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Lecture 18 (4 March 2009)

Cyclic cohomology and higher traces.

To describe topologically quantized transport coefficients we will use 14) ,
algebra

7 ,6=0,...,8,) such that 708, =0 V.

trace  .omm. derivns on A

This is the realm of higher traces on Banach algebras.

Let B be an associative algebra over k (field). Let C}(B) = {cyclic n+ 1-forms}.
So n € CY(B) this is a map

n:Bx---xB—k
—_——
n+1
which is linear in each argument and cyclic:
H(Ao,...,An):(—1)’“77(141,..‘,14717140), A1 eB
C(B) is a VS over k.
Define a differential operator

b: OY(B) — CYT(B), where
n € Cx(B) —

n

bT](AQ, e ,An+1) = Z(*l)l’l](Ao, e ,Ai . Ai+la e ,An+1)

=0

+ (=1)"Mn(Apgr - Ao, A, Ay)

Lemma (Exercise). bob = 0. The differential complex (C}(B),b) is a sub-
complez (because of cyclic) of the complex for the Hochschild cohomology H (B, B*)
(of B with coefficients in B*).

Definition. Cyclic cohomology of B is the cohomology of (C}(B),b), denoted
H"C(B). n € CY(B) is a cyclic cocycle if n € Kerb.

Ex 1: B a C*-algebra and 7 a bounded trace on B.
T € CY(B) = br(Ag, A1) = 7(AgA1) — T(A14g) = 0

since traces are cyclic. So a bounded trace is a cyclic 0-cocycle.

Ex 2: M an n-dim smooth, compact manifold without boundary, B = C>(M)
and for 7 € C¥(B) (d is the exterior derivative on M):

T(fos- -y fn) = /Mfodf1df2~~~dfn ((n + 1)-linear form)
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fodfi-—-dfp=(=1)""1 (df.)fo dfi---dfn_1 (sign from exterior product)
——

d(fnfo)—fnd fo
= ()" d(fufo)dfrdfuor + (D) fud fo---d faa

—
/fodfl---dfn:0+(—1)”/ Fudforrd fu
M M

|

d(fnfo)d fi--d frn—1 is exact and there is no boundary

So 7 is cyclic.

Now

n

b7 (fo,. -5 fng1) = Z(*l)iT(fov o fifivns oo fug)

=0

+ (=" 7 (fag1 fos fro- s fn)
:/ (f0f1)df2df3"'dfn+1—/ Jod(fif2)d fz---d faga
M M

[ R R
M
+(=D" /M fodfidfo--d(fufns1) + (—1)n+1 /M(f”+1f0) dfidfa---dfn

and from this expansion it follows that br(fo, ..., fne1) = 0 as follows: in each
integral except the first and last expand d(f;fix1) = fid fiz1 + (d fi) fix1; the
resulting 2n + 2 integrals cancel in pairs (exercise).

So, T is a cyclic n-cocycle
Result: almost, HC™ (C*°(M)) = H}. ponm (M).
Little catch: C°°(M) is not a C*-algebra.

Reassuring: de Rahm cohomology =2 éech—cohomology and therefore is purely
topological.

The pairing with K-theory

A cyclic cocycle over a C*-algebra A (over C) defines a homomorphism
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Suppose A is unital. Recall that Ky(A) is made from homotopy classes of
projections in My (A)Vk. First extend a cyclic cocycle n of A to one, 7, on
My (A). Let Tr be the standard trace on My(C). Then, with M; € My (C) and
A; € A, define

(Mo @ Ag, My @ Ay, ..., M, ® Ay,) = Tr(MoM; - - - My)n(Ao, ..., An)
with linear extension to the general element of M} (A). Then 7 is cyclic.

Proposition. Let p and g be homotopic projections in M(A), and let n be a
cyclic n-cocycle. Then

ﬁ(pvpa'“vp) = ﬁ(qa%"'aq)
N——— ~——
n+1 n+1

Remark (Marcy). If n is odd then, since 7 is cyclic, n(p,...,p) = —n(p,...,p),
and therefore n(p,...,p) =0.

Proof of the Proposition. Suppose n = 2m and let m = 1 (other values of m are
left as an exercise). Suppose there is a differentiable homotopy p(t) between p
and ¢, so that p(0) = p and p(1) = q.

%n(p(t), cnup®) =00, p) F 0D, p) + o= (n+ D)n(p,p, ..., D)

From the 27 Feb. lecture,
p=ppp + ppp

Now for m =1,

n(ppp*,p.p) = bn(pp,p=.p.p) +n(pp.pp.p)
=0 by cocycle hypoth. pLp=0

—n(pp, p*, %) + n(P*p, ™, p)

cancel because p2=p

=0

And a similar argument shows that n(ptpp,p,p) = 0, so n(p,p,p) = 0, and
therefore n(p(t),...,p(t)) is constant. O

This allows us to define n and 7 on Ky(A).



