

(e ) > /2 (6.1

then, provided C1 and C3 are satisfied above,

E—1 k—1 k—1 0
< n _ _ - = I Y n n d
< |z"(a n) z(a - )|+ |z(a n) /_Oow (a+ s)ry(s)ds|
n.n_n
<— —_ = —
<71+t173

and so

/ 2" (a+ s)rp(s)ds > 0.

—0o0

Hence the vector X™ cannot have fewer sign changes than D™ provided (6.1) holds.

Since x™ is continuous and z™ # 0, x,, must reach an extreme value between consec-
utive zeroes. Since z™ satisfies (1.3),, and since f is continuous, z™ is differentiable at the
extreme values and its derivative is 0, so by C2 above, the extreme values of 2" have mag-
nitude at least C'/2. Since n < C/2, we know that on some interval (which also contains
the extreme point), |z"(t)| > n/2. We must determine the minimum length of this interval.
This minimum length is given by the “time” it takes for ™ to go from /2 up to C/2 and
back down again with maximum slope M. This time is 2(C/2 — n/2)/M = (C —n)/2.
Hence we require that the discretization interval be less than (C' — n)/2; in that way we
can be sure that whenever z,, achieves an extreme value, the discretization picks up some
nearby point with value greater than 7/2. This holds since if n is chosen as above, then
we have

1< Ui < C< C<C—n
2M  4AM  2M M

n
This proves (6.1).
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To finish the proof of Proposition 6.6a, we must also show that the crossterms keep
the same value. The first term of each vector is the same so we need only check that

|/ (s + a)rn(s)ds — zp(a — 1) < n/2

— 0o
but

|/ (s +a)rp(s)ds—z"(a—1)| < |/_ z"(s+a)rn(s)ds — z(a — 1)|

— 00

+lz(a—1) —zp(a—1)[<n/d+n/4=n/2

So 3 x™(s + a)r’(s)ds has the same sign as x™(a — 1). Since |x(a — 1)| > 7, then
o0 n
|z"™(a — 1)| > n/2. If 2™ has maximum slope M, then at worst

|z"(a—14+1/n) —z"™(a—1)| < M/n < n/2

Hence z(a—141/n) has the same sign as z(a—1) and so the crossterms are the same. |

Proof of Proposition 6.6b. In order to catch all the sign changes of ™ in D™, we must
choose n so that 1/n is smaller than the minimum distance between zeroes of ™ and so
that there are no zeroes in the interval (a — 1,a — 1 + 1/n]. We must also show that

Sgn((x"(a)xg(a -1)+1 _ sgn(a:n(a)x"(a; 1+1/n))+1 (6.2)

Using conditions C1 and C2 above, we can show that, given our choice of 5, the
minimum distance between consecutive zeroes of ™ is d/2 (we treat the interval (a —1,a—
1 + 1/n] separately in the next paragraph). Let z; < 25 be consecutive zeroes of x in the
interval (a — 1+ 1/n,a]. For i = 1,2, let a; be the first point to the left of z; for which
|z(t)| = n/2 and let b; be the first point to the right of z; for which |z(t)| = n/2. We
know that as and by exist since |z(t)| must exceed C > n somewhere in [z1, 22|, and we
know that a; and by exist since |z(a — 1)| > n and |z(a)| > n. In each interval [a;, b;], =
is monotone since #(t) can only be zero if |z(¢)| > C. By C1, we must have that in each
interval [a;, b;], |™(t)| < 1. Hence z™ is also monotone in [a;, b;] since, by C2, £"(t) can
only be zero if |z"(t)| > C/2 > n. Also by C1, z"(a;) and z,(b;) have the same signs as
z(a;) and z(b;). Therefore, ™ also has exactly one zero in each interval [a;, b;] and z™ has
no zeroes in [as, b1] so these zeroes are consecutive. The minimum distance between these
zeroes is as — b1.

Now we use what we know about z to get an estimate on ay — b;. When ¢ € [2q, b1]
or t € [ag,2z2], we have |z(t)] < n/2 and so in this interval the minimum slope of z is
|z(t)| > C — |z(t)| > C —n/2. A short computation shows that by — z; > n/(2C —n) and
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z9 —ag >n/(2C —1n) . So

a9 —bl = (Zz —21) — (bl —21) — (22 —ag)

21)

>d-— 207

o 2(2dC/(d + 4))
2C — (2dC/(d + 4))
d

=d— =
2

_d

T2

where we have taken advantage of our choice of 7.

