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1 (21 January 2009)

1.1 Noncommutative Topology and Applications to Physics

Overview

Noncommutative topology (NCT) is the topology of NC spaces (NC C*-algebras
or other types of NC algebras)

Topology = basically, algebraic topology

Main tools: K-theory, cyclic (co-) homology, K-homology

Goals: classical mathematical goals: index theorems (Connes, Moscovici) (gen-
eralized Atiyah-Singer)

Physics goals: description of topological quantization (best known example:
IOHE) (quasicrystals, tilings) (index theorems)

Canonical quantization

What is phase space in classical mechanics? Newton: particles of mass m subject
to forces F

() mij=F, ¢g: R - R"

time n—space
F =F(q,q,t) € R"

(%) is a 2" order differential equation; initial conditions q(ty) = zo and ¢(to) =
vo

Important class of examples.

Example. F = —VV (gradient of a potential), V :R"™ — R

Reduce 2°¢ order to 1% order by doubling the variables

v = ¢ leads to a 1°* order differential equation

But v = ¢ is not always the best choice
Maupertuis-Lagrange-Euler. The stationary action principle.

More fundamental than m and F is a function L : R™ x R® — R (Lagrange
function) which produces the equations of motion by the principle of stationary
action. Given initial conditions ¢(tg) = o, ¢(t1) = x1

sta= [ " L) )t
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(S is a function on curves which satisfy the initial conditions)
Equation of motion is obtained as follows:

6 dt 8g; Oy

FEuler-Lagrange

7q:(Q17qQa"'aqn) (**)

Example. F = —VV, and L(q,q) = %q -4 — V(q). Then (s%) = ().

“A classical physical system is described by a Lagrangian.”
(Neglecting non-conservative systems with explicit time dependence: L(q,q,t))
(One can abstract and generalize to L on more general spaces)

Hamilton-Jacobi: reduce the 2°¢ order differential equation (%) to 15¢ order by
introducing the variables

oL
A4

pi = (canonical momentum variables)

Example (continued). L(q,q) = %(j ¢—V(q) = pi=mq;

L is regular (generally):

0%L
0¢;0q;

is an invertible matrix

and ¢;(p, q) exists (locally).

Hamilton function:

Zqz P, @)pi — L(q, 4(p; 9))

for which

Zaqz L_ZaLa%':_iL _ 4o
3qj aqj 0q; 0q; 0g; by(++) dt 04,

Hamilton-Jacobi equations:

oH . 0H

(5 % *) T -pj , o =¢; (1% order equations)
j j

Example (continued further).

Hp.q) =52 +V(0)

Exin + Epot

(energy function)

(Conservative system: H is time independent)
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This is phase space: the space of p’s and ¢’s (coordinates and conjugate mo-
menta)

A commutative Fréchet algebra: C*° (R™ x R™)
(Cp™ (R™ x R™,C) is a commutative C*-algebra, now over C)

Semi-norms for C*° (R™ x R™): for a multi-index « and a compact set K C
R™ x R™:
Se.x (f) = sup|D f ()|
reK
A Poisson bracket:
{s; J:C®(R" xR") x C* (R" x R") —» C* (R" x R")

is a Lie bracket:

{f,{9,h}} {7,950y +{g.{F. h}}

and, for each f € C* (R™ x R™), {f, .} is a derivation:

{f.gh} ={f,g}h + g{f, h}

As a consequence, {g;,q;} =0 ={pi,p;}, {¢:,p;} = &;; and

(xxx) <= q¢={¢H}, p={p,H}, and
of of ;
7Ifz ——q; —p; | = s c C*®(R" x R"
{f.H} Xi:(aqiq +8pip) £ f ( )
So, H is the generator of the time evolution of any function f € C* (R™ x R™).
A conservative classical mechanical system is a Poisson algebra (commutative

algebra of smooth functions over a manifold with Poisson bracket and a function
H which generates the time evolution.)

States are points of the space.
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2 (23 Jan. 2009)

Quantization

A classical mechanical (conservative) system is an algebra of smooth functions
over a manifold with Poisson bracket and a Hamiltonian function H generating
the time evolution with the help of the {_,_}.

(C*(P),{-,-}) P is phase space

Quantization. Vaguely, a quantization of (Ao = C*(P),{-,_},[-|) would be an
(associative) algebra (Ap,H), where 7 is the minimal volume in phase space,
such that

feAy—— fre Ay
satisfying

= non] = 1f. gl + O

Note: physicists prefer to think of fr — fash— 0

Deformation quantization: Deform (Ao, -) into (Ao, *5), where #j is the Moyal
product; mostly done formally working with power series in h: (Ao[[R]], *5).

Strict quantization. (M. Rieffel, Dirac, N. P. Landsman)

Definition. A C*-field (continuous field of C*-algebras) over a locally compact
Hausdorff space I is

(C. (Anner » (9 ner)

where C is a C*-algebra, Ay is a C*-algebra, ¢ : C — Ay is a surjective C*-
morphism, and

F1) for a € C, ||allc = suppe||on(a)| 4,
F2) for a € C, (h— ||¢n(a)]|) € Co(I)

)
)
F3) C is aleft Cy(I)-module (f € Co(I), a € C = fa € C) such that
¢n(fa) = f(h)dn(a)

(see Fig. 1) Think of C as the algebra of sections in the bundle case. A field of
C*-algebras differs from a bundle in that the C*-algebra fibers are not necessarily
all isomorphic.

In the first applications I = [0, A] or I = [0, 1], and the field is indexed as follows
(C’ (‘As)sel ’ (¢S)SEI)

By definition, a section in the C*-field (C, (As)s, (¢s)s) is a collection (as € As)s
for which there exists a ¢ € C such that qzﬁb( ) = as, for s € 1.
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Ap

Figure 1: C*-field

Definition. (Rieffel) A strict quantization of (C°°(P,C),{_,_}) (complexified
Poisson algebra) is a C*-field (C, As, ¢s)ser, I = [0, h], together with a dense

subalgebra Ag of Ay Lef Co(P) on which {_,_} is well-defined, and on which
there is a linear map @ : Ay — C satisfying

1) ¢SOQ(f)|s:0:f7f€A07SGI
i) @ preserves «: Q(f*) = Q(f)*, f € Ao
iii) (most important)(Q, def ¢s0Q)

0.0 Q0] - Qu(tf))]| 0
(fag € AO)
From F2):
I3 @00 + Qo) - etz =0

Example. P = RxR, phase space for one variable; (¢, p) € P are the canonical
variables: {p,q} =0. And

[Qnr(p), Qr(q)] = ih

which cannot be implemented using bounded linear operators on a separable
Hilbert space. There cannot be a C*-algebra implementation.

Let p = Qr(p) and § = Qp(q). Introduce Weyl operators (unitary)

W, (a) = exp(iag) W,(b) = exp(ibp) (a,b € R)
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(a)®

Proposal for Ap: C*-algebra generated by these relations. Details in the next
lecture.

Theorem (Stone-von Neumann). Up to unitary equivalence there is only one ir-
reducible, faithful representation of the Weyl algebra. It is given by the Schrodinger
representation on L*(R):

(@#0)() = 20(x)  (0)(x) = ()

where 1) is restricted to some core of L*(R), for example the Schwartz space
S(R).
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3 (26 Jan. 2009)

Quantization (cont.)

Strict quantization. (M. Rieffel, Dirac, N. P. Landsman)

Some notation from the previous lecture (see Fig. 2):

Q :Ag— C x*linear map between C*-algebras
quantizer

def

Qs = ¢SOQ:A04}AS
HRNQ)] - Qi) 0

Ao As

C*-algebra

Figure 2: C*-field on [0, A

Example (Fresh Example: Weyl quantization; a mathematically precise version
of Heisenberg quantization.). P = RxR, phase space for one variable; (¢, p) € P
are the canonical variables.

of og Of g

{fmg}:aiqap_aipaiquvgeo (RXR)

This is given uniquely by {q,p} =1 and {q,¢} = 0 = {p, p}.
Heisenberg: it suffices to quantize {¢,p} = 1 and {q,q} = 0= {p, p}:

(CCR) [Qn(q), Qn(p)] = ihl , [Qn(q), Qn(q)] =0, [Qn(p), Qr(p)] =0

(canonical commutation relations, CCR). Set ¢ = Qr(q) and p = Qr(p). Then ¢
and p “should be” self-adjoint, but the (CCR) cannot be represented by bounded
linear operators on a separable Hilbert space (previous exercise), and so ¢ and
p cannot live in a C*-algebra because C*-algebras have faithful representations.

Weyl: (h=1) o o
W,(a) = e Wy(b) =™ (a,beR)



Kellendonk Lectures (chalkboard notes)  Spring Semester 2009 8

(CCR) = (WCCR):
(WCCR) W, (a)ﬁWq(a)_l =p—al
Wy )W, (b) ! = G+ b1

(Correction to equations given last time:
W)W, (b)W(a)™" = = = W, (h)e™ " | ctc.)

Theorem (Stone-von Neumann). Up to unitary equivalence there is a unique

irreducible representation for p and § on a separable Hilbert space such that the
(WCCR) hold.

This representation is the Schrédinger representation:
. R h
(@9)(2) = ap(@)  (PP)(z) = -9’ (x)

Suppose that f,g € S(R) (Schwartz functions) (= f,§ € S(R) (R 2 R), where
[Fourier] f(¢) = (1/v27) [ exp(—iz€) f(z)dz, etc.):

Definition.

P, q in the Schrodinger representation.
Look at the subalgebra of B(L?*(R)) generated by {W,(f)W,(9)| f,g € S(R)}.

1 R iEx _
Wol£)0)@) = == [ Ot = f(@piia)

(W, (g))() = %2? / G — €)de

(W))W, / Koyb(y

Kay \ﬁ (2)g(y — z) € S(R?) € L*(R?)

so Wy (f)Wp(g) is Hilbert-Schmidt (hence compact). Taking the closure in the
operator norm:

{Wa(HW,(9)| f.9 € SR)} = K(L*(R)) € B(L*(R))
where K(L?(R)) is the algebra of compact operators.

Will show that this algebra is a cross-product with R.
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R, where « is the action of R on R induced by
)i (ag(f)) (@) = f(z =&), fER.

Claim. K(L*(R)) = Co(R) x4
translation: a: R — Aut(Cy(R)

Recall the definition of B x, R, B a C*-algebra, o : R — Aut(B) a continuous
action. Two steps.

1) Lt-crossed product: L!(R,B) completion of S(R, B) with respect to

1l = / ()] sda

(See Lang’s Analysis for definitions in terms of step functions R — B.) Introduce
a product

(f9)(x) = / F)ay(g(z — ))dy

and a *-structure

2) Universal C*-closure:

£l =sup||m(f)lls). (sup over bounded representations 7 of L'(R, B) on H)
s
Theorem. This sup is attained in a certain representation.

Let (¢, H) be a representation of B. It induces a representation on L?(R,H)
which is faithful if ¢ is:

((F 1) () = / Soa(F@ — 1))y

Apply this to evg : Co(R) — C.

Proposition. The induced representation is faithful (and the sup is attained in
that representation).

7 constructed with evg: 7(Co(R) x4 R) = K(L*(R)).

The integral kernel of 7(f): (7(f))zy = f(z —y)(z), f: R — Co(R). If

dense

feSR,Co(R)) C L'(R,Co(R))

then this is L? hence 7(f) is Hilbert-Schmidt.

Conclusion:
Co(R) x4 R = K(L(R))

Now can construct total algebra.
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4 (28 Jan. 2009)

Quantization (cont.)

From previous lecture:
Ay ©Co(R) % 12&, where (af(f))(q) = f(q— s€),s >0, and Ay = Co(R)
q

As =2 K(L*(R)), Vs > 0.
Dynamical system (R, R, &%), with ag(q) = ¢ — s§

Want to erase all these details: go to the group algebra of the Heisenberg group;
arranging {As}ser into a C*-field.

1 & q
- H = 0 1 s||&qseR) CSL(3,R)
Heisenberg group 00 1
Subgroup R? C H:
1 0 ¢
R? = 01 s||gseRrR
0 0 1
1 0 ¢ 1 0 ¢ 1 0 ¢1+¢q
0 1 S1 0 1 S92 = 0 1 S1 + So
0 0 1 0 0 1 0 0 1
H is non-commutative:
1 & @ 1 & ¢ 1 & +&% @1taq+8&ise
0 1 s 0 1 s =160 1 S1+ So
0 0 1 0 0 1 0 0 1

H = R? x; R (semi-direct product), with 7¢(q, s) = (g — s&, s).

The group algebra of the Heisenberg group, C*H, in terms of the group algebra
C*(R?), is

C'H=C"(R*) x; R= Co(R?*) xR , (1cf)(q,5) = f(q— s&,5)

our total algebra C

Must define morphisms from C to fibers:

¢s:C— Ag = Co(R) xqs R

(s plays the role of Planck’s constant).

evy 1 Co(R?) — Co(R),  (evif)(a) = f(g,9)
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(Leaves of the 7-action are R x {s} and {q} x {0}.)

So
Gs CO(RZ) X R — CO(R) Xos R

is given by

(@s(F)(€))(q) == F(§)(a,5), F:R— Co(R?)
Claim. (C, (A, ¢s)ser) is a C*-field. (Proof is an exercise.)

That’s the first step. Now want to see that this is a strict quantization.

Proposition. (C|[0 B ,{As, ¢S}Se[0,h]> is a strict quantization of (C’go RxR),{_, }>
' a P

Proof.

Aozco(ﬂsa) xaolg&%Oo(R) ® C*(R)

L group algebra of R
action is trivial

agrr 00 @ Col)

=GR > CF(R?)

densely

Next need quantization map @Q : Ag — C

(s 0 Q())(E)a) = (&g

Co(R) Xao]R

Long calculation follows.

s—0
700

=1, Qul9)] — Q. ({1 )

(Qu(f), Qu(g)](€) T oLzreduct / F)asa(€ — 1) — a(mat F(€ — m)ldy

§—n
——"
n/

et 116 < i)ag_g) - o€ = w)ag SN

" [ 15 = magy90m - 9(€ ~ mag_y )y
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Evaluate at g:

[Qs(f), Qs(9)]()(q) = — /[f(f —m)(@)g(m) (g —s(€—n)) — fF(§E—=n)(g—sn)g(n)(g)]dn

- / [f(& ) (@)@ — s(€ —m) — F(E—m)(a— sma(n)g — s — )

add and subtract

+f(&—=n)(g—smgn)(q—s(—n)) — f(§—n)qg— sn)g(n)(q)] dn

M [ Gy mgtar(a - ste )

_99(§—n)
Jq

(@) (=sn)f(m)(qg—sE—=mn)|dn (4,4 € {q,q—sn))

99
Divide by is t 1 s ’s; use @ =~
( ivide by is to cancel some s’s; use ing(n) = 3p(p)
boundary vanishes; convolution product replaced by product)

_of .. 94 g .., 0f

= 5, @5 ) ~ 515 @) P 0 (o)

The remainder of the proof is an exercise. O
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5 (30 Jan. 2009)

Mostly about physics

Summary: (strict quantization = QM mainly non-commutative) The funda-
mental proposition of Heisenberg:

Observables from a non-commutative, associative algebra; in par-
ticular “there are elements p,§” which satisfy (~ for possibly un-
bounded)

[p,q] = —ihl
Furthermore there is an element H such that the time evolution of
an observable A is given by

. 1 A
A= —-[AH

Definition. An abstract QM system is a *-algebra (algebra with involution) A
together with a Hamiltonian H affiliated to A (see below) which governs the
evolution of A via the equation

. 1
(+) A=A

For topology A should be a Banach algebra (or C*-algebra, or von Neumann
algebra) which is separable.

In this context H is affiliated to A if for every bounded continuous function f
(possibly vanishing at infinity), f(H) € A.

Integrated form of (x)

A(t) = Adyr,10)Alto) = U(L, to) A(to)U(t, o) ™"
Z/{(t, tO) = ei(titD)H

(conservative in that H is independent of t)

Heisenberg picture of QM (evolution of elements of the algebra). A concrete
QM system is a representation of an abstract QM system. So there is also a
representation 7 : A — B(H), H a separable Hilbert space.

WLOG = is given by a GNS representation w.r.t. a state on 4. Recall that a
state ¢ on A is a positive, normalized continous functional on A:
¢ € L(A,C) (continuous linear functional)
VA € A: (A positive = ¢(A) € RT) (positive functional)
¢(1) = 1 (unital algebra), or li/r\n ¢(Ey) =1 (approx. id.) (normalized)
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The dynamical evolution of A corresponds to a dual evolution on L£(A, C):

(o) d(t) = ¢(to) o Adytt)
Uy 1, unitary = Ady ¢, is a positive map
Adyri)1 =1
Hence the state space SA is invariant under this evolution. The abstract Schrodinger

picture is (xx) restricted to SA. The state space SA is a convex set whose ex-
treme points are called pure states.

Theorem (Proof not given here). The GNS representation of ¢ € SA is irre-
ducible <= ¢ is pure.

Example. A = M5(C); ¢ = Tr is a pure state (a positive matrix has positive
eigenvalues); ¢ My(C) = B(C?) ?

Let ¢ € C? with ||¢|| = 1; ¢ = (] |[¥), so ¢(A) = (¥, Ap) = (ep, Acy), ¢ € C,
le] = 1 (to change ¢ by phase is to multiply by a complex number of unit
modulus).

To be specific,
P = (é) ¢ = (Y] Ivh1)

and

Hp, = A/Ny, , where Ny, = {A e A|p1(A*A) =0}
Since ¢1(A*A) is the (1,1)-element of A* A, this means that

AeN;, < ZAilAilzo — A;1=0i=1,2

1

O (R ()

This representation is clearly irreducible (exercise).

SO

Now the other case.
N¢1 ={A|Tr(A"A) =0} ={A|A"A=0}={A|A=0}

SO
ANy, = A

which cannot be irreducible since Hy, and A have the same dimension.

Any state is a linear combination of pure states and evolution is linear so the

dual evolution is determined on the set of pure states.

Concrete Schrodinger picture: 7 is an irreducible representation.
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Theorem. The pure states of n(A) are vector states: to ¢, pure on w(A) «—

veH, 9ll=1:¢= (.
Look at the evolution of .

(%) ¢1(;z)) = ¢(t3) o Adu(t,to) = <1/J |ut,to .ut*,tg‘ w> = <ut*,t0w‘ | ut*,toz/}>
> t >

So, the integrated Schrédinger equation:

V() = Uy, 1(to) = e T (k) (v(to) =)
Differentiated form of the Schrodinger equation:

. 1
b= - HY

i
(The eigenvalue equation for H is the stationary Schrodinger equation.)

