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Let us now calculate the average displacement on the sets K},ﬁ?n.

Claim 2. Ifr(3) € K\ f()r some m,n € N, then

Ho Frtmtl(3) — H(i)
m+n+

= Pm.n-

Proof of Claim 2. For i, Wi‘rh T(%g) = g € ]’nf) we have

H(Z 1) — H(‘T‘o) = (H(&1y2) — H (i) + 2k (H (Zgay2) — H(xoap2)) +
(H(&m1) = H(Empry2) + Siey (H (Empipr) — H(Emp1).

Observe that H(zg) = H(zp41/2) = H(Zpming1) = (0.0). Also H(¢™ (])(”)j =
(—=rp (mod Z)) ?) for r € N, while Try1/2 € (¢ mtk (7)) ") for k =0.....m
and 441 € (67"t ))(” for I = 0,...,n. Thus H(z,, ’I”L-H) H(zq) =
(=mp—[=mp])-(,0)+mp-(,0)+ (=np—[=np]) (0, )+np-(0, )=
(fmpl. Inpl) =(m+n+ ) pmn. O

Lemma 1. The sel ]&m)ﬂ is nonempty if and only if a,,, o, < p. Moreover,
if Bmm is nonemply, then il is a disjoint union of four subarcs of 1), each

mapped by F™" 0 homeomorphically onto 1.

Proof of Lemma 1. The arcs {¢7/(I1)\")},cN are pairwise disjoint and
ordered on S{°) in the same manner as the corresponding backward orbit
of rigid rotation hy p. Also n.(I) = [0,¢(7)]. In this way the set of all
points in I which get folded by 7, into ¢~ (7) is either empty or consists of
a two arcs, each mapped by 7, homeomorphically onto ¢~ (7). The set is
nonempty exactly when —mp € (0, p) (mod Z), i.e. —mp — |—mp| < p or
equivalently a,, = [mp| —mp < p.

Now look at diagram (3). For a point zq € 1) to have Tmy1)2 as the first
iterate hitting 1(") means that 7,(zq) € ¢ ™(I). In view of the preceding
remarks such points g exist only if a,, < p, and then they form two subarcs
of 1), call them K; and K,. Note that under F7+1/2 = pm ¢ () (which is
essentially ¢™ o, ), each of them maps homeomorphically onto 1),

Analogously, points 2,41/, in I that have 2,,4,41 as the first iterate
hitting 7 exist if and only if a, < p. As before, if a,, < p, then those



points form two subarcs of 1", call them L; and L,. Under F" o F(*) (which
is essentially ¢” o7, ), each of them maps homeomorphically onto ") (see
diagram (3)).

Now KT(:L)L is clearly equal to F_(m'+1/2)(L1 L Ly) N (KU Ky). This set,

if it is nonempty, consists of four subarcs of 7 each mapped by Fm+7+1 =
Ft1/2 o ) o " homeomorphically onto 1), The lemma is proved. O

We are ready to conclude the proof of Proposition 4. To prove (ii),
note that from LLemma  we see that for m. n with «a,,. a, < p the sets
[(T(r?,]'n! prolmtnt ) (g 0) ) F*Q(m"'""']](f(frfﬁ)n), ... are nested, so the intersection

Mooy F*mtnt (K () Y is nonempty. Take any = in this set.

To prove (i) we have to consider two possibilities. For eventually free x
we are done by part (i) of Claim together with the fact that both (0. p) and
(p,0) belong to Q,. For interacting  we have to combine part (ii) of Claim

with Claim 2. O

Section 3: A diffeomorphism of the torus from the
map on the one-skeleton.

Recall that % - I 1s a wandering arc under ¢ and set

o)

Shrinking 1= - [ we can get a symmetric arc [” containing I such that Jg :=
p(I") is a nondegenerated arc and 7,(.Jy) is contained in W (see Figure 2).
Note that ¢(.Jg) C W. Put

Ii= g7 ([0.7]\ Jo)

and

AT :=cl(I"\ ).

(See Figure 2.)
For o € {h,v} put

U(o] — {T cT? - dist(m,s(d)) < /4 . Zength(Jo)};
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Figure 2.

U=vMuut,
Also set
C:={(z,y) e U : |x|,ly <1/2-length(Jy)}.
There is a retraction r: U\ C — X \ C given by

| (x,0) for (x,y) € UM
r(z.y) = { (0,y) for (z,y) € UM,

Theorem 1 is a consequence of the following proposition which is the main
result of this section.

Proposition 5. There exists a C'-embedding G . ¢l(U) — U such thal
p(G) =0,

Let us first see how Theorem 1 follows from this proposition.

