| CHAPTER 1: LOOKING AT DATA: DISTRIBUTIONS |

[ 1.1 DISPLAYING DISTRIBUTIONS |

e Statistics is the science of collecting, organizing, and interpreting numerical facts which we
call data. The goal of statistics is to gain information from data.

e There are two types of statistical goals:

1. Describe a situation (descriptive statistics).

2. Draw conclusions regarding hypothesized claims (inferential statistics).
e A variable is a characteristic or property of an individual that can be assigned a value.
e We will consider two types of variables:

1. A quantitative variable assumes numerical values on which arithmetic operations can
be performed sensibly.

2. A categorical variable assigns an individual into one of several categories associated
with that variable. The values of categorical variables are not numbers but labels. Arith-
metic operations make no sense with categorical variables.

e The distribution of a variable is a description of the values it takes on and how often it
takes on those values. The distribution describes the pattern of variation in the values of the
variable.

The goal of Section 1.1 is to study the overall pattern of a set of data. We will use graphical tools
to visualize the data. By displaying data, we can gain information on the variable that is measured.
For a quantitative variable, we can see where the data are located, the spread of the data, and
possible trends. For a categorical variable, we can observe patterns regarding how the data fall into
the various categories.

NOTES:

We will cover four graphical methods for displaying data: bar graphs, stemplots, histograms, and
time plots. Bar graphs are used with categorical variables whereas the others are all used with
quantitative variables.



Bar Graphs: For each category of one variable, a bar is plotted. The heights of the bars correspond
to the percentages in the marginal distribution of that variable. The horizontal axis contains the
labels of the categories. The sum of the heights across the bars = 100%.

Stemplots and Histograms can help us

1.

2.

3.

Locate the center of the distribution.

Summarize its overall shape. This includes checking if the distribution is

(i) symmetric (a mirror-image about the center)

(i) skewed to the left (the left tail is longer than the right tail)

(iii) skewed to the right (the right tail is longer than the left tail).

Check for obvious deviations from the overall shape. Look for gaps or clustering in the

distribution. Gaps are often formed by outliers which are observations not in accord with
the other observations.

Graphical Method 1: Stemplot or stem-and-leaf plot

1.

Create a stem and a leaf criterion. The stem is based on the leading digits while the leaf is
based on the trailing digits.

List stem values in increasing order against a vertical bar.

. Arrange leaves in increasing order from left to right against the bar along side of the appro-

priate stem value.

Graphical Method 2: Frequency or Relative Frequency Histogram

1.

Divide the range of the data into non-overlapping classes of equal width.

2. Count the number of observations in each class. This is the class frequency. This is most

easily done by making a table of all class frequencies, i.e. the number of individuals falling
into each class. This is called a frequency table. For a relative frequency table divide
the frequencies by the total number of observations in the data set. The relative frequency is
the proportion of observations belonging to that class.

Draw the histogram. The horizontal scale corresponds to the classes and the vertical scale to
the frequency (or relative frequency). A vertical bar is drawn above each class with the bar
height being the class frequency (or relative frequency).



NOTES:

Graphical Method 3: Time Plot

1. Plot the values of the variable against the time order of the observations.

A time series is a set of measurements of a variable taken at regular intervals of time. An indez
number, such as the Consumer Price Index, is an example of a time series.

A time plot can show variation over time which can take on the form of
(i) a trend (long-term change)
(ii) seasonal variation (change occuring during specific time periods)
(iii) irregular fluctuations (changes caused by unusual events)
)

(iv) cycles (distinct up and down movement which is less regular than seasonal variation and not
explained by seasonal effects).

[ 1.2 DESCRIBING DISTRIBUTIONS |

The center of a distribution: Mean and median.

e Let z1,2,...,2, be a set of n observations. The symbol 3 (called sigma) means to take a
sum.

e Measure 1: The mean or average of a set of n observations, denoted Z, is defined as
_ 1 1

e Measure 2: The median of a set of n observations, denoted M, is the midpoint of the
distribution (the point at which half the observations fall above it and half below it).

e To find the median M:



1. Arrange the n observations in increasing order.
2. If n is odd, the median M is the center observation.

3. If n is even, the median M is the average of the two center observations.
A measure is a resistant measure if it is insensitive to the influence of extreme observations.

