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Abstract

We study abstract self-affine tiling actions, which are an intrinsically
defined class of minimal expansive actions of R% on a compact space. They
include the translation actions on the compact spaces associated to aperiodic
repetitive tilings or Delone sets in R%. In the self-similar case, we show that
existence of a homeomorphism between tiling spaces implies conjugacy of the
actions up to a linear rescaling. We also introduce the general linear group
of an (abstract) tiling, prove its discreteness, and show that it is naturally
isomorphic with the (pointed) mapping class group of the tiling space. To
illustrate our theory, we compute the mapping class group for a five-fold
symmetric Penrose tiling.



1 Introduction

The goal of this work is three-fold. First, we propose a concept of an abstract self-
affine tiling action as a way of capturing the essential properties of the translation
actions associated to self-affine tilings or Delone sets. These have a large literature
devoted to them (see [Rob04, Sad08, LWO03, Sol06] for some entry points) most of
which is concerned with dynamical properties that are invariant under conjugacies.
A conjugacy invariant characterization of such actions among all R? actions on a
compact space is a logical step. Second, inspired by a rank-one result in [BS07], we
prove topological rigidity for tiling actions of arbitrary rank. Third, we introduce
concepts of a (pointed) mapping class group of a tiling space and of a general linear
group of a tiling and show that the two groups are naturally isomorphic. Setting
the abstract definitions aside for a moment, we first state the results in the context
of the prevailing definition of tiling actions, which we briefly recall below. (Later
we strive to adopt notations that should make it possible for a reader well versed
in tiling theory to follow the arguments without consulting the axioms.)

1.1 Results in the context of concrete tiling spaces

A tiling is a covering of R? by infinitely many sets with pairwise disjoint interiors
and each congruent under translation to a set in a finite family {oy,...,05} of
so called prototiles; each prototile is required to be compact and the closure of its
interior. A tiling  can be translated by a vector ¢ € R?, and z is called aperiodic
iff x +t = x implies that t = 0. Given a tiling x(, the closure of the set of all
its translates, X := cl{zo +t : t € R?}, is referred to as the tiling space of .
Here the closure is taken with respect to a suitable topology on the space of all
tilings whereby, roughly speaking, two tilings are considered close if upon small
translation they can be made to agree on a large neighborhood of the origin (see
e.g. [Rob04], cf. [RW92]).

It is desirable that X be compact, which is secured by stipulating finite local
complexity of xg, i.e., requiring that there are only finitely many congruency classes
of R-patches in zo. (Here by an R-patch we understand the tiles contained in a
ball of radius R.) In such case, X is not only a compact space but also locally a
product of R? by a Cantor set ([Kel95, KI00, BG03])!. On this space, R? acts by
translations and (in this context) we shall use 7" to denote the mapping x +— x +t.
The recurrence of patterns in xy is reflected by the recurrence properties of the
action T' = (T"),cre and our interest is in 7' that are minimal (i.e., every orbit is
dense). For a finite local complexity zg, T is minimal exactly when zq is repetitive,
i.e., for any R > 0 there is R; > 0 so that any R;-patch of x( contains a translated
copy of every R-patch of z.

The most intensively studied examples of aperiodic tilings have the property of
self-similarity. In its most restrictive sense this means that the tiling is invariant

IThis may fail near some points of the abstract tiling spaces.



under an inflation-substitution rule (see e.g. [Sol97]) but we will be quite content
with the following more general definitions. Given a linear isomorphism A : R? —
R? that is expanding (i.e., all its eigenvalues are greater than one in modulus), we
say that xq is A-self-affine iff there is a homeomorphism ® : X — X such that
®(x9) = xo and

TMo®d =doT" (VteRY. (1.1)

Furthermore, xq is self-similar iff it is A-self-affine with A that is conformal, i.e.,
A = AU where A\ > 1 and U is an orthogonal transformation of R¢. Self-affine
tilings are necessarily aperiodic.

Topological classification of tilings entails classifying their tiling spaces up to a
homeomorphism (or a pointed homeomorphism). Our first result (answering Ques-
tion 1 in [Cla07]) shows that such classification is not much cruder than the more
refined classification of the associated tiling actions up to a topological conjugacy.

Theorem 1.1 (translational rigidity) (c¢f. Theorem 5.3) Suppose that x, and
Ty are repetitive tilings of finite local complexity that are A-self-similar and A-self-
similar, respectively. Let (T")cga and (T"),cpa be the translation actions on the
corresponding tiling spaces X and X. If there is a homeomorphism hg : X — X,
then there is a linear isomorphism A : RY — R and a homeomorphism h : X — X
conjugating (T"),cga to the linear rescaling (T ,cga, i.e., ho T" =T o h (Vt €
R?).

Keep in mind that, due to the fact that locally tiling spaces are products of
a Cantor set by RY, hy must be an orbit equivalence (mapping orbits to orbits).
Hence, Tisa priori conjugated to a reparametrization (time change) of T. However,
arbitrary reparametrizations of 1" are hardly ever conjugated to a linear rescaling
of T'. This can already be observed in non-Pisot tilings subjected to deformations
of tiles (see [CS06] and also [Kel08]). The assumption of self-similarity on both T°
and T is therefore crucial. One wonders if self-affinity would be enough:

Question: Are there two self-affine tiling R%-actions for which the tiling spaces
are homeomorphic but the actions are not conjugated up to rescaling?

In an attempt to capture “topological symmetries” of a tiling, it is natural to
inquire about the group H(X,xo) of all pointed self~homeomorphisms of (X, xg),
ie.,

H(X,x) :={h: his a homeomorphism X — X with h(z) = xo}.

Among the elements of H (X, xy) we distinguish linear homeomorphisms comprising
h € H(X, xo) for which there exists a linear isomoprhism A : RY — R? such that

hoT'=T4oh (VteR?). (1.2)

Note that the homeomorphism h in the above definition is uniquely determined by
A because the translation orbit of xg is dense in X. (Indeed, for any = € X, we have
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To+t, — x for some (t,,) C R% and so h(z) = lim,, o h(zo+t,) = lim, o 2o+ At,.)
It is natural then to associate to xq the following subgroup of the group Gl4(R) of
all linear automorphisms of R%:

GU(T, o) == {A € Gly(R) : Fnen(x.0)Veera h*' 0T =hoT"}. (1.3)

We shall refer to this group as the general linear group of xy and simply write Gl(xg)
when there is no ambiguity as to the underlying action. The orthogonal elements
of Gl(xy) form a subgroup that is an analogue of the euclidean point symmetry
group of a crystal but may contain more than just the out-right symmetries of the
tiling x as a pattern in R?. For instance, consider the kite-and-dart Penrose tiling
xo obtained by repeated inflation and substitution of the regular pentagon made
of five kites (Figure 1.1%). It is not hard to see that, beside the obvious rotation
by 27/5, Gl(zg) contains the central symmetry ¢ — —t. (In terms of xzq, this
corresponds to the fact that, for any t, s € R?, xo+t and z + s coincide on a large
patch around the origin iff 29 —t and zy — s do s0®.) Thus GI(z) also contains the
rotation by 27/10 and the Penrose tiling zy is topologically 10-fold symmetric. (Its
statistical 10-fold symmetry is discussed in [Rad95].) Additionally, Gl(xy) contains
the golden dilation, A, X\ := (v/5 4 1)/2, which underpins the self-similarity of
x9. Together with the symmetry about the horizontal axis, the rotation by 27/10
and the golden dilation generate all of Gl(xy) (Theorem 10.1). Experimentally,
Gl(x) should manifest itself via linear symmetries of the diffraction spectrum of
the quasi-crystal modeled by xq (cf. Fact 10.2).

Theorem 1.2 (discreteness) (cf. Lemma 6.1) For any repetitive tiling xo of fi-
nite local complezity, the group Gl(zo) is a discrete subgroup of Glg(R).

This theorem is hardly surprising but it records a fundamental property of
Gl(x). In fact, GI(T,xzo) is a well defined discrete subgroup of Giy(R) for any
Re-action T on a compact space X and xy € X provided T is minimal and such
that x + ¢ # x for sufficiently small t € R? and z € X. (See the axiom (NFP),
ahead.) Aperiodicity is not required, and a “baby example” is provided by a
Z%-periodic tiling of R? by translates of the unit cube, for which Gi(zg) is the
classical group Gly(Z). For 1-dimensional tilings, Gl(z) is a discrete subgroup of
Gl (R) ~ R* := R\ {0}, and it is non-trivial for self-similar xy (when its orientation
preserving part GI*(z,) is isomorphic to Z). By taking the mth Cartesian power
of a self-similar tiling (with the R™-action 7% x --- X T%) one obtains richer
Gl(zo) containing as a subgroup the semi-direct product of Z™ by the permutation
group %,,. However, characterization of possible groups Gl(zg) or, for that matter,
systematic computation of Gl(zy) in dimension n > 1 is not entirely trivial, as
evidenced by the following algebraic sub-problem.

2Created by modifying Eric W. Weisstein’s Mathematica code, available at mathworld.
wolfram.com/PenroseTiles.html.
3More precisely, for any (t,,), (sn) C R?, dist(zg+t,, o+ 5,) — 0 iff dist(xg —ty,, 2o —5,) — O.
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Figure 1.1: The 5-fold symmetric “sun” Penrose tiling is topologically 10-fold symmetric.
In particular, it is topologically centrally symmetric. The highlighted patches illustrate
this topological central symmetry: occurrence of the same (large) patch at s,t € R?
forces coincidence of (maybe somewhat smaller) patches at —s and —t.

Consider the classical Kronecker actions whereby R? acts on the torus X =

where vy, . . ., vg are fixed vectors with the linear span E := lin(vy, ..., vy) satisfying
E+ nQ** = {0} to secure minimality. Fix zy € T4 say zo := 0. For k = 0, we
get GU(T g, v0) = Gl4(Z), as already observed. For d = 1, note that Gl(Ty,, xo) =
{I} unless vy is algebraic over Q in the sense that it is an eigenvector of some
rational (d + k) x (d + k) matrix A. Suppose then that v, is algebraic and (for
simplicity) of degree d + k, i.e., the matrix A does not reduce over Q. Then the
algebra K of rational matrices that commute with A, K := {B € Qd+kx(d+k) .
BA = AB}, is a field and GI(T},,z) can be seeen to coincide with the group
of the algebraic integers that are units of . It is not hard to see that any finite
extension K of Q@ can arise in this way so classification of the groups Gi(T},, zo)
subsumes a classical theme in algebraic number theory. For d > 2, many examples



can be analyzed but a general theory of Gi(Ty,,, x¢) for Kronecker actions has yet
to be developed.

Our interest in Kronecker actions, or more generally minimal algebraic actions
T,y of R? on a compact abelian group (to which our discussion readily extends),
stems from the construction of the mazimal equicontinuous factor (see [ELG9)),
which associates such an algebraic action to any minimal R%action, including
minimal tiling actions. The factor map induces a homomorphism of the general
linear group of the tiling into the general linear group of the algebraic action
(Proposition 10.6).

Returning to our main development, the importance of Gl(z) is in its connec-
tion with the pointed mapping class group MCG (X, xy), which we define as the
quotient

MCG(X, xzo) == H(X, z0)/Ho(X, x0) (1.4)
where
Ho(X, xo) :={f € H(X, x0) : Elw:Xw_nfRd Veex f(z) =2+ ¢(x)}. (1.5)

Observe that Ho(X, zo) consists of all pointed homeomorphisms in H(X, xg) that
are homotopic to the identity*. Indeed, on one hand, the total disconnectedness
of X in the direction transversal to the action forces any homotopy starting at
the identity to terminate at f of the form f(z) = z + ¢(x) (cf. the lemma in
[Kwal]). On the other hand, any f € Hy(X,zp) homotopes to the identity via
F(t,z) .= x+tY(z), t € [0,1]. Possibly, such f is also isotopic to the identity and
Ho(X, xo) is the connected component of the identity in H(X, zo), but we do not
want to be distracted by this delicate issue. Here, all we need is the simple fact
that Ho(X, x¢) is a normal subgroup® of H(X, zy), making MCG(X, z,) a group,
and that we have a natural homomorphism Gl(zy) — MCG(X, zg) sending A to
the coset [h] where h is the unique homeomorphism satisfying (1.2).