Since, according to Lemma 6.5 and C1. above, we have |z"(a —1)| > /2 , the closest
zeroes of ™ to a — 1 must be at least n/2M units away. Since we have chosen 7 > 2M /7
there cannot be a zero of 2™ in the interval [a — 1,a — 1 4+ 1/n]. Since there are no zeroes
in this interval, the terms z"(a — 1) and z™(a — 1 4+ 1/n) have the same sign and (5.2)
holds. [ |

Proof of Proposition 6.6¢. Since |z(a)l, |z(a—1)| > nand |z(t)—z"(t)| < n/4, we know
that z™(a) and z(a) have the same sign and z™(a — 1) and z(a — 1) have the same sign.
According to the proof of proposition 6.6b, both 2™ and = are monotonic when they take
values in the strip [—7/2,7/2] and extreme values must lie outside this strip. Hence, again
by condition C1, the number of sign changes in (a — 1, a] must be the same for both. [ |

Proof of Proposition 6.6d. We will consider the cases V(z,) = 1 and V(z,) > 3
separately (remember that V is always odd).

Suppose V(z,) = 1. Remember that there are two parts to N(z,), the number of
zeroes of z, and the crossterm. We begin by proving that in the interval (a — 1, a], z may
have either one zero or no zeroes (remember that if ¢ does not exist then we set V = 1).
Suppose there are 57 > 1 zeroes. Call the zero which is closest to a on the left . Then
V(zs) > j, but this contradicts the fact that V(z;) = 1 for all ¢t € (—o0,11], so j < 1.
Now we compute the crossterm. If V(z,) =1 and j = 1, then sgn(z(a)z(a — 1)) = —1, so
N(T(a)x) =1=V(z,). If j =0, then sgn(z(a)z(a — 1)) = +1 and again N(T(a)z) =1=
V(z,).

Now suppose V(z,) = m > 3 and let j be the number of zeroes of z in (a — 1,al.
We begin by proving that either j = m or j = m — 1. Suppose instead 7 < m — 2. Then
m =V (z,) <j+1<m—1, so this cannot be. Now suppose j > m + 1. Again we call
the zero which is closest to a on the left 3. Then V(z5) > j > m + 1, but this contradicts
the fact that V(z;) = m for all t € (—o0,t1]. Again, we must check the contribution made
by the crossterms. If j = m — 1, then, since m — 1 is even, sgn(z(a)z(a — 1)) = +1 and so
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and N(T(a)x) =m =V (z,). |

Since z™ € Sy} for all n we have Vi (X™) =2k —1 for all n. If we apply the inequalites
in Propositions 6.6a through 6.6d, we get

V(za) = N(zo) = N(Tp(a)z™) = f/n(D”) < f/n(X") =2k —1
and so we have proved Proposition 6.6.

Lemma 6.7. Assumption 6.4 holds.

Proof
Suppose ™ — z in X and |z(t)|] - 0 as ¢ — —oo. Define L < 0 so that for all
t € (—oo, L], |z(t)| < (/4. Define

gn = sup{t < L: [z"(t)] = (/2}

We want to show that there is a subsequence ¢,, — co. Suppose instead that there is a
@ > —oo such that g, > @ for all n. Let ¢ < Q. Pick k so that L —2k < § < L—2(k—1).
Consider T, (L)z", T, (L — 2)z™, ..., T,(L — 2k)z™. For each j there exists N; so that for
all n > Nj

[T (L — 25)2"™ — T(L — 2j)z| x < (/4

and so
([Tn(L — 25)2"](0) — [T (L — 25)z](0)| < (/4

for all § € [-2,0] and j =0,..., k. Hence
|[Tn (L = 25)2"](0)] < ¢/2

for all € [-2,0] and j =0,...,k. Choose N = max; N;. Then for all n > N, we have

" ()] < ¢/2

for t € [L — 2k, L]. Hence for n > N, ¢q,, < § and we have reached a contradiction. So such
a subsequence exists. For conveniemce, we also call the subsequence {q, }.