What is measurement? A single object (particle) is a pure state ¢ on the algebra
(or use GNS vector in H). Experiment measures observable A of the state (a
self-adjoint element of the algebra). In the classical case ¢(A) € R is the result
of the measurement (¢ is a point). In QM we only get a probability distribution:
a single measurement yields a random result.

To A corresponds a spectrum o(A) C R. Let C' be a measurable (Borel) subset
of 0(A4). xc(A) (the characteristic function x¢ applied to A, as defined by the
spectral calculus) is actually the spectral projection onto the spectral subspace
of A corresponding to C, and (axiom) ¢(xc(A)) is the probability that object
¢ has value of the observable A in C.



Kellendonk Lectures (chalkboard notes)  Spring Semester 2009 16

6 (2 February 2009)

Measurement (cont. from previous lecture)

Borel
Device detects value of observable in C' C o(4), A = A* € n(A) (7 is a

representation); particle is ¢ € PS(w(A)) (pure states).
Xc(A) = spectral projection of 7(A) onto spectral values in C
@(xc(A)) = probability of measuring value for A which belongs to C

In general
xo(4) = / dEy € 7(A) ", where A = / AdE)
c R

——WOT
“WOT” denotes the weak operator topology; m(A) is a von Neumann alge-
bra which is typically a non-separable C*-algebra; {F)}, is a projection-valued
measure.

If C is isolated in the spectrum of A ( (A4) ) then

xo(4 271'2 H — z

where T is a suitable plane contour separating C from o(A) \ C. Alternatively,

r
S

Xc(A) = xc(A) where x¢ : R — R is a continuous approximation of the
indicator function of C such that
1 ifxeC
Xc(A\) =<0 if Aeo(A)\C
whatever elsewhere

Example. A = §; rather, f(§) where f : R — R is a continuous function
which is the identity on the interval [z1, 2] and is constant on each of (—o0, x1]
and [z1,00). The operator ¢ need not be bounded; the cutoff version f(q) is
bounded:

Spec(¢) =R
Spec(f(q)) = [z1,22] D C = [y1, y2]

P(xc(f(9)) = o(xc ()



Kellendonk Lectures (chalkboard notes)  Spring Semester 2009 17

Ty L f

id

Suppose 7 is the Schrédinger representation on L?(R). Then 3¢ € L*(R); [|¢]| =
1 such that ¢(A) = (V| 1ey )= [,¥0.

indicator

In other words, in the Schrodinger representation the absolute value
squared of the wave function v is the probability density of the
distribution measured for the operator .

Repeat the same experiment (same A, C') with the same state. Then we can
measure the probability distribution. If we cannot repeat with the same state,
then we need to incorporate the probability distribution for the state. The
probability distribution then becomes

me(A) = / H(xc(A))dv(9)

where v is a probability measure on PSw(A). mc(A) = the probability that
the value of A is measured to be in C.

What is v on PSm(A)? Suppose that 7w(H) (H generates the evolution) has
discrete spectrum, i.e., o0(A) = {eigenvalues of H} (e.g, harmonic oscillator).
(A is an eigenvalue if 3¢ € H \ {0}, H is the Hilbert space of 7, such that
Hy = \p). Let {¢,| n € N} be an ONB for H consisting of eigenvectors.
Assign to each 1, the probability

7 la= B

where Z = normalizer = Zn e BAn

bn(A) = (o | T(Apr)
mo(A) = 3 gu(A) 2 e

= % Z<¢n‘eiﬁH|"r/)n>

1 _
= ETT (e ﬁH)
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Here we may forget about the discrete spectrum: this trace formula holds for
general s.a. H and relates to trace class operators. If A and B are trace class

operators, then
Tr(AB) = Tr(BA) and Tr([A, B]) =0

The expectation value for A is then

1 1

ETr (m(A)e PH) = ETr (e PHm(A))
e PH

= Tr(pA), where p = — (suppressing the rep’n)

Properties of p are

One-Particle Approximation for a Solid

Each electron feels an effective potential (electron-electron interaction is very
well described by a mean field.) Measuring A gives the value of Tr(pA), where
p is the 1-particle density matrix.

Later: the quantum Hall effect versus the fractional quantum Hall effect. Plan:
show that Tr(pA) comes up in quantum topological invariants.
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7 (4 February 2009)

Observable C*-algebras for systems described by Delone
sets.

Delone set = set of (equilibrium ) positions of the atoms in a solid or molecule.
P C R". B,(z) =closed r-ballof z ¢ R*. P C R then P—z = {p—z |[p€P}.

B,[P] := B,(0) NP is the r-patch of P at 0 or window of P at 0 of radius r.

Definition. P has finite local complezity (FLC): & Vr : {B.[P —p]| p € P}
has finitely many elements.

Examples.
1) P = {p}; then B,.[P — p] is the only possibility.
2) P is finite.

3) P is a lattice in R™.

)
)
)
)

4) P is an affine line in R2.

5) P is a quasi-periodic set.

6) (Counter example)

Two transverse affine lines in R?
and several windows
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We allow P to be colored (finitely): equality requires same colors; equivalently,
P C R™ x {colors}.

Definition. A function f:R™ — Y (set) is r-P-equivariant if

B[P -] = B[P -yl = f(x) = f(y) (z,yeR")
The value of f at x is determined by what is in the window. In particular f|p
has finite image.

Definition. f is strongly P-equivariant (s-P-e) if Ir > 0 such that f is r-P-e

Suppose that (Y, d) is metric. We look at continuous functions R™” — Y.
E.g., D is a metric on Cp(R™,Y); D(f,g) = sup,, d(f(z), g(x)):
- D
Cwp R™Y):=Csip(R"Y)
weakly-P-e

We are interested in Y = C: Cp(R") := Cy.p(R™, C) is a separable C*-algebra.

Ex 1:

Suppose P is uniformly discrete (there is a minimum distance between points),
and let v : R™ — R with suppv C Br(0).

ViR" R=0dp+v, 0p(Ad) =|ANP]

ABorelcRn
Viz) = / Sp(w)o(z — y)dy = 3 vz - p)
peP

|
~

Short range atomic potential at each atom

Viz) = / 5p(y)o(z —y)dy = 3 vz — p)

peEP
= > w@-p= Y. vy
pEP:z—pEBR(0) yEBR[P—x]
so V is a w-P-e function.

A potential resulting from a local atomic potential is a w-P-e function. In
general, coloring for different species of atoms: several v¢o)or-
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Ex 2:

Q C R” is locally derivable from P if 1o is s-P-e: can construct Q by looking
at windows in P. Baake et. al. defined mutually locally derivable (MLD) which
can be restated by saying that

Q MLD P <= 1g is s-P-e and 1p is s-Q-e

Ex 3:

P ={p}: fis R-P-eif |t —p| > R = f(z) = c = constant. So f is R-P-e
& supp (f —¢) C Br(p).

Cipoe (R, C)=C.(R")+C
Cype(R",C)=Cp(R") = Cop(R") + Cx= S™
Ex 3':

P is finite (molecule) same as P = {p}, mostly.

Ex 4:

P a compact lattice in R™: if R is large enough, any R-P-e function is P-periodic.
So

Cs.p (R") = Cyp (R™) = continuous periodic functions on R"
CR"/P)

Il

1€ Cp(R™) so Cp(R™) is a C*-algebra. Then Gelfand-Naimark: 3 a compact
Hausdorff space Qp such that C(Qp) = Cp(R™).

Theorem. Qp = {P — a:}DT

Dr(Q.P) = sup { _— ‘ BrlP] BR[Q]}  where

1
Br[P] % Br[Q] & 3uy llzll, lyll < 5 : Br[P — 2] = Br[Q — 1]

May replace %ﬂ with any f(R) like this:
If we use f(R) = %, then Dp(P — x,P) & ||z| if x is small.

Alternatively, by a stereographic projection, R” C R™ U {oco} = S™; compare
the two sets in S™ using the Hausdorff metric:
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P Q R™

Stereographic projections of P and Q
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8 (6 February 2009)

Spectrum of Cp(R")
Spec (Cp(R™)) = ?
— Dr
1) hullof P=Qp ={P —z}
2) Qp = lim (Fk, Ozk)
3) Qp = Spec (Cp(R"))
1) & 2) is known to the Bozeman audience.

The proof of 3) is very nice.

P FLC Delone ~ Voronoi tiling 7: Vp € P Voronoi domain:

Vo={z eR"| o —p| <le-p| vp' eR"}

Voronoi domain V,

e tile in 7 is a Voronoi domain.

e k-neighborhood of a tile t =
{all tiles which meet k — 1-neighborhood of t};
where 0-neighborhood of a tile is the tile itself.

The geometric support of a k-decorated tile is the support of the tile.
e k-decorated tile is the tile labelled with its k-neighborhood.

e k-decorated prototile is the equivalence class of a k-decorated tile under
translation.
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FLC = only finitely many k-decorated prototiles. Define [F. Géhler]

Ty = |_|( support of k-decorated prototiles) / ~

Here, if f; and f, are faces of t; and t3, resp., where ¢t; and ¢y are k-decorated
prototiles such that in 7 3 representatives ¢t; and s of ¢; and t; whose faces
corresponding to f; and fy coincide, then f; is identified with fs.

Important map: ay : T'xy1 — T'y, with ag(x) = x the k-decorated prototile
obtained by forgetting the k 4 1-collar (the tiles in the k + 1-decoration which
do not belong to the k-decoration). This map is obviously surjective.

Definition (for our purposes).

Qp = lim (Fk, Oék)
(=Q7) -

Direct and Inverse Limits (Category Version)
Category: O M
objects morphisms

Given ay, : O — Og41, with objects Oy € O, and morphisms o, € M for k € N,
the direct limit lim (Oy, o) = (O, (m");,), where O € O and the m* € M,

m* : Oy, — O, are such that m**! o a, = m*; and whenever (B, (b*);), B € O
and b* € M also satisfy b**1 o ay, = b¥, there is a unique morphism f: O — B
such that fom”* =bF, k€ N.

o @
k
f

k
m
(0]
\
B

Direct limit diagram (commuting)

Ok+1

bk+1

For the definition of an inverse limit just reverse all the arrows (exercise).
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(Returning to the proof) f: R™ — Y is k-P-e, k € N, if f(z) depends only on
tr(P — x); tx(Q) = k-decorated tile, where the tile is the Voronoi domain of @
containing 0.

Crrpe(R"Y)=C(Ty,Y)

SO
Cope(R"Y) = JCrpe (R",Y) =1im (C (T}, Y) ,af)
k

Fk—i—l R Iy ~ C(Fkay) Oi) C(Fk-‘rlvy) s O‘Z'(f) = foak

Now a quick proof that the spectrum is Qp.
Reminder of the notion of spectrum. If A is a commutative C*-algebra with 1,

Spec A = { non-zero characters } C A’ (dual of A with the weak-*-topology).

*-algebra morphisms A—C

The dual of a normed space is the same as the dual of its completion.
1) If B is a dense subalgebra of A then Spec(B) = Spec(.A)

2) If B 4, A, then ¢* : A" — B’ and ¢*|gpec(a) : Spec(A) — Spec(B) is
continuous in the weak-*-topology (because it is continuous in the norm
topology on B’). Spec(.A) has the relative weak-*-topology.

3) If Ag L4 Aj11, then
Spec (1im(Ar, @) ) = lim (Spec(Ay), 6 lspeca,))
Hence to calculate Spec (C'p(R™)):

Spec (Cop(R™) = Spec (I (C(Tx), af) )

= lim (Spec(C(T'x)), (ag)[spec...)

= 1lim(Tg, ax)

see below <«

Regarding the last equality.

X compact Hausdorff = X = Spec(C(X)), = — ev,
= T’y = Spec(C(Ty))

So

1 € Spec(C(Tr41)) = n = ev, for some x € Ty

= (ag)"[spec(n) = (a})*[spec(evz)
=ev, o
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ay,
Tppy———— Iy

~ l":
*

Spec(C’(FkH))(MCSpeC(C(Fk))

lim (Spec(C(T'k)), (k)" [spec...) = Hm(T'x, o)

and

[ e€CTx) = (eveoap)(f) = eve(foar) = flar(z)) = evak(a?)(f)

= (ag)"[spec = ak
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9 (9 February 2009)

Cut + Project Tilings
Canonical cut + project tiling.

Rr RO RN POipd g (g < )

=EL DZN lattice

T is a ZN -periodic tiling of RN such that there are finitely many tiles up to

translation, each of which is of the form k = k-t X k" . (“k” for
poly’n in B+ poly’'n in E”/

the German “klotz”)

Cut and Project: N =2, d=1

.€+EH

Cut and Project with (e + E”)NZ2? = ()

Choose € € RY: look at intersection between

(e+E"YNT
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Assumption (e + E”)NZ? = ()

if € + E" cuts through Z2 then € + E” cuts through the boundary of two neigh-
boring tiles; want to avoid this so that’s why we put the € in.

Try to understand the inverse limit space.

11

f € Co.pe(R) defines a function f on a dense set of R?/Z? = T?

Copo(R) C C(TZ,)

O-cut

Spec (C(TZ.)) 225 Spec (Copo(R)) , @ € T, 1 ev,
S ————
~TZ

tfev, = evy 01

i"evy =i'evyifx ~ gyorx o~
blue line green line

Delone set of P given by the vertices is

e+ENZ*+ |J Kk
k tile in 7

Canonical choice: 7+ (unit cube)

7t : RY — Etprojection along E”

The thing I think should be canonical
monical: k* polyhedra s.th. Ok* = ;... fi
Look at the stabilizer

Stab .1 (z~)(affine space spanned by all f; > 0)

The rank of the stabilizer determines the complexity of the tiling.

Back to the construction of the algebra.

Ap = Cp(R") xoR" = C(Qp) xg R"
(ae(f))(x)=f(z—€) ¢ induced by weQp—w—=x

Fix isomorphism C(Qp) % Cp(R™), a *-isomorphism of C*-algebras: o(f)(z) =
f(P—=x)
We can see why Cp(R"™) x, R™ is a good algebra.
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Example.

P = {1‘}, C{m}(R") ~ CO(RTL)-‘,-(adjoin 1) _ CO(R") +

multiples of 1

A{z} = Co(R™) x4 R™ +CxR"

quant’n of a classical particle

Recall. We took the representation induced by evg : C; (R™) — C. This gave
the Schrodinger representation for the first part of Ag,.

Cp(R") x R"

: )
character rep’n induced rep’n

The representations on Ap we look at are induced representations of the char-
acter irreducible representations on Cp.

So Yw € Qp = Spec (Cp(R™)) we have an irreducible representation ev,, o c~*

and therefore an irreducible representation 7, of Ap.

Let F € Ap of the form F : R" — Cp(R")

F(§) =07 o F()
F:R" = C(Qp)
7, Ap — B(L*(R™))

(ruF)o)a) = [dy Flo—y)w+2) v(w)

integral kernel of 7, (F)

First important consequence of this:

Consider w = P and

A2

- P 5 n
H = 2m+V(q) aVECP(R aR)

in the Sobolev rep’n

Then Vg € Cy(R),
g(H) €mp(Ap)

spec calc

Use Laplace transform.
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10 (11 February 2009)

The construction of the algebra Ap (cont.)

We have this algebra

Ap = Cp(R") ¥ R" = C(Qp) xq R®
mp : Ap — B(L*(R™))
f:R" = Cp(R")

WMﬂw@0=/f@—w@W@ﬂy

Theorem. If H = %—i—V(@, V e Cp(R"), then VF € Cy(R), F(H) € mp(Ap)
(& 3A € Ap such that A is represented by F(H)).

Proof. p = %A, ¢ left multiplication by x +— z. Taking h =1, m =1, H =
—A+V, then H is bounded below (but not above), and by a shift of V., H > 0.

Suppose F' has a Laplace transform; F' is regular enough that

F(t) =27 /OO !EF(E)E

— 00

(F(E) = / e *PF(t)dt is the Laplace transform of F: R — R)
0
Then F(H) is defined by “Laplace” functional calculus

F(H)= / e " [(t)dt; bounded because H is bounded below.
0

To show that F belongs to a norm-closed subalgebra it suffices to show that e 7*#

belongs; that is, for these functions F, it suffices to show that et € mp(Ap).

Consider first the case where
et =) (the heat kernel)!

Lemma.

)@= [ ), vw
——

IWith A=1, p%2 = —A
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mp(f) = f: R" — Cp(R")

r— T —£2
femn FO@=ebpe

If we have a constant potential (zero potential)

et e Cx Rn C A{I}
~Cy(R™)

= functions of $
So [Dyson-Phillips expansion]
oo
e—tH _ e—tA—tV _ etA + Z/dso . ~/ds,,e31AVeszAV L. VeS“A
v=0 s, >0 ZS s;=t
If V is bounded, the series converges in norm. —A >0 = [|e*?| < 1

tl/
H/dSO"'/ds,,eslA'“H < /ds1~--/dsy ||V||” < JHV”U

5:>0 Y4 si=t
volume of a v-simplex

So the series converges absolutely like > %HVH" < etV

Now we are almost done. Need to show e%2 is in the algebra, so that es12Ves22V ..

is in the algebra.

It suffices to show that Ve'® € mp(Ap):

c1  —lz—yl?

(Ve'yota) = [ Vi) he T vy

integral kernel f(z—y)(z)

1)) = V() oo™
then, mp(f) = Vet

QED O

Q: This is a good representation (Schrodinger); what about the others? (Other
representations from other characters.)

- e

s, A
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Covariant families of operators

Comes from the physics of condensed matter. Random potentials are described
by potentials which are random variables over some probability space (£2,P).
So

Qo2w—V,:R" =R

Ideally, solve everything for H,, = Ho + V,, (Hy = —A for example).

s / Tr(p A, )dP
Q

The density matrix might depend on w.

Homogeneous media = microscopically translation invariant.

Idea: (2,P) should carry an action of R™: w Sow - & such that

Covariant system. Bellisard, Johnson and Moser: for aperiodic media take ) =

hull. P should be translation invariant. Pure phases = uniquely ergodic P with
respect to itself.



Kellendonk Lectures (chalkboard notes)  Spring Semester 2009 33

11 (Friday, 13 February 2009) (Thanks to Carl
Olimb for the notes.)

Message (from last time): For aperiodic solids (which are homogeneous) the
quantum mechanical system is described by a covariant family of operators
H = (H,)weq, (2,P,a,R"); P is a probability measure. For us, Q@ = Qp.
H, . =U,H,U; ' (The idea is, this P is motivated by physics.)