Theorem 1.3 (MCG) For a self-similar repetitive tiling xo of finite local com-
plexity, MCG(X,xq) is isomorphic to Gl(xy) via the natural map Gl(xy) —
MCG(X, ZL’Q).

The above theorem is readily obtained by specializing the following addendum
to Theorem 1.1 to the case when X = X and applying it to an arbitrary hg €
H(X, [L'()) .

Theorem 1.4 (global linearization) In the context of Theorem 1.1, if addition-
ally ho(zo) = Zg, then hy is homotopic to some homeomorphism hy, : X — X such
that hyn(xo) = To and hyy, is linear.

40r merely preserve each R%-orbit [Kwa].
To see the group property, let f(z) = z+1(x) and g(x) = x+¢(x); then go f~1(x) = x+~(z)
where y(z) = —t o f~1(x) + ¢ o f~1(x). Normality is even more clear.
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Before parting with concrete tilings, let us note the following corollary (whose
proof is at the end of Section 6, also see Proposition 10.4).

Corollary 1.5 (expanding rigidity) Under the assumptions of Theorem 1.4,
there are m,n € N such that ®" and ®™ are topologically conjugated.

This should be compared to the main result of [BS07] where the case of one-
dimensional tilings was dealt with (by different methods) and which initiated this
study. We note that Corollary 1.5 is weaker than the one-dimensional result in that
it postulates that the homeomorphism hy maps xg to Zp. Such a priori “pinning
down” of hy would not have been necessary if we knew more about the inhomo-
geneities of self-similar tiling spaces (cf. [BDOT]).

1.2 Abstract tiling spaces

We turn attention to axioms for abstract self-affine tiling actions which are designed
to include all actions associated to finite local complexity tilings, Delone sets,
or expansive R%solenoids ([BG03]). The theorems advertised so far only in the
context of concrete tilings are stated and proven in their definitive form in the
sections that follow. Beside offering some degree of unification, we also clarify the
position of tiling theory within the larger field of dynamical systems.

Let T = (T%),cpe be an action of R? on a compact metric space X with metric
d. Often, Tz will be simply denoted by x+t. The action is called an abstract tiling
action iff it satisfies the following hypotheses for some positive constants rg, ly, g
with [y < 7.

For R > 0, we set Br(A) := {z : dist(z, A) < R}. We write Bg(t) for Br({t})
and Bg for Bg(0). Also, B_g(A) :={s: Bgr(s) C A}.

(NFP),y: Vocx, tere if 24+t =2 and [t| < ry then t = 0.

(WE),p a0t Vayex ifd +ty+1t) < Agforallt € RY then =z = y +
s for some s € B,,.

(PS)TO,IO,AO: v0<5<A0 EI51>0 vgv,yeX7 UCR? connected if inf|s\§l0 d(.ﬁ(f + t7 Yy + 5+ t) <
0 for allt € U, then thereis s € B,, such thatd(z + t,y + s + 1) <
0 forallteU.

Remark 1.6 As soon as (NFP),, is satisfied for some ro > 0,
po(r) :==inf{d(z,z+1t): ze€ X, r <|t| <ro} (1.6)

is a positive continuous monotonic function of r € (0,79]. By considering t = 0
in (WE)yy.no and (PS)rgi10.00.Ry, the shift s existence of which they stipulate must
satisfy |s| < lo + ug ' (Ao), where the right hand side can be made arbitrarily small
by taking small ly and Ag. Thus, if the three axioms can be satisfied, then they can
be satisfied with ro that is as small as we wish.
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A few comments on the axioms are in order. The existence of rq > 0 securing
the no fized points axiom (NFP) is easily seen to be equivalent to the absence of
r € X fixed by a nontrivial connected subgroup of R? (i.e., {t € R?: x+t = 2} is
discrete for all z). The hypothesis (WE) is, in turn, a weak form of expansiveness
considered already in [BW72] (see also [KS79, Oka90]); although, it was deemed
there unsatisfactory because it allows for uncountably many periodic orbits. Such
is the case in the flow rotating, with a constant nonzero linear speed, the concen-
tric circles in a planar annulus. Here (WE) holds thanks to the shearing action
separating points of nearby circles by increasing their phase (angular) separation.
The pivotal hypothesis (PS) stipulates a kind of phase stability that precludes such
shearing behavior. (It would be simply a consequence of the continuity of 7 if
not for the fact that the diameter diam(U) can be arbitrarily large.) By itself,
(PS) clearly holds for the multitude of (non-expansive) actions by isometries. The
combination of (WE) and (PS) assures that abstract tiling actions are expansive
in the stronger sense of [BW72]. We note that to prove our results we do not have
to insist on U being an arbitrary connected set: we use (PS) only for U that are
(large) solid ellipsoids in R?.

Our final axiom is the self-affinity:

(EXP) there is a continuous ® : X — X and an expanding linear map A : R —
R? such that
TMod=doT"  (VteRY). (1.7)

In many arguments it will be important that ® in (EXP) is actually a homeomor-
phism. This is a priori true for the actions we consider on the force of Theorem 8.1
(which is an incarnation of the recognizability results in [Mos92, Sol98]).

Definition 1.7 An abstract tiling action T on X satisfying (EXP) is called an
abstract self-affine tiling action. If additionally X 1is locally a product of a Cantor
set and R?, the action is FLC (for Finite Local Complexity). If the linear map A
is conformal, the action is self-similar.

To justify our separating out the FLC hypothesis, we note that abstract self-
affine abstract tiling actions include some interesting actions associated with tilings
found in [PFS] that fail the finite local complexity hypothesis. Other examples, like
the Pinwheel tiling [Rad94, Sad98], remain outside the realm of our theory because
their Re-actions fail the expansivity. Also, as it is well known, (EXP) with an
invertible ® and (NFP) imply aperiodicity: z+t = z forces ®~"(z)+A""t = ®7"(x)
where |A™"t| — 0 by the expanding property of A and so A=t = 0 for some n
by (NFP). In any case, we are almost exclusively interested in actions that are
minimal and uniquely ergodic. (The unique ergodicity is already a consequence of
minimality for self-affine abstract tiling actions per Theorem 9.1, cf. [Sol97].)

The important feature of our axioms is their purely topological nature: each
is invariant under conjugating the action by a homeomorphism. The proof of the
following theorem is a routine exercise.



Theorem 1.8 (intrinsicity) Among all R%-actions on compact metric spaces, the
classes of abstract tiling actions, self-affine abstract tiling actions, and self-similar
abstract tiling actions (with or without FLC) are invariant under topological con-

Jugacy.

It is one of our main technical observations that the hyperbolicity and the
requisite local product structure (Smale space, [AP98]) typically afforded by the
inflation-substitution formulation of self-similarity can be recovered (Section 2)
already from purely topological hypotheses and without postulating any geometric
structure (like that of a G-solenoid in [BG03]). At the same time, with the product
structure at our disposal, we can invoke the standard results on existence of Markov
partitions to strip away the abstractness and reconnect with concrete tilings:

Theorem 1.9 (tiling model) For any minimal abstract self-affine tiling action
T (acting on X ), there is a repetitive self-affine tiling with finite local complexity
such that its tiling space’ Y maps to X wvia a finite-to-one continuous map m:Y —
X which factors the translation action on'Y to T. The factor map w : Y — X
1s 1-1 on the complement of a nowhere dense set of measure zero. Moreover,
if the abstract tiling action T is additionally FLC, then m is a homeomorphism
conjugating T' to the translation action on 'Y .

Putting together the two last theorems shows that the translation actions as-
sociated to repetitive self-affine tiling spaces of finite local complexity form a class
of R%actions that is closed under topological conjugacy.

Finally, we mention that the prototiles constructed in the proof of the theorem
(Section 3) satisfy an exact inflation-substitution rule and thus are typically very
fractal and possibly disconnected. If one is content with only an approximate
inflation-substitution rule then the results in [Pri00, PS01] concern passing to nice
polyhedral tilings.

The structure of the paper is easily revealed by the section titles. Sec-
tions 2 and 4 develop key tools. Sections 3, 5, 6 contain the proofs of the flagship
theorems together with their more general and technical formulations. The appen-
dices collect results that are tangential to our main development with the lengthy
Appendix 10 offering insights into computation of the mapping class groups to-
gether with two examples.

Acknowledgment
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2 Local Product Structure

For concrete self-affine tiling spaces the key technical device is the local product
structure whereby the tiling space is locally decomposed into a cartesian product
U x C where U is an open set in R? and C is the transversal made of tilings that
coincide on a large patch about the origin. In the self-affine case, C' is nothing else
than the local stable set of the inflation-substitution map ® and our objective in this
section is to construct this set based on purely topological axioms. In particular,
we show that abstract self-affine tiling spaces are Smale spaces (cf. [AP98]). We
note that considering more than one ® on the same space X is an important facet
of our approach.

We assume that X is a self-affine abstract tiling space and our goal is to con-
struct the local stable set of a point x € X with respect to any ® that satisfies
(EXP). When ® is unambiguous, for A € (0,A), E C R% and 2,y € X, we use
the following notations:

2@ =y dz+t,y+t)< A forallteE,
2@ 2y E @z ), 0"y +1) < A forallte B, m >0,

We also adopt the standard definition of the e-local stable set of x with respect to
P,
We(x, ®) :={y: d(®"z,®"y) < e for all n > 0}. (2.1)

Ostensibly, x\SEA) = y\%) abstracts the situation of tilings x and y having the
same patches over E up to a small translation. It can be used for expressing
proximity of x and y because the family of sets

Uno = {ye Xyl =250}, R>0, (2.2)

constitutes a basis of the topology at x € X. This can be deduced from Remark 1.6
and the following consequence of the expansivity axiom (WE).

Fact 2.1 V5.0 Jr >0 Vayex ifd(x+t,y+t) < Ag forall [t| < Ry, thend(z+s,y) <
§ for some s with |s| < rq. Moreover, |s| < ug*(8) (where g is as in Remark 1.6).

Proof of Fact 2.1: Suppose the implication fails: there exist § > 0 and sequences
() and (yn) such that d(z, +t,y,+t) < A for all || < n yet d(x,+s,y,) > 6 for
all |s| < rg. X being compact, we may assume that the sequences converge to some
x and y, respectively. Then d(x +t,y +t) < Ag for all t € R? yet d(z + s,y) > 6
if |s| < ro. This is a contradiction because (WE),, a, yields y = x + s for some
|s| < 7. That |s| < pg*(8) follows from d(x + s,9) < §. O

The relation :):|§EA) = y|§EA) is stronger than {E|SEA) = y|§EA) and corresponds to x
and y having the same patches over F without adjusting by a small translation.
It provides the following convenient description of the local stable sets (the proof
of which is omitted).
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Fact 2.2 Fiz A € (0,Aq]. Given a radius R >0 , if € > 0 is small enough, then
s A) s A
yeWi(a, @) = ylf) = alf).
Vice versa, given € > 0, if the radius R > 0 s large enough, then
A) s A s
ylby 2ol = y € Wiz, @).

The lemma below is an abstract analogue of the fundamental fact that any
tiling y sufficiently near x can be adjusted by a minute translation to coincide with
x on a large patch.

Lemma 2.3 (local stable sets) Fiz ¢ > 0. For any ® that satisfies (EXP),
given x € X, the set W5(x,®) is a local cross section in the sense that: there is
€1 > 0 (independent of x) so that if d(y,x) < € then there ezists y, € W2 (x,®)
with y = y. + t. for some t, € B,,.

Moreover, given R > 0, ¢ > 0 can be taken small enough (depending on ®
only) so that

r + T|§BARO) =y, + T|BARO) for all T € B,,. (2.3)

Remark 2.4 Taking ¢ > 0 small enough, we can ask that additionally (for all
x € X) we have y. + 17 € W?(x + 1,P) for all T € B,, and that y. is the unique
point of (y + B,,) N We(z, ®).

Postponing the proofs for a moment, we adopt the traditional bracket notation
for the point y,:

[, y]A = Y. (2.4)

Here the necessity of assuring proximity of z and y as stipulated by the lemma and
the remark is silently understood. Note that the remark gives that [x + 7,y]a =
[z,y]a + 7 for small 7 (i.e., the R%action permutes stable local sets). Also, taking
T = t, in the remark, we see that y = [z + ¢, y.]x. Thus a point y near x can be
uniquely described by a pair (z+t,y.) € (x+ B,,) x W2(z, ®). Upon taking e > 0
small enough, we obtain an identification y < (x+t, y.) between a neighborhood of
x and (x + B,,) x W?(x,®). This identification is called the local product structure
near x € X. It is effected by a homeomorphism as can be seen with the help of
the lemma below.