Now define
y"(t) = 2" (t + qn)
for all ¢. Since S} is invariant, y™ € S} for all n. There is a subsequence, which we again
call y™, so that y" — y in X. By Lemma 6.1, y € A,. We want to show that |y(¢)| < ¢

for all t > 0. Suppose there is a ¢ > 0 so that |y(¢)| = ¢. Consider T'(¢)y. T,,(1)y, — T(¢)y
in X so there exists an N so that for all n > N,

I T (O)yn — T(H)yllx < (/2
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and so
[T ()yn] (0) — [T (#)y](0)] < (/2

Pick N > N so that for all n > N, L — g, > ¢. Then for all n > N, |[T,,(£)yn](0)] < ¢/2
and so

[T@)y0)] <<

and we have arrived at a contradiction. Hence |y(¢)| < ¢ for all ¢ > 0.

Therefore, by Corollary 3.3, y € W*5(0). If also y(¢t) — 0 as t — —o0, then y would be
a homoclinic orbit, but according to [M-P] this is impossible. Since y(t) /4 0 as t — —o0,
Assumption 6.4 holds for and we use Theorem 1.1 to conclude that

N(y) <2k -1

However according to Corollary 7.2 of [M-P], if y € W*(0) \ {0}, then N(y) > 2N*+1 and
so we have a contradiction. This proves the Lemma. [ |

We close this section with a proof of Remark 1.0.

Proof of Remark 1.0. Let a > u and let B? C IR"™! be the box centered at the
origin with side 2a. Observe that the vector field associated with (1.1),, points inwards
on all sides of the box except maybe on the edges 1 = a and r; = —a. The assumption

however guarantees that the vector field also points inwards on these two hyperplanes.
Hence A,, C Bj, for all n.

Notice that this does not mean that the attractors A, are uniformly bounded as
n — oo even though u does not depend on n. Indeed, the diagonal of Bj; grows as vn + 1

and so there is no fixed bounded set which contains all the attractors A,,.

However, we want to show boundedness in X. Let z € A, C X for some n. Then
[L,x](t) € A, for all t and [L,x](t) € B. So

lollx = sz + [ 2()Qi()ds

—2<s5<0 —00

0
< U+U/ Q1(s)ds

= 2u

7. Proof of Theorem 1.2b

In this section, we consider the special case
i(t) = f(z(t—1)). (7.1)
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In this case, the solutions satisfy assumption A5 (this is shown in Lemma 7.14 at the end
of this section).

The proof of part a of the Theorem is given in section 5. To prove part b, we begin just
as in the proof of Theorem 1.1b. We consider a sequence z™ € S7}. There is a convergent
subsequence ™ — x. We will show that z € 5;° and then we invoke Lemmas 6.1 through
6.3 to complete the proof.

As in the last section, we will consider these functions on a fixed interval [a — 1, a].
We will choose a > t5 + 2L + 1 where L is as in the Lemma

Lemma 7.1. There exists an L > 0 so that every interval of length L contains a zero of
x, provided x € Sp° for some k.

and t5 is chosen as follows. Since the stable manifold of the origin is not included in Ay,
z(t) does not converge to zero as t — co. Hence by Theorem 3.1a, there is a t; such that
all of the zeroes of x which lie in (¢1,00) are simple. This implies that also the zeroes
of &(t) are simple in the interval (t; + 1,00) since if @(s) = &(s) = ... = ) (s) = 0,
then z(s — 1) = i(s) = ... = ¥~V (s) = 0. According to the assumption A5, there is a
ts > 0 such that for t € (t9,00), there is exactly one zero of Z(¢) between two consecutive
zeros of . Let t3 be the first zero of x which is larger than ¢5. Since z has zeroes in
(t3,00), we must also have, in (¢3,00), that between any two zeroes of & there be a zero
of z. Otherwise, when z finally reaches zero again, there will have been many values of
t for which #(¢) = 0. Finally, there is a t4 so that V(z;) is constant for ¢ > t4. Then
t5 = max(t1 + 1, t3, t4).

In the proof of Theorem 1.2b, we will take advantage of the fact that if #(¢) = 0 then
z(t — 1) = 0. We introduce some notation for ™ and its derivatives. For 7 > 0 let

2 (t) == / ™ (t + s)ri(s)ds

— 00

and let z{(t) := z™(t) so that z(a) is the (¢ + 1)st element of the vector X™. Let
yr(t) := 27 (t) and let Y™ be the vector whose (i + 1)st element is y*(a). We will also use
y™ for yi. Finally, let y(t) := £(¢).

The proof of the Theorem will require several results about the placement of zeroes
of y;:. We begin with the Proof of Lemma 7.1.