For the center of a distribution, the mean is not a resistant measure while the median is a
resistant measure.

The mean versus the median:

— For perfectly symmetric distributions, the mean and the median are equal.
— For right-skewed distributions, the mean is larger than the median.

— For left-skewed distributions, the mean is smaller than the median.

Resistant measures of the spread of a distribution

Goal: Develop strategies for dealing with outliers or other unusual data points.
1. Detect outliers and investigate possible causes. Corrections can be obvious or, if justified,
outliers can be deleted.
2. When outliers cannot be deleted, resistant measures can be used so that outliers have

little influence over conclusions.

The p** percentile of a distribution is the value such that p percent of the observations fall
at or below it. Often, we are interested in

— The 25 percentile, called the first quartile Q;.

— The 75" percentile, called the third quartile Q.

— The 50" percentile which is the median M.

Calculating quartiles:

— Arrange the observations in increasing order.

— If n is even, (), is the median of the first half of the observations and ()3 is the median
of the second half of the observations.

— If n is odd, there are equal numbers of observations below and above the median. @,
and ()3 are the medians of the observations below and above the median, respectively.

The interquartile range IQ)R is the range of values for the middle 50 percent of the distri-
bution. Thus, IQR = ()3 — ;. The IQR is a resistant measure of spread about the median
and, therefore, is most useful when center of the distribution is measured by the median.

The Minimum and Maximum are the smallest and largest observations.

The five-number summary of a distribution consists (in increasing order) the Minimum,
1, M, Q3, and the Maximum.



e As a rule of thumb for identifying outliers, treat any observation more than 1.5 x I¢) R beyond
the first or third quartile as a potential outlier.

NOTES:

Boxplots: Graphically displaying the 5-number summary.

1. Next to a vertical axis, draw a box so that the top of the box rests at ()3 and the bottom
rests at )1. Thus, the box length is the IQR.

2. Draw a horizontal line in the box at the value of the median M.

3. Extend two lines (called whiskers) from the top and bottom of the box to the Maximum and
Minimum observations.

e Some people prefer a modified boxplot which plots the whiskers at the Minimum and
Maximum only if these values are less than 1.5 X IQR beyond the quartiles. Otherwise, end
the whiskers at the most extreme observations still within 1.5 X IQ) R of the quartiles. In either
case, always end the whiskers at observations.

e The boxplot displays information regarding the spread and center of the distribution as well
as skewness.

e Side-by-side boxplots are used for displaying relations between a categorical variable and
a quantitative variable.

— Label the horizontal axis with the categories of the categorical variable. Above each
category, draw the boxplot for the y values corresponding to that category.

— Look for any overall pattern or unusual boxplots. We can make a side-by-side comparison
of the distributions for each category.



NOTES:

Variance and Standard Deviation.

— The deviation of observation z; about the mean is z; — Z.

— The variance of a set of n observations, denoted s?, is

S2:ni1 [(:El—:7;)2+(x2—;7;)2_4_...4_(;5”_53)2] :n_lz(xi_f)Q_

— The standard deviation s is the positive square root of the variance s?. The standard
deviation is in the same units of measurement as the observations.

— The sum of all deviations is 0. That is, > (z; — Z) = 0.

— The variance formula can be rewritten to make calculation easier and to reduce roundoff

error: [Z ng ) % (Z xz)

— The standard deviation is a non-resistant measure of spread about the mean.

1 2
§% =

T n-—1

— If s = 0, then their is no spread and all observations are identical. If any two observations
are different, then s > 0.

— A linear transformation changes the original variable z into an new variable z* by an
equation of the form  z* =a + bz, where b # 0.

— Linear transformations do not affect the general shape of a distribution. However, for
the distribution of z*,

1. The mean, median, and quartiles are found by substituting the mean, median, and
quartiles for z into a + bx:

T*¥=a+bx M*=a+bM Q7 = a+ bt Q5 =a+bQs
2. The interquartile range and the standard deviation are found by multiplication by
b:
IQR* =bx IQR s*=bxs

— Therefore, it is not necessary to calculate any measures for «* from the original observa-
tions once the corresponding measures are calculated for x.