Recall Yw € €, there was the representation
7y C(Qp) xq R™ — B(L?(R™))

induced by the ev,, : C(2p) — C. For f sufficiently regular,

(o (F)) () = / dyf(z — ) (w + ) y)
T (f)ay

If we shift w the representation is P-equivariant: m,_.(f) = U,m,(f)U-.,

where U,, is the representation (exercise).

Corollary. VA € A, (m,(A)), is a covariant family of operators on L*(R™).
52

Corollary. <det (Hw = % + Vw>> s a covariant family of Hamiltonians.
m

Then VF € Co(R)3Fh : e tHY = 7 (e ™). (e=h € Ap)

We have to be careful about the isomorphism C(Qp) = Cp(R"), o(f)(x) =
52
f(P —z). If V is P-equivariant then U = o~1(V). Then h = 2pfm +V.

Back to P. “measurement is related to traces”

Traces.

Definition. A trace on a (separable) Hilbert space H is a positive linear func-
tional Tr : B(H) — C such that VU € U(H) and VA such that A is traceclass,
Tr(UAU 1) = Tr(A).

A is traceclass if |A| = vV A* A has Tr(|A]) < 0.
Q. How many traces are there on H?
1. Operator trace:

K(H)  C B(H)

compact operators

Think of K(H) as the norm closure of operators with finite dimensional image.
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For a positive operator A € K(H) look at its spectrum o(A4) = {\,| n € N};
An € R and 0 is an accumulation point.

Let (un)n be a decreasing sequence exhausting o(A) and taking care of multi-
plicity. Then define

Tr(A) = Z tn , ( possibly finite or infinite)
If finite, then we have traceclass A.
A traceclass < (pn)n € £* “you can sum it”

Extend trace by linearity. Then Tr is a linear functional with dense domain
called £!(H)
LY(H) :={A € B(H)| |A] traceclass}

Define LP(H) = {A € B(H) | |AJP is traceclass }. These operators are all com-
pact. Notice that

L£P c £V c K(H) C B(H) ifp>p >1
ideal ideal ideal

Tr is not continuous in norm. We could put other norms on these. [A|, =
Tr(|AP) is a norm on £P(H) making it into a Banach space.

Consider £2(L?(X, v )). Think X = R" and v = Lebesgue.
Hilbert space

If A € B(L*(X,v)) has an integral kernel A4,,, then
Ae L2(L*(X,v) <= (z,y)— Ay € LA (X x X,vxv)
(Vo : (AY)(2) = [ Aeyt)(y) )
Then Tr(A) = [ dv(z) Az, doesn’t work in general. But
Theorem. If in addition (z,y) — Agy is continuous then Tr(A) = [ dv(z)Az,.

Besides Tr there is ¢Tr, V¢ > 0 (a class of traces).

2. Dixmier trace: is a trace that vanishes on £!(H). (This will be talked about
later.)

Now, traces on C*-algebras.

Definition. A trace T on a C*-algebra A is a positive linear functional such
that V A € A traceclass (T'(|]A|) < o0) and B € A, T(AB) = T(BA).

If A= My(C)® M3(C) C Ms(C) = B(H) we can take ¢1Trcz2 + coTres as a
trace Vcy,co > 0.

Notice again, these functionals are not bounded and this T' need not be contin-
uous.
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Example. A = C(X), X compact Hausdorff. Bounded traces are therefore
positive elements of A’.

—

positive measures on X.

Why? If v is such a measure then define T'(f) = [ f(z)dv(z) (f € C(X)).

Example. Take (B, «a,Z") (C*-algebra with Z"-action), suppose 7" trace on B
which is invariant: T = T'oa. Then define T : Bx,Z — C, where for f : Z — B,

T(f) =T(f(0)).

Example. Same thing for (B, «, R™) leads to unbounded traces, always.
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12 (18 February 2009)

Trace-class, cont.

Suppose we have (P, «,R™), P an invariant probability measure on € (o-
algebra of Borel sets) gives us a trace ~ 7 trace on C(Q) x4 R™:

if f:R" — C(Q) is continuous, then

(f) = / £(0)(w)dP(w)

This is a special case of a noncommutative dynamical system (ncd)
(B,a,R™)
\
C*-algebra
and a trace 7 : B — C which is « invariant: Toa =171
and then 7: B x, R" — C, 7(f) = 7(f(0))
Vf:R"™ — B such that f(0) is 7 trace-class.

Trace per unit volume.

The idea behind this is that in physics there are extensive and intensive quan-
tities.

extensive quantity = scales linearly with system size
N # of particles, V volume, E

intensive quantity = doesn’t depend on system size

often an ext. quant. normalized: N/V density

Let x : R" - R, x € L', [x =1 (e.g., x = 1[g,1)n)-

Expectation looks something like

| 4T = [ dPw) [ dodspax(a)

localize A, with x

Fugini/dav /d]P’(w)Aw’m x(x)
| S —

_ / dz ( / d]P’(w)Aw_m,oo) x(@)
_ /dx (/ dP(w — x)Aw—g;,00> X(@)
= /dx (/ dP(w)Awpo) x(z)
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Recall that [ dP(w)Ay 00 = 7(A), where A € Ap such that 7, (A4) = A,.

Measure quantity on [0, 1]"; but doesn’t depend on 1 1j» because of homogene-
ity.

A,)n sequence of cubes such that A, = R™ (Foellner sequence; van Hove
( q n q
sequence). Try to take

nler;O mTr(AlAn) (A operator on B(L*(R™)))

trace/volume of A

Now suppose that P is ergodic. Apply Birkhoff to

. 1
/dP(W)Aw,OO = nlLII;owaMA dz Ay, 2,00

n

1
00 vol(An) /A T,
’I‘T(Awl/\”)
trace
= A
Volume( )

Suppose that the observable is a function of the Hamiltonian:

=f( H

observable Hamiltonian

1
vol(A,,)

Hla, =15, H1y,

(Te(f(H)1a,) = Te(f(H]|s,)) =0

].An . L2 (Rn) projgtion L2 (An)

Could try looking at trace per unit volume of H itself:

1

WTY (H|a,)

which is a spectral measure for H; allows us to calculate (by integration over
spec of H) all trace/vol of measurable functions of H.

Integrated density of states (IDS)

. of states of H of in F+A
density of states at £+ A = 1o 07 STl © of energy In & +

volume - |A]
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terribly undefined: e.g. non-discrete spectrum, ...

DS(F) = density of states at £+ A
E
IDS(E) = / DS(E')dE’

(# eigenstates of H

= nl;n;o ol A, of energy < E)

(1[—oo,5)(H|a, ) = spectral projection of H|s, to energy < E)

Shubin’s formula ;. 1
A vol(Ay,) v (100,21 (H]A,))

38

Suppose that E ¢ o(H) (allows replacing 1 with 1, below) and H = (H,,),,

spec of H
are covariant operators bounded from below.

Smooth version of 1(_ g)

Then 3h € Ap such that 1(_ o py(H.,) = 7, (h) and
Theorem. IDS(E) = 7(h)

h is a projection in Ap as the direct sum of 7, is faithful and i(,oo’ p)(H) is a

spectral projection.
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13 (20 February 2009)

Quasicrystals (QC)

Approximate the infinite QC by something finite using some sort of boundary
conditions.

IDS(E) integrated density of states up to energy E
DS(E) density of states

octonacci chain ~ 1-d  (looks like the devil’s staircase)
QC : P = ¢ octagonal tiling  2-d
icosahedral tiling 3-d

A2
H = L + V', V P-equivariant
2m

Discretizing H; becomes bounded; just a big matrix; diagonalize.

Ky-theoretic Gap-labelling

H bounded from below (Hamiltonian) is affiliated with a C*-algebra Aif F(H) €
AY F € Cy(R) (if H is bounded then this means that H € A).
Suppose that E & o(H). Then there is a function F' € Cy(R) such that

F(z) =

1 ifzeo(H)N(—o0,E]
0 ifzeo(H)N(E,00)

1nf(H) EO E E1

Hence F(H) € A (F is continuous).

Remark.
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i) F(H)F(H) = F(H)?> = F(H) since F(H) = 0or 1 on o(H); F(H)* =
F(H), so F(H) is a projection.

ii) If 7: A— B(H) is a representation, then = (F(H)) is the spectral projec-
tion of m(H) onto the eigenspace of energies < E. Denote it by P<g(H).

ili) P<g(H) exists for any H (by functional calculus with measurable func-
tions)

But in general P<p(H) ¢ n(A) if E € o(H). However always

P.p(H) € m(A) SOt (a von Neumann algebra)

Want to measure the difference between E € o(H) and E in a gap.

Recall that the elements of Ky(A) are formal differences of equivalence classes
of projections. Ky(A) carries an “order” structure; there is a positive cone
Ko(A)T such that

i) K()(A)+ + K0<A)+ - Ko(.A)+
i) Ko(A)T N (=Ko(A)T) = {0}
iii) Ko(A)T 4+ (=Ko(A)T) = Ko(A)

In general an element of Ky(A) is of the form [p]o — [¢]o. The elements of the
cone Ko(A)™ are of the form [p]o — [0]o = [p]o-
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Abstract Kj-theoretic gap-labelling

The gaps of H are labelled by an order preserving map

L
L :gap(H) — (Ko(A), Ko(A)1); (Eo, E1) &= [Fig,, 50 (H)lo
= gaps of o(H);
open intervals ordered by the order on R

L F(Eo,El)(H)

1nf(H) EO E E1

Order preserving is almost obvious. Gaps (Eo, F1) < (E{, E}) lead to F' =
F + G with I and G as shown:

1-.-

inf(H)y E, E FE E, E E|

FI(H)=F(H)+G(H) = [F'(H)|o=[F(H)]o+[G(H)l
because F'(H) and G(H) are orthogonal projections. So,

[F'(H)]o — [F(H)lo € Ko(A)" <= [F'(H)]o > [F(H)]o

An important remark. A gap label L((Fo, E1)) is a topological invariant in the
following sense. Suppose we perturb H by (H;).c[0,1], Ho = H, such that V F €
Co(R), (F(Hy)): is a norm continuous curve in A. If the gap does not close;
Vt,Eo < Ei, then Fig,, g,,)(H;) can always be defined and is a projection.
Recall that if a projection p is homotopic to a projection ¢, then [p]o = [g]o. So
L(Eq, Ey¢) is constant in ¢.
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Concrete Kj-theoretic gap-labelling.

Suppose v : Kp(A) — R is a homomorphism of groups preserving order. Then
vo L :Gap(H) — R is also topologically stable: an example of a topologically
quantized number!

Example.
v="  T[plo=7(p)

Recall that 7, o L((Ey, E1)) = IDS(FE) for any Ey < E < E; (stable position of
the plateaus in the graphs).
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14 (23 February 2009)

Gap labelling, cont.

Recall. Abstract GL. There is a positive map

L :Gap(H) — Ky(A)
(Eo, E1) = [F(gy,z,)(H)]o

1nf(H) EO E E1

Gap labels are stable under perturbations which do not close the gap.

Concrete GL. v : Ky(A) — R is a positive group homomorphism. Then
vol:Gap(H)—R

is a gap labelling by numbers.
In essentially all cases we have only one v = c7, ¢ > 0, where 7T is a trace on A.

In many cases (unique ergodic, R™-invariant probability measure on Q2p) there is
a unique trace on A up to normalization. (In the case of unbounded operators,
normalization normalization does not have meaning.)

Q: concrete gap labelling says that the values the IDS takes on gaps belong to
T*KO (A)

1) Given r € 7,K((A), is there a gap in o(H) such that r is a gap label for
H? Difficult question.

e Example: Harper model
H € B(¢*(z))

HDZ = _ag,discrete + VO&,G «, 0 angles

=p2 discr.
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The discrete version of the Laplacian:

((_ai,discrete) ¢) (’I’L) = _(¢(n + 1) + ¢(n - 1) - 2¢(”))
Va,o(n) = 2cos(2mna + 6)

If o ¢ Q, then o(H) = Cantor set. [Elliott, Choi, et.al]

e Another example. Fibonacci.
H = _ag,discrete +V onZ = { ) ababba . }

1 ifnisona

Vi(n) = A o
0 ifnisonbd

2) What is T*K()(.A) ?
gap labelling group

Theorem (Bellisard, among others). If P is Delone of FLC and P is an
invariant probability measure defining T, then 2

7. Ko(A) = P(C(€p, Z))
P~Qp={P—x|zeRr}

U

¢p={P—xz|zecP} (totally disconnected and compact)

(canonical transversal)

P(f) = . I f= nily, = PB(f) = mlUil

finite
U, clopen

If C is an R-patch, that is, C = Bg[P —p|] , p € P, then
(=Br(0)N(P—p))

Uoc ={Q € €| Br(Q) =C}

and if P is ergodic then P(Ug) = frequency of C in P.

2Font substitute & for the symbol used in the lecture.
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Graphics from the book Quasicrystals: Structure and Phys-
ical Properties. (Notes for this section are incomplete.)?

A 1-d example. Substitution:

L— LS
S+—— L

H('I/J)(n) = tn+1'l/}(n + 1) + tnflw(n - 1) + an(n)

128
tn,n+1 - .
subscripts: vertex labels tS (Set tS =1 in what fOHOWS~>
tnn—1 =tn—1,n (H is self-adjoint)

€LL

€n = § €LS

€SL

all expressed in terms of the parameters ty,ts,€rr, €rs, €SL-

Constant potential er;, = e, = egr, = 1, and ¢, the (running, or is it hopping?)
parameter (maintaining tg = 1), then when ¢;, = 1 the system is periodic with
spectrum [—2,2] + 1.

Potential e;,g = esr, = 1 and e, = —1, and t; the parameter there is an
associated graphic in the (energy x t1,)-plane?.

3 Quasicrystals: Structure and Physical Properties, ed.by Hans-Rainer Trebin. Wiley 2003.
4See page 240 of Quasicrystals: Structure and Physical Properties.
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Transport Coefficients (response theory)

Let H be the Hamiltonian of a system on H. Recall equation of motion for A
(linear operator on H):

o1
i
=iL(A) where £ is a derivation:
L=[H,-] L isthe Liouvillian
A(t) = U(t,to)A(to)U(t, )" can now be written
A(t) = e*£(A(ty)) (on an appropriate domain)
Suppose p is the density matrix of the system at equilibrium.
—BH

2
In particular, equilibrium = p=0<[p,H] =0

e

Ex: p=

Idea: perturb the dynamics slightly out of equilibrium such that (magically) the
system evolves under the perturbed dynamics to a new equilibrium described
by a density matrix pper -

So we suppose that the perturbation is given by a derivation § (vector-valued):

Loer = L+ X6, where
d=(1,...,9¢)
A= (A1, Ap)

f
Ad =N
I=1

Hypothesis:

(1) pper = C - lim v (p) | where now

t—o0o

t—oo T—oo T

T
C- lim z(t) = lim l/ x(t)dt (Cesaro)
0

The system responds to the perturbation. How? The new time derivative:
(2) Loe(H)=[H,H|+X-6H=\-0H

(The new Hamiltonian is not the one describing energy; energy is constant.)
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Ex: n=1, § =i[p, -], this generates translation

e*(f)(xz) = f(x —A) (on an appropriate domain)

]32

Lper (F P V(- — Xt
thper = — P
M (H) = 2= 4 V(- = N)

Confining potential

(Only a constant potential would be invariant under translation.)

One expects that the new equilibrium involves a force which keeps the system
in balance. This force is

1
—0H =V" (the derivative of V)
i

called the gradient force.

Definition. 0H is a generalized force.

Let us measure  H at the new equilibrium
(0H )per = T(pper H) = F/(X)

F is called the response function. Suppose that 7o ¢ = 0 (translation invariant
under the derivation). If A is a linear operator, then (allowing a bit of sloppiness
regarding interchange of C-limits and operators)

*M ¢ im 7(eftErer (p) A)

t—oo

T(PperA)
T (Lper(p)A) = T(A-6(p)A)

X Z Ai <T(5i£g,4)) - T(p&%l))

P —itLoper
T(pperAd) = C tlggoT (pe (A))

5Where Taylor series converge everywhere.
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(The equality marked * uses the properties of the derivation §.) ©
Formal Dyson expansion:

o)

(o)
e*itcpcr — efitﬁ + Z/ e*islﬁ)\def’iSQ,ﬁ .. eiisy_*_lﬂ
v=1"Y951

Definition. A transport coefficient is a coeflicient in the formal Taylor expan-
sion of F'(\) around A = 0.

We use the Dyson expansion to do this Taylor expansion.
0-order: _
7 (e7 " (p)SH) = 7(psH)
Ex:
dH =i[B,H] (B operates on H)

Suppose pBH is trace-class (= HpB and pH B are trace-class).

1

—7(pdH) = 7(p(BH — HB)) = 7(pBH) — 7(pHB) =0

2 =7(HpB)

=7(pHB)

so, practically, one looks only at 15%-order coefficients.

0T (A-8(pA)) = 32; 7 (Nidi(pA)) = 30; Xit (8i(pA)) = 32, XiT (8i(p) A + pdi A)
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Transport coefficients, cont.

Recall:

L=[H, -] p = equilibrium density matrix
Lper = L+ X-6, &=(b1,...,6,) commuting derivations: [4;, 0;]=0
X

= (A1,...,A,) complex constants

-

Given the perturbation X - § of £ there is a response: (0H)per = T(ppergH),
according to our philosophy.

Hypothesis:
pper = © lim et (p)
7 7
T equation of motion
very often must be regularized
Assumptions:
1) 706=0
Then
(OH)per = T(pperdH) = lim 7(e'*“r(p)5 - H)
(formally, 7(Lper(p)A) = —T(pLper(4)))
(%) = lim T(pe_iwpe‘g- H)
t—oo
2) Bold assumption: use the Dyson expansion for e~#%ver
(%) Dyzsén ~ 7(pé-H)+ lim 7 p/ e LY. fe LS | +O(N?)
power series in A t—o0 50,51 >0
sgtsy =1

15 order term
A-term; mostly = 0
translate this thing
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3) 1% order term. Assumption: O()\?) is really negligible.

-

(0H)per = o®X  (0? is a matrix; a tensor in the case of the higher order terms.)

where
ouu(t)

.
Ug# = lim 7 (p/ ei(tsl)ﬂéueislﬁéuH) ds;

t—o0 0

is the tensor of transport coefficients in the 15¢ order approximation (higher
orders; higher order tensors). We have:

t
ouut) =71 ! t=s1L () 5u/ e 15, Hds,
—_— 0

=p by invariance

7 t
=7 <5,L(p) / e’sﬁ5,Hd5>
0

Now a priori there is a singularity if ¢ — oo in case 6, € Ker L. Suppose
that the temperature T is very low and the Fermi energy Er € Gap(H ). Hence
p = Pp = the spectral projection of H to states below the Fermi energy:

P p=Pr (T'—0)

T>>0

Er

Remark. If p = p? and § is any derivation:

§(p*) = pd(p) + 6(p)p, and
I
§(p) =ps(p) + p=6(p) (p-=1-p)
I
5(p) = S(p)p+ d(p)p"-  (ditto)
& 5(p)p = pd(p) and pd(p) = d(p)p*

8
(%) put this together = 6(p) = pd(p)p™ + p=d(p)p

"Using the fact that d, is a derivation and that 7 is invariant under 6.
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The result marked (x) is an extremely important algebraic calculation.