Proof of Lemma 7.1. The statement was proved in [M-P] by J. Mallet-Paret for the
case k = 1. The case k > 1 is simple. Suppose, without loss of generality, that z(0) = 0.
We claim that the next zero of z is in (0, 1]. Suppose instead that z > 1 is the next zero.
Then V(z,) = k. If z is simple, then there must be k — 1 zeroes in (z — 1, 2] but this
contradicts the assumption that there are no zeroes in (0, z). If z is not simple, then z — 1

28



OELIVITUUIN 1LL1INULL 1 U MIURWLE o1 O

must be a zero of one less order than z (Lemma 5.2,[M-P]), but this again contradicts that
there are no zeroes in (0, z). [

Next we obtain a bound on 3.
Lemma 7.2. There exists an H > 0 so that for all v € A and for all t, we have || < H.

Proof. We compute 4.
§(t) = (@t —1)i(t - 1)* + f(x(t - 1))%2(t - 1)

;From Proposition 3.4 and Lemma 4.2, we know that there are K and M so that for all
z € Ay and for all ¢, |z(t)| < K and |2(t)| < M. Hence there must also be an H so that
for all z € Ao and for all ¢, |§(t)| < H. |

Next we show that the functions y;* must have zeroes near zeroes of y_(;_1)/, where
by this notation we mean the function defined by y_(;_1)/,(t) = y(t — (i — 1)/n). To do
this we begin by proving that, if z is a zero of y, then both y and y™ are monotone in
a fixed interval containing z. The same holds for y! and y_(;_1)/n,- This is proved in
Lemma 7.3. In Lemmas 7.4 and 7.5 we prove that the zeroes are indeed close, since y'
is a small enough perturbation of y_(;_1)/,- In the Lemmas, we use the fact that y", g™
and y" satisfy the hypotheses of Lemma 4.3. This is shown by applying Lemma 4.2 and
Proposition 4.6. We will use J := [ts + 2L, t5 + 3L + 1].

Lemma 7.3. Ifz € J is a zero of y, H is as above, B = f'(0) < 0 and C is as in Theorem
3.1, then y is monotone in the interval [z + %, z— %] Furthermore if n is large enough
that

o BC |
sup i (1) - 9(1)| < 2] (0o
teJ
and
sup i (1) — (6] < H (i)o
teJ

then y™ is monotone in [z + BS » — BE| If n is large enough so that for 1 < i <n
4H 4H g g

. . 1 —1 BC .
sup (1) — (¢ - 1)) < 1BC (i)
teJ n 2
and
. . 1—1 ..
sup |;'(t) — §(t — )| <H (12)n
teJ n
then y* is monotone in [z — % + %,z— % — % .
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Proof. Since #(z) = 0, also z(z — 1) = 0. Then, since from Theorem 3.1 |&(z — 1)| =
lz(z — 1)| + |2(z — 1)| > C, we have

§(z) = é(z) = f'(@(z — 1)a(z — 1)

> BC. (7.2)

Since |§(t)| < H, we must have |y(t)| > 0 for t € [z + BC/H,z — BC/H] and so in this
interval y is monotone.

If n is large, then by (7)o and (7.2), |y§(z)| > |BC|/2 and by (ii)o, |45(¢)| < 2H for
t € Jand so |gf| > 0in [z + BC/4H,z — BC/4H] and so y§ is monotone. The argument
for y* is the same. [ |

Suppose that y has £ zeroes in J, namely zq, ..., zp. Define

BC
Ty — o))

= 1< <e (\y(zj

Since the distance between zeroes of y and ¥ is at least | BC|/H by Lemma 7.3, the distance
between zeroes of y is also at least |[BC|/H, so 77 > 0.

Lemma 7.4. Let ¢ < 7). If the assumptions of Lemma 7.3 are satisfied and if N is large
enough so that for allm > N,

sup |y;' (t) — y—qi—1)/n(t)| < €/2

teJ
for 0 < i < n then forn > N, y™ has exactly one zero in [z + B an C .2 — £C] and this zero
is in [z + SH,z — BL). y has exactly one zero in [z — =1 4+ BC 5 — % — B8 and this
zero is in [z — —+ ?g,z— =1 Bay

Proof. The proof follows from the observations that y is monotone in [z + BC/4H,z —
BC/4H] and |y(z + BC/4H)| > |y(z + BC/8H)| > ¢ and |y(z — BC/4H)| > |y(z —
BC/4H)| > €. The proof for y! is the same. |

