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MATH 441
October 7, 2008

1. (26 pts) Circle T or F indicating whether the following statements are True or False. You do not need to justify

your answer.

Let A and B be n x n matrices, let U be an n x n upper triangular matrix, and let = be an n x 1 vector.

()T (F) If Aisinvertible, then det(4) = 0. "a?’
(b) T, F The multiplication Az is more expensive than solving Uz = b using backward substitution.
(¢) T /E An upper triangular matrix always has an inverse.
@T /B det(A) = det{A™1).
11 -4 3] ¢
(e) T E/ The system with augmented matrix | 0 2 0 5 [ 0O has
\0 0 0 0| -6
an infinite number of solutions.
-1 -4 -1 % %
2 3 B
B 5
The condition number x(A) = H‘Aﬂ‘ .
) -1 6
¥/  The vectors 0 and 0 are lincarly independent.
— i
7 3 -2
7T B If A is singular, then Az = 0 has only z = 0 as a solution.
()T F The multiplication AB is more expensive than using Gauss Elimination to solve
- Az = b for some non-zero b. , 5 3
) 10 1)/ 2"
®),T,/ F 4 -3 7 = 8.775.
0o 0 1/,
't/ F In double precision arithmetic (11 bits for the exponent, 52 bits for the mar
— for the sign of the number), 5 4 107
(m) T In double precision arithmetic, 107190 = ¢.

2. (10 pts) In each of the following, circle an appropriate statement from the list statement!/statement?. You do

not need to justify your answer.

Assume that 4 is 7 X n and that the matrix system Az = & has no solution.

(c) det(4) ‘isz(is not) equal to zero.
(d) & is/{ilé_gb_t_’.} a linear combination of the columns of A.

end éti’g/ independent.

(e) The columns of A are linearly]



 

[image: image2.png]5. (16 pts) Two MSU students were asked how far from MSU they lived, and how much they paid in rent. The
first student answered (0.3 miles, $325) and the second answered (2.5 miles, $563). Let us fit a line to this
data. N

yt’ (a) Give the Vandermonde matrix, and set up the linear system you need to solve to find the interpolating

line.
LN (5
QI 2 g )b . <\ =

2, {b) Is the line which fits the points unique? Use a result from matrix theory to explain your answer. Show
4
your work.
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7+ (c) Solve the system in #5a using Gauss Elimination. Show your work.
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. (d) Give the LU decomposition of A

A= (o) (b )

T ,
n.u\avkiw v(} row v IR prae

% (e) Joey pays $425 in rent. How far from campus does the line predict that Joey lives? Show your work.

o @/ 16: (69, ,22X+ 292.505
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[image: image3.png]Show your work for each of the following questions:

(a) Explain why the correlation matrix C (given in the output above) is positive definite.
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(b) Caleulate [|C]};.

el = eon oo nerm = [k Leerd L loaen |
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{c) Give the condition number x2(C).
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(d) If we were interested in solving C'z = b for some non-zero vector b, is this a well-conditioned problem or

an ill-conditioned problem? Explain. . (\
) I Q . <o J :
= { 5 B 2o (\é:r [ TS N

Well (Lm&d(m«:c& st b, (¢ 3 -

7 in the data.

(e} Give the eigenvector which accounts for most of the correlation {or “variabi

N
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(f} Calculate {jw|i< where w is the eigenvector from #86e.
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o
(g) How much of the correlation (or “variability”) in the data is in the direction of the eigenvector given in
#6e?
2:412] .
: Az = LEo%E TP B2 Lo
;*‘5}} + 4‘5(1 1‘7“\' .f»°J\ 7 ' o &~ -

(h) Which of the rows of the matrix W7 D7 (given in the MATLAB output) correspond to projecting the
data onto the eigenvector in #6e?
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[image: image4.png]7. (14 pts)

) State the main result regarding matrix envelopes (i.e. why are matrix envelopes important?)
_A AN
. (b} Circle the envelope of the following matrix
1.0000 70.0C03 0 10.0003 0 0 o]
6.0008  1.0000 < 00003 0 0 0 ¢
0 0.0003 1.0000 0 G Q 0
0.0003 o o 0 0.0003 0 o
¢ 0.0003 0 2 .0.0003 / 0 0.0003 0
0 0 0.0003 o 0.0008 1.0000 | 0, | o) 0.0003
0 0 0 0.0003 0 6  1.0000 10.0003 0
0 Q 0 0 0.0063 0 0.0003 1.0000 0.0003
o 0 ¢ 0 ¢ 0.0003 o 0.0003  1.0000

(d) Give a rough sketch (i.e. just indicate the non-zero elements) of what the Cholesky factorization of the

matrix in #7b looks like.

(e) EXTRA CREDIT: The matrix in #7b is positive definite. Show this.





[image: image5.png]6. (16 pts) Consider data used to support global warming from the years 1890-1980. Three measurements are given
in the matrix D below for each decade between 1890 and 1980: the first column is mean global temperature,
Coddard Institute from

given as a change in degrees Celsius from the 1951-1980 average (published by NAS

Space Studies); the second column is atmospheric carbon in parts per million {from the well-known ling
Curve”); the third column is solar magnetic cycle length in years (from & 1991 Science paper). We'll apply
principle components analysis to the correlation matrix instead of the covariance matrix, but your analysis will
be exactly the same as you've done before. Counsider the following output from MATLAB:

-0.2500 291.0000 11.7000
~-0.1500 292.0000 11.4000
-0.3100 284.0000 1.1000
-0.1900 297.0000 10.7000
-0.0800 301.0000 10.3000
0.0700 305.0000 10.2000
-0.040C 311.0000 10.5000
0.0600 318.0000 10.7000
-0.0100 327.000C 10.6000
0.1100 338.0000 10.4000

>> C=corr(D)

1.0000 0.8078 -0.7278
0.8078 1.0000 -0.5778
-0.7278 -0.5778 1.0000

>> [W el=eig(C)

W=
0.7832 0.1224  -0.6088
-0.5418 0.6152  -0.5728
3.3050 0.7788 0.8481
G. 1877 o] o
0 0.4283 0
s} ¢] 2.4131
> WD’
_154.31563 -154.8704 -1556.1710 -157.8246 -150.0280 -162.1085 -165.3545 -189.0084 -173.9708
188.1034 188.4972 189.4743 191.0231 193.1858 195.5870 199.4984 203.5728 209.4231
~180.0683 -160.8663 -1862.0784 -164.0887 -166.6655 -169.1028 -172.3065 -176.2662 -181.4320

~178.8883

2156.0491

-187.9136




[image: image6.png]3. (6 pts) Suppose that B isa nonsingular n X n matrix. Show that A = BT B is positive definite.
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4. (12 pts)

(n) When must you use the LU decomposition to solve a matrix system Az = b instead of the Cholesky
factorization?

Whev Ao Not spd.

(b) Which method is more efficient to solve Az = b: (a) x=inv(A)*b or (b) x=A\b? Be specific - how
much more expensive is one over the other?
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(c) What is the disadvantage of using [ U Pl=lu{A)}, x=U\(L\(P*b}) to solve a linear system instead
of using x=A\b?

Need mv»»“}ﬁ }b shee LU, F

[

When should you use [L U Pl=lu(A), x=U\(L\(P*b}) to solve a linear system instcad of using
x=A\h?
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