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Transport coefficients, cont.

Result: 1st-order response to a perturbation Lper = L + ~λ · ~δ, where ~δ =
(δ1, . . . , δn) are commuting derivations and ~λ = (λ1, . . . , λn) are complex con-
stants.

Then
〈δνH〉per =

∑
µ

σδν,µλµ +O(λ2) (0th-order response = 0)

defines the first order response (transport) coefficients

σδνµ = C-lim
t→∞

τ

ρ ∫
s0,s1≥ 0
s0+s1 =t

e−ı̇s0L︸ ︷︷ ︸ δµe−ı̇s1LδνH ds0ds1


|

(put this onto ρ, but ρ is invariant so cross this term off)

= C-lim
t→∞

τ

∫
s0,s1≥ 0
s0+s1 =t

(
e−ı̇s0L(ρ)

)︸ ︷︷ ︸ δµe−ı̇s1LδνH ds0ds1


|
ρ

= C-lim
t→∞

τ

δµ ∫
s0,s1≥ 0
s0+s1 =t

e−ı̇s1LδνH ds0ds1


= 0− C-lim

t→∞
τ

(
(δµ(ρ))

∫ t

0

e−ı̇s1LδνH ds1

)
|

because τ is invariant under derivation (τ◦δ=0), then τ(δµ(ρ
R

etc. ))=0

= −τ (δµ(ρ)D(L)δν(H)) (which may be infinite)
|

limt→∞
R t
0 e−ı̇sωds

dist’n
= PV 1

ı̇ω+π
2 δ(ω)=:D(ω)

Attention if δν(H) is not ⊥ to kerL.

Assumption T ↘ 0 and EF ∈ Gap(H)
Fermi energy

Mathematical assumption is ρ = PF = the spectral projection of H onto states
≤ EF . This avoids the singularity.
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Suppose we have {ψi}i an eigenbasis of H (in the generalized sense).

So Hψi = Eiψi (that is, H |ψi〉 = Ei |ψi〉).

〈ψi | L(δνH) |ψj〉 = 〈ψi | (HδνH − (δνH)H) |ψj〉
|

L( · )=[H, · ]

= (Ei − Ej)〈ψi | δνH |ψj〉

So,

〈ψi | Ln(δνH) |ψj〉 = 〈ψi | L(Ln−1(δνH)) |ψj〉
= (Ei − Ej)〈ψi | Ln−1(δνH) |ψj〉

Hence
〈ψi | e−ı̇s1LδνH |ψj〉 = e−ı̇s1(Ei−Ej)〈ψi | δνH |ψj〉

So we need that Ei 6= Ej (to avoid ω = 0 in the distribution D(ω)). In that
case

〈ψi | lim
t→∞

∫ t

0

e−ı̇s1Lds1δνH |ψj〉 =
1

ı̇(Ei − Ej)
〈ψi | δνH |ψj〉

Since ρ = PF is a projection and δµ is a derivation (using the beautiful formula
(∗) from the previous lecture)

δµPF = PF (δµPF )P⊥F + P⊥F (δµPF )PF

Now

〈ψi | δνH |ψj〉 6= 0⇔ ((Ei ≤ EF ) ∧ (Ej > EF )) ∨ ((Ej ≤ EF ) ∧ (Ei > EF ))

Since EF ∈ (Ẽ0, Ẽ1), a gap in σ(H), we have

|Ei − Ej | ≥ |Ẽ1 − Ẽ0|

As a consequence,

1=PF+P⊥F
∨

σδνµ = −τ (δµ(PF )D(L)δν(H))

= −τ (PF δµ(PF )(DL)δν(H))− τ
(
P⊥F δµ(PF )D(L)δν(H)

)
= −τ (PF δµ(PF )(D(L)δν(H))PF )− τ

(
P⊥F δµ(PF )(D(L)δν(H))P⊥F

)
= −τ

(
PF δµ(PF )P⊥F

1
ı̇
L−1(δνH)PF

)
− τ

(
P⊥F δµ(PF )PF

1
ı̇
L−1(δνH)P⊥F

)
claim= −ı̇τ (PF δµ(PF )δν(PF )− δν(PF )δµ(PF ))

or= −ı̇τ
(
PF δµ(PF )P⊥F δν(PF )PF − δν(PF )δµ(PF )

)
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In other words the claim is

P⊥F L−1(δνH)PF = −P⊥F (δνPF )PF and

PFL−1(δνH)P⊥F = PF (δνPF )P⊥F

Proof. Hit both sides of the first equation with L (L leaves PF invariant).

left-hand side: L
(
P⊥F L−1(δνH)PF

)
= P⊥F (δνH)PF

right-hand side: L
(
−P⊥F (δνPF )PF

)
= −P⊥F [H, δνPF ]PF

|
L( · )=[H, · ]

= −P⊥F (δν ([H,PF ])− [δνH,PF ])PF
|

[H,PF ]=0

= P⊥F ((δνH)PF − PF (δνH))PF
= P⊥F (δνH)PF (QED first equation)

The proof of the second equation is similar and picks up an extra minus sign.

So this is the result

σδνµ = ı̇ τ(PF [(δνPF ), (δµPF )])

Consequence: σδνµ is a topological invariant.

Remark. σδνµ is anti-symmetric.

Example. QHE in R2 (the quantum Hall effect).

δ = (δ1.δ2) δν = [q̂ν , · ]
λ = (λ1, λ2) λν = eEν

e is the electric charge

Eν is the external electric field