If we call the zero of y* in Lemma 7.4 2, then finally we have

Lemma 7.5. If the assumptions of Lemma 7.3 are satisfied, then for all 7 > ¢ > 0 there
is an N so that for alln > N -
|2t — 2z — !

| <e

Proof. Choose N large enough so that according to Lemma 7.4. for all n > N,
n € n
sup |y;' (t) = y—(i—1)/n(t)| <max(Z|BC|, 7).
teJ 4 2
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Since |y_(i—1)/n(z — (¢ — 1)/n)| > |BC| by equation (7.2) and since (i), holds, we know
that |y7*(z — (i — 1)/n)| > BC/2. By Lemma 7.2 and (i1),,, we know | (¢)| < 2H for all
t € J. Hence |y*(t)| > BC/4 for t € [z — =1 + BC » — i=1 _ DL This last interval is
the i nterval containing z}' according to Lemma 7.4. Then

BC| _ |z = 5) — i (=)

4 o -t d oty
S0 , — 1 4  — 1
n = n L=
Z’L Z+ n | ‘Bc‘|y7, (Z n )|

4 n
= WLU@’ (z — T) - y—(i—l)/n(z -

<€
[ |

The convergence of zeroes of y' will be key in the proof of the Theorem. Before the
proof though, we must choose a. Choose any n < 7 and a € [t5 + 2L + 1,t5 + 3L + 1] so
that

al. lo(@)] >, [s(a=1) >

a2. [z(a)| >n, |[2(a—1)|>n

a3. The number of zeroes of & in [a — 1, a] is strictly less than the number of zeroes of z
in [a —1,al.

The simple proof in Lemma 6.4 shows that it is possible to choose a to satisfy al, but we
must show that all three conditions can be satisfied simultaneously. In fact, this is almost
as simple.

Lemma 7.6. There exists an a and 1 so that al through a3 are satisfied.

Proof of Lemma 7.6 Choose z > t5 + 2L + 1 so that z(z) = 0. Since the zeroes are
simple, ©(z) # 0. Let g be the zero of & just to the right of z. From the differential
equation, we know that z(¢ — 1) = 0. Choose a € (z,q) so that a — 1 is close enough to
g — 1 that 4 has no zeroes in [a — 1,¢ — 1]. This is possible since &:(¢ — 1) # 0. Then & has
no zeroes in [a —1,¢—1]U[z,a], and in [¢—1, 2|, £ must have one fewer zero than z. Hence
in the entire interval [a — 1, a], & has one fewer zero than x. Since none of z(a), z(a — 1),
#(a) and #(a — 1) are zero, we pick n < min(|z(a)|, |z(a — 1)|, |(a)|, |Z(a — 1)]). [

We will prove that, for large enough n, V,(X™) < N(z,) + 1, where X" is as defined
in section 6. By proposition 6.6d, this is the same as V,,(X™) < V(z,) + 1. With this
result and Theorem 1.1b, we have then

2% — 2=V, (X™") =1 < V(z,) <V (X") =2k -1
and since V takes only odd integer values, we have
V(z,) =2k -1
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and so x € Sp°.

Proposition 7.7. For large n, V,,(X,) < N(zg) + 1.

We define the following functionals which are related to the Lyapunov functions and
the functional N defined in section 6, but do not include the “crossterm”. Define Z :
C([a—1,a],IR) — IN as

Z(¢) := the number of zeroes of ¢ in [a — 1, a]
and define W : IR"*t! — IN as
W(v) := the number of sign changes in v.

Lastly, we define C™ to be the crossterm associated with the vector X™.

cn =

sign (25 (@)o7(a) + 1
2

Then we have the following inequalities.

Proposition 7.7a. V,(X")—1—C" < W(Y™).
Proposition 7.7b. For large enough n, W(Y™) < Z(y™).
Proposition 7.7c. For large enough n, Z(y™) = Z(y).
Proposition 7.7d. Z(y) = Z(¢) < N(z,) +1 - C".

Proposition 7.7d is simply the result of the choice of a which says Z(z) < N(z,)
(remember that C™ is either 0 or 1). Since Z takes integer values, 7.7d becomes Z (&) <
N(z,) — C™. So from the four inequalites we get V,,(X") — 1 - C"™ < N(z,) — C™ or

Va(X™) < N(z,) + 1.
We do the remaining proofs in the order 7.7a, 7.7c and 7.7b.