Suppose that we have an eigenbasis of H by {t,;}; (perhaps generalized eigen-
vectors). Then

4,3

t t
T <5M(PF) / e—wﬁayﬂds> = (i |6, Pr |15) (1 | / e S, H | ;)
0 —_— 0
Xi]‘
where X;; = 0 if both 1; and v; belong to either

Im P or its orthogonal complement

Notes are incomplete from here,

(5 | Ho, H [ i) — (5 [0, (H)H [ 3)

H\|vs) = Ei|y)

= |Ez —Ej‘ > ‘El —E0|

to here

So
t t
Wil [ e b uids = [ oS BEds (6,0 |4)
0 0
t .
tlim e "“ds = FT of the Heaviside function
1 ™ . .. .
= PV (z) + 55(w) in the distribution space
w
principal value
Hence ) i
(W | 0, H | b)) = — (b | LT16, H |1

Drawing everything together,
Proposition. 00, = —17(6,(Pp)L716,H)

vp
|

not at all invertible so need Pg

85(p) = p(pS(p)) + p*(p6(p)) = pS(p)p* + pS(p)p
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Using the extremely important (x) twice (as well as commuting properties of £
with the projections),

1 1
-7 (6,(Pr)L™'0,H) = -7 (Ppé,(Pp)PgL716,H + Ppd,(Pp)PrL 6, H)
1
=—o7 (Ppd,(Pp)Pr L7 (6,(H))Pr + P 6, (Pp)PpL™" (6, (H))Py)
Lemma.

Py L7465, (H))Pr = —P6,(Pr)Pr
and PrL™Y(8,(H))P# = Prd,(Pr)Pg
Proof. Apply L to right-hand side:

L (Pg6,(Pr)Pr) = Pg [H,6,(Pr)] Pr (commutator in H commutes with (5,H))
————

5V[H7PF]_[5V(H)7PF]
=0—[6u(H),Pp]

= —Pg[0,(H), Pr|Pr
- 7PI{"—5V(H)PF

This proves the first equality. The second is proved in the same sort of way. [

Final result:

Proposition. a,‘jﬂ = —i1 (Ppé,(Pr)d,(Pr) — 6, (Pr)d,(Pr))

This is a non-commutative Chern character !!!



Kellendonk Lectures (chalkboard notes)  Spring Semester 2009 53

17 (2 March 2009)

Transport coefficients, cont.

Result: 1%f-order response to a perturbation Lper = £ + X g, where § =
(61,...,0,) are commuting derivations and A = (A,...,\,) are complex con-
stants.

Then

(6,H)per = Z o) A+ O(N?)  (0™-order response = 0)
m

defines the first order response (transport) coeflicients

) _ M 7i50£ 71‘81[:
oy, = C-lim 7 p/ e e 0, H dsogds
iz § Ou v
$0,51 20

t—o0

sgtsy =t

(put this onto p, but p is invariant so cross this term off)

= C-lim 7 / (e*”“ﬁ(p)) S,e1L5, H dsods,
=00 50,81 > 0 N ——r’
sgtsy =t
|
p

=C-lim 7 5#/ e 1£6, H dsods;
80,51 >0

t—oo

so+s1 =t
t
=0- C—tlim T <(5u(p))/ e L5, H d81>
— 00 0
|

because 7 is invariant under derivation (708=0), then 7(8,(p [ etc. ))=0
= —7(8,(p)D(L)6,(H)) (which may be infinite)
|

lime— oo [ e #¥ds"E PPV L 4 T 65(w)=D(w)

Attention if ¢, (H) is not L to ker L.
Assumption T\, 0 and  Ep € Gap(H)

Fermi energy
Mathematical assumption is p = Pr = the spectral projection of H onto states
< Ep. This avoids the singularity.
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Suppose we have {1);}; an eigenbasis of H (in the generalized sense).
So Hy; = Eptp; (that is, H [¢;) = E; |¢;)).

(i | L0 H) | 95) = (Wi | (HO,H — (0, H)H) [ 45)
|
£()=[H, ]
= (Bi — E;){¥i | 0, H | ;)
So,
(Wi | L8, H) |95) = (Wi | L(L"H (8, H)) |5)
= (Bi — Ej) (v | L7 (6,H) | ;)
Hence . _
(Wi le™™ 50, H |y) = e B E0(y, |6, H | ;)
So we need that E; # E; (to avoid w = 0 in the distribution D(w)). In that
case

t
) 1
—181£ . —
(¢; ] lim e ds10,H | ;) 71(& — EJ)<

t—oo 0

Since p = Pp is a projection and §,, is a derivation (using the beautiful formula
(*) from the previous lecture)

6, Pr = Pp(6,Pr)P¢ + Pp(5,Pr)Pr
Now
(i | 6, H |¢5) # 0 ((Es < Ep) A (E; > Ep)) V ((Ej < Ep) A (E; > Er))
Since Er € (Ey, E1), a gap in o(H), we have
|Ei — Ej| > |Ey — Eol

As a consequence,

1:PF+PL
b, = =7 (0,(Pp)D(L)5,(H))
r(PF%(PF)(Dc)éu(H)) 7 (Pg6,(Pr)D(L)5, (H))
—7 (Ppé ><D(c>5u<H>>PF>fT(PF6< )( (£)6,(H))Pg)
)

U i (Prdu(Pr)d,(Pr) — 6,(Pr)3,(Pr))

1 1
-7 (PF(S (Pp P; L~ 1(6,,H)PF) -7 (Pﬁéu(Pp)Pp,ﬁ‘l(&,H)Pﬁ)
1
-
2 —it (Ppd,(Pp) Py 6,(Pr)Pr — 6,(Pr)6,(Pr))
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In other words the claim is

P#LY(8,H)Pp = —P#(6,Prp)Pr  and
PrL7Y(6,H)PE = Pr(6,Pr)Pr

Proof. Hit both sides of the first equation with £ (£ leaves Pp invariant).

left-hand side: £ (PpL~"(6,H)Pp) = Pg (5, H)Pp
right-hand side: £ (—Pg (6, Pr)Pr) = —Pg [H, 6, Pp|Pp
|
£(-)=[H,"]
= —Py (6, ([H, Pr]) — [0, H, Pr]) Pr
|

[H,Pr]=0
= P ((6,H)Pp — Pr(6,H)) P
= P#(6,H)Pr (QED first equation)

The proof of the second equation is similar and picks up an extra minus sign. [

So this is the result

0y = i7(Pp [0, Pr), (6,FF)])

)

Consequence: o),

is a topological invariant.

Remark. o*l‘i“ is anti-symmetric.

Example. QHE in R? (the quantum Hall effect).
d = (61.02) o = [Gv, -]
)\:(Al,)\g) )\VZGEZ,

e is the electric charge

FE, is the external electric field
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Cyclic cohomology and higher traces.

To describe topologically quantized transport coefficients we will use 14) ,
algebra

7 ,6=0,...,8,) such that 708, =0 V.

trace .omm. derivns on A
This is the realm of higher traces on Banach algebras.
Let B be an associative algebra over k (field). Let C}(B) = {cyclic n+ 1-forms}.
So n € CY(B) this is a map
n:Bx---xB—k
—_——
n+1

which is linear in each argument and cyclic:
H(Ao,...,An):(—1)’“77(141,..‘,14717140), A1 eB

C(B) is a VS over k.

Define a differential operator

b: OY(B) — CYT(B), where
n € Cx(B) —

n

bT](AQ, e ,An+1) = Z(*l)l’l](Ao, e ,Ai . Ai+la e ,An+1)

=0

+ (=1)"Mn(Apgr - Ao, A, Ay)

Lemma (Exercise). bob = 0. The differential complex (C}(B),b) is a sub-
complez (because of cyclic) of the complex for the Hochschild cohomology H (B, B*)
(of B with coefficients in B*).

Definition. Cyclic cohomology of B is the cohomology of (C}(B),b), denoted
H"C(B). n € CY(B) is a cyclic cocycle if n € Kerb.

Ex 1: B a C*-algebra and 7 a bounded trace on B.
T € CY(B) = br(Ag, A1) = 7(AgA1) — T(A14g) = 0

since traces are cyclic. So a bounded trace is a cyclic 0-cocycle.

Ex 2: M an n-dim smooth, compact manifold without boundary, B = C>(M)
and for 7 € C¥(B) (d is the exterior derivative on M):

T(fos- -y fn) = /Mfodf1df2~~~dfn ((n + 1)-linear form)



Kellendonk Lectures (chalkboard notes)  Spring Semester 2009 57

fodfi-—-dfp=(=1)""1 (df.)fo dfi---dfn_1 (sign from exterior product)
——

d(fnfo)—fnd fo
= ()" d(fufo)dfrdfuor + (D) fud fo---d faa

—
/fodfl---dfn:0+(—1)”/ Fudforrd fu
M M

|

d(fnfo)d fi--d frn—1 is exact and there is no boundary

So 7 is cyclic.

Now

n

b7 (fo,. -5 fng1) = Z(*l)iT(fov o fifivns oo fug)

=0

+ (=" 7 (fag1 fos fro- s fn)
:/ (f0f1)df2df3"'dfn+1—/ Jod(fif2)d fz---d faga
M M

[ R R
M
+(=D" /M fodfidfo--d(fufns1) + (—1)n+1 /M(f”+1f0) dfidfa---dfn

and from this expansion it follows that br(fo, ..., fne1) = 0 as follows: in each
integral except the first and last expand d(f;fix1) = fid fiz1 + (d fi) fix1; the
resulting 2n + 2 integrals cancel in pairs (exercise).

So, T is a cyclic n-cocycle
Result: almost, HC™ (C*°(M)) = H}. ponm (M).
Little catch: C°°(M) is not a C*-algebra.

Reassuring: de Rahm cohomology =2 éech—cohomology and therefore is purely
topological.

The pairing with K-theory

A cyclic cocycle over a C*-algebra A (over C) defines a homomorphism
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Suppose A is unital. Recall that Ky(A) is made from homotopy classes of
projections in My (A)Vk. First extend a cyclic cocycle n of A to one, 7, on
My (A). Let Tr be the standard trace on My(C). Then, with M; € My (C) and
A; € A, define

(Mo @ Ag, My @ Ay, ..., M, ® Ay,) = Tr(MoM; - - - My)n(Ao, ..., An)
with linear extension to the general element of M} (A). Then 7 is cyclic.

Proposition. Let p and g be homotopic projections in M(A), and let n be a
cyclic n-cocycle. Then

ﬁ(pvpa'“vp) = ﬁ(qa%"'aq)
N——— ~——
n+1 n+1

Remark (Marcy). If n is odd then, since 7 is cyclic, n(p,...,p) = —n(p,...,p),
and therefore n(p,...,p) =0.

Proof of the Proposition. Suppose n = 2m and let m = 1 (other values of m are
left as an exercise). Suppose there is a differentiable homotopy p(t) between p
and ¢, so that p(0) = p and p(1) = q.

%n(p(t), cnup®) =00, p) F 0D, p) + o= (n+ D)n(p,p, ..., D)

From the 27 Feb. lecture,
p=ppp + ppp

Now for m =1,

n(ppp*,p.p) = bn(pp,p=.p.p) +n(pp.pp.p)
=0 by cocycle hypoth. pLp=0

—n(pp, p*, %) + n(P*p, ™, p)

cancel because p2=p

=0

And a similar argument shows that n(ptpp,p,p) = 0, so n(p,p,p) = 0, and
therefore n(p(t),...,p(t)) is constant. O

This allows us to define n and 7 on Ky(A).
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Cyclic cohomology and higher traces, cont.

If n is a cyclic cocycle
n+1
<77|[p]0> :cnn(pa"'ap)a Cn = C2f = ( 7

is well-defined.
Aside (exercise): if n = br, then (b7 | [plo) = 0.
So one has a bilinear map HC"(A) x Ky(A) — C.

C ifniseven

Ex.: HC"(C) =
* (©) {0 if n is odd

Smells like Bott periodicity.

bounded traces on A if n is even

Theorem. If A is a C*-algebra, then HC™(A) = o
0 if n is odd

Nothing interesting for C*-algebras.
So we need to include smoothness.

Let A = C(M); M an even dimensional, smooth, compact manifold without
boundary.

A = C®(M) in its Fréchet topology
Require cyclic cocycles to be continuous w.r.t this topology.
Lemma. For any projection p € M,,(C(M)) there exists p € M, (C*(M)) such
that p ~ p.
Then one could consider cyclic cocycles of C*° (M) (in particular, C°°-continuous)
and extend the pairing with Ko(C>(M)) to a pairing with Ko(C'(M))

Purpose: to construct cyclic cocycles (continuous) for a dense subalgebra A>
of A such that the pairing extends from Ky(A>) to Ko(A).
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Cycles. Look at (©2,d, [), a cycle over a Banach algebra B of dimension n:

Q a graded algebra, Q = @ QL QY Cc QI QU =0Vp > 0;
1€Np
d a differential of degree +1,d?> =0 + Leibniz rule;

/ is a graded trace’on Q" , that is, / is linear and

/wlwg = (_1)k(n—k) /u}le , W1 € Qk, wo € Qn_k;

and lastly, B is a subalgebra of Q° .

Ex.: B = C®(M), Q = Q(M) the algebra of exterior forms over M, d the
exterior derivative, and | the integral of (dim M)-forms over M.

Proposition (Connes). Any cycle over B of dimension n defines a cyclic n-
cocycle 1 (the character of the cycle):
77(on e 7An) = /AQdAldAQ s dAn

Conversely, any cyclic n-cocycle arises in this way.

Definition. An n-trace on a Banach algebra B is the character of a cycle of
dimension n, (€', d, [), over a dense subalgebra B’ of B, such that V Ay, ..., A, €
B, 3C(Ay,...,A,) for which

/(deAl)(X2dA2) s (XndAy) < O X[ Xell - | Xnll, VX € B

This means that VAq,..., A4, € B

B x.--xB — C n-linear map
—_———

n

is bounded with norm p(A44,...,A4,) := the smallest C(A1,...,A,).

Theorem (Connes). Any n-trace on B extends to an algebra B”, B’ C B” C B,

such that the inclusion B - B induces an isomorphism i, in K-theory: i, :

Consequence: An n-trace defines a functional on K;(B); first on K;(B") by
continuous extension, and then by selecting for a dense-in-B representation of
B".

9In addition, [ is closed: [dw = 0 for w € Q7~1. See the notes for 9 March.
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Example.
A = a C*-algebra, T = a trace, 6 = a derivation

unbounded unbounded

! 1 !
0=Aw /\C / d
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Higher traces, cont.

Recall. A higher trace on a Banach algebra B is the character of a cycle (2, d, [)
on a dense sub-algebra B’, which satisfies certain continuity conditions. These
conditions allow us to extend (by continuity) the character to another sub-
algebra B”, B’ ¢ B” C B, such that the inclusion 2 : B” — B induces an
isomorphism 1, : K;(B"”) — K;(B). This ensures that the character defines a
functional on K;(B): if i = 0 and the cycle has dimension n, even, then

[p]oH/p dp---dp
——

Recall: a cycle (€, d, [) over B of dimension n is:

e Q=@ ¥ and Q" =0 for p >0
e BB is a sub-algebra of 9
e d is a differential of degree 1, and d?> =0
e [ is a graded trace which is closed:
graded: [wiws = (=1)FM=F) [wowr, wy € QF wy € QPF

closed: [dw =0 for w € Q"' (omitted in the 6 March notes)

Terminology: a cycle over B’ (dense sub-algebra of B) is also called an unbounded cycle for
B. (So, B C QY but d and | have dense domain.)

Ex 1): B is a Banach algebra and 7 an (unbounded) trace over B. (7 is cyclic:
T(A1A2) = 7(AA4,) if either Ay or A, is trace class.) This is an (unbounded)
0-trace: namely the character of the 0-cycle

Q:B(SOQnZOVn>O)7d:0,/:T.

Ex 2): B=C(M), M a compact (orientable as needed) n-dimensional smooth
manifold without boundary:

Q= Q(M) exterior forms

d = the exterior derivative

/ = integrals of k-forms over M
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This is an n-cycle over B’ = C*°(M). Let us check the continuity condition.
Vf,o.o,fn€B =C®WM), VXi,...,X, €C®M)

] Jeuan) - Kadr)| < Xl 1%l [ (s

this is not d of something

/ |dfy - - dfn| =: C(f1,..., fn) is our constant.

Ex 3): Specialize to M = S' ~» 1-cycle (Q(S'),d, [). The character:
Cc>®(Sh) x c>=(sh - C
(f,g9) — /fdg 1-trace

In particular, if f is invertible (f~! € C>(S') exists < f(z) # 0Va € S'),
then

(e [
is the winding number of f (a factor of 27 included in the measure: S' = R/Z).

What is the winding number? For f :— C* = C\ {0} it is how many times f
wraps around 0 € C. We have defined winding number for a C*° function f.
One can extend the definition of winding number to any continuous function
f:S' — C*. One way to think of this is invariance under homotopy:

“Elements of proof.” If f is homotopic to g inside {f : S* — C*| f € C>(S')}
then they have the same winding number. Extend to {f : S' — C*| f € C(S")}
by saying the winding number of f is the winding number of a smooth function
f homotopic to it.

Construction of n-traces. Let B be a Banach algebra with R™-action « such
that for generators ey, ..., e, of R” the derivation

d .
1 Oge; (A) = V;A, i=1,...,n

t=0

exists on a dense domain of A € B.
Let 7 be a (possibly unbounded) positive trace on B which is « invariant; that
is, 7(V;A) = 0 on an appropriate domain. Suppose
B ={Ae ﬂdomainvj |3; : V;A is trace class}
J
is dense in B.

This yields an n-cycle (unbounded) over B:
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Q: The graded algebra is Q = B A C"

— A C™ is the Grassmann algebra (= exterior algebra). If we choose
a basis e1,...,e, € C" then /\k C™ = the linear combinations of
€in N Neiy, i1, .0 €{1,...,n}, e Nep = —ep Ae;.