Lemma 2.5 (continuity of local product structure) The [z,y]|s is a contin-
uous function of the triple (x,y,\). Precisely, taking €,¢; > 0 as in Lemma 2.3
and Remark 2.4 , for any n > 0 there is p > 0 so that, if d(y,y’) < p and
d(z,2') < p and ® and @' are two maps satisfying (EXP) with |\ — A|| < u, then
We(x, @) and WE(a', @) are both local cross-sections (in the sense of Lemma 2.3)
and d([z,y]a, [2",y]a) <n.
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Proof of Lemma 2.3: The plan is to construct y, and establish (2.3) for an
arbitrarily given R > 0. Setting 7 = 0 in (2.3) already gives y. € W?(x, ®) by
Fact 2.2.

We fix R > 0 and start with a tedious selection of a number of auxilliary
constants. Fix x, € (0,1) at will. Suppose that ® o T* = T o ®, t € R?, where
the linear map A : R? — R? is expanding so that there are A > 1 and C; > 0 with
|A™t] > C1A™t| for all m € N, t € R%. One can pick x; € (0,1), j =1,2,3,..., so
that .
inf #y o (1 = )N < o0 and [I5 € (s..1). (2.5)

m>

j=1
(Indeed, taking A\, € (1, \) and setting ; := (1—cA;”) does the job provided ¢ > 0
is small.)

By using continuity of ®, pick 6 € (0, Ay/2) so that
Ay, 2) <6 = d(®(2),B(y)) < Ao/2 (V2 € X).

Shrink § if necessary so that uy'(d) < Iy and

sup {d(z +t,2): z€ X, |t| < pgt(d) - Z ||A_k||} <min{Ay/2,70}.  (2.6)
k=1

Let 01 in (PS),, 10,4, be chosen for this ¢, and R; be chosen for the §; as in Fact 2.1.
Take Lg large enough so that

R < K*LO —To (27>
and
R, < Cllil s Iim(l — Hm+1))\m+1L0 (Vm c N) (28)
We claim that this secures
B—R1 (I{,m cee I{,lAm—HBLO) D) Km4+1 - K,lAm—HBLO (Vm € N) (29)

(Recall, B_g(D) := {x : Bg(x) C D}.) To verify the claim, take = €
K1 - - k1 A" B, and observe that

K1 Bm(l — Kma1) Lo + K1+ Ky Lo = K1+ K Lo
guarantees that, in the string of the following inclusions (based on (2.8))
Br, (2) C Boyam+1ny s (1—kms1) Lo (T) C A" By k(1= 1)L (),
the largest set is contained in A™ ™' B, . r,. Thatis Bg,(x) C A" B, . .50,

affirming (2.9).
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Finally, let €; > 0 be small enough so that
d(z,y) <eg = d(z+t,y+t)<dforalte Bp,. (2.10)

To begin the main construction, fix x € X and take y € X with d(x,y) < € so
that
dlz+t,y+t)<odforallte B (2.11)

Set 4o := y and sy := 0 and k( := 1. We shall generate by induction a sequence
S1, S, ... of points in B,, so that y; := yo + A7 sy, y2 := y1 + A" 2sy, ... satisfy

d(®"z +t, Py, +t) < 6 for all t € Ky, - - - KoA" By,. (2.12)

For n = 0, (2.12) coincides with (2.11). If y,_; is already constructed for some
n > 1 then application of ® to the version of (2.12) with n replaced by n — 1 yields
(by the choice of §)

d(®"x +t,P"y, 1 +1t) < A forall t € k,_1---KoA"Byp,.

Invoking Fact 2.1 for each t € kK, - - - kgA"Br, C B_g, (kn_1- - koA"Bp,) (where we
used (2.9)) produces s(t) € B,-1(5 C By, with d(®"z + 1, @y, 1 + ¢ + (1)) < d1.
From (PS);q0,a, applied to U = k,, - - - koA" B, there is s, € B 15 C By, C By,
such that

d(®"x +t, D"y, +t+s,) <6 forallter, - rA"Bp,.

That is ¥, := yn_1 + A™"s, satisfies (2.12) concluding the induction step.
In view of (2.12) and (2.5), the constructed sequence (s,) C By, is such that

Yo =y+ A5+ A s+ + AT, (2.13)

satisfy
d(®"z +t, ®"y, +t) < 0 for all t € K, A"Byp,. (2.14)

Furthermore, for m < n, we have 4, = ym + A~ Vs, .1 + ...+ A™"s,, so that,
for all t € k., A™Byp,, the stipulation (2.6) lets us estimate

d(®"z +t, "y, +t) < d(P"x +t, D"y, + 1) (2.15)
+ (D™ Yy + t, DYy + A i1 + .+ AT 1)
<o+ AQ/Q < AQ.

Thus, if we let

Yo =yt t, toi=> Ay (2.16)
k=1

then t, € B,, by (2.6); and taking the limit with n — oo in (2.15) yields

d(®™z +t, ®™y, +t) <Ay forall t € r,A"By,. (2.17)
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For 7 € B,,, substituting ¢t = t' + A7 yields
d(@"(z+7)+t, 9™ (ys +7)+t') < Ag for all ' € A"B_, (k.Br,).  (2.18)

This means that our goal relation (2.3) holds because Bg C B_,,(k.BL,) on the
force of (2.7). O

Proof of Remark 2.4: That y,.+71 € W?(x+1, ®) for 7 € B,, follows immediately
from (2.3) and Fact 2.2 upon taking R > 0 large enough. We turn then to the
uniqueness of y,. There is A\; > 1 that depends on A so that any orbit (A™s).cz
for s # 0 intersects the “shell”

Q:={s": ro/M\ < || <o}
Let € > 0 be so small that 2e < pg(ro/A1) and
Vimez A™s € Qand 0 < |s| < g (2¢) = m > 0.

If (y+ B,,) N W(x,®) contained, beside y., also y. + s for some s € By, \ {0},
then

d(®"y., D"y + A™s) < d(PMy., P"x) + d(PMx, P (Y. + 5)) < 26¢  (Vm > 0).
(2.19)
Taking m = 0, we get d(y.,y. + 5) < 2¢ so that |s| < pug'(2¢). Also, taking
the m with A™s € ), the definition of ug(ro/A\;) yields a contradiction: 2e >
d(®™y., D™y + A™s) > pio(ro/A1). O

Proof of Lemma 2.5: From (2.16), y, is of the form y + s where s is a sum
of an absolutely convergent series and, given an arbitrary v > 0, there is N € N
such that, for all sequences (s,) C B,, and A’ in a small neighborhood of fixed
expanding map A, we have a uniform bound on the tail: Y ;-\ |A"Fsi|| < v/2.
Moreover, being specified via strict inequalities, the shifts s;,..., sy constructed
for y, z, ® continue to satisfy the requirements of the construction (chiefly (2.12))
for all small perturbations y', 2’, ®'. Therefore, if A and A’ are so close that also
SOV IATE — A7F|[|[sk]l < 7/2, then ¢ = ¢ + &' and y. = y + s with |s — §'| <
V/2+7/2=".

Taking into account continuity of the R%-action, that [z,y]rn = . = y + s is
continuous in y, z, A follows by the arbitrariness of 7. O

3 Markov Tilings: proof of Theorem 1.9
As already indicated in the introduction, with the local product structure at our

disposal, the proof of the theorem hinges on invoking Bowen’s construction of
Markov partitions ([Bow70]). A tiling space that factors to X is then constructed
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as the impression of the Markov boxes on a single R%-orbit. We give an outline
omitting the routine details.

Sketch of proof of Theorem 1.9: The local product structure allows us to cover X
by a finite collection of open sets W;, © =1,..., N, where W; is the homeomorphic
image under the [, -|4 map of the cartesian product (x; + B,,) x W’(z;, ®) for some
points x; € X. A set () C X is called a proper rectangle iff it is contained in some
W; and Q = [Q", Q°]x where Q" C z; + B,, and Q° C W?(z;, ®) are closures of
their interiors. The boundary of ) is contained in the union 9“Q) U 0°Q) where
Q= [Q",0Q°]y and 0°Q := [0Q", Q*]a are referred to as the unstable boundary
of () and the stable boundary of (), respectively. Bowen’s construction reworks the
covering (W;)X, by the rectangles into a covering (Qj)jj‘il by proper rectangles
with pairwise disjoint interiors that satisfies the Markov property: ® maps | J ; 0Q;
into itself and ®~! maps (J ; 0Q% into itself. The diameters of (; can be made
arbitrarily small; we ask that they do not exceed the expansivity constant A.

Because the orbit of | J; 0"Q; under (") is easily expressed as a countable union
of closed nowhere dense sets, there is a dense G set G of points x € X such that
r + R does not intersect U; 9"Q; and G is invariant under &, ®(G) = G. For
each z € G, the immersion R? 3 t — x —t pulls back the Markov partition of X to
an essentially disjoint covering 7, of R? into sets, each translationally congruent to
some QY. In particular, 7, is a tiling of R? with prototiles Q. Forx € G, x + R
may have points in more then one ); making the pull back ambiguous so that z
is associated not to a single tiling but to a possibly infinite family of tilings, which
we still denote 7.

Because there are only finitely many (); and they are all proper rectangles, the
number of distinct R-patches centered at 0 appearing in the tilings in 7, is finite
for any R > 0,z € X. As a consequence, we cannot have R > 0 and a sequence
(x,) C G convergent to some x € X for which the R-patches centered at 0 are
pairwise translationally incongruent. By compactness of X, this assures that, for
any R > 0, there are only finitely many incongruent R-patches in (J .y 7,. In
particular, the tiling 7, has finite local complexity for any x € G.

Upon fixing x € G, we can form the translation hull of 7,

YVi=c{n+t: teR (3.1)

where the closure is with respect to the standard topology on tilings. Because the
association G 3 z — T, is continuous and 7,,; = 7, + t, the minimality of the
action (T") assures that Y does not depend on z € G.

Now, by sending Y 3 7, — 2 € X we have a densely defined map on Y which
is uniformly continuous because, if 7, and 7,/ are close to each other, then there is
a small translation s such that x+t and 2’ + s+t reside in the same Markov boxes
for all ¢ in a ball of large radius; and the expansivity axiom assures then that x and
2’ + s are close to each other in X. Therefore, G > 7, — x uniquely extends to a
continuous map 7 : Y — X. Of course, 7 factors the translation action on tilings
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to the action (77%) on X: 7(7) +t = 7(7 +t). The translation on Y is minimal
because (T%) is minimal on X, and 7 is injective on 7~ *(G) by design.

®|; induces a densely defined map on Y; namely, 77 o ®|g o7 on 7 }G). It
again extends uniquely to all of Y by continuity. Moreover, the Markov property
guarantees that this mapping, which we continue to denote by ®, is associated with
some inflation-substitution on the prototiles 2, 7 = 1,..., M. Thus Y is a minimal
tiling space of finite local complexity generated by an inflation-substitution rule.

To finish the proof of the main assertion of the theorem, we have to argue that
7 is at most K to one for some K > 0. By the recognizability result in [Sol9§],
® .Y — Y is a homeomorphism. Upon fixing Ry > 0, we already know that
there are only finitely many Ry-patches centered at the origin that can appear in
7 € Uuex ™ H(x). Let their number be K. Consider z € X and R > 0. Any
R-patch of 7 € 7! (x) centered at the origin is contained in the result of the n-
fold inflation-substitution applied to the Ro-path in the ®~"(7) provided n is large
enough. Thus there are at most K such R-patches among all 7 € 7~ 1(x). By
arbitrariness of R, the cardinality of 7(x) is at most K.

Finally, “the moreover part” hinges on the fact that, when X is locally a product
of a Cantor set and R%, the initial covering (W;)X, in Bowen’s construction can be
taken such that each W; is clopen when projected onto its local Cantor component.
Hence, (J; 0“W; = 0 and thus also (J; 0"Q; = 0. This assures that the good set G
is all of X, making 7 injective. O

For the sake of the proof of recognizability in Appendix 8, we record the fol-
lowing immediate corollary of the existence of Markov partitions in the above
argument.