Proof of Proposition 7.7a. Suppose that we have two consecutive sign changes in the
vector X™. Then, without loss of generality, we can assume that there are integers ¢ < j
such that z7* ;(a) <0, 7 (a) > 0, z}_;(a) > 0 and z7(a) < 0. Then
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and so between any two sign changes in the vector X" there is a sign change in the vector
Y™ and so the number of sign changes in X" is at most one more than the number of sign
changes in Y. Since

Vo (X™) = # of sign changes in X" + C™

we are done. [ ]

Proof of Proposition 7.7c. For the most part, this is just the result of Lemma 7.4. If
z is a zero of y, then y™ has exactly one zero in [z + B 4H JZ— —] Note that there are no
other zeroes of y in this interval; that is, in [z + 2, z — 8C] both y and y} have exactly
one zero The only thing that we need to show then in order to prove the Theorem is that
if z+ < a—1 then the zero of y} is in [a — 1, 2] and that if z — ﬁ > a, then the zero of
yp is 1n [z a]. But the proof follows from the proof of Lemma 7.4 since both |y(a —1)| > n
and |y(a)| > n. |

Next we prove Proposition 7.7b. In order to prove the Proposition, we must construct
a special sequence of zeroes associated with the functions z™.

Let o be the largest zero of y which is less that a — 1. Every interval of length L
contains a zero of z, and the same must be true for £, so ¢ > a—1— L and so it is a simple
zero. According to Lemma 7.4, yg has exactly one sign change in [c+BC/8H,c—BC/8H].

We will call this zero s3(n). Clearly these zeroes are also simple.

~ We define zeroes sf(n) > sf(n) of yi* as follows. Let s{(n) be the first zero larger than
36_1(71) such that 92 (s4(n))g? ,(s5 *(n )) > 0. Then we define further zeroes of y;'. Let
s:(n) be the jth zero of y* larger than sj(n).
Since y is not zero in the interval [c — BC/8H, a], we can choose N7 so that for n > Ny,
yP is also never zero in this interval. Hence, for n > Ny, si(n) > a.

Lemma 7.8. There is Ny so that for all n > Ny, all the zeroes s%(n) which are in .J are
simple for all ¢ and j.

Proof. This is a corollary of Lemmas 7.3 and 7.4. The zeroes 33'. (n) converge to a zero of
Y—(i—1)/n @8 n — o0; call it z. Let € < min(|BC|/2,7). According to Lemma 7.4, there is
. ; . 1 c
an N so that if n > N, then y* has exactly one zero, sj(n), in [z — i=1 4 BC 4H ,Z— JT + EH]
According to Lemma 7.3, if n is large enough, then in this interval 17 ()] > 0. [ |

Now we consider the sequences s%(n) of zeroes of yJ'.

Let n > N3 := max(Ny, N2). Let b be the first zero of y{ which is greater than a
and let u be the number of zeroes of % in (s)(n),b]. Then let (i) be the number of sign
changes in the vector of length i+ 1, (y{(a),y7(a), ...y (a)) and let B(i) be the number of
zeroes of yP in (s{(n), a] provided 30( ) < a.
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The proof of Proposition 7.7b will then be a corollary of the following.
Lemma 7.9. There is an N > 0 so that for alln > N and every 0 < i < n, s§(n) < a.
Proposition 7.10. Forn > N and 0<i<n, a(i)+ (i) <u-—1

¢From Proposition 7.10, we can conclude that a(n) < u — 1. Since there are no zeroes
of y% in (s3(n),a—1] and in [a,b), u — 1 is exactly the number of zeroes of y% in [a — 1, a].
So a(n) < u — 1 is really the same as the statement in Proposition 7.7b.

Now we will prove Lemma 7.9 and Proposition 7.10.

Proof of Lemma 7.9. Since s(n) < s¥(n), it is enough to show that s%(n) < a. Since
o is a zero of the function y, for ¢ > 1, there is a corresponding zero o' := o + (i — 1)/n
of the function y_(;_1)/,,. From Lemma 7.5, we know that ;" has a zero close to this. We
will call this zero a?. We will show that, for large n, a? = sjj(n). In that case, sg(n) is
close to 0 + 1 < a and the Lemma will be proved.