Proof of Theorem 1. It is a routine to extend the map G acting on
U C T? to a diffeomorphism on the whole T? by putting a single source
outside U repelling all other points towards ,,5o G™(U) (i.e. we require that
T?\ N0 G"(U) is a basin of attraction under G~'). For this extended G
we have p(G) = Conv{(0,0),9Q,} = A,. O

The rest of this section is devoted to the proof of Proposition 5.

Proof of Proposition 5. The construction of the C'-embedding G
cl(U) — U is done in steps.

Step 1. As suggested by Figure 3, we modify F*) on (I")®) to obtain
F1(h] : X — U a C'-smooth embedding satisfying the conditions listed below.

14



M), (V)

FO )

Figure 3.
(A) (FM)71(e(C)) = AT U= (o)),
(B) F"(el(C)) C r ! (W),
(C)ifz g CU (F](h])_](C), then r o F](h](.r) = F®)(g),

Step 2. We extend F1(h) to a C'-smooth embedding G : cl(U) — U
with the following analogues of conditions (A), (B), (C) satisfied :

(A) (GW)Hel(C)) = r= (ATCT U= (o) M);
(B) GW(el(C)) C r ! (WM);
(CY itz ¢ CU(GW)=1(C), then r o GP)(z) = F") o r(z),
See Figure 4 for the construction of G In the analogous way we obtain
G from FO),
Step 3. Finally we define G : ¢l(U) — U by
G :=GYcah,

Let us now concentrate on these aspects of the dynamics of G that are
critical for the calculation of the rotation set p(G). First let us see how

15
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ContractU preserving ™ (x)
for xOX\ C.

Follow #“)on Xsending marked
fibers on one picture to these marked
on the other.

Figure 4.

[T

alternating applications of G® and G") act on " (W) and r " (WM),
We expect that these domains are wandering under G and move “freely”
governed by the action of ¢ on the appropriate circle. We formalize this in

the following lemma. (We deal with the case of ' (W), For r='(W®)

there is an analogous statement.)

Lemma 2. For any M =0,1,2...

2N compaositions

(a) if Mis even and M = 2-N, then the set GW o GWo . oW oG (p (W k)Y
is contained in r="(¢N (W) M) which is disjoint from C U (G~ (C);

2N+1 compositions

(b) if Mis odd and M = 2-N+1, then GWoGWo . oGWo G(“)(r_l(W(h)))
is contained in r=" (pod™ (W) M) which is disjoint from CU(GM)~1(C).

Proof of Lemma 2. We proceed by induction on M.
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For M = 0 our claim follows from (A’) for G*) and the fact that W N
Now we will describe the induction step.

First we deal with part (b). By the inductive hypothesis and (C’) for
IN+1

G we have r o G o ..o G(“](r”(W(h])) C roGWor ' (eN(W)H) =
IN+1
—_—

ror~' o FO(@N(W)M) = po ¢N(W)H. Thus GWo ..o G(“)(r_1(W(h])) C
r= (po N (W)™).

Now r~'(po ¢V (W) N C = § follows from po ¢V (W) N Jy = @ which is
equivalent to Yopad™ (W)Np(Jy) = VT (W)Nh(Jg) = 0. Since p(Jy) C W
and W is wandering this is true.

On the other hand, r='(p o ¢V (W) 0 (G~ (C) = § in view of (A")
follows from p o ¢V (W) N p~1(Jy) = 0 or equivalently sV (W) N Jy = 0,
once again by the wandering property of W.

Let us now consider part (a). By the inductive hypothesis and (C’) for

IN
G™ we have rc GM o . o G(L‘)(TJ(W(}’]) =roGWor Y (popVN 1 (W)H) =
ror o FU(po oV ()0 = (p(po g (W) = gN ()0,
Now r= 1 (N (W) )NC = § follows from ¢V (W)NJy = §. On the other hand,
using the version of (A’) for G®) we see that r=' (¢N (W) N (GE)=1(C) = ¢
follows from ¢M(W)N Al = 0. O

Now we are going to verify that the region C' under iterations of G stays
in the wandering domains of Lemma 2. This assures that all the rotationally
nontrivial dynamics is carried on a certain forward invariant set > on which
ris a well defined semiconjugacy between G and F. The lemma below gives
precise formulations.

Lemma 3. If Crit == ;2 Crjp = ULy GT(C U (GM)H(C)) and X =
U\ Crit, then

(i) G(X)C X ;

(ii) For any x € U there is N € {0, ,2..} such that zy := GV(z) € ¥,
Moreover, if x & ¥ then there exists N € N such that either xnyy €
r~ (po " (W)M) for all k € N or xny4p € r~ (oM (W)Y for all k € N;



111) The following diagram commutes :
(iti) . g diag

Note that the nonwandering set of (¢ 1s contained in . Also the nonwan-
dering set of F' sits in r(¥).