Corollary 3.1 Under the assumptions of Theorem 1.9, the map ® : X — X in
(EXP) is a continuous a.e. 1-1 factor of a two sided mixing topological Markov
chain. In particular, the periodic points of ® are dense in X.

4 Reparametrizations of Actions and Averaging
of Cocycles

This section collects some fundamentals about reparametrizations and the associ-
ated cocycles for uniquely ergodic R?-actions on a compact space X (cf. [Kat03]).
(It does not use the expanding dynamics ®.) Lemma 4.1 below will be instrumental
in the proof of Theorem 1.1.

By a (continuous) reparametrization of (T"),cra we understand any other action
(S%),era for which there are continuous a, 3 : X x RY — R? such that

Tty = 5@  and Sz = T°@0g (Vo € X,t € RY). (4.1)

The relation between (7%) and (S?) is clearly symmetric. The group property of the
actions, Th T2 = Th o T? and S*2 = §% o 2 implies that « has the cocycle
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property:
ozt +to) = alz, ty) + (T2, ty) (Vi € R 2 € X). (4.2)

The analogous cocycle property holds for 5. Note that o and [ are related by
a(x, B(x,t)) =t, so B can be recovered from a.

Any function o : X x R? — R? satisfying (4.2) is called a cocycle over (T*).
Given such a cocycle for which ¢ +— «a(z,t) is invertible with the inverse defining a
continuous S : X x RY — R? the cocycle property of a assures that the formula
Stz = TP@y defines a reparametrization of (T*). 6

There are always plenty of reparametrizations for any given (T") of which the
simplest are the (linear) rescalings given by S'x := T4'z where A : R — R?
is a linear isomorphism. A common scenario giving rise to reparametrizations
entails being presented with another R%-action (7%) on some X for which there
is a homeomorphism hy : X — X mapping the orbits of (T") to the orbits of
(T"). Then S* := hg' o T" o hy defines a reparametrization of (T%). Although, any
reparametrization (S*) of (7%) is obtainable in this way (as one can simply take
ho = Id and let Tt = S*), this is no longer true when one is faced with some a
priori restrictions on (7%). For instance, in the extreme case when one insists that
X = X and (T%) = (T%), (S*) has to be conjugated to (T*). From this perspective,
Theorem 1.1 concerns the class of reparametrizations arising when both (7%) and
(T") are stipulated to be abstract self-similar tiling actions and it asserts that the
reparametrization is conjugated to a linear rescaling of the original action (7). The
following variant of the uniform ergodic theorem will be instrumental in identifying
the right rescaling matrix A.

Lemma 4.1 (averaging) Suppose that (T*) is a uniquely ergodic R%-action on a
compact space X and that o : X x R? — R is a continuous cocycle, then there
exists a linear map A : RY — R such that

1
lim -a(z,sv) = Av (Vv € RY, x € X). (4.3)

s—4+00 §

The limit is uniform in the sense that

lim  sup = 0. (4.4)

57F00 |y|=1,zeX

Remark 4.2 If additionally o arises from a reparametrization (S*) which is also
uniquely ergodic then A must be a linear isomorphism.

6To see the group property for S one needs the cocycle property for 3: B(z,t1 + t2) =
Bz, t1)+B(S" 2, t2). Upon setting s1 := B(z,t1) and sg := B(Stx,t3) = B(T* 2, ts), this rewrites
as Bz, a(x,s1)+a(T* x, s2)) = s1+ s2 and reduces to the tautology S(z, a(z, s1+s2)) = s1+ S2
via the cocycle property of a.
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Proof of Remark 4.2: Because (S*) is also uniquely ergodic, we can apply the
lemma to the cocycle 3 in (4.1) to get the corresponding average B : RY — RY lin-
ear. Then taking any v € R?, passage to the limit with s — oo in La(z, 3(z, sv)) =
v yields ABv = v. Likewise, BAv = v. Hence, B= A"1. O

Before proving the lemma observe that, if v = u; 4 - - - + ug, then the cocycle
property yields

a(z,v) = a(z,u) + ol +ug,u) + -+ oz +ug + -+ up_q, ug). (4.5)
In particular, taking k € [|v|, |v| + 1) NN and w; := v/k, we conclude that

la(z,v)| < Colv| + Cy (Vo € X,v € R (4.6)

where Co := sup,c x <1 lo(z, v)]. 7

The formula (4 5) also suggests recovering a(z,v) from its “derivative”
o (x,v) = hmA_,o NG ( ,Av). If the limit exists « is branded a smooth cocycle

and (4.5) yields «a(z,v) fo (x + tv,v) dt. However, we only need a cruder fact,
valid for all continuous a.

Fact 4.3 Given a cocycle o and A > 0, there is a constant C' > 0 such that, for
any unit vector v € R and any v € X, we have

a(z, sv)—/ %a(m%—tv,Av) dt| < C. (4.7)
0

Proof of Fact 4.3: Fix a and A > 0. In view of (4.6), we may well restrict
attention to s that are integer multiples of A, i.e., s = mA for some m € N.8
The integral can be approximated by its mnth Riemann sum with a step h :=

Tnﬁ, as given by
alx, Av) a(x + hv, Av) alx 4+ (mn — 1)hv, Av)
A h + A h+--+ x h
1

=— [a(z, Av) + a(z + hv, Av) - - - + a(z + (mn — 1)hv, Av)].

3

This sum can be reworked by vigorous application of the cocycle property to be-
come

n

1 (na(:c, sv) — Z alx, jho) + Z alx + sv,jhv)) = a(x, sv) + Error

n - -
Jj=1 Jj=1

"In fact, any cocycle is homologous to one that is Lipschitz (in the sense that |a(x,v)| < Colv]).
See [Kat03].
Indeed, sup,cx. Iv\

_1|xaly, Av)| < 4oo and |a(z,sv) — a(z, [s/A]Av)|] = |a(z —
[s/A]Av, (s — [s/A]A)o)]

=
< SUPyex, |t|<Aa a(x, t)
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where | Error | <sup,cy, ju<a la(y, u)| < +oo since jh < A. The inequality (4.7)
obtains by letting n — oco. O

Proof of Lemma 4.1: First of all, upon fixing v € R¢, for a.e. x, Birkhoff Ergodic
Theorem applied to the R-sub-action along v assures existence of the limit
A, v) = Tim Ya(z,sv) = 1 1/81(+tA)dt (4.8)
z,v):= lim —a(x,sv)= lim - —a(zr + tv, Av)dt. .
’ s—+00 S ’ s—+00 S Jg A ’
Of course, this does not give us the independence on x and the uniformity of the
convergence.

Claim 4.4 Voo Iy0 8,8 > 50 = |Sa(2/,s'v) = La(z, sv)| <€ forall jv] <1
and x,z' € X.

The claim readily implies that 2a(x, sv) converges to a limit A(v) independent
of x in a way that (4.4) holds. That v — A(v) is linear can be then seen by passing
to the limit in

1 1
—a(x — sv, sv)
s

ga(:v, —sv) = —

to get A(—v) = —A(v), and in
1
;a(m, s(ar1v1 + agvy)) = a3—a(x, sajvy) + as—a(x + sayvy, Sagvs)

Saq SS9

to get A(ayv1 + azvs) = a1 A(vy) + asA(vy) for a; > 0 and v; € RY, i =1, 2.
It remains to prove the claim. Suppose that the claim fails and we have € > 0,
unit vectors vy € R%, zp,, 7, € X, and sy, s}, — oo such that

1 1
—ao(xy, spuk) — —a(zg, spop)| > € (Vk € N).

By passing to a subsequence and using (4.6), we can replace vy by their accumu-
lation point v and still have

1 1 Cosy|v — C C — C
—ao(xy, s,v) — —o(@g, Spv)| > e—( 03[V /Uk| +Co) _ (Coselo = vil + Co) > €/2
(4.9)

for sufficiently large k. Furthermore, by using Fact 4.3 with A =1, we get

1 s, 1 Sk
—// a(zy, + tv,v)dt — —/ ax, +tv,v)dt] > e/4 (4.10)
0 0

for sufficiently large k.
Now, let Ji be the segment from 0 to sxv, Ji := [0, si]v, and let W}, be the

(d — 1)-disk of radius® ry = 5,16/ ? centered at the origin and perpendicular to v.

9All we need of 7, is that 7, — oo and 74 /s — 0.
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Thus Jj, + W, is a slender cylinder in R?. Denote by 6§, the normalized volume
measure carried by the orbit piece zy + (Jx + W), that is, for any continuous test
function u on X, we set

1
i I S — +7)]d 411
/“ ¢ Vol(dr - W) [;k+wku(xk )l (&-11)

where |d7|, indicates the Lebesgue integration in R%. A set of parallel definitions
produces J;; and we may assume (upon passing to subsequences) that 5 and Jj,
weak™ converge to some Borel probability measures p and g/, respectively. By
construction, g is invariant under (7%). Indeed, upon fixing ¢ € RY, the ratio of the
volume of the symmetric difference of (Jy + Wy) +t and Ji, + Wy to the volume of
Ji + Wy, is of order ¢, := L%' for d = 1 and otherwise of order

trd=t 4 |¢|ri2s 1 1
P L B k=\t|<—+—) (d>2).

rg_lsk

For any continuous v : X — R, we have then

'/udék—/UOTtddk

vielding [wdp = [woT"du. Likewise, pi/ is also (T")-invariant. Hence, = p1/ by
the unique ergodicity.
To obtain a contradiction, we consider the averages of the function x — a(x,v).

[ / oz, v) ()

—;/ a(zx + 7, 0) |dr]
Vol(Wi + Ji) Jwwy 0 d

1 1 Sk
- — t dt| |drl._q. 4.12
Vol(Wk)/Wlsk UO a(zx 47+ t0,0) }\ s (4.12)

k

< qisup [u(z)| — 0,

For 7 € Wy, the cocycle property and (4.6) yield
la(zp+to+7,v)—a(zr+tv, v)| = |a(zp+to, 7)+a(zp+to+T7+0, —7)| < 2(Corp+Ch)
so that we can drop 7 in the last integral in (4.12) with an error

Q(COT’k + Co)
Sk

1 ok
I, — — a($k+tv,v)dt' <
Sk; 0

— 0.

As a consequence, (4.10) forces
I, —IL| > ¢/4>0

for sufficiently large k. At the same time, from lim d; = p = p/ = lim d;,, we have

i £ = [ aly.)udy) = [ aly.0)(dy) = fim 1,

k—oo

which is a contradiction. The claim is shown. O
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5 Ironing homeomorphisms to conjugacies:
proof of Theorem 1.1

Let T = (T": X — X),cpa be an abstract self-affine tiling action and ® : X — X
be a homeomorphism as in (EXP), i.e., ®oT* = T*o® with A expanding. We shall
require that ||[A~!]| < 1, which can always be achieved by using the norm on R?
adapted to A ([KH95]) or, more crudely, by passing to an iterate AV for sufficiently
large N > 0. We assume that beside (X,T,®, A) we also have another quadruple
(5( T, (f,[\) with the same properties and that we are given a homeomorphism
ho : X — X that maps the orbits of T' to the orbits of T. (Such is the case for the
ho in Theorem 1.1.) As discussed in the previous section, the formula

St:=hgloT ohy (5.1)

defines a reparametrization of (T"%) and there are continuous cocycles a over (T%)
and 3 over (S*) such that (4.1) holds.

Let A, be the linear isomorphism provided by Lemma 4.1. The technical role
of the conformality assumption on A and A in Theorem 1.1 is revealed by the
following lemma.

Lemma 5.1 For any linear isomorphism Aa, if each of A and A is simi-
lar to a scalar multiple of an orthogonal transformation of R?, then there are
(mu)i2qs (nk)52y € N with my, ng — oo and a linear isomorphism A such that

[A=™A™ — || =0 (5.2)

[A=" A, A™ — Al — 0. (5.3)

sup ||[A™¢||[[A7"|] < 400 and  sup [[AT™ ||| A" < +oo. (5.4)
keN keN

That also ||[A~"™A™ — I|| — 0 and A~ AA™ — A,|| — 0 is automatic from
(5.2,5.3,5.4). The proofs of the lemma and the remark below are relegated to the
end of the section.

Remark 5.2 The reverse implication in Lemma 5.1 holds as well: (5.4) implies
that both A and A are similar to a scalar multiple of an orthogonal transformation.

The following theorem is the main result of this section.