For each n, we do the proof by induction on . By definition, a2 = s3(n). Now assume

that a , = si~'(n). Pick
0 < min(7, |BC|/16H, |0 — (a — 1)|)

and
N5 > max(8H/|BC|, N3, Ny)

where Ny is the N in Lemma 7.5 with ¢ = § and N3 is as above. Then for n > Njs,
204+ 1/n < |BC|/4H.

Let n > Ns.
According to Lemma 7.3, the distance between consecutive zeroes of y!* is at least
BC/4H, for all i. Hence there can be only one zero of y!* in the interval

071 =007 + 0] = oLy = b,00L1 +1/n+ 4]
since this interval has length 26 4+ 1/n. In fact, we picked n large enough so that a? is in
[o-zn - 67 o-lzn +6] C [U?—l - 63 0-? + 5]

To be sure that this zero is s'(n) we need to check that §*(a?)y? (a?_;) > 0 and al >
a? ;. Let £ = y(o). By the convergence of y in Lemma 4.3 and by Lemma 7.5, we know
that we can pick Ng so that for all n > Ng,

‘n(. N . i—1 g
() = i m(o+ )] < H
n 4 (7 3)
.7 n . 1 —2 § .
(et —ioayne+ D) <
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Hence, we choose N := max(Ns, Ng). Then

vi' (a7 )91 (ai_q1) = 97" ()91 (ai 1) — V—(i—1)/n (07 )Y (i—2) /n(07")

+ U—(i=1)/n (7)Y (i=2)/n(0]")

=i (a7)Ui1(ai_1) — 93" (a7 )U—(i—2)/n (07 1)
+ 97 (a3 )Y—(i—2)/n(07-1) = Y—(i=1)/n (07 )Y—(i=2)/n(0]") +
50§ 5L | o

- 4 4 4 4 +¢

_ 6

- 165

>0

2

where we have used (7.3) and the fact that |§__1)/n(0]')| = & for all 1 < ¢ < n. The fact
that a > al ; is now a result of Lemma 7.11 which follows And so a? = si(n). Hence
the Lemma holds by induction. [ |

To prove Proposition 7.10, we require the following three lemmas. We will leave off
the superscript n in these lemmas and their proofs.

Lemma 7.11. Assume that sign y; 1 is constant (nonzero) in an interval [s1,ss] and
that y;—1(s1)yi(s1) > 0. Then y;_1(t)y;(t) > 0 for all t € [s1,s2]. Simply put, y; cannot
change sign before y;_1.

Lemma 7.12. Let z; € (t2,00) and z2 € (t2,00) be consecutives zeroes of y; (they are
simple). Then y;_1 must have a zero in [z, 23].

Lemma 7.13. Let b > s%. Then the number of zeroes of y; in (s, b] is nonincreasing in
1.

Proof of Proposition 7.10. We will do this proof by induction.
Let ¢ = 0. Clearly a(0) =0 and 8(0) = u — 1.

Now assume that for i = j, a(j) + B(J ) < u — 1. Notice that 3 is a nonincreasing
function of ¢ by Lemma 7.9, so 5(j + 1) < B(j). Clearly either a(j + 1) = «(j) or
a(j+1) =a(j) +1. If a(j +1) = a(j), then we are done. We will prove that when

a(j +1) =a(j) + 1 then B(j + 1) < B(4)-

Between 36+ and s’ ﬂ( ), y; must have at .least B( ] ) zeroes since y; has a zero between
any two zeroes of y,;;1. This means that sjﬁ( y < SIJQJ(A) since s < s)T'. Suppose that

B(7) = B(j +1). Since a(j + 1) = a(j) + 1, we know that the signs of y;(a) and y]+1( )
are different. So y; and y;41 must have 0pp031te signs throughout the interval (s’ 5(3)’ al.

and the same signs throughout the interval (s’ 55(4) Jﬁ-&l)) But then since y; has no sign
changes in [sﬁ(]), a], yj+1 would have to change signs in [s’ Sp(j) a| but then y;41 would have

to change sign before y; and this is impossible by Lemma 7.7. [ |
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Now we turn our attention to the three lemmas 7.11 through 7.13.