— Compare to the exterior algebra (M) where M = T":
UT") = C>=(T") & /\R"
|

constant forms over T"

d: The derivation d : QF — QF+1 g

d(A(X)v):i(vjA)(&(ej/\v)7 AeB,ve \NCn

j=1

Compare the exterior derivative on Q(M)

W= Zfilmikdxil A ANdxg,
dw = dei1~~ik dz; A--- ANdax;, , where

d iy Z af“ —gtda

[: The traceis [ = 7®1, with¢o: A" C" — C given by 1(e; Aea A---e,,) = 1.

I.e., the character has the form

(Ao,,An)H/AodAldA

=>; V;A1®e;

= Y T(A(Vi A1) (V) An) @alej, A+ Ae,)

J1sr--5dn

Z signum(0)7 (Ao(Ve(n)A1) -+ (Vo) An))
oeP,

permutations of n symbols
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21 (11 March 2009)

Connes-Thom isomorphism, Chern classes, Bott periodic-
ity

Rappel. An action of R™ on a Banach algebra B which is differentiable on a
dense sub-algebra gives rise to an n-cycle (2, d, [) over B.

Aside: Action a of R on a Banach algebra B then gives rise to

1) B~ Bx,R

2) A group homomorphism K;(B) — K;11(Bx,R); in fact the Connes-Thom
isomorphism.

3) A map: n-cycles over B — (n + 1)-cycles over B x, R.

Note. R"-action a = n-commuting R-actions aq, ..., a,:

a1:B—=BxaR f:R— B, ie., € LYR,B)
then as(f)(§) = aa(f(€))
Qs : B X,y R — (B Moy R) N &g R~B X, 00) R2

(actions commute)

4) Duality: For any (continuous) a-action of R on B there is a dual action
& of R = R on B x4 R, on the dense set of elements f € L'(R,B),
(Ge(f))(x) = e f(z), a.e. x. (The notation seems strange because &
does not depend on «.)

Now we can construct (B x, R) x4 R.

Theorem (Takai).

(BNQR) XngBNidRNdR
ZB® CxgRxgR
—_—

=~Co(R)x 4R, since
CNidR is C()(R) by FT
~ B® K(L*(R))

compact
operators

SME
(SME = Strong Morita Equivalence)
& yields the inverse of the Connes-Thom isomorphism.

SME: compact operators do nothing; however, not so accurate in physics.
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Ex: 1) (Starting in 3) with n =0.) A is a C*-algebra, B=S A := Cy(R, A) =
SuSanSlOn
Co(R® A).

Let « be the action on R by translation. Let 7 be a trace on A; 7 extends to
an a-invariant trace 7° on Cy(R, .A):

Note that S.A = A x;q R under the FT isomorphism Cy(R) = C x;q R, and 7°
becomes T o evg.

The convolution product on L (R, C) = crossed (product) of trivial action of R
on Cp(R). (Recall:

f(¢ e f(r)da; fR—A, f:R— A

-

maps the pointwise product to the convolution product.)

Application of the construction to B = S A, derivation d given by derivative of
the suspension variable on 7°, one gets

Q=SA2NC, df@v)=f ®ecAuv, /:Tsoz
f’=deriv.
E_Onegen

Do it twice: B =SS.A = Cy(R?, A)
A =M, (C), 7 = Tr, then the character of the 2-cycle:

Tr (f() <aflaf2 — aflafé)) dﬂfl dfﬂg

5 ~ L/
(SSA) 2> (fO,flva) 2714 0x1 0xo 0xo 011

R

What’s the 2-cocycle?:

2
Q=SSAx AC? d(f®v)22%®ej/\v’ /:/ dzidxgoTor
j=1 "3 R2

feSSA ve ACZ, 1 \°C2=C
egNey =1

So,

(fo, f1, f2) — */ Tr(fodfrdf2) = 12/ Tr( fodf1dfs); using

adjoin a unit

SSAT =Cy(R:L, AT =Co(R*) T A= C(S*) @ A
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Remark. In general, if n is a cyclic cocycle on B then one can extend 7 to a
cyclic cocycle on BT. Recall BT = BxC (as a vector space: B C) with product

(AN (A N) = AA" + AN + A\ + AN
so that (0,1) is a unit element in BT. The extension is

(Ao, Xo)s - -+, (Ans An)) = n(Ag, ..., Ay)

If fo = fi = fo = p, aprojectionon SS A+ = C(S?* M,,(C)); sop = VB over S%
Then

— Tr(pdpdp) = Chern number of the VB
21t Jg2

At the heart of Bott periodicity.
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22 (23 March 2009)

Recall: If we have an action o of R™ on a Banach algebra B such that the

derivation
d

atej7 j:17"'an
t=0

has dense domain and [we have] an a-invariant trace 7 on B such that

B ={Aec ﬂ dom(V;)|3j : V;A is traceclass}

Jj=1
is dense, then we can construct an n-cycle over B.

Generalization (a trace 7 is a O0-cycle; replace 7 by an arbitrary k-cycle): Suppose
we have a k-cycle (©2,d, [) over B which is a-invariant; that is, a acts on  and
i) [oa = [, and ii) @ commutes with d. Suppose also that the character of

(Q,d, [) is fully defined on B’. Then we can construct a k**-cycle (€, d’, [') on
B:

O =0& /\ C", where ® is the graded tensor product;
d =d®1+ 6, where §(w®v) = Z(—l)jvj(wé@ej/\ v);

j=1
f/=f®z,wherez:/\ "C"—C; e A Aepy— 1

Exercise. If k = 0, so that (Q,d, [) = (B,0,7), then we are getting back the old
construction.

Example for crossed products. B is a C*-algebra with action « of R™, and 7 is
an a-invariant trace.

1) Suppose that V; = d(a,; )/ dt |4=o has dense domain (B', as before, is dense).
Then we get an n-cycle (2, d, [) as before.

Task: extend (2,d, [) to an n-cycle over B x, R™:
Q=0x,R"=(Bx,R"& /\C")
(df)(x) =d(f(x)) if f € Qx,R"™(on a dense subset of f : R" — )
[=Joevo

Ex. B = Cp(R™) where P is a pattern, and « is translation action. This ~»
n-trace (n-cycle) over Cp(R™) x4 R™.
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2) Momentum space instead of configuration space: construct first the crossed
product B x, R™. On B x, R™ we have the dual action: H§” acts via & on
€

fR*— B _
(Ge(f)) (@) = e f(z)

We construct an n-cycle according to the recipe (7 is an « invariant trace):
Q=Bx.R"® \C" (=Q))
[=(eevo)@i (=]

dlw®wv) = Z(—l)jvjw ®e; Av
j=1
but the differential d is different!
(V;)(@) = i, f(x) (cf. FT)

In our example, & is translation in the momentum variables.

“QHE” Rappel: conductivity tensor: linear response to iLyer = iL+E-6, , where

n=2
1
oij = %T(Pp(éiPFéjPF — 0, Ppé;Pr));
T
projection onto states of energy < Fermi energy €Gap (o(H))
o011 =022 =03 012 = —021;
B = Cp(R") = C(Qp)
T
hull

Vo € Qp, (mo(f)V) (@) = / o —y)b(y)dy, o € LAR™)
T

just look at functions of momentum f:R"—C € Cp(R™)

What is & in this representation?



Kellendonk Lectures (chalkboard notes)  Spring Semester 2009 70

(ralae o)) = [ €@ - yoty) dy
o (mu(V31)0)@) = [ s — ) (o~ )0w) dy
=/zq]7 Jé(y)dy
~ [i@he -y dy - [ife =@

/ (@)@ — y)o() dy

Hence the conductivity tensor is equal to the pairing of [Pr]o € Ko(Cp(R?)xR?)
with the character of the 2-cycle coming from the dual action.
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23 (25 March 2009)

Summary and more about K-theory

Resumé: We have discussed n-traces (characters of m-cycles) over Banach al-
gebras with the purpose of defining functionals from K(B) — C (a functional
defined by an n-trace is a pairing ((Q.d, [)|z), € K(B), referred to as a
Connes pairing).

Ex. A QM system described by a Hamiltonian H affiliated to an algebra A at

temperature 7'\, 0.

1) (n = 0) Gap-labelling. VE ¢ o(H), IDS(E) = ((B,0,7) | [Prlo) = (7| [PElo)
such a functional

2) (n = 2) o is the tensor of transport coefficients in 1st order response theory
associated with a perturbation § = dy,...,0. If Er & o(H), then

Fermi energy

oij = ((Q.d, [) | [Peelo) = (7,6i, 95| [PEx]o)
where (2, d, [) = 2-cycle constructed for the infinitesimal action of 8;,d;, 1 < j:

Q=B \C?
db®v) =06;(b)®e; ANv—16;(b)®@ej Av
1 N°C2 = C

e1Neg — 1
[ =701
We can thus describe topologically quantized transport coefficients by means of
K-theory.

Aim: using topology to obtain equations between such quantities.

config.  momentum
Q [look at 2) and QCs] A = Ap = Cp(R™) x, R™ , P =an FLC pattern in
R™.

We saw 2 examples related to the 2 copies of R™. Are there more?
Transversal

O action of R™

Leaves are
locally &2 R"™

Qp
Figure 3: Transversal derivation

Are there reasonable transversal derivations? The transversal is totally discon-
nected (by FLC).
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(Missing here is the exchange around the question of whether it
would suffice to use almost 1-1 surjections onto smooth spaces to
create smooth derivations.)

For QHE Ap is not sufficient (time reversal = o is symmetric and hence 0,
since o is anti-symmetric by the above).

More about K-theory. K is going to be a functor from the category of (complex,
x)-Banach algebras to the category of abelian groups satisfying certain functorial
properties (which determine K in that it is possible to construct K from these
properties). In addition to the functor properties:

f: A— B (xalgebra morphism ) — K(f): K(A) — K(B) (group morphism)
K(id) =id
K(fog)=K(f)oK(g)

we want

1) K is Z-graded; i.e., Vn € Z we have a functor K,, (satisfying the above
functor properties);

2) K is homological: from a short exact sequence of Banach algebras

0T SELA-0

2 is injective; Im:=Ker q; q is surjective

we get a long exact sequence (with boundary or connecting maps 9,, which
are group homomorphisms)

O K (7)Y K (8) MY KL (A) 2 K ()

Kn;i(z) anl(g) Kn;l)(‘]) anl(A) Bn,_—}l .

Im(incoming morphism)=Ker(outgoing morphism) at each group
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24 (27 March 2009)

K-theory as a homology functor, cont.

Short exact sequence of C*-algebras:

(%) 0—-J—-E—-B—0

73

If £ is unital and the ideal J is also unital, then'® J = £. Recall that (x) is
equivalent to saying that J is a (closed, two-sided) ideal in &; i. e., J is a closed
sub-algebra of £ which satisfies je € J and ej € J,Vj € J, e € £. So we need

K for non-unital C*-algebras.

Remark. If B is separable, commutative and non-unital then B 2 Coy(

X), X

non-compact (but locally compact). You all know that compactly supported

singular cohomology is complicated.

Definition (of Ky(B)).

1) Recall the definition for the unital case.

i) Introduce an equivalence relation on projections:

P~ 4 if 3 continuous path [0,1] — B such that

Vte[0,1]: p(t)* =p(t) = p(t)*, and, p(0) = p, p(1) = q.

ii) Stabilization:

My (B) — Mn41(B)
|

nXn matrices over B

2 € My (B) s (g 8) € Mys1(B)

and then pass to

(U Ma(B) or lim(M,,(B) < My+1(B))

n>1

(the closure of lim_, (M,,(B) — M,,41(B)) is K ® B where K = K(£?)

= compact operators on some separable Hilbert space).

10See the 30 March lecture for more details.
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iii) Monoid structure: V(B) = {equivalence classes of projections in
Uns1 Ma(B)}, and define [p] + [g], p € Mp(B) — Myim(B), ¢ €
Mo (B) — My (B), by

_[(r 0\]
o+ i= (5 0)] |
[(p 0\] 0 0 . g 0 00
G )] 1© o)) e )~ (6 )
_[(r 0\]
=lo ¢/
(Works because the sum of two projections is a projection if they are

orthogonal.)
Also, [0] is a neutral element, and so (V(B),+) is a monoid.

iv) Grothendieck construction applied to V(B):

Ko(B) =V(B) x V(B)/ ~ , where
([p],[q)) ~ ([P'],1q']) if 3[r] € V(B) such that
~—_——

think of [p]—[q]
Pl +[dT+ [r] = P+ [d] + [1]

2) Now suppose that B is a non-unital C*-algebra. The definition of Ky given
for a unital algebra makes perfect sense here, so call the result Koo (B)
(which we do not like because it is not homological). Ky is a functor: if
f: A — Bis an algebra morphism, then Koo(f) : Koo(A) — Koo(B) is
given by

[p), [q]] = [f )], [f (@)]]

v) Unitization (add a unit):
BT =B x C as VS, and define a product
(b, \)(t', \') = (bb' + A\b' + N'b, AN)

(If B = Co(X'oc empet) then BxC = Cy(X)+{\ : X — C, constant}.)
We get a SES (short exact sequence):

0—-B — Bt 5 C—0
b—(b,0) (b,A)—A

vi) Definition. Ky(B) = Ker Koo(7)

KO()(TF) : K00(6+) — Koo((C) >~ 7
(1], [o]] = (1

1 is the added unit €B+ the generator

So Ky(B) is everything “orthogonal” to the element [[1], [0]].
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Ex. 1) B = C()(R)
BT =Cy(R)" = (S

Koo(C(Sh) 2 Z (eq classes of complex VBs over S';all trivial), so
Ker Koo(m) = 0, and so
Ko(Co(R)) =0

Ex. 2) B = Cy(R?), Bt = C(S?)
Koo(C(S?) = Z @ Z; one generator the trivial line bundle [[1], [0]]
the other generator = the canonical line bundle [[b], [0]]
The generator [[b], [0]] is the Bott-projection:

b:R? = My(C), (b€ My(Co(R?)H)),

B 1 1 1+ ixg
R e 21 N

0 0
li b(x1,x2) =
||(:61,:z:121§1||~>oo (1, 22) (0 1)

b =b=0b"

So,
Koo(m)[[0], [0]] = [[=(0)],[0]) = [[  lim  b(z1,22)],[0]]

ll(z1,22)[|—o0

~11(y )00 =0

So Ko(Co(R?)) = Z generated by [[b], [1]]; the difference between two line bun-
dles.
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25 (30 March 2009)

K-theory as a homology functor, cont.

Correction. AT = A4 x C with product (a,A)(a’, \') = (aa’ + Xa’ + X'a, \\') has
involution (a, \)* = (a*, \), and norm!!

I(a, M| = max{[A], sup ~ [laa" + Aa'||}
a’€A, [la’||<1

We have the following split exact sequence

i pra
0—- AL At = C—0, pry o s = id, where
S

5s:C— AT; XA (0,)), (x-algebra homomorphism)

~

Warning: this does not imply that AT = A @ C as *-algebras; only as an
isomorphism of vector spaces.

Lemma. Let 0 — J L EY A0 beaSES of C*-algebras. Then &£ =2 T A
(as C*-algebras) iff v : E — T, x-algebra map, such that voi =1id

Proof. The isomorphism is given by

E—-TdA
z = (v(2), q(z))

If A is unital (e € A the unit), and A7 is the unitization,
0—-A2AT -C—0, via,\) =a+e)

Now v is a x-algebra homomorphism. Conclusion: If A is unital then AT =
A @ C. Note that the unit of A is not mapped to the unit of AT.
Theorem. Ky is a covariant functor from Banach algebras — abelian groups
satisfying the following properties
1) The stuff all cov functors satisfy:

Ko(AL B2 ¢) = Ko(A) " Ko(B) " Ko(C)

11The definitions of the * and norm were omitted in the previous lecture.
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K()(O A — B) =0: Ko(.A) i Ko(B)

2) Stability: Ky(M,,(A)) = Ko(A) with isomorphism induced by

Ko(A & M, (A))

with in(a) = (g 8)

Consequently:

K(?) =K = JMn(C) “_ lim M.,,(C)

n—
compact op’s n—oo

3) Homotopy invariance: ¢ ~ o1 : A — B (x-algebra maps) if

3 (¢t : A — B)iejo,1)(*-algebra maps) such that
0 = Otli=0, 01 = Ptli=1 and

Yae A, t— ¢i(a) is continuous
1) If ¢o ~ ¢1: A— B, then Ko(¢o) = Ko(¢1)
it) If A > B, that is, 3 x -alg maps A 2 B Y A such that ¢o ~ idg
ando@ ~ id 4, then Ko(¢) provides an isomorphism between Ko(A)
and Ko(B).

Application. A any algebra; C.A = Cy((0,1],.A)

CO((Oa 1]7“4) = {f : (0, 1] — A (Cont)| tlg% ft) = O}
={f:10,1] = A (cont)| f(0) = 0}
Then C A ~ {0} as follows:

s€[0,1], 65 : CA— CA, (s(/))(1) = f(st)
po=0:CA—CA, and p; =id: CA—CA
= for CAgogCA, we have
pop=0=id:0—0, andwoqﬁ:O?;id:CAﬂCA
The cone is contractible. Hence Ko(C.A) = 0.

4) Half-exactness: If 0 — J LEL A0 isa SES of Banach *-algebras,
then Ko(J) Ko@) Ko(€) Kol Ko(A) is exact: Tm Ky(i) = Ker Ko(q).
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5) Split SESs and direct sums: If

0T hem A0

S

is a split SES, then

Ko(i) Ko(q)
Ko(s)

is a split SES. In particular, Ko(€) = Ko(J) ® Ko(A) .

Application: Ky(At) =2 Ko(A) @ Z .
PP o(AT) o(A) ZKo(©)

78

Remarque: Ko(A) = Ker(Kgo(n)), AT = A x C 5 C. The verification is but

N
tedious once one realizes that if A 5 B is a morphism, then AT I, B+ with

fH(a,N) = (f(a),\)
is a canonical extension.

Lemma. Any element in Ker(Koo(m)) can be written as follows:

[Pl [1n]] (notation [plo — [1n]o)

where [p] is the eq class of a projection in M,,(A), and [1,] is the eq class of

10 --- 0
01 - 0

_ (1 is the added unit in AT)
0 0 1

nxn
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26 (1 April 2009)
K-theory as a homology functor, cont.

Recall that if 0 — j L &% A — 0 is a SES of «Banach algebras then
Ko(J) Ko Ko(&) Ko() Ky(A) is exact (one says that Ky is half-ezact; it is
also split-exzact).

But Kq(7) is not necessarily injective, and Ky(q) is not necessarily surjective.

