Kellendonk Lectures (chalkboard notes) Spring Semester 2009 50

Lecture 16 (27 February 2009)

Transport coefficients, cont.

Recall:

L=[H, -] p = equilibrium density matrix
Lper = L+ X-6, &=(b1,...,6,) commuting derivations: [4;, 0;]=0
X

= (A1,...,A,) complex constants

-

Given the perturbation X - § of £ there is a response: (0H)per = T(ppergH),
according to our philosophy.

Hypothesis:
pper = © lim et (p)
7 7
T equation of motion
very often must be regularized
Assumptions:
1) 706=0
Then
(OH)per = T(pperdH) = lim 7(e'*“r(p)5 - H)
(formally, 7(Lper(p)A) = —T(pLper(4)))
(%) = lim T(pe_iwpe‘g- H)
t—oo
2) Bold assumption: use the Dyson expansion for e~#%ver
(%) Dyzsén ~ 7(pé-H)+ lim 7 p/ e LY. fe LS | +O(N?)
power series in A t—o0 50,51 >0
sgtsy =1

15 order term
A-term; mostly = 0
translate this thing
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3) 1% order term. Assumption: O()\?) is really negligible.

-

(0H)per = o®X  (0? is a matrix; a tensor in the case of the higher order terms.)

where
ouu(t)

.
Ug# = lim 7 (p/ ei(tsl)ﬂéueislﬁéuH) ds;

t—o0 0

is the tensor of transport coefficients in the 15¢ order approximation (higher
orders; higher order tensors). We have:

t
ouut) =71 ! t=s1L () 5u/ e 15, Hds,
—_— 0

=p by invariance

7 t
=7 <5,L(p) / e’sﬁ5,Hd5>
0

Now a priori there is a singularity if ¢ — oo in case 6, € Ker L. Suppose
that the temperature T is very low and the Fermi energy Er € Gap(H ). Hence
p = Pp = the spectral projection of H to states below the Fermi energy:

P p=Pr (T'—0)

T>>0

Er

Remark. If p = p? and § is any derivation:

§(p*) = pd(p) + 6(p)p, and
I
§(p) =ps(p) + p=6(p) (p-=1-p)
I
5(p) = S(p)p+ d(p)p"-  (ditto)
& 5(p)p = pd(p) and pd(p) = d(p)p*

8
(%) put this together = 6(p) = pd(p)p™ + p=d(p)p

"Using the fact that d, is a derivation and that 7 is invariant under 6.
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The result marked (x) is an extremely important algebraic calculation.

Suppose that we have an eigenbasis of H by {t,;}; (perhaps generalized eigen-
vectors). Then

4,3

t t
T <5M(PF) / e—wﬁayﬂds> = (i |6, Pr |15) (1 | / e S, H | ;)
0 —_— 0
Xi]‘
where X;; = 0 if both 1; and v; belong to either

Im P or its orthogonal complement

Notes are incomplete from here,

(5 | Ho, H [ i) — (5 [0, (H)H [ 3)

H\|vs) = Ei|y)

= |Ez —Ej‘ > ‘El —E0|

to here

So
t t
Wil [ e b uids = [ oS BEds (6,0 |4)
0 0
t .
tlim e "“ds = FT of the Heaviside function
1 ™ . .. .
= PV (z) + 55(w) in the distribution space
w
principal value
Hence ) i
(W | 0, H | b)) = — (b | LT16, H |1

Drawing everything together,
Proposition. 00, = —17(6,(Pp)L716,H)

vp
|

not at all invertible so need Pg

85(p) = p(pS(p)) + p*(p6(p)) = pS(p)p* + pS(p)p



Kellendonk Lectures (chalkboard notes) Spring Semester 2009 53

Using the extremely important (x) twice (as well as commuting properties of £
with the projections),

1 1
-7 (6,(Pr)L™'0,H) = -7 (Ppé,(Pp)PgL716,H + Ppd,(Pp)PrL 6, H)
1
=—o7 (Ppd,(Pp)Pr L7 (6,(H))Pr + P 6, (Pp)PpL™" (6, (H))Py)
Lemma.

Py L7465, (H))Pr = —P6,(Pr)Pr
and PrL™Y(8,(H))P# = Prd,(Pr)Pg
Proof. Apply L to right-hand side:

L (Pg6,(Pr)Pr) = Pg [H,6,(Pr)] Pr (commutator in H commutes with (5,H))
————

5V[H7PF]_[5V(H)7PF]
=0—[6u(H),Pp]

= —Pg[0,(H), Pr|Pr
- 7PI{"—5V(H)PF

This proves the first equality. The second is proved in the same sort of way. [

Final result:

Proposition. a,‘jﬂ = —i1 (Ppé,(Pr)d,(Pr) — 6, (Pr)d,(Pr))

This is a non-commutative Chern character !!!