Proof of Lemma 7.11. Assume without loss of generality that #;_1(t) = y;—1(¢) < 0 for
t € [s1,82]- Suppose that &; changes sign in [s1, s2] so there is a 7 € [s1, s2] so that for
s1 <t<T,2(t) <0and &;(7) = 0. Then

4 ir) = %n(mi_l(ﬂ — i(7)) = mis_a () < 0

So 7 must be a local maximum, but this contradicts the fact that for s, <t < 7, 4;(t) < 0.
|

Proof of Lemma 7.12. Without loss of generality, assume that y; > 0 just to the left
of z; and just to the right of z; and y; < 0 in (21, 22). Let € be small enough that y;_;
has no zero in [z7 — €, 21 + €] (if ¢ = 0 then we are done). Then we must have y;_; < 0 in
(21 — €, 1], since otherwise y; would change sign before y; 1 and so Lemma 7.11 applies
with s; = 27 + €. Hence y;_1 must change sign before z5 since that is where y; changes
sign. [ |

Proof of Lemma 7.13. This is a corollary of Lemma 7.12.

We conclude by proving that solutions of (7.1) satisfy A5. We have the following
Lemma.

Lemma 7.14. Suppose x is a solution of (7.1) with N(z;) = k for all t € [t1,00). Then
between any two zeroes of & in the interval [t, + 2, 00) there is a zero of x. The same result
holds if we replace the interval [t1,00) by (—oo,t1] and [t1 4+ 2, 00) with (—oo,t; — 2].

Proof. Suppose this is not true and that there are consecutive zeroes, by, bs € [t1 + 2, 00),
of & so that = has no zeroes in [by, by]. First notice that ba — by < 1 since if Z(b2) = 0 then
x(bg—1) = 0. So we can choose ¢ > t;+1 so that [by, be] C [¢,c+1] and z(c) # 0 # z(c+1).

Let £ be the number of zeroes of z in [c,c + 1]. Call these zeroes z1, ..., zp. Let m be
the number of zeroes of & in [c,c + 1]. Since there must be at least one zero of £ in every
interval [z;, z;11] (since f is continuous and z is continuous), we know that

m>f—1 (7.4)

We will prove that in fact m = £+ 1 and that this implies &(c)z(c — 1) > 0 which
contradicts the negative feedback condition. We will consider separately the three cases:
[bl, bg] C [Zi; Zi—i—l]; [bl,bz] C [C, Zl] and [bl, bg] C [Zg, c+ 1]

Suppose [b1,bs] C [z, z;+1]- In this case there must be another zero of & in [z;, z;11]
and so, by (7.4), in fact
m>£4+1 (7.5)

Since the number of zeroes in z in [c—1, ¢] is m, either N(z.) = m or N(z.) = m+1. Either
way, N(z.) > £+ 1. Since N(z) is constant for ¢ > t;, then also N(z.y1) > £+ 1. But
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since there are £ zeroes of z in [c, ¢+ 1] we must have N(z.41) = £+1 and z(c)z(c+1) > 0.
Also we conclude that N(z.) = £+ 1 and so, by (7.5), we have

m=/{+1. (7.6)
Since there are m zeroes i (¢ — 1, ¢] and N(z.) = m, we must have
z(c—1)z(c) < 0. (7.7)

Since there are already at least three zeroes of & in [z;, z;41] and at least one zero of & in
each other interval [z;, zj4+1], we must have in fact that there are exactly three zeroes of &
in [2;, zi41], exactly one zero in each other interval [2;, z;+1] and no zeroes of & in either
[c, z1] or [z, ¢ + 1]. Since there are no zeroes in [c, 21|, we must have &(c)z(c) < 0 and so
this together with (7.7) implies that

Z(c)x(c—1) >0 (7.8)

Now suppose that [b1,bs] C [c, z1]. Since every interval [z;, z;11] must have at least
one zero of &, we again conclude that (7.5) holds. Since (7.6) and (7.7) are results only of
the assumptions and (7.5), they also hold. Then & must have exactly two zeroes in [c, z1],
one zero in each interval [z;, z;11] and no zeroes in [zg, ¢+ 1]. Since there are two zeroes in
[c, z1], again we must have #(c)z(c) < 0 and again we conclude (7.8).

If [by, ba] C [2¢, ¢+ 1], then the proof goes as in the previous paragraph except that in
this case we would have no zeroes of & in [c, z1] and two in [z, ¢ + 1]. Since there are no
zeroes of & in [c, z1], we again conclude (7.8).

Since (7.8) contradicts the negative feedback condition, we are done. |

i From Proposition 6.6d, we know that V' (z;) = N(x;) for t € [t5,00), so the hypotheses
of Lemma 7.14 are satisfied and the assumption A5 holds for (7.1).
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