The first case (Ky(2) is not injective):

0— K(H) 5 B(H) L BH)/K(H) —0
compact Calkin algebra
operators

(H is a separable, infinite dimensional Hilbert space; H = £2),
By stability, Ko(K(H)) = Ko(C) = Z.
For Ko(B(H)), si dimH = oo, M,(B(H)) = B(H®---®H) = B(H) (all
or Ko(B(H)), since dim oo, My (B(H)) He---oH) (H) (a
infinite dimensional, separable Hilbert spaces are unitarily equivalent!), so the
question boils down to looking at projection classes in B(H).
p,q € B(H) (two projections).
i) dimg = dimImgq = Tr(q) < cc.
Ifp >4, then Tr(p) = Tr(q) because Tr is a homotopy invariant. (The con-

verse is also valid: Tr(p) = Tr(q) < co=1p ~ g.) So the homotopy classes

of finite dimensional projections are uniquely classified by the dimension
(trace).

ii) dimg = oo < q(H) is an oo-dimensional Hilbert space < q(H) ﬁ H =

unitary

1(H) :>qu1.

All infinite dimensional projections are homotopic!

Now V(B(H)) = NoU {4+o0} 3 n,m, n+ m = adding projections, and
(7 ) =T+ T

This is the monoid. What is the Grothendieck group?
Ko(B(H)) = (No U{-+00}) x (No U{+o0})/ ~, where
([p]; [a]) ~ ([¢]; [¢]) if 3[r] such that
pl+[d]1+[r] = [p'] + [q] + [r]
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These are now numbers:
(n,m) ~ (n’,m') if 3r such that n +m' +r=n"+m+r

This is always satisfied if » = +o0! So all elements are equivalent! Ko(B(H)) =
{0}. So Ky(7) is not injective:

Ko(K(H)) = 2 " {0} = Ko (B(H))

Re the Calkin algebra we have Atkinson’s theorem which says that an operator
in B(H) is Fredholm < its image in the Calkin algebra is invertible.
Other Ex. (Ko(q) is not surjective): A any C*-algebra (or *-Banach algebra)

SES: 0— SA - CcA4 A0

suspension cone

Co((0,1),.4) Co((0,1],.4)
(note: Co((0,1),4) = {f :[0,1] — A| f(0) = (1) = 0})

This gives
Ko(S4) % qop U o)
CA is

contractible

In particular, Ky(evy) is not necessarily onto (e.g., A = C)

Compactly supported singular cohomology.
Relative cohomology groups H*(X, A), A C X topological spaces.
Singular chains C,,(A4) C Cp(X).

0— Ch(A) — Cp(X) — Cr(X)/Cr(A) — 0

This gives LES of homology and cohomology groups where by definition H(X, A)
is the homology or cohomology of the quotient.

Definition (Compactly supported singular cohomology).
* — 1' *
H(X) = Jim H* (X, X\ K)
the limit taken over compact sets K exhausting all of X.

Compactify X by one point: X+ = XU{oo} = spec(Cy(X)T). Apply excision!?
(ool CU=Xt\ K C X+ = H* (X", X+\ K)= H*(X, X \ K). Then

H(X) = lim H'(X*,0)

1250} is a closed subset of the open set X+ \ K
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the limit taken over open sets U shrinking down to the point oco.

LES in cohomology of the pair (X, U)

0— H(U) «— H*(XT) « HY(XT,U) « ---
= H"(U) — H"(X") — H"(XT,U) « ---
Now

lim H™(Xt,U)=H'X)
UN{oo}

and for spaces with nbhds U of which oo is a retract; e.g., R™,
lim H"(U)=H"({c0
Jlim H7(U) = B ({oc})
SO
0« Hpt) «— H°(XT) « HY(X) « 0, and
=~ Ky (C)
H"(XT) = H(X) for n >0

81
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27 (3 April 2009)

Introducing K;(A)

A = a C*-algebra with unit;
U(A) = {unitary elements of A}
= {u € A|u is invertible and v~ = u*};

ueU(A) = o(u) CT = {z€C||z] =1}

Lemma. Ifu e U(A) and o(u) # T, then u ~ 1 by a homotopy in U(A).

Proof. The important point is that Ing(u) € A (see Fig. 4).

1
- T

>~ open arc C T!\ o(u)

Figure 4: Cut 6 defining Ing(u)

Now let u; = e™m0(%), Then w, is unitary since Ing(u) is self-adjoint (real). And
t €[0,1] — u; € U(A) is continuous, with ug = 1, and ug = u. O

Lemma. For any separable Hilbert space H, U(B(H)) = U(B(H))o, where
U(B(H))o is the connected component of 1.

Proof. If dim'H < oo, then each unitary (and each operator) has discrete spec-
trum and the proof of the previous lemma carries over.

In the general case B(H) is a von Neumann algebra'® and is closed under the
functional calculus for Borel measurable functions: if f : C — C is Borel
measurable, then f(A) € B(H),VA € B(H). Since a cut has measure 0,
In : C — C is Borel measurable;' so In(u) € B(H). The same argument as
before, u; = e*1"(%) | yields a homotopy between 1 and w. O

13The algebra B(H) is closed under ??? for separable?? Hilbert space H. The algebra B(H)
is not separable when dim H = oo.
14 A cut in the complement of o(u).



Kellendonk Lectures (chalkboard notes)  Spring Semester 2009 83

If A is a unital *-Banach algebra:
UM, (A) UM, (A) (m>n)

aH<g ‘;) a € UM,(A))
|

(to be in a group)

Let
A) = [JUM(4)) = limU (M, (A))

The multiplication in U(A) induces a multiplication in U (A)/ > (U(A)o is
a normal subgroup.) We do this for U, (A). So we get a multiplication on

Uso (A) /-

Lemma (Whitehead lemma). UOO(A)/; is abelian.

Proof. For u,v € Uso(A), [u][v] = [v][u] & uv ~ VU,

So, for u,v € M, (A),

w (-GG NGE Y6

€ Mp (A)
€ My, (A)
1 1 .
note: (0 (1)> N ((1) 0) ; same spectrum so homotopic

G006 N0
(D66
6 v)

Similarly

uv 0

0 1) n
and so

uv 0 vu 0

0 1/ n\0 1

O
. u 0 1

Notation: [u] + [v 0 v and [u™] = —[u].

For unital algebras, K1(A) 1= Uso(A) / . For non-unital algebras the definition

makes no sense.
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Definition. Let B be a *-Banach algebra (unital or not).

K1(B) :== U (B")/

W
Why does this work? The split SES for unitization:

0= BHBY2C =0, ros=id

S

We saw: Uso (C)/f];a = 0, so if taking Us (- )/T; is a split exact functor, then

U (B) [~ = Z/{OO(B'*')/?; for unital B

W

Proposition. K; is a functor which satisfies

1) If f: A — B is a *-Banach algebra morphism, then f+ : AT — BT,
fT(a, N f(s),A), extending to Uso(AT) since f is continuous and

(
unital (f(0,1) = (0,1)), it preserves homotopy and maps Us (AT ) to
Uso(B1)g, so

2) Stability: K;(B) = K1(M,,(B)) = K1(K ® B) with isomorphism induced by
B M, (B), b (8 8)

3) Homotopy invariance.

4) Half-exact: If 0 — J Le9% A—0 isaSES of Banach *-algebras, then

Ky(J) Kl K1(&) Hal) Ky (A) is exact: Im K4 (i) = Ker K1(q).

5) Split exact.
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The next goal is to establish boundary maps indexr and exp. If
0T 5L A-0

is a SES of Banach x-algebras, then Ky = K and

K1 (4)

exp Ki(J) B K(&) 5" Ki(A) index
MY oy

Figure 5: Boundary maps

85
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28 (6 April 2009)

K;(A) (continued)

Lemma. If B is unital (with SES of unitization 0 — B 2 BT — C — 0;

v((b,\)) = b+ e, e the unit in B), then the map p defined by the following
commuting diagram is an isomorphism:

Uso (BT) 2 Use (B)

~l |
Ky(B) - U (B)/ ~
Proof. A good exercise. O

Ex: K1(Co(R)) = Use (Co(R)*)/ v, with

Co(®) = {f:R™¥ C| lim f(z) =0} = Co(0,1) = SC

suspension
Recall that Cy(R)* = C(S"), so K1(SC) = K, (C(Sh)).
Remarque: One can do U(M,(B))/ ~ (B unital) and the inclusion
UM, (B)) = UMn11(B))
induces an inclusion

UM(B))/ ~) = UMn11(B))/ ~)

h

and

(Use(B)/ ) = linU(M,(B))/ ~)
Q: When does

lim UM (B))/ ~) = Uy (B)/ ~)

for some fixed ng? Generally a difficult question. For now we believe that ny = 1
for C(S'). If f : S' — C is continuous and unitary, 3¢ : [0,1] — R such that

. 1
g(1)—g(0) € 27Z, f = €' then the winding number is W (f) = %(g(l) —9(0)):

dense

On C*(S') "C C(S"), W is given by

W) = 5 [ 71

21
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If B is commutative, so that B = Cy(X), X locally compact Hausdorff, let

pt-wise

UM, (BT)) L& Bt =c(XH)

By construction of the embedding U(M,(B)) & UMp+1(B)), det(in(b)) =
det(b); and det : Uso (BT) — U(B™) is continuous, hence inducing

A:Ki(B) —-uUB")/ ~ (ng =1) ; a group homomorphism

0 — KerA — K (B) = (U(B')/ ~) — 0 split exact
s h

because Ki(B) = lim U(M,,(B1))/ ~

So if B is commutative, K;(B) = Ker A @ (U(BT)/ r}\;)

Ker A is not always 0; X = T3 is a counterexample.

Connecting the half-exact sequences:

index Ko (i)
—

Ko(J)

Ko(&) "2 Ko (A)

exp

index
exp

Figure 6: Boundary maps

The index map: connects K;(quotient) to Kp(ideal). If the SES splits
;. q
0—-J5%E=A—0 (supposing A and £ are unital and ¢ is unital)
S

then K7 (q) is surjective (and Ko(%) is injective), so in this case we expect the
index map to be 0: Im K;(q) = K1(A) = Ker(index map). Furthermore, in this
case we can lift any unitary from A to &£: if u € A is unitary, then in the lift
[s(u) + (1 — s(1))] of u, s(u) is not necessarily unitary, but s(1) is a projection
and 1 — s(1) is a projection orthogonal to Im s, and therefore

[s(u)* + (1 = s(1))][s(w) + (1 = s(1)] = s(1) + (1 = s(1)) = 1

so the lift is unitary.
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So we expect ind[u]; # 0 only if there is no unitary lift of u.
First attempt to define index.

Suppose we can lift u to a partial isometry w € £; w is a partial isometry if
wrww* = w* and ww*w = w. These relations imply that (ww*)? = ww* and
(w*w)? = w*w, which means they are both projections. If & C B(H), then w*w
is the domain projection of a unitary w : w*wH — ww*H and ww* is the image
projection.

So suppose we can lift u to a partial isometry w: ¢(w) = u. Then ¢(1 —w*w) =
1 —u*u =0 and likewise ¢(1 — ww*) = 0, that is,

1—w'w, 1 —ww* €i(J)=Kerq
Then we define!®

ind[u]; = [1 — w*w]g — [1 — ww*]o

This should be shown independent of choice of w (for a given u) and independent
of the choice of w in [u];.

151¢ i(J) is identified with the ideal 7, then 1—w*w and 1—ww* belong to J and determine
elements of Ko(J).
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Ex.: )
0 — K(H) = B(H) — B(H)/K(H) — 0

K-theory applied to this looks like this:

Ki(q)

K(K(H)) — Ki(B(H)) _’%ﬁldex
Cf:ouclm» o Ko (B(H)) " Ko (B(H) /(M)

index

Using the isomorphism Ky (K(H)) = Z induced by the trace, and earlier exam-
ples:

Ki(i) | Ki(q)
— —

0 0

KI(B(H)/iCiH’)Dindex
Ko(i)  Ko(a)

index %2 — 0 =7 Ko(B(H)/K(H))

Figure 7: Calkin algebra example

Theorem (Atkinson). F' € B(H) is a Fredholm operator, i.e., Ker F' & Coker F'
are finite dimensional <= q(F') is invertible.

If w € B(H)/K(H) is unitary then u has a lift w which is a Fredholm operator,
indfu]; = [1 — w*w]o — [1 — ww*]o, and

Tr([1 — w*w]p — [1 — ww*]p) = dim Ker w — dim Coker w
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29 (8 April 2009)

ind

Ki(A) — Ko(J) (continued)

Lemma. If F is Fredholm, then there exists a partial isometry W such that
F ~ W (as Fredholm)

Proof. F = W|F| (polar decomposition) where |F| = v F*F and W is a partial
isometry. Since F' is Fredholm, 0 is (if at all) an isolated value in o (| F|) of finite
multiplicity. So (o(|F|)\{0}) C [a,b], a > 0, and the following homotopy brings
FtoW

|F| Nh 1- P(F)eigenvalue 0

In greater detail: if fo, f1 € C([0,¢],R) as shown below, then fy ~ f1 and
fo(IF]) = |F].

1--- fo
0 a b c
1 fi
0 a b c

Back to the index map. If

0T 5L A0
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is such that £ is unital (= A is unital and ¢ is unital), and if v € U(M,(A))
admits a lift W which is a partial isometry in M,,(€), then

ind[u]y; = [i 7' (1= W*W)]o — [i 7' (1 = WW*)]o
Remark. One cannot always find a partial isometry lift of a unitary.

Other “standard” picture for ind (cf. Bruce Blackadar, K-Theory for Operator
Algebras)

0T 5L A0
Not supposing that £ is unital: will add units
i+ qt
T S ETS AT, iGN = (i3),N)

=JxC

i* is injective; ¢ is surjective; Kerq™ C Imit;

Imit ={z & |¢"(z) e {0} x CC AT}
No longer a SES, but there is a commutative diagram with projections w7 (j, A) =
A, etc.,
j+ i) g+ i) .A+
lmg  lme  lma

c4c 4

Lemma. Any u e UM, (AT))o admits a unitary lift
(=g (UM(ET))o) = UM (AT))o)
Proof. Hints:
i) (Takesawhile.) If u € U(M,,(AT))o, then k1, ..., &k, € M, (AT)>> (k; =
k) such that u = e¥*1 ... etFn. (Factors of which one can take logs.)

ii) A s.a. element always admits a s.a. lift: if z € M,,(A") and k € M,,(ET)
is such that ¢ (k) = z, then ¢*(k*) = 2* = z, and so 3(k* + k) is a s.a.
lift of x.

O

u

Other definition of ind: Let u € U (M, (A™)). Then (0 1?*) € UMz, (A))o
(by the Whitehead lemma).
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Let W € U(M2,(ET))o be such that ¢g* (W) = (u 0 ) w (1" O") W*is a

0 u* 0, Op

projection in My, (€7), and

(o)) = (6 ) 6 o) (6 )

= (1 8) € My, ({0} x C C AT) = (by commuting diagram)

0
ol (ot )¢

€Mz, (TT)

s (o Y 3 )0
(o6 ), -[6

is an element of Ko(J).
Definition.
= s ][ 3

K1 (3)

K(J) = Ki(&) — ‘Ii(‘fl))ind
C—K’o(;)KO—(’i) Ko(€) " Ko(A)

Hence

Theorem.

i) Independent of choice of W ;

i1) Independent of choice of representative for [u];
iit) ind is a group homomorphism;

i) Im K4 (q) C Kerind;

v) Imind C Ker Ky(%)

vi) Equalities in i) and v).

92
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Proof. i) Let W’ be another unitary lift of <8 1?*)

gH W) = (g f) (% 2) — 1€ My ({0} x C C AT

So W'W* € Imi*™ and 3z € My, (JT) such that ¢ (W'W*) = z; z is unitary
since the pre-image of a unitary is unitary.

o (o o) e o)

so the two expressions
N 1 0 i\ 1 0
+ 1 * =+ 1 / /%
(i) (w(o 0>W) and (i) (w (O 0)w>

ii) Let uq ~ Uz inU(M,,(A")); hence ujuj ~ 1 and ujug ~ 1; hence Ja,b €

UM, (ET)) such that g7 (a) = ujug and ¢*(b) = ugul . Let Wi € UMy, (ET))

be a lift of <u1 O*) and set Wy = W, (a 0> € U(Mq, (ET)).
0 0 b

4 _fur O uiug 0 _fuz O
¢ (Ws) = (0 u*{) < 0 u1u§> - (O u§>
10 . a 0\ (1 0\ fa* O X
o o) (o 5) 6 o) (5 0w

1 0.,
Wl(o O)W1

The two choices yield the same element in Ko (J).

are n~ .
h

iii) Rather simple (the group operation is the direct, or diagonal, sum).

iv) If [u]; € Im K1(q), then u has a unitary lift V. Then Jv such that v ~ U

ind[u]; = ind[v]y

L) 6o (o w16 ),

=0

s ([ (o )], -1 o)), o

since they are unitarily equivalent in My, (1) ! O

and
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30 (13 April 2009)

Bott map and higher K-groups

Comments on the proofs of iv), v) and vi) of the theorem from the
previous lecture

(%) ind[u]; = [(iT) 7' (1 —v*0)], — [F) 7' (1 —vv*)], € Ko(T)
provided that w has a partial isometry lift v.

Note: not every unitary u € M,,(A™") admits a partial isometry lift in M,,(ET),

0 O
the same formula holds.

but 3% such that ( - 0 ) admits a partial isometry lift in M,, 1, (€T) and then

Let us see that () follows from the formula

ind[u]; = [(i+)1W <(1) 8> W*L - [(é gﬂo

where W € My, (1) is a unitary lift of <g

isometry lift of u, v € M,,(€1) (1 is the added unit; 1 also denotes 1,,)

W::( v* 1—1}1}*)
1—v*v v

(easy:'®) WW* = W*W = <1 0)

0 1
=5 o)

So ind[u]; can be written with this W.

- ((1) 8) — (1 — (10— vv*) 1 ov*v> .
e ] - @ e )
L5 0)

_ {ﬁ - (é 8)}0 + it =)~ [ e

16 3]

subtract from both sides

1?*> Suppose v is a partial

164 is a partial isometry iff v*vv* = v* and vv*v = v. See the 6 April lecture.
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and (x) follows.
For the proof of vi), see the book of Rgrdam!”.
Summary: we have an exact sequence:

K1 (4) Ki(q) ind Ko (i)
—

K1) " Ky (8) T K () 9 Ko () T Ko () U Ko (A)

0—K(H)— BH) — BH)/K(H) —0
ind
= K1 (B(H)/K(H)) = Ko(K(H)) =Z
2) £ = C A, the cone of the algebra A. C.A is contractible, so K;(£) = 0,

1=20,1, and
0— SA -CAZHA—-0

suspension cone

yields an important isomorphism:

@A = ind : Kl(.A) — Ko(SA)

The suspension functor

S : Banach * -algs — Banach * -algs

A—SA={f:]0,1] — A| f is conts; f(0) = f(1) =0}

If A% B is a morphism, then S A 'Y S B, with (S(g)a)(t) = g(a(t)).