Theorem 5.3 (technical version of Theorem 1.1) If (5.2,5.8,5.4) hold, then
there is a homeomorphism h : X — X such that

hoTt=T*oh (VteR?). (5.5)
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In view of Lemma 5.1, Theorem 1.1 follows readily.

The idea of our argument for Theorem 5.3 harks back to the oldest lineariza-
tion results of hyperbolic dynamics. The averaging (Section 4) tells us that hg
is approximately linear on large scale and we attempt to bring this linearity to
the microscopic scale by renormalizing ho with the aid the high iterates ®™* and

&~ which transport us between the two scales in the domain and in the range,
respectively. Precisely, we consider

hi, = @™ o hgo @™ (k€ N). (5.6)

With this picture in mind, the following lemma is to be expected; although, the
equicontinuity in the transverse direction (5.8) is not a forgone conclusion.

Lemma 5.4 The family of homeomorphisms (hy)ken 1S equicontinuous.

Proof: First we claim that the hy are equicontinuous along the leaves~(i.e.,
Veso Jss0 |t| <0 = Vi d(hg(x+t), hi(z)) < €). To see this, we use hgoS* = T ohy
and the definition of o to write

hi(x + 1) = O 0 ho (D™ x + A"E) (5.7)
= O (ho (D™ x) 4 (D™, Ak )
= O o hy o D™k () + AR (D™rx, AT )
= hi(z) + A"k (P™* z, A )

and exploit (4.6) to estimate:
A7 (@™, AmE)| < Col AT [[|A™ ||t + [A~™(|Co < Cylt] + A~ [ICo

where the constant C, > 0 is secured via (5.4). Since |[A="*||Cy — 0, our claim
follows readily.

Courtesy of the local product structure (see Section 2), it remains to show that
the hy are equicontinuous on the transversals given by the stable sets of ®. To
be specific, fix A € (0,4). Recalling the basis of open sets supplied by (2.2), it
suffices to show that, given € € (0, A), there is and [ > 0 and a ball D centered at
0, such that

2l Zylyy = dhu(@), lny)) < e (5.8)
for all k£ € N that are sufficiently large (independently of x,y € X).

We begin with selection of suitable constants needed in the argument. First,

we use that ®~! is continuous (by Theorem 8.1) to secure C” > 0 so that, for any

sets U,V C R?, we have
oV =yl = oY =&y provided V € AT (B_en(U)). (5.9)
Then we take C’ > 0 so that
Berion(At) € ABe(t) (Wt € RY). (5.10)
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as made possible by |[A~!|| < 1. This choice of C’ secures
A_lB_C/_C//(A_m+1U) D B_C/(]\_mU) (‘v’m eN, UC ]Rd) (511)

(~Indeed, ift € ~B_C/ (]\_mU) SO that BC/(t) C A_mU, then Beryon (]\t) C ABC/(t) C
AU e, At € B_cr_cn(A™™T1U); and (5.11) follows.)
All this is to facilitate the induction on m > 0 and to forge (5.9) into

To verify the induction step, suppose pmtly v

m—1

(A) = (i_m+ly|§/7An)71 Whel‘e Vm—l =

B_¢/(A-"+1U). Then &l = &=y|() where V/, = A~ B_cn_ci(A-"*1U) D
B_o(A"™U) = V,,, as desired.
By the definition of 3, T% o ho(z) = hg o TP@D () (Vz € X, § € RY), so taking
C > 1 to be the constant in the version of (4.6) applied to 3 gives
ho(x) + 1 = ho(z + B(x, 1)), |B(x,1)| < Cy|t| + Ch. (5.13)

By taking D = B, where p is large enough, say p > C'C; + 1, we can assure
that the set .
W' = B_c/(A""™ B_(C;*A™ D)) (5.14)

is non-empty (and thus contains 0) for all but finitely many k. Indeed, for large
my, the expanding of A assures B_¢, (A" D) D A" B_1(D) and so

B_c/(A"™B_(C7'A™ D)) = C;'B_¢ioy (A B_g, (A™ D))
> Cr'Bogrey (M 0 A™B_4(D)) — Cy ' B_gio, (B-1(D))

where we used the hypothesis (5.2) about A~ o A™ converging to I.
Finally, the continuity of hq lets us fix [; > 0 such that

215 =%, = dho(@),ho(y) <€ (Va',y € X).

Passing to the main argument for (5.8), suppose that
A) s A
I‘E\Lg = y‘f\zl))

where [ > [, is also large enough that D + A’D C A™JD for all j > 0. Then

Ok g Eﬁ)ﬁll) = @mky\f\ﬁ)ﬁm so that, as soon as my > [, we have
Ok + t|§62) =@My + t|§62) for all t € A" D

(because A'D + A™ D c A™* D). Thus, by the choice of I,

d(ho(®™ x +t), ho(P™y+1t)) <e  forallt e A" D.
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From (5.13),
d(ho (@™ x) + £, ho(®"*y) + ) < € for all t € C;'B_¢,(N™ D) ,
which is to say that
ho 0 ®™* (2)|) = hg o ™ (y)|')  for W := B_,(C;'A™ D).
Applying =™ to both sides and using (5.12) and (5.14) results in
O 0 hg 0 O™ () (5 = BT 0 g 0 D™ ()57
Thanks to our stipulation that 0 € W’ for all but finitely many k, we get
d(®™ o hg o ™ (), D™ o hg o D™ (1)) < €,

which shows (5.8). O

Proof of Theorem 5.3: The lemma can be also applied with the roles of ¢
and @ interchanged to see that hi' = @™k o hy' o ™ form an equicontinuous
family. By passing to a subsequence, we can secure that both h; and h,;l converge
uniformly. Thus they must converge to h and h™!, respectively, where the limit h
is a homeomorphism. To finish, we have to show that ho Tt o h™! = T4t. From
(5.1) and (4.1), we have

hooT" o hy'(x) = Teho (@)i) 5 (Vo € X,t € RY) (5.15)
and we expect that

hwoThohil(z) = Tt @0y (vp e X t € RY
where «j are cocycles that get “increasingly linear” with & — oo so that

ax(hit(x),t) — At. .
To see this, for any t € R and z € X, we first write (via (5.15))

hioT' o bt (x) = &7 0 hg o d™oT" 0 ® " o hy! 0 & (x)
= O o hgoTN"™ o hy'lo & (z)
= o hy ok () AT 0 &"(z)
- FATkalhy TR (@) AT (7). (5.16)

Hence, using hy* o " o hy, = ™, we identify the renormalized cocycle as given
by

ap(z,t) = AT (D2, AT ) (Vz € X,t € RY).

24



Therefore, it is left to take the limit

A=k (@e g, ATrt) = Ak | Amag|

O™, ATvt
|Amkt|a( T )

A—n m ARt
= AT AR (Aam —I—Error)

= A~ Ag A™t + | A" | A= Exror
— At+0 (5.17)
where A, is supplied by Lemma 4.1 so that |Error| — 0 as k — oo, and we

used the hypothesis (5.3) and (5.4) to take the limit of A" A A™t and to get
supy, |A™*t|[|A7"|| < oo as needed to estimate

|A™ | A= Error| < |A™*¢||| A" |||Error| < Const|Error].
O

Remark 5.5 Later we shall need a more exact error bound in (5.17): for any
€ >0, there is K > 0 so that k > K implies

A" a(y, ™) — At| < e+et  (Vy € X, t € RY). (5.18)

Proof of Remark 5.5: From Lemma 4.1, there is sq such that, as soon as s :=
|A™*t] > s, we have

1 €/2

—— |a(y, A™t) — AL AR < R
| Amt] supy, || A= [[|Am]|

(Vy € X). (5.19)

Via (5.4), this yields

€/2

Aoy, A™t) — A7 A A | < | AT )| —————
| A= ][] A |

ATt < S, (5.20)

which gives (5.18) conditioned on |A™*t| > s¢, as soon as k large enough so that
|A="k Ay At — At| < €/2|t| (as assured by (5.3)).

When |A"t| < s9, we simply use (4.6) and the expanding of A and A to obtain,
again for sufficiently large k,

A_nka(y,/\mkt) S ||/~\_nkH(Co‘Amkt| -+ C(]) S H/N\_nkH(CQSO + C(]) < 6/2 (521)

To arrive at (5.18), note that our hypothesis [A™*t| < sq forces |At| < €/2 for large
k (since |t| — 0 with k — o0). O

Proof of Lemma 5.1: We have A = A\CQC~" and /S = ACQC! where A\, A >0
and the transformations C, C' are nonsingular and @), () are orthogonal. Start with
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picking my,ny — oo such that limg .o A7\ = 1. Then (5.4) holds easily.

Upon passing to a subsequence, we can assure that m,&new) = My — my, and

(new) . _ ng11 — ng converge to infinity and, via compactness of the orthogonal

group,

ATTEATE = AT AT CQTM O OO

converge in norm as k — oo. Thus the right hand side in

||]\_(”k+1_nk)Amk+l_mk _ ]H S ||/~\_nkAmk H ’|A‘”k+1Amk+1 _ A_”kAmk H

converges to 0. That is (5.2) holds for m,(gnew) and n,(;ww). Also, having held for my

and ny, (5.4) holds for m,&"ew) and n,&"ew) as well. Securing (5.3) is done by invoking
compactness of the orthogonal group and passing to a subsequence if necessary. O

Proof of Remark 5.2: Let A, and A_ be the largest and the smallest modulus of
an eigenvalue of A, and A, and A_ be the analogues for A. From (5.4), the sequences
ATEAZ™ and AZ™ A™ are bounded, which is only possible when A, = A_ and
5\+ = A_ because A_ < A; and A< 5\+. This shows that A = A\, U and A = 5\+U
where all the eigenvalues of U and U are of modulus one. Because ||A™#||[|A="|| =
AU [0~ and (AT [[[Am]] = A7 X [ U= [[[T7 | are bounded
while ||U*™ ||, |U="| > 1, it must be that A=\ Xk \=m ||UEmk || || U= |
are also bounded (uniformly in k). By inspecting the Jordan form of U™ one
concludes that for [[U£™#|| to be bounded, U has to be diagonalizable, and thus
similar to an orthogonal transformation. The same goes for U. O

6 Discreteness and Homotopy: proof of Theo-
rems 1.2 and 1.4

The main result of this section is Lemma 6.1 below. It easily encompases Theo-
rem 1.2. Togeather with Lemma 6.2 and the elements of proof of Theorem 5.3, it
gives Theorem 1.4.

Lemma 6.1 (discreteness) Suppose that T is a minimal action on a compact
space X and (NFP),, holds for some ro > 0. Let ¥, ¥ € H(X,xy) and ©,0" :
R? — R? be such that

U(wg+t) =x0+0(t) and V(xg+t)=x0+06'(t) (VtecRY.
Suppose that © is linear and no(t) := ©'(t) — Ot satisfies
Ino(t)] < LIt| + L (vt € RY). (6.1)

There is Ly > 0 (that depends on ¥ only) such that L < Lq implies that ng is
bounded. Moreover, ¥ = V' if @ is also linear.
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To parley the boundedness of the 7y (above) into homotopy of ¥ and ¥, we
record the following useful result.

Lemma 6.2 (homotopy) Suppose that T is a minimal aperiodic action on a
compact space X. Let W, W' : X — X be continuous and both fix xy. If there
is a bounded function ny : R* — R¢ such that

U(wg+1) =V (vg+1t)+m(t) (VteRY (6.2)
then there is a continuous 1 : X — R? such that
U(z) =¥ (z) +n(z) (VzeX). (6.3)
Moreover, ¥ and ¥’ are homotopic along the orbits of the R%-action.

Proof of Lemma 6.2: Fix ¢ € X. Take t,, so that lim,,_,.c 29 + ¢, = x. Let v
be any accumulation point of 1y(t,). By continuity of ¥ and W', we have ¥(x) =
U'(z) + v. Note that if there were another v’ so that W(x) = ¥'(z) + ¢’ then
U(z) = VU(z) + v — o' violating aperiodicity of the action. Thus v is uniquely
determined by z and we can set n(x) := v. To see that x — n(zx) is continuous
it suffices to note that, if x, — x and n(x,) — v/, then ¥(z,) = ¥ (x,) + n(x,)
yields ¥U(z) = ¥'(x) + ¢/, and so v' = n(x) by the uniqueness. Finally, the formula
H(z,t) =V'(z) +t-n(x) gives the desired homotopy H : X x [0,1] — X. O

To prepare for the proof of Lemma 6.1, recall that, for r < R, aset D C R%is -
separated iff inf{|t—s| : t # s, t,s € D} > r and R-denseiff inf{|t—s|: s € D} < R
for all t € RY. Sets D with both attributes are called Delone sets. The following
lemma isolates the basic rigidity mechanism rooted in the simple observation that
the identity Id : D — D on a Delone set has no small Lipschitz perturbations
(other than itself).