NOTES:

[ 1.3: THE NORMAL DISTRIBUTIONS |

Density curves:

— A mathematical model provides a description of the overall shape of a distribution
after omitting outliers and other deviations from a regular pattern.

— A mathematical model is often represented by a mathematical formula or is summarized
in tables.

— Histograms can be approximated by a smooth curve. This curve displays the shape of
the distribution.

— Because the sum of all relative frequencies = 1, the smooth curve used to describe the
distribution will have a total area = 1 underneath it.

— For a density curve, the area under the curve for a range of values = the proportion
of observations that fall within this range.

— The p'* percentile on a density curve is the point where p percent of the area lies to
the left of that point and the remaining (100 — p) percent lies to the right of that point.

— For many density curves, finding the mean, standard deviation, and percentiles for a
density curve involves advanced mathematical methods (including calculus). To make
things convenient, tables that include percentiles exist for commonly used density curves.



— Notation: to distinguish between the mean and standard deviation of observed data and
the density curve, we use

Observed Density Curve
Mean z u
Standard Deviation S o

NOTES:

Normal distributions:

— The normal distribution is a bell-shaped distribution that is symmetric about y having
the following property called the 68-95-99.7 Rule:
1.  68% of observations fall within ¢ of the mean p.
2. 95% of observations fall within 20 of the mean u.
3. 99.7% of observations fall within 3¢ of the mean p.
— There are infinitely many different normal distributions. What uniquely defines a normal

distribution is its mean p and standard deviation ¢. We denote a normal distribution
with mean p and standard deviation o as N(u,0).

— Any variable obtained from a linear transformation of a normal variable is also a normal
variable. However, the mean and standard deviation of the transformed variable can
change (following the rules described in Section 1.2).

— A normal distribution having mean p = 0 and standard deviation ¢ = 1 is called the
standard normal distribution and is denoted N(0,1).

— Important: If the variable X follows a normal distribution with mean p and standard

deviation o, then the standardized variable Z = e follows the standard normal
distribution. Or, in notational form,
X —
If X is N(y,0), then Z = ——% is N(0,1).
o



— An observation is standardized by subtracting the mean and then dividing by the
standard deviation.

— Interpretation: A standardized observation = the number of standard deviations the
original observation is from the mean. Its sign (4 or -) indicates the direction from the
mean (right or left).

— The standard normal table or Z-table gives the area under the standard normal
curve to the left of Z. This table is accurate to two decimal places of accuracy for Z.
The row refers to the integer and first decimal place of Z and the column refers to the
second decimal place of Z. The table entry in that row and column

= the area under the standard normal curve to the left of Z
= the relative frequency of observations < Z.

— The relative frequencies associated with ANY normal distribution N(u, o) can be deter-
mined using the standard normal distribution N(0,1). The procedure is to standardize

the observed variable X creating Z and then use the standard normal table to find the
appropriate area.

NOTES:

Calculation rules for normal distributions:

If a variable X is N(u,0), then

1. the relative frequency (proportion) of observations to the left of some value x equals the
—
—
2. the relative frequency of observations to the right of some value = equals the area to the

area to the left of z = T

x
right of z = 'u, or equivalently, it equals

=

[ 1 - the area to the left of z = a >



3. the relative frequency of observations between two values z; and zo equals the area
Ty — M Lo — Y
and zo = )

o o
(Area to the left of 25) - (Area to the left of z).

between z; = This equals

— General idea reiterated: Convert the X’s to Z’s by standardizing and then use the
standard normal table.

NOTES:
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| CHAPTER 2: LOOKING AT DATA: RELATIONSHIPS |

| INTRODUCTION TO CHAPTER 2 |

— Goal: Study the relationships between two or more variables.

* Is a change in one variable associated with a change in another variable?
x If yes, what kind of change is it and how large is that change?
* Is the purpose to describe the nature of the relationship? Or, is it to show that
variation in one of the variables can cause variation in the other?
— Recall the two types of variables to be studied:
1. Quantitative variables take on numerical values for which numerical measures, such
as means and standard deviations, are meaningful.