S is exact:
0—J 5% A—0is SES
=0-57Wse g4 0is SES
So Ky oS is a functor which is “equal” to Kj.
O is natural.
A L =
Ki(A) Y &, (B)
Ol 1 O3

Ko(A) Y Ko(B)

17 An Introduction to K-theory for C*-algebras, by Mikael Rgrdam, Flemming Larsen, and
Niels Jakob Laustsen.
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is a commuting diagram.

The index map ind is natural. If

0—J-5e-L A—0
N 1Yy la
0—>j'i>5/q—/>A'—>0

are two SESs in a commuting diagram, then

Ki(A) 24 Ko ()
Ki(o) | 1 Ko(¢)
ind’

K1 (A') = Ko(J")
commutes.
Higher degree K-groups.
Definition. K, (A) = Ko(S"A), Kn(f) = Ko(S"(f)).

This gives a long exact sequence. If 0 — J LeL As0isa SES,

S ) Y kL6

K, —1(1)
—

K, (q) Sn

B Kn(-A) - nfl(j)
Koea(€) 0 ()

Ky,—1(1)
—

96

is an exact sequence (no claim is made for Im K (q)), where 9,, is defined by the

commuting diagram

)

Ko(A) =5 Kot ()
~|
Ko(S(S"™'A)) I=
Ognory 1=

K1(S"71A4) 24 Ko (S* L)

that is, 6, = ind 0©®Z}

gn—14 ((51 = 1nd)

Bott periodicity
The Bott map B4 : Ko(A) — K;(SA)

Definition.

Ba([plo) :==[t — ezmt”]l : p € ProjM,(A), ¥ ¢ M,,(A)
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where
omitp _ — (2mit)” , 2 _ v_Jp vl
e V;O D pr=p = p L o
= (2mit)”
= ;0 T p+(1-p)
=™ p+ (1 —p) € UMp(A))
and . 4
™+ (1—p)=e"p+(1-p) =1
SO .
(t — ™) ¢ Y(M,,((SA)T))
Lemma.

1) Ba is well-defined;
2) Ba is a group homomorphism;
3) Ba is natural:

Ko(A) Y Ko(B)

Bal 1 B8
Ky (84) Y K, (3B)

commutes.

Proof. Regarding 1), if p Y 4 then the homotopy (ps)seo,1], With po = p and

p1 = q, yields a homotopy

S — (t — e27ritps)

between the two results. O
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31 (15 April 2009)

Bott theorem

Definition (Recap from the previous lecture). (For unital .A)

Ba: K()(A) - Kl(SA)
Ba(lplo)

= [fp]l , where fj, : [0,1] — A, continuous
fp(t) — eQﬂ'itp — eQﬂ'itp + (1 _ p)

In particular, f,(0) = f,(1) =1, so f, € (SA)*.

98

B4 is a well-defined homomorphism of groups which is natural. In particular,

If A= C, so that [1]g is the generator of Ko(C), then'8

Ba([llo) = [(t — ™)

is a non-trivial element in K;(C(S")). The non-triviality was measured by the

winding number of f; which is 1.
So B¢ : Ko(C) — K1(C(S")) (the most natural map).

B4 on non-unital algebras. For A non-unital,

05A—sAY2C -0 (split SES)

Ko(m)

~ 00— Ko(A) — Ko(AT) "= Ko(C) — 0 (split SES)

(apply suspension) ﬂ.A l /8A+ l l 5@

0 — K1 (SA) — K (AN C7K (sC) — 0

and (4 is defined by the commuting diagram.

For non-unital A

fa: Ko(A) — Ki(SA)

Ba([Plo — [Lnlo) = foff, = [(t — e>™tPe=2mitln )],
where p, 1,, € Proj(M,,(A™))

18We have (SC)T = C(S!), and identifying [0,1]/{0,1} with S!, (¢t — e27¥*) € C(S?!)
1

corresponds to the identity map id : S* — St.
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Theorem (Bott). For all Banach x-algebras A, B4 is an isomorphism.

Crucial ingredient in the proof: the algebras are closed under the holomorphic
functional calculus. U

Corollary. Bott theorem < Vn, K, 12(A) = K, (A) (for all Banach x-algebras).

Bott periodicity

Proof.
Kn(A) := Ko(S"A) = K;(S"TA) = Ko(S"™A) =: K, 2(A)
Bott Ognt1y
Bsna
O
Corollary. Any SES0— J LeL A—0 yields a 6-term ES:
exp
Figure 8: 6-term ES. exp := @}1 oindg of34
Proof. The map exp is defined by the commuting diagram?!?
Ko(q) exp Ky (i)
Ko() — Ko(A) o w Ki(J) — Ki(€)
Be \ J Ba 9‘7{ { O¢
Kl (q) inds K()(’L)
K1 (SE€) —— Ki(SA) Ko(ST)——— Ko(S€)
where indg is the index map from the SES
0—-SJ —-S€—-SA—0
O

9The left and right squares commute by the naturality of 3 and ©.
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Proposition. For p € ProjM, (A1), exp([plo — [Ln]o) = [it " e=2™h]y, where
h is a self-adjoint lift of p in M, (ET).
(e—27rih

is in Im i+ because ¢+ (e~27h) = e=2™% = 1,, ; because spec(p) = {0,1}.)

Exercise: show that this is independent of the choice of p and the choice of h
(linear homotopy between choices of h; unitary equivalence of projections).

Proof. We will do this in the unital case: suppose that £, A and ¢ are unital.
We need to show that

Os[it T e ™M)y = inds[f,)1
with f, € Un ((SA)T), f,(t) = e2™itP € 1, (A).

To calculate indg[fp]1 we need a unitary lift of (% ;)*) ;callit Ve UMa, (SE).
P
So V :10,1] — Uy, (E). Then

mas(i = v (5 0)v] (5 o)),

Let h be a self-adjoint lift of p in M,,(£), and let

2:[0,1] = &, 2(t) = *™h c U(M,,(E))

q(V(t) (Z*ét) z?w)) - (fpét) f;0<t>) <20 e%?np) = Lo

—2mih
This tells us that (W (¢)); is a homotopy in Us, (J ) between 1 and (e 0 e22ih> .

evy

© 7 was the index function for 0 - SJ — CJ — J — 0, therefore

oot ~tesmm= o (5 )] - [(5 D)),
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but

Sl o)) = (@ D66 Hr v o)
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32 (17 April 2009)

Proof? of the Bott theorem, part 1.

Recall: Any C*-algebra A

Ko(A) = Ky(S2A) with isomorphism given by ©g4 o 34
Ki(A)

1%

K1(S?A) with isomorphism given by Bs4 0 © 4
and

ﬂg . Ko(B) — Kl(SB)

ﬂB([p]O - [17;,]0) = [fp]l; fp : [0’ 1} N B7 t — e27ritp
Op : K1(B) — Ky(SB) the index map for the SES:

0—>SB—>CBUB—-0

0O and Op are natural

For now forget about K, for n > 2.

*x € Z (grading)

Ko ifx=1
K*+1{ o I *

% ﬂB ifx=0
513: .
Op ifx=1

102

Theorem (Connes’-Thom Isomorphism). Let (A, a,R) be a C*-dynamical sys-

tem. There is a canonical isomorphism

it Kl A) = Kopr(A o R)

Remark.

FT
1) If @« =1id, then A x;g R & Cy(R,A) = SA so the above theorem tells us

=~C0(]0,1[,A)

w41

¢SA,id 2
Ko (SA) 2" K.(S24)

d)jl,oc
(o]

K.(A)

20G. Elliott, T. Natsume, R. Nest, The Heisenberg Group and K-Theory, K-Theory, 7,

409-428 (1993)
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2) Canonical means: ¢%! are the only natural isomorphisms which exist up
to a choice of a factor of —1. We can fix the factor: choose Ky(C) =

choice

7 = 7=K(SC)

The proof (of Bott periodicity) uses C*-fields. A C*-field over a locally compact
Hausdorff space I(= [0,1]) is a triple

(A S (Anner, (Pn)ner)

C*-alg  family of h, 4
—_—
C*—algs xnu!'phis}:n

A is an algebra of sections; A C H Ap

hel
all satisfying certain axioms:
1) Vae A, [a]la = sup,l¢n(a)]a,
2) Vae A, h ||¢n(a)| is continuous
3) Ais aleft Cy(I)-module
An
1
0 h 1

Figure 9: C*-field on I = [0, 1]

A is trivial if A =2 Cy(I,B), where B = Aj;, YVh. We need I = [0,1] and A
trivial except at 0; hence A|p (0} = Co(I \ {0}, A1), where A; is a convenient
choice from the Aj, for A > 0.

Main example: (B, a,R) C*-dynamical system
o i R — Aut(B), a?(b) = ape(b), heR; o’ =id, o' = a
new action
Vh>0, Bxigi R=B g R
f:R=B—f":R—>B
(8 = 2 f(ht)
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B X oh R
B x, R
SB

Figure 10: C*-field for a C*-dynamical system (B, «, R)

Theorem (Rieffel). If A = C(I,B) x; R, where (t¢f)(h) = a?(f(h)), fe
C(1,B), and if Ap, = B xon R, ¢p, = evy, then

(A, (An, dn)ner)

is a C*-field, trivial except at 0.

Lemma 1 (exercise). If (A, (Ap, @n)ner) is a C*-field, trivial except at 0, then
s0 are
unitization: (A%, A, ¢))
stabilization: (M, (A), My, (Ap), My, (¢r))
suspension: (SA,SAp,Sép)

Theorem. If (A, Ay, dn)ner=j0,1] is a C*field, trivial away from 0, then there
exists a unique map . : K. (Ag) — K. (A1) such that

1) ps is natural;

2) . =id if A is a trivial field.

Natural: given (B, Bn, ¢n)ner=jo,1] and f : A — B, fn : A — By, then the
following diagram commutes:
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K.(A)) —t—~ K.(A)
K. (fo) K.(f1)
K.(By) —t— K.(B)

Figure 11: Naturality of .

Proof. The idea: p € My,(A), po = ¢o(p) , p1 = ¢1(p) ~ i«[Polo = [P1)o

i)

ii)

iii)

Mn(Al)

If po € M,,(Ap) and p,p’ € M,,(A) such that ¢g(p) = ¢o(p’) = po, we need

to show that [¢1(p)]o = [¢1(p")]o- By axiom 2), h  [|¢n(p) — ()| is
continuous, so

Ja>0:Vh<a:|on(p)— ()l <1

But ¢p(p) and ¢, (p') are projections, so [¢r(p)]o = [¢n(P")]o-
If po ~ p6 S Mn(.Ao), then 3 (Qt)te[O,l] € Proj Mn(.Ao) such that gg = pg

cont.

and ¢; = pj. So

. . . . 1
3(4); : 0=4dp<i1 <+ <ip=1and ||quqj+1H<§

Now the same argument.

So ps is well-defined for x = 0. For x = 1, same sort of thing using
unitaries (or use K1 = Ky o S).

Group homomorphism; easy.

If A is trivial then any section p € M,,(A) defines a homotopy between pg
and p1, so po = id.
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iv) Naturality of . is an obvious diagram chase (see Fig. 11).

O
Lemma 2. pu, is natural w.r.t 5*:
K. (Ag) —F— K.(A)
g:zl l commutes iﬁj“
0 1
K1 (SAo) e K (SAY)
Proof. Exercise. O

Lemma 3. If (A, (A(n,k): @(h.k)) (hkyerxr) i a C*field over the square I x I
which is trivial on I x I away from the edges I x {0} and {0} x I, and is also
trivial on I x {0} away from (0,0), and again trivial on {0} x I away from (0,0),
then there is a commuting square of [, maps:

K, (A)

N

= K*(Aoo) commutes K*(Au)

Proof. Exercise. O
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Theorem (Next lecture). po : Ko(Ag) — Ko(A1), where A is the Heisenberg
group C*-algebra (see Fig. 12), is an isomorphism:

[blo — [1]o — class of rank 1 projections

Co(R) x5q R CO(R);Q,% R
~G§2C -
0 1

Figure 12: C*-field given by the Heisenberg group algebra
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33 (20 April 2009)

Proof of the Bott theorem, part 2.

Key theorem. C*-field given by the Heisenberg group algebra (restricted to I):

C*(H) = Co(R x R) x4, R, (7¢(f))(h,q) = f(h,q = h)
A=Cy(I xR)x,R, I=10,1]
Ap = Co({h} X R) x,4n R
On = evp

This is trivial away from 0. Then (see Fig 13)

po : Ko(Ao) — Ko(Ar)
z z

o o

to([blo — [1]o) = [p]o, where p is a rank 1 projection in K

Figure 13: C*-field given by the Heisenberg group algebra

Recall from the previous lecture: for a C*-dynamical system (A, a, R),

" R — Aut(A), o/g(b) =ape(b), heR; o =id, o' =

new action

Vh>0, Ax, s R2Ax,R
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Theorem (Rieffel). If (7¢f)(h) = a?(f(h)), feC,B), and if pr, = evp, then
(C(Iv A) X R, A N qh Ra ¢h)h€1

is a C*-field, trivial except at 0 (see Fig. 14).

A X qh R

Figure 14: C*-field for a C*-dynamical system (A, a, R)
The map uy : K (SA) — K.(A x, R) appears in the proof. For the Heisenberg
field, A = Cy(R), o = translation.
Recall A x4 R x5 R 2 A® K(L*(R)); Takai duality (see the 11 March lecture).

Big commuting diagram (utilizes lemmas from the previous lecture):

« K*+1 A X R ¢j4+><11~dk
e e

o,
Ko(A) 22 Ko (Axao R) 17 Ko(A 30 R x S R)— > K, (AxaR x4 R)

N i B

o

K, (S?A) — K.(SAxR)

Figure 15: Commuting diagram: II by lemma 2; IIT by lemma 3

We want to prove that ¢ are isomorphisms for all C*-algebras B. This will be
the case if the compositions qﬁf&laR o¢* = id. In Fig. 15 this is the composition
along the top of the diagram which may be replaced by the composition along the
bottom. But first Fig. 15 will be modified by means of standard identifications
and Takai duality:

2"d K-group, middle row:

Kii1(A xeo R) = K, 11(SA) because A 3,0 R=SA
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Last K-group, bottom row:
K. (SAx= R) = K, (A) because SA x5 R=(AxnoR) xz R
(or X3) (or x3)
FT
and then A x,0 R & Co(R, A) = (A X o0 R) XS R = CQ(R,A) X transl R
=2 A® Co(R) Xiranst R 2 A ® K (Takai duality)
—_———

K
and, finally, K.(A® K) = K,(A)

NE arrow, bottom row: p, = id presumably by using naturality to track
generators.

¢Aa ( ) ¢j4+><11id1&
/ H*V \ _*AJ;N‘
K.(A) =2 Kon(SA) 17 Ke(A o R x5 R) ==+ K. (A)
Mo

11 /f*:id

K, (A)

o

K.(S?A)

Figure 16: Commuting diagram rewritten
We are left to show that

Ku(A) 2 Koy (84) B2 RL(524) 2 K.(4)
is the identity.
* =0 : (A unital) p € ProjM,,(A) (we may suppose n = 1 on replacing A by
M, (A)). The map i, : C — A defined by 1 — p leads to
Ko(A) 25 K1 (SA) 22 Ko(S2A) 2% Ko(SA) xia R)
=Ko(A)

Ko(ip) 1 Ki(Sip) | Ko(S2ip) | T Ko (i)

B B¢ o
Ko(C) =5 K;1(SC) =5 Ko(S* C) =% Ko(Co(R) Xpranst R)
=Ko (C)

o 2 (6 — 2™ B — [l 5 [glo
where f19 in the bottom row is the pg of the key theorem, ¢ is a rank 1 projection,
so that [¢]o = [1]o, and by naturality, the composition in the top row carries [p]o
to [plo:
[plo = -+ = [po
Ko(ip) | TKo(iy)
[or— -+ [1o
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Hence the above composition is the identity.
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34 (22 April 2009)

(Notes need further attention)

Takai duality: A xq Rxg R=Z AR K, and so K, (A xq R x5 R) =2 K, (A)
If ¢ is any automorphism of I, then Ky(¢) = id (the eq. class of a projection

is given by the rank which does not change).

Any automorphism of B(H) is inner:

Juwitary ¢ B(H) s.th. ¢ = Ady ; ¢(A) = Ady A = UAU*
= if A is trace-class, Tr(¢(A)) = Tr(A)

Analogue:

(X,¢) : R-action on compact Hausdorff X
—(C(X),¢") : C*-dynamical system

(R x X, transl x ¢) : R-action on X
(

— Co(R X X),T X ¢*) Lo SC(X) X x p* R
~SC(X) ~SCO(X) 4y xiaR
(undo the action by an automorphism)
conj.

(R x X, transl x ¢) = (R x X, transl x id)
(t,2) — (t, 61 ()
(that’s why Takai duality works)

Key Theorem.?t If (A, (Ap)n, (¢r)n) is the Heisenberg field restricted to I =
[0, 1]:

A=Co(I xR) xR, (re(f))(h,x) = f(h,x — h)
A = Co(R) %41 R, (af(f))(z) = f(z — h&)
on = evp

then?2
po : Ko(Ao) — Ko(A1) maps [blo — [1]o to [plo

for some rank 1 projection?? p in K.

Proof. Recall that we have the quantization map @ : Ag — A which is a *-linear
map (not an algebra morphism). Given that b € Proj Mz (Ag), we could look

21This theorem is to be proved. See Lecture 33 (April 20th) for the original statement of
this key theorem. In particular, see Fig. 13.

22Regarding b see Lecture 24 (March 27th), Example 2).

23The image of p in any irreducible representation of K is a projection of rank 1.
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for a section b € Proj Ma(A) such that I;(O) = b and evaluate this at 1 to get

b(1); and then attempt to verify that [b(1)]o = [1]o + [plo. Apparently it is not
possible to do it so simply.

Recall the definition of pg: given gy € Proj M, (AF), define 10([g0o) = [q1]o,
q1 € ProjM,, (A7) provided ¢; = p(1) and go = p(0) for some p € ProjM,,(AT).

Question: given gy € ProjM,,(AJ) why is there p € ProjM, (A*") such that
p(0) = qo? O

= p. We want to make this
C Bc(Spec(p)). Let g be a

e-nbhd

There is always a self-adjoint a € A such that a(0)
into a projection. Je > 0 : Vh < € Spec(a(h))

continuous function of the form:

—_

Then g(a) € Aand Vh < €

Spec(g(a(h))) = {0,1} (<= g(a(h)) is a projection)
Since the field is trivial beyond € (on [e, 1]), 3 projection-valued a; namely g(a)
il

However, such a straightforward approach does not work because we can’t com-
pute g(a) unless we can diagonalize the Bott projection.