Lemma 6.3 (lipschitz to bounded) Suppose r, R,L > 0 and D,D’ C R are
two sets that are r-separated and R-dense and both contain 0. Let ©,0" : R — R¢
be such that ©(D) C B,/4(D") and ©'(D) C B,;4(D’) and © is linear while ©" is
of the form

O'(v) = v +n(v) (Yo R (6.4)
with
[mo(w) = no(v)| < Llu—v| + L (Yu,v € RY). (6.5)
If
r/2
<R + 1’ (6:6)
then ng is bounded and
sup [no(v)| < r. (6.7)
veR?
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Proof of Lemma 6.3: Order the points of D and D’ into sequences so that

D = {wvy,v1,v9,...} and D' = {w], v}, v}, ...} with vy = v{, = 0. It suffices to show
that

[v; — Ou| <r/4 & ;-0 (v;)| <r/4 (Vi,j>0). (6.8)

Indeed, then the lemma follows since, given v € R%, there is i with |v; — v| < R
and we can estimate

[0 (v)] = (6 (v) — Ov) — (6'(vi) — Ov;)| + [6'(v;) — O
< [no(v) = mo(vi)| + 16"(v:) — vj| + |vf — O'(v)]

gLR+L+£+£<r. (6.9)

To finish, we use induction on n to prove (6.8) for ¢ restricted to the set
L, :={i:|v;] <nR} (n>0).

For n = 0, ¢ = 0 is the only element of Iy, and (6.8) is clear. Suppose then that
(6.8) holds for all 7 € I,,, j > 0. Consider i € I,,.;. Use the R-density to pick k € I,
so that |vy —v;| < 2R. From ©(D) C B,4(D’) and the induction hypothesis, there
is [ € N such that |©uvg — v]| < r/4 and |©'(vg) — v]| < r/4. We estimate

1O (v;) — Ov;| < O (vy,) — Oug| + |O'(vs) — Ov; — O (vy,) + Oy
< 1[4+ /4 [no(vi) — no(ow)]
<r/24 (L2R+ L)
<7 (6.10)

D’ being r-separated, the last inequality guarantees that, if [©'(v;) — v} [ < r/4
and |Ov; —vj,| < /4 for some jy, jo > 0, then j; = jo. This shows that (6.8) holds
for all 7 € 1,1 and finishes the induction step. O

Proof of Lemma 6.1: By the minimality of T', given an ¢y > 0, there is Ro(€p) > 0
such that the set
REO = {t c R?: d(xo + 1, xo) < 60} (611)
is Ro(eg)-dense in RY. By (NFP),,, for sufficiently small ¢y > 0, we have a di-
chotomy
t,s €ERey = (|t—s| <ro/dor|t—s|>r). (6.12)
(Otherwise, there are ro/4 < |t, — sn| < ro with d(xg + t,, 20 + s,) < d(zo +
tn, o) + d(zo, xo + s,) — 0 forcing violation of (NFP),, in the limit.) Given the
two homeomorphisms ¥, ¥’ € H(X, zq), we can pick €; € (0,¢) so that

d(l‘o,l’o +t) <€ — (d(l’o,‘l’(l‘o + t)) < €y and d(Io,\I]/(IO +t>) < 60), (613)

which secures

O(R.,) C Re, and O'(R.,) C Re,. (6.14)
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Observe that the relation ~ given by ¢ ~ s iff |t — s| < r9/4 is an equivalence
relation on both R, and R,. Take D C R, to contain a single point from each
equivalence class of ~, and take an analogous D' C R.,. Thus R, C B, (D),
Rey C Byyya(D'), D and D' are Ry+7rq/4-dense and ro-separated, and (6.14) implies

@(D) C BT0/4(D/) and @,(D) C Br0/4(D/). (615)

We can now invoke Lemma 6.3 to conclude that, for sufficiently small Ly > 0, no(t)
is a bounded function of ¢+ € R%. This proves the main assertion of the lemma.

If additionally © is linear, then ©® = ©’ because sup;cra |(© — O')t| =
SUDsepa |0 ()] < +00. From © = ©', ¥ = U’ follows by density of the orbit
{xg+t: teRY}in X. O

We are ready to prove the two theorems stated in the introduction.

Proof of Theorem 1.2: To show that Gl(xg) is discrete we have to show that
if A € Gl(xg) is close to the identity I € Gl(zy) then A = I. However, once
|A — ]| < Lo this is so by Lemma 6.1 (applied with © = and ©' = A). O

Proof of Theorem 1.4: Taking h;, and h as in the proof of Theorem 5.3, we have
h™' o hy(z0) = xo so that h™' o hy, € H(X, z). By combining (5.7) and (5.5), we
get

Wt o hy(xo + 1) = 29 + ATTA ™ (g, A™t) = x4+t + (1) (VE € RY)
where .
ne(t) == AP A" a2, @™ ) —t  (Vt € RY).

By Remark 5.5, given arbitrarily small € > 0, as soon as k is large enough, we have
()| < €lt] +e (Vt €RY).

Taking € > 0 sufficiently small, Lemmas 6.1 and 6.2 combine to guarantee that 7y
is bounded and h~! o hy, is homotopic to the identity for k large enough. Upon
fixing one such k, we see that hy is homotopic to h and so hy = P o hi o ®~™* ig
homotopic to hy, = P o h o G (which is clearly linear). O

Proof of Corollary 1.5: The homeomorphism h~'o®oh places A™'AA in Gl(z).
Thus, for any m,n € N,

A™(ATTAA)™ = AMATTATA € Gl(x). (6.16)

By Lemma 5.1, we can select m, n so that A" ATA""A — I|| is small enough that
AmATIAT™A = I, as forced by the discreteness of Gi(x). Hence A™ = A7'A"A,
which yields @™ = h 1o ®" o h. O
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7 Appendix I: Verification of Axioms for Con-
crete Tiling Spaces

For completeness, we verify that the translation action on the tiling space of a
concrete tiling (as defined in the introduction) is indeed an example of an abstract
tiling action. Below, we use z|p, to denote the central R-patch of the tiling z, i.e.,
the union of all the tiles of  contained in the ball Bg.

Proposition 7.1 Suppose that (T" : X — X),cra is the translation action on the
tiling space of a tiling xy that is repetitive and has finite local complexity. Then the
axioms (NFP), (WE), (PS) are satisfied for some positive constants rg,lo, Ry, Ao
with ly < rg.

We add that verification of (EXP) when the tiling z, is generated by an
inflation-substitution procedure is a matter of applying the procedure to an arbi-
trary tiling x € X and thus constructing the inflation-substitution map ® : X — X.
This can be found for instance in [Sol98] (where our ® is denoted by w, see Defi-
nition on page 268 therein).

Proof: (NFP): Take ry > 0 small enough that any prototile contains a ball of
radius 7o in its interior. Let o be the tile of = that contains 0 € R?. If z = z+t then
both o and o —t are tiles of x so they either coincide or have disjoint interiors. The
first possibility is precluded by boundedness of o and the second cannot happen
for |t| < 7o by the choice of rq.

(WE): Looking at the above argument, we see that there is large R > 0 and
small € € (0,79/2) such that

(t € Beand z|p, = (x +1)|p,) = t=0 (VoeX).
Pick Ay so that
d(z,y) <Ay = Flep,, (@ +5)|Br = YlBor (V2,9 € X).

Suppose that d(z + ¢,y +t) < Ag for all ¢ € R For every t € R?, let s(t) € B
be such that
£L'+t+8(t)|B2R = y+t|32R (Vt € ]R)

This gives
r+t+s{t)+t g, =y+t+t|s, (VteER || <R)
and also

r4+t+t +st+t) g, =y+t+t]s, (VteR || <R).
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Because s(t +t') — s(t) € B,, it must be that s(t +¢') = s(t) (for all t € R and
[t'| < R) so that t — s(t) is constant and equal to some s. Hence z +t + s|p,,, =
Y + t|p,, for all t € R which yields = + s = y (assuming R was not too small).

(PS): Fix § € (0,A(). Take ¢, R > 0 as before. By diminishing ¢ > 0 and
increasing R if necessary we can secure that

(s € Be and = + $|p,, = y|B,,) = d(z,y) <6 (Vo,y € X).
Set Iy := €/4. Take §; € (0,Aq) so that
d(x,y) < 51 - (3\S|S6/4 T+ S|B2R = y|BZR) (V[L’,y € X)

Suppose that x,y satisfy the hypothesis in (PS). For every ¢ € U, from d(x +
t+1(t),y +1t) <61 < Ay, there is a unique s(t) € B4 such that

x+t+1Ut)+ s(t)| By =Y+ tByp-

Thus
cH+t+1t)+st)+ |, =y+t+1t]5, (V |t'| < R)

and, for such ¢ € By with t +t € U, we also have
rH+t+t +1t+t)+s@t+8) s, =y+t+t|p,.

Because s(t +t') +1(t+1t') — s(t) — I(t) € Be, it must be that s(t+t') +1(t +t) =
s(t) + I(t). This shows that t — s(t) + I(t) is locally constant near any t € U
so that, by the connectedness of U, s(t) + [(t) = s for some s and all t € U.
Summarizing, for t € U, we got x +t + s|p,, = y + t|B,, With s € B./a4c/o. That
dlz+t+s,y+t) <dforteU follows by the choice of € and R. O

8 Appendix II: Recognizability

The map ® in the axiom (EXP) satisfies ®(x +t) = ®x + At (Vo € X, t € R?), so
it maps each R%orbit bijectively to an R%orbit. Because under our standing hy-
pothesis of minimality, X is certainly a closure of some orbit, ® must be surjective.
A deeper observation that ® is in fact injective was pioneered for one-dimensional
tilings by [Mos92| (see also [BKO06] for another exposition) and generalized to all
dimensions in [Sol98]. We follow the same basic idea to supply an analogous result
in our more abstract setting.

Theorem 8.1 (recognizability) For a minimal aperiodic abstract self-affine

tiling action, the continuous mapping ® : X — X satisfying (EXP) is a home-
omorphism.
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The strong repetitivity property of self-affine tilings asserts that, given a disk
D = B,, there is kp > 0 so that any A""*2 D admissible patch contains any other
admissible A™D patch. Our variant of it is recovered below by a juxtaposition of
the minimality of the action and the local product structure developed in Section 2
(which did not require that ® be a homeomorphism). For convenience, we assume
that [|[A™|| < 1 (as secured by passing to an iterate of ® or by using the adapted
norm).

Fact 8.2 (strong repetitivity) Fiz A € (0,A¢/2). Given a sufficiently large
disk D = B,, (p>0), there is kp > 0 with a property that,

A A
Veyex Veen Jeeprtinp T+ 5|5xk)D = y|5\k)D

Proof: Select R > 0, say R := 1. Let ¢, > 0 be as in Lemma 2.3 applied with
Ay replaced by A. Require D to be large enough so that

AD 4 B, c A*T'D  and  z+s|) =y = d@+sy)<ea. (81)

Take 6 > 0 so that d(z + s,y) <0 = x+ s\g)A) = y|(DA). The minimality
secures ky > 0 such that o + A¥ D is é-dense in X for any x € X. Thus, upon
fixing some arbitrary x,y € X, there is s € A* D with z + s|(DA) = y\g).

From Lemma 2.3, [y, v+s]y = -+ where s'—s € B,, s0 s’ = s+s'—s € ARTLD.

/|(A) s

Crucially, (2.3) gives z + s'|;5 = y|$9i?, ie.,

O™z + A" |l = @MylNp, (Y m 2 0),
Since we can find k; > 0 with D C A¥ By, setting m := k + k; above yields
Oy 4+ AR i = @™y|aep (Y E EN).

This proves that kp := k; + ko + 1 is as desired because (by surjectivity of ®) &z
and ®™y could be any two points in X and AFFis’ € ARtRithotlp O

At the heart of all proofs of recognizability lies an a priori bound (in terms of

|t|) on the proximity of a (non-trivial) return of = + ¢ back to a vicinity of x.