2. Categorical variables record which of two or more categories an observation falls.
Numerical measures, such as means and standard deviations, are not meaningful for
categorical variables.

In a statistical study,
* A case is an individual person, animal, or object for which values of variables are
recorded.
* A response variable measures an outcome of the study.

* An explanatory variable is a variable chosen by the researcher with the intent of
explaining the variability in the response variables.

Response variables are often called dependent variables.

Explanatory variables are often called independent variables.

NOTES:
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| 2.1 SCATTERPLOTS |

— Goal: To graphically display relationships between two variables. The graphs should
give us some insight regarding the nature of the relationship.

— A scatterplot is a graphical representation of the relationship between two quantitative
variables. For each case in the study, a pair of observations x and y corresponding to
the two variables are plotted as points. The explanatory variable, z, is plotted on the
horizontal scale of a scatterplot.

— Interpreting scatterplots:

*x Look for an overall pattern that shows the form, direction, and strength of the
relationship.

*x Look for potential outliers or unusual deviations from the overall pattern.

— The form indicates the general shape of the pattern. In Chapter 2, the focus is studying
forms that indicate linear relationships.

— The direction indicates whether there exists a clear increasing or decreasing pattern. We
say two quantitative variables are

*x Positively associated when increasing values of one variable tend to accompany
increasing values of the other variable (and vice versa).

*x Negatively associated when increasing values of one variable tend to accompany
decreasing values of the other variable (and vice-versa).

* Because most categorical variables have no natural order from smallest to largest,
we cannot speak of a negative or positive association between a categorical and a
quantitative variable.

— The strength of the relationship is reflected by the amount of scatter about the pat-
tern. For example, if the pattern is linear, are the points tightly fitted about the line
(strong linear relationship) or are the points scattered widely about the line (weak linear
relationship).

NOTES:
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| CHAPTER 2: LOOKING AT DATA: RELATIONSHIPS |

| 2.2 CORRELATION |

Situation: The data consist of n observations. Each observation is an (z,y) pair:
(:Eh y1)7 (:E27 y2)7 R (IETH yn)

Goal: Measure the strength of the linear relationship between the two variables x and y. We
are not assuming as in the regression case that x is an explanatory variable and y is a response
variable (although they may be).

The statistic used is the correlation coefficient r, where
1 Z (IE — :Z“) y—19y
n—1 S sy )

where s, and s, are the standard deviations of the x and y observations.

r =

To make computation easier, use the computing formula for 7:

_Tw- Ty

(n — 1)szsy

Facts and Properties of the correlation coefficient r:

-1<r<1

If » > 0, there is a positive association between = and y.
If r < 0, there is a negative association between = and y.
The stronger the association, the closer r gets to 1 or —1.
The weaker the association, the closer r gets to 0, .

If r =1 or r = —1, all of the points (x;,y;) lie perfectly on a line.

NS otk W

r measures only the strength of a linear relationship. If x and y follow a curved relation-
ship, the strength of the association need not and often is not reflected in the value of
T.

8. If the scale of the measurement units for z and/or y is changed by a linear transformation,
the value of r remains unchanged.

9. The correlation coefficient r is dimensionless, that is, it has no unit of measurement.

13



NOTES:

2.3 LEAST SQUARES REGRESSION

e Goal 1: Fit a line through the data when there appears to be a linear pattern in the scatterplot,
that is, there is a linear dependence of a quantitative response variable y on an explanatory
variable x.

e The straight line that describes the dependence of one variable on another is called a regres-
sion line.

e We want the line to come as “close” as possible to the points. Because many possible lines
seem “close” to the points, we need an objective method of finding a regression line. The
most commonly used method is the method of least squares. The mathematical details
will follow.

e Recall from algebra: The equation of a straight line has the form
7 =a+ bz,

where bis the s , a is the for for the explanatory variable x, and g is the predicted
response. The slope, b, is the change in § corresponding to a unit increase in . The intercept
is the value of § when z =

e Goal : nce the line is fit, then we want to now how to use the regression line to gain
information.
We can use the regression line to the response 3 for a given value of the explanatory
variable z.

The accuracy of a prediction from a regression line depends on the amount of scatter
about the line the less scatter, the more accurate the prediction.







































































































