Idea: do it from the back. Find a nice projection in Ap = obs. alg. assoc. to
1-d QM system with affiliated potential®*

h2
H= “om 02 + V with purely discrete spectrum (non-degenerate)
m

Example: The harmonic oscillator H (we all know its spectral theory).

h
p= zax , ¢ = M, (multiplication by z)
a=p—ig
[a,a*] = hid

24Lecture 5, Jan. 30th.
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E

Spec 1

II;, = projection onto the ground state of the harmonic oscillator = projection
onto Ker ay,.

Representation
71+ A — B(L*(R)), faithful, irreducible, Tmm; = KC(L*(R))
ﬁh = Wfl(Hh) c A,

Naive idea: (IT;)n € (Ap)n forms a section in A?

It turns out that if h > € then we have a section in Al;, Ve > 0. There
can’t be norm convergence of h — 0 because the spectrum becomes R (and
absolutely continuous).

We need another idea. If h = 0, 71 : A, — B(L%(R)) can’t be faithful because
Ao = Co(R) x;q R. Look into a representation mo : A, — B(L?*(R)) which is
faithful also for h = 0 but highly reducible.

Recall:?> given a representation p of a C*-algebra BB on H and an R-action 3 on
B we can induce a representation Ind[p] of B x5 R on L*(R,H). If p is faithful,
so is Ind[p].

FT

Ap = Co(R) xqn R 2 CxigRxqn R (b # 0, Takai)
so start with id : C — C; w3 = Ind[Ind[id]]
Lemma (homework). Representing®®

5= %aw ,G= M, — 8, (still [5,d] = —ihid)

1s the same as .

25GSee Lecture 3, 26 January.
26Notation changed for consistency with the subsequent lecture (Lecture 35)



Kellendonk Lectures (chalkboard notes)  Spring Semester 2009 115

Trick. Let
L h h
P,, = graph projection of aj = gax — | M, — gay

In general if T is an (unbounded) operator on H, graph(T) = {¢ & T |¢ €
dom(T)}, T closed < graph(T) closed in H, and Pr is the projection onto

graph(T).
So (since 1 + aj ay, is invertible by positive spectrum)

P (1+ajan)™! (14 ajan)ta;
ah ap(1+ a;;ah)fl ap(1+ aflah)flaz

o0
(1+ajap)! :/ e~t(+aian) 4 ¢ (cf. Mehler kernel)
0

Claim (P, ), € m2(A); also (Pxg, )n € m2(A) VA >0.

Po, = 7T2(b)

I
Bott projection

lim Py,, = projection onto lim (¢, Aap))
—00 A—00

h>0

= projection onto Kerap & Imayp = Fg(ﬁh) ®1

which proves
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35 (24 April 2009)

(Notes need further attention)

Recall:

A = restriction of the Heisenberg field to [0, 1]
=Co(I xR) xR
Ap = Co(R) xon R (fibers)

T A — K(L*R)) > 1I,, (ground state proj. of harmonic osc.)

faithful, irreducible (h>0)

=p—iq, p= %8% qd = = (unbounded)

FT
Co(R?) = Co(R) x4n R

i mo(Ap)
m2(FT (b)) € m2(Ao)

Figure 17: Heisenberg field on [0, 1] with projection 7o

116
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In Fig. 17:
7y :Ap — L*(R?)  (twice induced representation)?”
ﬁh = Wgﬂfl(ﬁh)

- - v - h -
ah=p—lq,p=;3$,q=x—3y

~ h
[, q h id
P;, = proj. onto graph of ay

h

: M, 0
T P, = (o} 1)

Definition. Let a be a C*°-function on T*R™. We define (h > 0)
an : S(R™) — S(R™)
~ 1 iz n
(@n)(e) = - [ *ate, he)D() A€

T on

b(e) = / e Ey(z) da

This is well-defined if, e.g., a is of order m:

m—

Va € N : D%z, &) < Co(1 + ||(x,€)]?) = for z, & large

ap is a WDO of order m with symbol a.
ap is elliptic of order m if

3C, R+ a(z, ) = C||(z,)[*™ for [|(z,&)] = R
~» Gy, is an unbounded Fredholm operator:

ind (ap,) = dim Ker a;, — dim Ker aj,

Now m =1:

a(z,§) = v+
ap, = + hoy = —i(p — i)

117

P;, is the graph projection of ay , ap is a DO with symbol a, b = the graph

projection of a:
- ( (1+a*a)~t (1+a*a)"ta* )

a(l+a*a)™t a(l+a*a) ta*

27See Lecture 34, 22 April, for this and following.
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a € C°(T*R") (unbounded) acts by left multiplication on L*(T*R") (n = 1),
be MQ(Co(T*Rn)Jr)

. ~_ (proj" on Keray 0 B Th 0
)\lgIolo Pran = ( 0 proj” on Imdh) - (O 11—
7= proj" onto Keraj

Theorem. There is a section in the C*-field
Co(I x R™) % R™; (¢ f)(h,z) = f(h,z — h§)
linking [blo to [71]o — [Th]o so

po[blo = [71]o — [M1]o

Recall Ko(K) 2 Z, but [71]o — [71]o SR ind(as,). The analytic side of the
index theorem is ind(ap) = Tr«([7r]o — [7r]o) (A > 0).

n = 1: full Heisenberg field Cp(R x R) x, R. There is a canonical 3-trace (3
degrees of freedom). There is a canonical 2-trace on Co(R x R)* = C(S?); it is
the one coming from the 2-cycle?®

(Q(S%).d, [) = (Co(R xR)T @ A\ C*.d, [)

Grassmanian

Using the T-action:
~ 3-cycle (Co(Rx R) x, R \C*d,[), [ = [oevi®i
Look back at the restriction Co(I x R) x, R; try

(Co(I xR) %, R \C?.d, ])

Is this a 3-cycle? All axioms for a 3-cycle satisfied except closed: ]Jw # 0 (over
a manifold with boundary; S? replaced by I x Sl). More next time.

283ee Lecture 20, 9 March.
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36 (27 April 2009)

(Notes need further attention)
Recall:? an n-cycle over B is a triple (2, d, [):

e O =P, % , graded algebra, Qp =0 for k <0, k >n
e (g = B and 2, is non-trivial

e d is a differential of degree 1 on Q (d* = 0)

e [ is a graded, closed trace:

graded: [wiws = (1) M=9 [wowr, w1 € QF, wy € Q" °
closed: [dw =0 for w e Q"1

This defines a cyclic n-cocycle n

n:B"" - C; n(am...,an):/aoda1~~dan

We call (22, d, [) an unbounded cycle if d and [ are only densely defined and 3 a
sub-algebra B’ C B (Banach algebra) such that 7 is fully defined on B’ satisfying
certain continuity conditions, as a consequence of which one can extend 7 to an
intermediate algebra B’ C B” C B by continuity, and B” has the same K-theory
as B. Also, n can be extended to M,,(B) and to B*.

We define a functional K, (B) — C

n mod 2

n even

[plo — 1o — cn/Tr((p —1)(dp)™) (independent of choice of p)

pEProj My (B1)

(for k =1 and B unital — ¢, /p(dp)")

S SN T
Cn—(27m)n/2%!700— 762_2’/Ti

n odd

[u] »—>cn/Tr ((u*—l)du(du*du)%l)
wEUM,, (B+)

(independent of choice of u)
1 1 1

27kl 22k (- Ly (k- 1)

Cok4+1 = (

298ee Lecture 19, 6 March.
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Ex.: B=C(S")

cshe NC, d, f)
=CeC

/\C:/\%@/\lczg@c
on CH(SY,df = f ®e
derivative

[f@e=[gfs [df=[f =e(closed)
In this 1-cycle over the dense sub-algebra of smooth elements C>(S') = B/,

(Q(sh). d, [)
= (differential forms on S', exterior derivative, integration of 1-forms over S')
If u € UMC(SY), then

4], — L/Tr(u* ~1)du

JTrdu=0 ]
= — [ Tr(u*du)

2mi 21

if we choose a representative which is smooth. This is the winding number of

det(u); for k =1,
[] 1 / %,/
N
7

Definition. An n-chain is an “n-cycle with boundary”: a quintuplet
(. d, [,00,7)

where

(2, d, [) satisfies all axioms of an n-cycle except closedness of the graded
trace;

0N is a graded algebra of top dimension n — 1: (0Q); = 0 if &k < 0 or
k>n-—1,

r: Q) — 0 is a surjective algebra morphism:

i) d(Kerr) C Kerr;
ii) [dw=0if w e Kerr.

Definition. The boundary of an n-chain (Q,d, [,99,r) is (Q,d’, f’) where, for
w chosen arbitrarily in r~1(w'), w' € 99,

dw' = rdw;

f’w’:fdw
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(Simple exercise: (9, d’, [') is an (n — 1)-cycle over (99).)
Ex.: Orientable n-manifold M with boundary 0M.

(CM) @ \NC"d, [) D> (M), d ., [ )

diff forms X% 4TIV e o F forms

[y 2 [
OM < M

C(M) 2 C(OM)

Q(M) — QOM)

r=1*, 00(M) := QM)

Proposition. Let (Q,d, [,0Q,r) be an n-chain over B (Banach algebra), n odd.
Let p € ProjMg((0Q){), and suppose p is a projection-valued lift in My (BT).
Then the map

[plo = 1o = en1 [ Te((p — 1)(d'p)" ")

is trivial. (Same statement for n even but u € UMy ((O)F).)

Proof.
[ e - @@y = [ i) - i)
— [aG-nwp = [ 1) -
because n is odd and [ is graded. O

I3}

lo M il
Figure 18: M = S* US!

Look at the chain
(Q(M),d,f,Q(aM),i*) ~
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Q@M),d, [1) = ((S").d, [¢) & (QS").d, —[q )

7T orientation

The pairing with u = 4y @ @ is zero so the winding numbers are equal.

Aim: to construct a canonical chain for the Heisenberg field restricted to [0, 1].
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37 (29 April 2009)

(Notes need further attention)

FT
Oo(RQ) = =A,

Oo (R) ball

Figure 19: Heisenberg field on [0, 1]
Q: Given a C*-field A over I, trivial away from 0, construct
n-traces of Ag — n-traces of A;

(dual of the map3® u, : K. (Ay) — K.(A1))

The idea is to construct an (n + 1)-chain (€, d, [, 99, r) over the total field A
such that the boundary of the chain is an n-cycle over Ag @ A;.

If (n even) [plo—[1]o € Ko(Ap), then lift p to p, a projection in A; the Proposition
from the previous lecture ~» “character” of (2,d, [) pairs trivially with p ~ p =
P(0) @ p(1) pairs trivially with the character of the boundary (9%, d’, f’):

no®m, n([p(0)] & [p(1)])

Frl(E )6 e )]

=/, Tr((5(0) — 1)d'(5(0))") = i Tr((p(1) — d'(5(1))")
= 1o — 11 is dual to pu.

Unrestricted Heisenberg field
Co(RQ) X, R = C Xiga R Xig R xiq R
T

T acts on these

e(f)(h, z) = f(h,x — hE)

30Gee Lecture 32, 17 April.
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Action by R: extend n-cycle to n + 1.

Co(R*) =Cxiq R xig R
(Co(R*) ® AC?, d, [g. ®I), where {e1,e2} generates A\ C2,
feECRY) —df =01f®er +0of ®es, and
i: N’C% — A\’C? is given by e Aey — 1

Te does not commute with the derivative w.r.t. h, so [7¢, h] # 0. Simple trick:
extend 7 to an action 7 on Co(R?) ® AC? (graded algebra). 7¢ is an automor-
phism of degree 0. For f € Cy(R?)*,

e(feol)=n(f)el
Te(foe)=7(f)®@er
Te(f®er) = 7e(f) @ (e2 — &en)

Now [’7‘5, d] = 0.

Te
Te

Proof.

(Ted)(f®1) =Te(O1f @e1 + 02 f ®ea)
(%) =T1e(O1f) ®e1 + 1¢(02f) ® (e2 — en) s
(d7e)(f@ 1) =d(re(f) ®1)
=hre(f) ®er + Oare(f) @ en

From the definitions, if (h,z) € R

Oure(f) ) = S (hx — KE) = (91f — Do) (b, — hE)
= (01 f — €0a)(h,2) and
Dare()(hy ) = 5 F (o — hE) = (D2f)(h, = — )

= 71¢(02f)(h,x), so
(d7e)(f @ 1) = 017e(f) ® e1 + Dot (f) ® €2
(%) =7e(01f —€Daf) @er + Te(0af) @ ez

Comparing () and (xx): 7¢ and d commute. O

So we get a 3-cycle

((Co(R2) ® AC?) 7 (ROAC), d, [, 0evo @ Z>

graded ®



Kellendonk Lectures (chalkboard notes)  Spring Semester 2009

where
i: N’C*—C
fo Ll =er
dt o Tt.1 =

d: d + (_1)sign(5
Claim: this is a 3-cycle.

Now restrict the 3-cycle to I x R C R2.

125

The “trace” [;, oevo®i is graded but no longer closed. So we get a chain:*!

((00(1 x R) @ AC?) x5 (ROAC), d, [,z 0evo @1, 8Q,r)

where
o0 = ((00(517 R)@ AC ) xz (RIAC), d, [y, poevo @i
gen. by ez
t
Co({0},R)®Cp ({1},R)

T:¢)0®id@¢1®id

J/ _ 82 ®eq + (_1)sign6

it N*{ea, e3} — C
Exercise.

dKerr C Kerr;
[dw=0,Vw e Kerr

31Gee Lecture 36, 27 April.

)
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38 (1 May 2009)

Another Gap Labelling??

Rotation Numbers (Moser, 1-D).
Integrated Density of States (any dimension).
Now K,-gap labelling (any dimension).

1-D differential operator H = —9% + V (unit h%/2m = 1), where V is a differ-
entiable function on R.

Consider F € R,
(%) Hy =FE¢,¢y:R—C (¢ non-zero)

Always solvable for 1 # 0 but the solution depends on E; this is where Moser
started.

1) If E is an eigenvalue 3¢ € L?(R) solving (*).
2) If F € o(H) but not an eigenvalue:
Simple if 0(H) = 0abs (H) U pure point (H); then 9 is bounded ~» lin-

ear combinations of these to construct wave packets. This is difficult.

If E € 0sc(H) “¢ is critical”. This was the devil until the 80’s; then
became fashionable.

Remark: If V =0, then 0 = R = g, then use Fourier transforms to
construct wave packets. If V' # 0 then?

3) If E ¢ o(H) then 3! (up to multiplicative constants) solutions ¥, _
which satisfy lim,_ 1. ¥+(z) = 0 and  — Foo leads to exponential
increase of ¥4 (see Fig. 20). This excludes any possible interpretation of

a4
NV

Figure 20: ¢_

these particles. The only way is to restrict the system.

32Thanks to Carl Olimb for the notes.
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Rotation Numbers: E ¢ o(H); a(F) = “density of zeros” of 1) = 2 density of
rotation of ¥ (z) + i)' (x). a(E) is constant on gaps.

What is the density in this context? We mean a sequence of intervals subdivided
and take rotation numbers. So may depend on this sequence.

[any bn] C [Cl7l+1, bvz+1] c---—R

The number of zeros in the interval is equal to the number of density states.
Then

o(F) =IDS(E) = (O—I;Iull| [P(H))o), Ko-label.
Now He = —0% + Vg, Ve(x) = V(z + &). Hg ~ H, so o(He) = o(H). If

Blfixed) ¢ o (H), Hepe = Bipe_ with e (z) — 0. Then e (z) = ¢_ (2 +£).
Consider Fig. 20 again:

&o is a zero of Y_
< 0 is a zero of )¢, —
& E is an eigenvalue of H |g-
with Dirichlet boundary condition at 0

Call E a Dirichlet value of Hy,.

Notation:

]EIEO = Hg¢, |g- with Dirichlet boundary condition.

Write D¢ (0) = D¢ = {Dirichlet values of He in A}, where A is a gap in o(Hy)
=o(H).

General remarks:

i) Gac(He) C 0ac(He). S0, 0uc(He) C o(H) U Usgaps a De(A)

i) If a(A) # 0, then |De(A)| < 1. “No second eigenvalue in the same gap.”
Let u(¢) = EV of f[g in A.

() {zeros of Y_} = {£||De(A)| = 1}

Now vary £ ; we get curves as in Fig. 21.

Lemma 4. p/(§) <0
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neg. slopes by Lemma 4

VRN
s JN \ \ \
gap A~ T 3 ) )
3

o(H) i

§o

Figure 21: p

Proof. (&) = (¢ | He |b¢)

2
—0 +V£

0 RS 0 TR o n g
) — (] e ) + (e e ) + (e | V1)

(&) (e D)+ (B abe)) =2 e |2=0 1

expectation of mechanical force of this wave funtion

= [ devdear=— [ (it + de-+devei) az
= / 0 (D602 + ded™fy) da

— 00

o 0C{)A/A/di A/OZO
—— [ i de = 1O <

Two important results: —|1ﬁg (0)|> < 0 and the resultant force.

In our Fig. 21 the curves cannot cross since then we would have a degenerate
eigenvalue. Now look at the “line” created by u(£) on a circle.

(&) — Eo

f:R—{zeC||z| =1}, where i(§) = exp (27Ti N

> 7E0=ian

where u(€) = Ep is no eigenvalue at &.
Final Result. Moser rotation number is the same as another rotation number.
(xx) a(E) = density of zeros of 1_

= density of intersections of u with F

= density of 1 = B(F) = B(A)
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A A
A= i —_—
BA) [@n,b lm/]R |bp — an| 2mi

= lim — Te(—V!Pa(H:)) d
anvbn}/‘R |A‘ ‘/an ( 5 A( 5)) g

bn
/u%wwm

[

Where PA(fI ) is the spectral projection to states in A (actually only one); so

Pa(H) = |1/J£><1/)§| This can be interpreted as a pairing of a 1-trace with a
K-class.

U = ¥ 55" Po (i) + Pa(fle)* € K(IX(R)*
= (£ Ue) € Co(R,E(LA(R)T)=SCo KT =C(SH e Kt

so [Ua] € K1(Co(R)).
Now 1-trace = character of ( Q(R) , d, [). Then (n|[Ua]) = B(A).

DeRthIl forms

To finish, @ = § is an index theorem. Why?

[Ual1 = exp[P<g(H)]o and additional work
T

energy values <F