Proof of Lemma 3.
(i1) Suppose that zo ¢ ¥ . Then for some N € { ,2,...} we have xy_; €
Cu(GMY=Y0),

If zy_y € C, then by (B") we have 2n_13 = G(h)(SEN_1) € r‘l(W(h)) and

from Lemma 2 we conclude that for every & > 0

2k+1 compositions

TNk = GY oM o o GW e G(vl(qu/Q)

is contained in r~1(p ¢ ¢*(W)"M). This set is disjoint from C U (GH)=1(O)
so xy & Crit.

If 2y 1 € (GW)7Y(C), then an_1/0 = (GM)(zy_1) € C and, by (B') for
G, we have 2y = G(vl(.’IJN_]/Q) e r Y (W), Applying Lemma 2 with the

role of v and h interchanged we see that for every £ > 0

2k compaositions

TNgp = GV oMo . o GW o G(h)(mN)

is contained in 7~ (¢*(W)™). This set is disjoint from C' U (G")~'(C) and
so zy & Crit.

(i11) Suppose that zq ¢ Crit, then 2 & C U (G(hj YC) and zq); =
G (z0) & CU(GW)H(C). Indeed, otherwise 2, € C'U (G ~1(C)U(GW ¢
GUN=1(C) € Crit. Thus we may apply (C') with z = zq and (C') for G*)
with z = 1), to get r o GW o G(h](m) = o F(h‘)(r(m)). O

To conclude the proof of Proposition 5 we need to show that p(F) =
p(G) = Q,. Observe that Lemma 3 part (ii) tells us that points 2 ¢ X



contribute only (0, p) or (p,0) to the rotation set of G. The analogous state-
ment is also true for F, that is, the contribution of points which are not
in r(X) to the rotation set of F'is either (p,0) or (0, p). This contribution
is due to free orbits on S or §®) correspondingly. Moreover, using the
diagram in (iii) of Lemma 3 lifted to the universal cover we see that for

any © € X, p(G,z) = p(ﬁT’(T)) Indeed, we have HG"(%) S r(z)|| =

1G"(3) = 7 0 G™(2)] < supges [|7(5) = 9l < oc. T

Section 4: Deriving invertible dynamics on the torus
from noninvertible dynamics on a skeleton.

In this section we want to indicate that. as far as one is ready to give up
on smoothness requirements, there is a general method essentially replacing
considerations of Section 3. The construction is fairly robust and intuitive,
so we assume a very informal style to avoid blurring the essence with a cloud
of details.

Our approach is a variation of the method used by Barge and Martin
([4]) to prove that inverse limits of interval transformations can be real-
ized as attractors for homeomorphisms of the plane. The key fact is the
following theorem which is an easy corollary of Morton Brown’s results in
[ ]. Let us recall that a continuous map f of a compact metric space Y is a
nearhomeomorphism if and only if there exists a sequence of homeomorphisms
fn Y =Y converging uniformly to f.

Theorem 2. If Y is a compact melric space, then any nearhomeomorphism
Y =Y s afactor of a homeomorphism [ of Y, i.e. there is a conlinuous

onto map h : Y — Y such that ho f = foh.

The paper of Brown is clear and puts the above thearem in a perspective
of general facts about inverse limits. However, we feel it will be heneficial to
the reader if we present here a self-contained proof of the result.

Proof of Theorem 2. let d be the metric on Y. Given any two maps of
Y, say f and g, use d(f, g) to denote their uniform distance equal by definition
to sup{d(f(z),g(x)) : @ € Y'}. Suppose that a sequence of homeomorphisms

19



(fn)neN converges uniformly to f. Compositions fic...0 f, and f7lo...of;!
are denoted by f,, and f, | respectively. For any n € N set

Qp = 511p{max{d(f1m_1(m), f1.,n_1(y)): d(f1m—1 o f(T/) f1,71—1 o f(y))}

Cd(x.y) < d(f.. )},
By = sup{max{d(fi,-1(2). fin-1(y)). d(fin-10 f(2). 10 f(y))}
Dd(z,y) < d(fata. )}
= supld( " (). [N (y)) s d(w.y) < d(f. fa)}
€n =3 (an + B + 7).

Notice that skipping certain elements of the sequence (f,)°; one can make
the sequence (€,)°%; converging to zero as fast as we wish. Indeed, one can
proceed inductively as follows. Suppose that we have already chosen fy, ..., f,
so that ay, ..., B1,.... B,_1 and 71, ..., 7, are as small as we wished. By the
uniform continuity of the functions fy,., fin—1, finc f, fin-1 0 f and 7,
by picking f,., sufficiently close to f we get a,41, 3, and 7,4, as small as
we wish. This ends the induction step. In this way we may assume that
e, < oX.

