Final Exam topics:  From Chapters 1-6 of your textbook.
1. See Exam 1 review
2. Prove that the Euclidean norm of a matrix is its largest singular value
3. Prove that the condition number of a matrix, wrt the Euclidean norm, is the ratio of the largest singular value to the smallest singular value  

4. Stability and backwards stability

5. Gauss Elimination/LU decomposition: implementation, stability, use and cost

6. Cholesky Factorization: implementation, stability, use and cost
7. Prove that if A has full rank, then the QR factorization is unique (for diag(R)>0)
8. Householder reflections: properties, implementation and use
9. QR factorization, partial and full: implementation via Householder reflections, stability, use, and cost

10. Derivation of the (linear) least squares solution: set derivative to zero
11. Methods to find the Least Squares solution, which are better and why?

12. Prove that if A has full rank, then the least squares solution to Ax=b is unique.

13. Prove that there is always at least one least squares solution.

14. Projection operators

15. Sensitivity/conditioning of a linear system (condition number of A and residual norm)
16. Sensitivity/conditioning of a (linear) least squares problem (condition number of A and cos(theta))
17. Sensitivity/conditioning of an eigenvalue problem (condition number of eigenvector matrix and the role of eigenvalue gap)
18. Ill conditioning caused by poor scaling of columns or rows, and how to correct for this.

19. Solving ill-conditioned linear systems using the Truncated Singular Value Decomposition (TSVD)
20. Discrete Fourier Transform: implementation and data analysis
21. Singular Value Decomposition, partial and full

22. Eigenvalues, Eigenvectors and eigen-decomposition, in general and for symmetric  matrices
23. Relationship between the singular values of A and the eigenvalues of A’A.
24. Characteristic polynomial

25. Schur’s Lemma

26. Know how to implement: Power, Inverse Power, Shift and Invert eigensolvers.
27. The theoretical convergence rate for the Power Method is|2nd largest eig|/|largest eig|.  Prove this and similar results for the Inverse Power method and for Shift and Invert.
28. QR Algorithm: implementation, stability, use and cost
29. Simultaneous Iteration: implementation, stability, use and cost
30. Hessenberg preconditioning

31. Lanczos: stability, use and cost
32. Know when you should use one eigensolver instead of another.

33. Numerical Integration methods: Riemann sums, Trapezoid, Simpsons, Gaussian Quadrature
34. Prove that the Raleigh Quotient x’Ax/x’x gives the “best” eigenvalue approximation in the least squares sense
35. Optimization

36. Finite Differences

37. Jacobians, Gradients and Hessians

38. Linear Taylor Approximation to a multivariate function

39. Newton’s Method for root finding and for optimization: implementation, stability and cost
40. Non-linear least squares: implementation, stability and cost
Handy table of MATLAB functions that we have covered this semester:

	MATLAB
function
	Method
	Cost in FLOPs
	Purpose

	\
	Gauss Elimination
	2/3 n3
	General linear solver  when only one RHS.  Backward/forward substitution when matrix is upper/lower triangular

	chol
	Cholesky factorization
	1/3 n3
	Linear solver when matrix is positive definite

	cond
	p-norm Condition Number
	
	Determine the conditioning/sensitiviy of a problem

	condest
	1-norm Condition Number
	
	Estimates the conditioning/sensitiviy of a large problem 

	inv
	Matrix Inverse
	2n3
	Undesirable matrix solver, may be necessary for theoretical calculations

	eig
	QR Algorithm
	10/3n3
	Eigensolver for all eigenpairs

	eigs
	Lanczos/Arnoldi
	2n2/ it
	Eigensolver for large matrices for some eigenpairs

	fft
	Discrete Fourier Transform
	nlog(n)
	Determine frequencies in a signal

	fmincon
	Optimization
	n3/it
	Finds minima when there are constraints on the cost function, derivative or finite differences required

	fminsearch
	Optimization
	n2/ it
	Derivative-free minimizer

	fminunc
	Optimization
	n3/it
	Finds minima when there are no constraints on the cost function, derivative or finite differences required

	fsolve
	Newton’s
	n3/it
	Non-linear root finder 

	fzero
	Bisection
	
	Root finder of scalar functions, no derivatives necessary.

	lu
	LU decomposition
	1/3n3
	General linear solver, use when there are multiple RHS’s.

	nlinfit
	Gauss-Newton 
	n3/it
	Non-linear least squares

	pcg
	Conjugate Gradient
	2n2/it
	Linear solver for large positive definite matrices

	qr
	QR factorization
	4/3n3
	General linear and least squares solver 

	quad
	Quadrature
	
	Numerical Integration

	roots
	Newton’s
	
	Polynomial root finder

	svd
	QR Algorithm
	10/3n3
	Singular Value Decomposition

	symamd
	Symmetric Minimum Degree
	
	Reorders the rows and columns of a sparse matrix to minimize the bandwidth of a matrix

	symrcm
	Symmetric Reverse Cuthill-McKee
	
	Reorders the rows and columns of a sparse matrix to minimize fill-in of LU and Cholesky factorizations