Lemma 8.3 (no small approximate periods) Given r > 0, there is A €
(0,A), a large enough disk D = B, C R? (for some p > 0) and mp > 0 with a
property that, for x € X, m,k € N, we have

(a: + Akt|§éﬁ)@ =z ExAkﬁ)lD’ teD, m> mD> — AFfteB,.
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Proof of Lemma 8.3: Pick A < g *(r) where the function g is as in Remark 1.6.
Let mp > 0 be large enough so that D C %AmD—kDﬂD, where kp /o is supplied by
Fact 8.2. Suppose that t € D, k > 0, m > mp, and

w4+ A G2 =282 (8.2)
Then 1
r+ s+ Akt|(1AA/,f+MD T + s 1A1\é2+7,LD for all s € EAI“*mD

and, given an arbitrary y € X, strong repetitivity yields s € %A’”mD with

z + 5|22 = y|(&72 . (8.3)

1Ak+m kD/ZD %Ak+m7kD/2D

Since, by the hypothesis on mp, A¥t belongs to %AkJ’m_kDﬂD (and so does 0),
(8.3) implies that

d(z +s,y) < A/2 and d(z+ s+ A*t y + AFt) < A/2,

which combine to d(y,y + A¥%) < A. Because y € Y was arbitrary, we also have
d(y + s,y + A"t +s) < A for all s € R? and so the expansiveness axiom (WE)
forces that y + A¥t = y + s for some s € B,,. By Remark 1.6, s € B,. We are done
because A¥t = s by the aperiodicity. O

Conclusion of Proof of Theorem 8.1: Fix r > 0 so that
T€AN'B, = dz+71,1) < Ay/2 (Vr € X).

Let A € (0,Ap), D, and mp be as in Lemma 8.3. Fix R > 0 so that A™?D C Bg
and implement Lemma 2.3 with Ay replaced by A/4 to get €; > 0 so that (2.3)
holds.

Suppose that ® is not 1-1 and we have zy € X with two distinct preimages

24,2, € ®Y(z). Because the orbits z_; + R? and 2’ + R? must be distinct,
(WE) says that we can translate the points so that

d(Z_l, Zl_l) > Ao. (84)

For every n € N, pick z_, € ®""(2_;) and 2/, € ®"(2’,) and consider

the two ®-orbit pieces made of z_,; = ®'z_, and 2/ ., = ®2/ ;i =0,...,n— 1.
By compactness of X x X, there are n and 1 < k <[ <n such that

d(z_p,2_) < e and d(2' ., 2" ;) <e. (8.5)

Hence the local product structure can be used to define

yri=lz,zka =2+t and Y, =[2,2 A=+t
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where t,t' € B,,. Also, (2.3) gives

A/4 s A/4 (A/4) s A/4
flop = zalslop  and gLl £ 2l . (8.6)

Y—i

Focus on y_; := ®"ly ; and ¢y, := &'~y ,. Since y_; = 241 + A7t and
Yy =2+ AT where 2/, = z_ky1 (due to [ > k) we see that ¥’ ; and
y_1 are on the same R%orbit:

v, =ya+T1, T:= Al_l(t —t). (8.7)

At the same time, applying ®'~! to (8.6) yields

(A/4) s

(A/9) Y]
Y- 1‘AmDHD —1‘AmD+l 1p and Y

AmD+H=1p T —1

(a/4 - (8.8)

AmDJrl 1D

so certainly
d(y-1,911) = Ao —d(y-1,2-1) —d(yly, 211) = Ag — 2A/4 > Ag/2.

On the other hand, because ®z_; = 2y = ®2’,, applying one more ¢ to (8.8)
gives Oy_ 1|f\m/D2HD = _I\Aﬁ/]iHD where &y’ ; = ®y_; + A7 so Lemma 8.3 secures

A1 € B,.. By the choice of 7, this contradicts d(y_1,y" ;) > Ag/2. O

9 Appendix III: Unique Ergodicity

Unique ergodicity of the translation actions associated to minimal self-affine tilings
is traditionally shown by using the substitution rule for patch counting. We give
a different argument applicable to abstract tiling spaces.

Theorem 9.1 A minimal self-affine abstract tiling action is uniquely ergodic.

Proof: Consider two probability measures p and v invariant and ergodic under
the Ré%-action. Our goal is to see that y = v, for which it suffices to show that the
two measures are not mutually singular. This, in turn, follows once we show that
there is @ > 0 such that, for any continuous non-negative ¢ : X — R, we have
[¢du > a [ ¢dv. By minimality, there is R > 7y such that, for any z,y € X,
x + Bpg passes through the product structure neighborhood of y, i.e., it enters
B, (y) where ¢; is as in Lemma 2.3. To be specific, there is €5 > 0 that depends
on R (and not on z,y) such that {s € Bg: ©+ s € B, (y)} contains some ey-ball
BEQ(S()).

Now, fix z,y € X that are generic for p and v, respectively. Given N € N, by
our initial remarks applied to ® ¥z and &=y, there is sy € B such that, to any

z:= 0 Vg 4+ s with s € B, (s0)
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we can associate (by using the local product structure)
wi= [z, Ny|p = 2Ny + 5 — 5.

(Precisely, select sy so that [~z + 55, @ Vy]y = @Yy and invoke Remark 2.4
to get [P Nz + 5, Ny|y = Ny + 5 — 50 for s € B, (s0).)

Upon applying ®", to a point "z = x + A"s with s € B, (sg) we associ-
ated ®"w = y + A"(s — s9) where 7 := s — 59 € B,,. Note that the distance
dist(®"(2), ®"(w)) — 0 exponentially and uniformly (in z) because w, z are in the
same local stable set. This allows us to estimate

d(x 4+ A"s) |ds|q > /

Be, (50)

d(x+ A"s)|ds|q > / o(y + A1) |dT|4 — error,
Be,

Bpr

where error,, — 0 as n — oo by uniform continuity of ¢ (and |ds|4 is the Lebesgue
volume element in RY). Therefore, via Birkhoff Ergodic Theorem,

/gbd,u: lim 1 oz + A7) |dTlg
|Brl J,

|Be,| . 1 | Be,|
> lim Oy + A7) |dr|g = =2 [ pdv.
|Br| n=o |Be,| Jp., (s) | Br|

10 Appendix IV: MCG for Penrose Tiling

In order to give an example, we compute the general linear group Gl(zg) for the
five-fold symmetric “sun” Penrose tiling!® depicted in Figure 1.1. In passing, we
record some general observations and corollaries of our main results. We shall
heavily rely on detailed understanding ([Rob96]) of the almost everywhere 1-1
map v sending the Penrose tiling space to a four-torus and factoring the tiling
action to a Kronecker action. (7 is the maximal equicontinuous factor map.) The
gist of our considerations is that Gl(zg) is narrowed down by the inhomogeneity
of X (manifested by nontriviality of some fibers of ) and the arithmetics of the
Kronecker action. To illustrate the ideas, we include in our discussion the 1-
dimensional Fibonacci tiling obtained from the fixed word of the substitution ¢ :
1+ 12,2 — 1, for which the analogous factor map = is much easier to visualize
(see e.g. geometric realization in [BKO06]).

Theorem 10.1 Let A = (v/5+1)/2.
(i) The general linear group of the Fibonacci tiling is generated by the dilation [\
and the reflection [—1].

10The arguments for the “star” Penrose tiling are the same.
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(ii) The general linear group of the “sun” Penrose tiling is generated by the dilation
by A, the rotation by 27 /10, and the symmetry about the vertical azis, as given by

R e o) I o

Recall that while the Penrose tiling as a pattern is only 5-fold rotationally
invariant it has been observed that it possesses 10-fold rotational symmetry in the
statistical sense [Rad95]. We emphasize the fact that this 10 fold symmetry is
in fact topological (i.e., effected by homeomorphisms). Similar is the case for the
reflection symmetry of the Fibonacci tiling, which is not out-right symmetric under
the flip z — —x (Figure 10). It is of interest that the corresponding symmetries
are enjoyed by the dynamical spectrum of xy, by which we understand the spectral
decomposition, U' = [, e'“IVdE,, of the associated unitary action U* : u +— uoT",
Ut: L*(X,pn) — L*(X, u), p being the unique invariant measure for (7). Indeed,
we record the following general fact.

Fact 10.2 If A € Gl(xg), then the dynamical spectrum is invariant under the
inverse transpose (AT)™1; namely, for any Borel subset Q C RY, the projections
fQ dE, and f( ATY-10) dE, are naturally unitarily equivalent.

Proof: Suppose that A € Gl(zg) and h : X — X is such that h o T" =

o h. Then the push-forward h,(u) is also (T")-invariant (since T (h.(u)) =
(Tt o h)u(u) = (hoT*").(u) = ho(T () = hu(w)). By uniqueness of
h.(p) = p and the map H : w — w o h constitutes a unitary isomorphism
L2(X, @) — L*(X,p) that intertwines the actions (U4?) and (U'), meaning that
HUA = U'H (vt € RY). Therefore, if {E,} is the spectral resolution for
(UY), ie., Ut = fei “idE,, then U' = H'UMH = H™' ([“MdE,) H =
[ d(HE,H) = [¢“I"d(HE (a7)-1,-H™1). By the uniqueness of the spec-
tral resolution, for any Borel Q C ]Rd we have [,dE, = [ d(HEry-1,H™"),

which gives [, By = H (f ur)1q dEw> H'. O

Note that the physically relevant diffraction spectrum inherits symmetry prop-
erties from the dynamical spectrum because the intensity of the diffraction image
can be recovered as I(w)dw = d(E, f|f) for a suitable f € L*(X, u) ([Dwo93], see
also [Hof95]).

The rest of this section is devoted to the proof of the theorem. We start with
the Fibonacci tiling, the construction of which as a canonical cut-project tiling
associated to a line in R? we briefly recount below. Consider the matrix

11
Bi= 1)

acting on R? and let E* and E° be its eigenspaces corresponding to the eigenvalues
A and —1/A, respectively. Thus E* = lin(w) where w = (A, 1). Denote by (e;)i=1.2
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Figure 10.1: Up left, the Fibonacci inflation-substitution operation ¥ following the rule
1 — 12, 2 — 1. Center, an example of a (fragment of) the stepped line L, assembled
from the duals of the grid edges intersected by the line p + E*. Lower right, the “upper”
Fibonacci tiling ¢ (in solid black) is the stepped line associated to E*. It is fixed by
U2, Topological symmetry under the 180 deg flip notwithstanding, the flipped a;ar (in
thick gray) disagrees with z.

the standard unit vectors in R? and by o; the unit segment joining 0 and 0 + e;.
To a grid edge, i.e., a segment of the form o = o; +v where v € Z? and i = 1,2, we
associate its dual c* := e; + 0; + v where j # i. Fix for a moment a point p € R?
such that p+ E* misses Z2. One can see that the duals of the grid edges intersected
by p+ E* form an infinite step line L, (see Figure 10). If we consider p+ E" as a
copy of R via the parametrization ¢ — p + tw, the Fibonacci tiling z, associated
to p is obtained by projecting L, onto p 4+ E* along E*°; the projection denoted by
7. For p for which p + E* intersects Z?, by taking the limits of z, with ¢ — p one
can obtain two different tilings z,, denoted x;" and z,, depending on whether ¢
converges to p from above or below. The Fibonacci tiling (in the theorem) is one
of the tilings z§ or x;. We shall focus on z; the situation for z; is completely
analogous. All the tilings =, and m;,t arising from the construction form the tiling
space X of zg. The map v : X — R?/Z? factoring the tiling flow to a Kronecker
flow simply maps z, and ;- to p mod Z°.

The self-similarity is that induced by the symbolic substitution 1 +— 12 and
2 — 1: it transforms a tiling by inflating each tile m(e; + v) by a factor A and
replacing it according to the rule:

(e +v) — w(o1 + Bov) U (o2 + €1 + Bav),
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Am(es +v) — (o1 + Bav).

Denote the induced map on X by W. (It factors via v to the automorphism of the
torus R?/Z? induced by Bs.) Observe that ¥(z) = z; and ¥(x;) = z§ so one
needs to take the second iterate ® := W2 to obtain a self-homeomorphism of X
pointed at xj. The corresponding element of Gl(x{) is [A\*]. More elements will

be flushed out by the following lemma.

