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Transport coefficients, cont.

Result: 1%f-order response to a perturbation Lper = £ + X g, where § =
(61,...,0,) are commuting derivations and A = (A,...,\,) are complex con-
stants.

Then

(6,H)per = Z o) A+ O(N?)  (0™-order response = 0)
m

defines the first order response (transport) coeflicients
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(put this onto p, but p is invariant so cross this term off)
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because 7 is invariant under derivation (708=0), then 7(8,(p [ etc. ))=0
= —7(8,(p)D(L)6,(H)) (which may be infinite)
|
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Attention if ¢, (H) is not L to ker L.
Assumption T\, 0 and  Ep € Gap(H)

Fermi energy
Mathematical assumption is p = Pr = the spectral projection of H onto states
< Ep. This avoids the singularity.



Kellendonk Lectures (chalkboard notes) Spring Semester 2009 54

Suppose we have {1);}; an eigenbasis of H (in the generalized sense).
So Hy; = Eptp; (that is, H [¢;) = E; |¢;)).

(i | L0 H) | 95) = (Wi | (HO,H — (0, H)H) [ 45)
|
£()=[H, ]
= (Bi — E;){¥i | 0, H | ;)
So,
(Wi | L8, H) |95) = (Wi | L(L"H (8, H)) |5)
= (Bi — Ej) (v | L7 (6,H) | ;)
Hence . _
(Wi le™™ 50, H |y) = e B E0(y, |6, H | ;)
So we need that E; # E; (to avoid w = 0 in the distribution D(w)). In that
case
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Since p = Pp is a projection and §,, is a derivation (using the beautiful formula
(*) from the previous lecture)

6, Pr = Pp(6,Pr)P¢ + Pp(5,Pr)Pr
Now
(i | 6, H |¢5) # 0 ((Es < Ep) A (E; > Ep)) V ((Ej < Ep) A (E; > Er))
Since Er € (Ey, E1), a gap in o(H), we have
|Ei — Ej| > |Ey — Eol

As a consequence,

1:PF+PL
b, = =7 (0,(Pp)D(L)5,(H))
r(PF%(PF)(Dc)éu(H)) 7 (Pg6,(Pr)D(L)5, (H))
—7 (Ppé ><D(c>5u<H>>PF>fT(PF6< )( (£)6,(H))Pg)
)

U i (Prdu(Pr)d,(Pr) — 6,(Pr)3,(Pr))
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In other words the claim is

P#LY(8,H)Pp = —P#(6,Prp)Pr  and
PrL7Y(6,H)PE = Pr(6,Pr)Pr

Proof. Hit both sides of the first equation with £ (£ leaves Pp invariant).

left-hand side: £ (PpL~"(6,H)Pp) = Pg (5, H)Pp
right-hand side: £ (—Pg (6, Pr)Pr) = —Pg [H, 6, Pp|Pp
|
£(-)=[H,"]
= —Py (6, ([H, Pr]) — [0, H, Pr]) Pr
|

[H,Pr]=0
= P ((6,H)Pp — Pr(6,H)) P
= P#(6,H)Pr (QED first equation)

The proof of the second equation is similar and picks up an extra minus sign. [

So this is the result

0y = i7(Pp [0, Pr), (6,FF)])

)

Consequence: o),

is a topological invariant.

Remark. o*l‘i“ is anti-symmetric.

Example. QHE in R? (the quantum Hall effect).
d = (61.02) o = [Gv, -]
)\:(Al,)\g) )\VZGEZ,

e is the electric charge

FE, is the external electric field