We claim that the sequences consisting of the following maps of X are
uniformly convergent :

Jo = Jing10 fon
aﬂ = f1-,77 o ni-:L]:
hy, = f"¢o. n_{

This claim already implies the theorem. Indeed, we have f]nofn = fnof]n =
tdx and h,y1 0 f, = foh,. Consequently, the limits, denoted by f, g, h
correspondingly, satisfy fog=go f =14dx and ho f = foh.

Convergence of the sequences is an immediate consequence of the assump-

tion about the convergence of the series of ¢,’s and the following estimates
valid for any = € X. Setting y := fn_}(:v) we see that

d(fo(2). famr(2)) =
d(finsrefii (@), frno 1 (@) = d(frmor0 e fag1(y): frmoro fao faly)) <
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d(frp-refofur1(y). finmrofe fy)) +d(frm-rofofuly). fin-10fof(y))+

d(f1n-10fn0 fns1(y)s [rn10fofrpr(y))+d( fin10fn0 fn(y): fin-r0fofuly)) <
Bn + an + an + a, < 6.

Similarly taking f,.li1(z) for y we get

A(Gn(2). g1 (2)) =

d(frmo fofraJinae fod) =d(fraz1 0 fu(y). fine1 © fasr(y)) <
d(f1n-10 fa(y). i1 0 f(y)) +d(fin-10 far1(y): frn-10 [(y)) <
B + a, < ¢,
Finally using y := fn_l (z) we obtain

d(ho(2). by (2)) =

d(f"o fri(@) [ o £ 4 (2) = d(f" o fy). [ o fuly)) <

T < €.
O
W g®

D
—
""""" >
\ (h)
S the annulus
Figure 5.

We will now explain how Theorem 2 enables us to find a torus homeomor-
phism with rotation set equal to A,. Section 1 and Section 2 are prerequisites
for our considerations. In particular, one should look there for definitions.
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For the space Y in Theorem 2 we take the torus T2 For the map f we need
a homotopic to the identity nearhomeomorphism which is an extension of
the map F : X — X to the whole torus and has X = S") U 8} as a global
attractor. Such a map f would have the desired rotation set. Construction
of the map f is not difficult. Once again it is convenient to obtain it as a
composition of two maps f") and f). We will roughly sketch the construc-
tion of f") now. To get f(*) interchange the role of horizontal and vertical
directions.

First we take an embedding ¢!") of X into the torus such that its post-
composition with the map collapsing the marked annulus (see Figure 5) onto
S along vertical fibers is equal to F"). Next we extend ¢") to a homeo-
morphism of T? which we are going to denote with the same letter. We also
extend the collapsing map to a mapping p*) of T?. These extensions need
to be reasonably chosen since we want X to be a global attractor. For f(*)
we take the composition p'") o ¢®). This is a nearhomeomorphism because
p") is one: the maps p(®) contracting the annulus along the vertical direction
by a factor say 1/n are homeomorphisms that approximate it.

From Theorem 2 we get a homeomaorphism f of which f is a factor. This
map has the same rotation set as [ - it is equal to A, as required.

The last implication hinges on the fact that the factor map is homotaopic
to the identity and the following simple ohservation.

Fact 1. If f. f r: T? — T? are continuous, homotopic to the identily and
satisfy for =r of and furthermore F. F R :R? — R? are their lifts such
that Fo R = Ro F, then p(F) = p(F).

Proof. The map R is surjective and, for any z € R?. we have HF”(:B) —
F"o R(z)|| = |[F"(z) — Ro F"(z)| < sup,er ||E(y) — y| < oc. The fact
follows now trivially from the definition of the rotation set. O

If r is not homotopic to the identity, it induces a linear map r, on the
first real homology which we identify with the universal cover R?. Then
p(F) = r.(p(F)), provided r, is nonsingular (or at least r is surjective). To
see this one can madify slightly the above proof, or just compaose r with the
linear torus automorphism covered by r ' and use Fact 1.

et us end with a remark on the continuity of the dependence of f on f.

Remark 2. If f': Y — Y, t € [0.1] is a homotopy of nearhomeomorphisms
and there exisls a sequence of isotopies fL Y — Y, 1 € [0,1] converging
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uniformly in t to f', then one can assure that the family of maps ft from
Theorem 2 is also a homotopy.

To see why the remark is true, observe that the dependence of maps ft on
t 1s continuous if only all estimates in the proof of the theorem are uniform
in £. This uniformity would follow if we choose the approximating family f!
in the proof so that ¢, := sup{e’ : ¢ € [0,1]} has as before a finite sum
Y €, < oc. One achieves this by analogous inductive procedure as that from
the beginning of the argument.
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Boyland whose support and countless suggestions made this paper possible.
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