Lemma 10.3 Suppose that A € Gly(Z) preserves E* and acts on it by multipli-
cation by a € R. Then [a] € Gl(z{).

Sketch of Proof: The object is to see that the densely defined map of X given by
zg +t— xf +at, t € R, is uniformly continuous so that it extends to a continuous
map h : X — X. Indeed, by recognizability, h is then a homeomorphism placing
[a] in Gi(xg).

To check the uniform continuity, it suffices to see that, if the tilings xf +t = z,
and g + s = x, are no further than small € > 0 apart, then g + at = z,, and
rg + as = zI,, are also close. The e-proximity of the tilings means that, upon
adjusting by a translation of order e, which we may well do at the outset, the
two tilings exactly coincide when restricted to [—1/€, 1/¢]. Interpreted in R?, this
implies that the two segments [t — 1/e,t + 1/elw and [s — 1/¢,s + 1/€jw can be
translated by vectors u,w € Z?, respectively, to intersect exactly the same edges
of the integral grid. For this they have to be not only very close to each other
(as expressed by the proximity of vy(z§ + t) and v(xz{ + s), which follows from
continuity of ) but also have to pass on the same side (upper/lower) of any
lattice points they get close to. The matrix A induces a linear transformation
that preserves the lattice points and maps any pair of parallel segments in the
direction of E* that both pass just above (below) a lattice point v to a pair of
such segments that are both just above (below) Av. This means that the segments
A([t—1/e,t+1/elw+u) = [at—a/e, at+a/e|w+ Au and A([s—1/e, s+ 1/eJw+w) =
las — a/e, as + a/ejw + Aw are not only very close to each other but also pass on
the same side (upper/lower) of any lattice points they (narrowly) miss. This is to
say that the tilings 2§ + at = 2}, and xJ +as = x, are separated by a distance
of order €¢/a. O

Considering —1, By € Gly(Z), the lemma places [—1] and [A] in Gl(z7). Note
that the homeomorphism h : X — X underlying [\] € Gi(z{) fixes z7, unlike .
In fact, ho =1 : X — X is an isometric involution on X that interchanges the

two tilings 7.

The following general proposition a priori limits the possibilities for the elements
of Gl(zg) in the self-similar case.

Proposition 10.4 (commutation) Suppose that T is a minimal self-similar ab-
stract tiling action, the self-similarity is effected by ® : X — X with ®oT* = TMod
(vt € R?), and o is fized by ®. If A € Gl(zy), then there is m € N such that A™
commutes with A.
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Proof:  From the conformality of A, the sequences (A™™AA"),cy and
(A"mA71A™),en are bounded (e.g., ||AAA™|| < |[A7"]|||A]l||A"]] = ||A]]) and so
precompact in Gl4(R). Hence, there are ny — oo such that (A7 AA™) is Cauchy,
and so eventually constant by the discreteness of Gl(xy). In particular, there is k
with A= AA™ = A="™+1 AA™+1 Then any m := ny1 — ny > 0 is as desired. O

Corollary 10.5 (canonical vertical) In the context of the proposition, the lin-
ear homeomorphism h : X — X realizing A preserves the local stable sets of @,
1.€.,

ve>0 EI5>0 vmeX h’(W(SS(xa (I))) C Ws(h(l’), (I))

Proof: By the proposition, h and & commute for some m € N. This implies
the preservation of the stable sets via a routine argument. O

In concrete setting, the corollary says that A maps any two tilings that exactly
coincide on a large patch about the origin to a pair of tilings that have the same
property on a perhaps smaller patch. Those preferring the Delone set description
will easily deduce that the Delone set D obtained by intersecting the orbit of x
with a local stable set of xy actually maps into itself under A™ o A for some large
n > 0 (although more often than not not under A).

Finally, the arithmetic constraints on Gl(xq) are brought out by the following
very general fact about minimal actions.

Proposition 10.6 (algebraization) If T' is a minimal action on X, v : X —
Xag 15 a factor map onto its maximal equicontinuous factor action Ty, and Ty,
is aperiodic, then GU(T,xo) C Gl(Ty, v(x0)) for any zo € X.

The proof of the proposition rests on the fact that the fibers of v are the equiv-
alence classes of the relation given by p ~ ¢ iff u(p) = u(q) for every continuous
eigenfunction u of 7. One checks that, if A € GI(T, zy) by virtue of a homeomor-
phism h: X — X with hoT! = T4 o T and u : X — C, then both uwo h and u
are eigenfunctions if only one of them is, and so p ~ ¢ iff h(p) ~ h(q). Therefore,
h induces a map hqy @ Xy — Xag which places A in GI(Tyy,,v(z0)). We leave
details as an exercise because a more elementary converse of the last lemma is all
we need here.

Proposition 10.7 (algebraization lite) If [a] € Gl(z) then there is A €
Gly(Z) that preserves E* and acts on it by multiplication by a € R.

Proof: Fix [a] € Gl(z§) and let h : X — X be the underlying linear homeomor-
phism. Note that to every p € T? we can associate y~!(p), which is either a single-
ton or a pair of tilings :)s;f that are bi-asymptotic: lim; 4. d(x; +t,x, +t) =0.
The relation of bi-asymptoticity is preserved by any linear homeomorphism. Thus,
for p € T?, there is a unique ¢ € T? such that h(y~'(p)) = v '(¢). Define
Patg : T? — T2 by hay(p) := q. hayg easily inherits continuity from h. By repeating
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the arguments for ™', we see that h,y, is a homeomorphism. By construction,
haig is the multiplication by a on the 1-parameter subgroup E* (mod Z?) C T2
It follows that hgy, is an algebraic automorphism of T2, i.e., it is induced by some
A€ GZQ(Z) ]

Conclusion of Proof of (i) in Theorem 10.1: We already know from Lemma 10.3
that [—1], [\] € Gi(xg) but we have to see that these two elements generate Gl (x{ ).

To set the stage, E* is totally irrational in the sense that (E*)* N Z? = {0}.
As a consequence, any matrix A with rational entries preserving E* is uniquely
determined by its restriction A|g« to E*. Moreover, E* being one-dimensional,
any two such matrices commute. Thus the algebra of rational matrices preserving
E" equals K := {4 € Q**?: ByA = AB,} and is a field. Since every A € K is a
zero of its quadratic characteristic polynomial, the field is a degree two extension
of the rationals. Therefore, I and B, form a basis of I as a module over Q. The
isomorphism K 5 A — A|ge € GI;(R) ~ R, maps [ — 1 and By — X so K is
isomorphic with Q(\) = Q(v/5). The matrices in K that preserve Z? (or any lattice
for that matter) are exactly the algebraic integers O(K) of K and are integrally
spanned by I and B, because O(Q(v/5)) = Z[)].

Now, consider [a] € Gl(xg). By Proposition 10.7, [a] comes from a restriction
Algu where A € O(K) is multiplicatively invertible, i.e., it is a unit of O(K). This
completes the proof because the group of units in Z[A] is generated by —1 and A.
O

The Penrose tiling can be attacked along the same lines as it is also a canonical
cut-project tiling: it can be constructed by taking duals of three dimensional grid
faces intersected by a two dimensional eigenspace E* C R® of the matrix

11001
11100
Bs= 01110
00111
10011

The situation is complicated by the fact the right torus on which Bj induces an au-
tomorphism is not T? := R5/Z° but the anti-diagonal subtorus T§ := {(uo, . . ., u4) :
wo+...+uys =0 mod 1}. We note that Bs induces an automorphism that is con-
jugate to the second Cartesian power B, X By of the Fibonacci automorphism!!.
In particular, beside the uninteresting eigenvector (1,1,1,1,1), Bs has two two-
dimensional eigenspaces E* and E® on which it acts by A and —A7'I. Also,
keeping track of the intersections of E* with the grid cubes in R® can be con-
veniently done directly in the plane E* ~ R? via the penta-grid formalism of de
Bruijn [Bru81] (see also [Sen95]). This allows one to explicitly construct the factor

' This conjugacy does not respect the 5-fold symmetry expressed by the commutation of Bs
with the cyclic permutation of the basis vectors in R>.

40



map 7 : X — T§ and ascribe its non-trivial fibers to singular pentagrid configura-
tions. We assume that the reader is familiar with Robinson’s description [Rob96]
of the two possibilities: Type A pentagrid with an infinite string of 3-fold crossings
along a single line and Type B pentagrid with a 5-fold crossing (and five lines of
3-fold crossings).'?

For us it is important that, the fiber of 0 (which is the only fixed point of the
automorphism of Tg) contains two tilings: the infinite star (denoted xg) and the
infinite sun (denoted x; ). These two are interchanged by the inflation-substitution
map ¥ : X — X which factors to the toral automorphism. Let us focus on
computing Gl(zd).

Lemma 10.8 The dilation A\, the rotation Rar /10, and the reflection F' all belong
to Gl(xy).

Sketch of Proof: Beside Bs we shall use the matrices

00001 10000
10000 00001
R=101000 and S= (00010
00100 00100
00010 01000

Both leave invariant the splitting R® = E* @ E* &1in(1,1,1,1,1). R rotates E* by
27 /5 and E* by 47/5. In both E* and E*, S is a symmetry about the projection of
lin((1,0,0,0,0)). (Note the commutation relations RBs = BsR and SRS = R™!.)
In what follows, A stands for either AI, the rotation Ry /19, or F'. Importantly,
each of these three is generated by restricting to E" a linear map inducing an
automorphism of Tg; namely, Bs, —R3, and S, respectively. '3

The strategy of the proof is analogous to that of Lemma 10.3. It suffices to see
that if the tilings 2 +t and x¢ + s agree on a large central patch for some s, ¢ € R?
then this is also so for z§ + At and z§ + As. Again, it is clear that y(zg +¢) and
v(xg +5) are close in Tj and thus so are their images under the toral automorphism,
v(xzg + At) and y(xf + As). From this, on a large central patch, the pentagrids
associated to v(zg§ + At) and v(zg + As) nearly agree and generate the same tiling
except for the possibility that, at places where y(z§ + At)+ E* and v(zg + As)+ E*
pass very near a lattice point, the two (nearly singular) pentagrids resolve the
singularity in different ways. However, the way the singularity is resolved ([Rob96])
is determined by containment of the vector describing the (shift of) the grids in
certain halfplanes or 10-fold symmetric sectors inside £°. The crux of the argument
is in that those half-planes and sectors are manifestly invariant under the restriction
of either R? or Bs or S to E*. Thus, since the grids underlying z¢ + ¢ and zd + s

12These two scenarios are related to Conway’s worms and cartwheels ([GS87)).
13To check, —R induces on E* rotation by 27/5 + 7 so —R? rotates by 3 - 2w7/10 = 27/10.
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resolved in the same way over a large central patch, this is also so for z§ + At and
zd + As, so the two tilings agree on a large central patch. O

Lemma 10.9 Any A € Gl(z]), preserves the 10-fold star of lines obtained by
rotating the vertical by the multiples of 27 /5.

Sketch of Proof: In the tiling space X there are lines K and pairs of tilings z_
and z, that are bi-asymptotic away from K in the sense that d(z_ +¢,2, +t) — 0
as long as |t| — oo so that the distance from ¢ to K increases to infinity. Such pairs
(z_, z4) arise from different resolutions of Type A singular pentagrids and the line
K is exactly the line of 3-fold crossings. Clearly, under a linear homeomorphisms A
corresponding to A € Gl(x{), the relation of bi-asymptoticity between z_ and z,
away from K translates to bi-asymptoticity between h(z_) and h(z,) away from
AK. The five lines K through the origin form the 10-fold star that is preserved by
A. O

Conclusion of Proof of (ii) in Theorem 10.1: Lemma 10.8 placed AI, Rar 10,
and F in Gl(zg). From Lemma 10.9, any A € Gl(z7 ), possibly postcomposed with
F and some power of Ryr/19, can be put in the form p/ where p > 0. To finish,
we have to show that p is an integral power of the golden number A. This follows
from the arithmetic properties of the Kronecker R2-action associated to E*. As
we mentioned, this action is conjugate to the Cartesian square of two Fibonacci
Kronecker actions. By repeating the arguments in the conclusion of the proof of
part (i) of the theorem, u must be a positive unit in the ring of algebraic integers
Z[A] and such units form an infinite cyclic group generated by A. O
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