Chapter 14: Review Questions

(1) PARTIAL DERIVATIVES AND IMPLICIT DIFFERENTIATION
a) I f{z,y) = 2/(x+ y) compute fr(2,—1) and fzy(2,~1) .
b} I f(x,9,2) = x%y + 2y compute f,.(1,3,1) and f,.(1,3,1) .
¢) Il flx,y) = 2z ¥ 3y compute fo(1,1) and fy(1,1).
dj Compute £,(1,0) if f(z,y) = €*~sin(zy).
5] Compute 2,(1,1} il z{z,y) is defined implicitly by 2223 — 2y + 2 ~ 1 = 0. Assume z(z,3) # 0.
(].n e) Ifa® + 13 — 2 — y* = 0, compute 2, and z,, in terms of z,y and .
(2) LIMITS AND DOMAINS

a) What are the domains of the following functions:
DSy =vI-a—y i) flz.y) =logB-2% - 4% i) f(zp)= (@~ /T- )"
b} Compute the following limits: (Pi(‘k Okﬂy ()a:ﬂ)\) 1(3 . az’x ete )

1 R 3 e . .
) lim ¥+ ”i yr? -y ) Bm T -r+ -"if Y i) b sin( xy)
r)=(0,0) & +3% —y— 2y (z.0)—(0,0) 2y — 32 + 37 - 3y ) -(00) Y

¢} Show the [ollowing limits do not exist:

. . Ty .. . T=3+y . z?y
#) (r,yyffu.n) 222 4+ 32 %) (:n,p])!—lj}i,ﬂ} z+1-y i) (:1:,1;}]—-4(0,0) zh 42

(8) CHAIN RULE

a) Let [ = 2% 4 3 + 3z where @ = 2t + 2 and y = { — 32. Use the chain rule to evaluate Sz and f, when
{z.t)=(1,1).

b} Let wr=2a* —zy, # = u+ v, y=u—n Use the chain rule to evaluate w, when (z.y) = (1,9).

¢) You do not know f{x.y} but do know f; = 2% — y and fy=z+y a(@) =12+ 1and y(t) = 1 — 3,
what is the rate of change of f in ¢ when { = 17

(4) GRADIENT AND DIRECTIONAL DERIVATIVES
o) Compute Vf(1,2}if flx,y) =2 ~ /fyy— 2.
b) What is the directional derivative of f(z, ) = 23y~ y at (1,1) in the direction (1,3}, In what direction
is f decreasing most rapidly a1 (1,1)?
c) What is the directional derivative of f(z, y) = zy — 2 at {1,1) in a direction toward {4,5)7
e} The temnperature in 4 room is given hy f(ir,y} = 100z/(2?+3?) °F where z,y (feet) are coordinates on

the floor. You move along @ = 1 at 2f/sec in a positive y direction carrying a thermomeier. At the
moment you pass thru (a,) = (1,1) at what rate is the tempurature on your thermometer changing?




(5) GEOMETRY
a) Find two unit vectors perpendicular o the graph of f(z.y) = 2% 4+ 33 at (z,9) = {1,1).

b}
c) Find the equation of a plane tangent to the graph of f(z,y) =z + y+ z® at (z,3) = (1,1).
d} Find the equation of a line, normal to the graph of f{x,y) = vz + 3y at (z,y) = (1, 1).

e) A line L is normal to the graph of f(x,y) = 1/(2 + 2y + 1) at (z,¥) = (1,1). At what point docs this
line intersect the 2y-plane?

f) Find a vector perpendicular to the curve 2%y = 1 when (z,y) = (1,1).
g) Find a veclor perpendicular to the surface defined by 2 — % + zy = 0 when (z,y) = (1,0).
h) Find a unit vector perpendicular to the f = 2 level curve of f(x,y) =22 +1® at (z,y) = (1,1).

i) A curve ( is formed by the intersection of the cylinder 2% + 32 = I and the graph z = f(z,y). If
Vfi{z,y) = (@ +y,» —y), find a vector tangent to the curve when (x, y) = (1,0) (Hint: 2(¢) = cost).

(6) CRITICAL POINTS AND SECOND DERIVATIVE TEST

a} I'ind all the eritical points of [ and classify themn

(1) Fla, ) =2 + 2% ~dz + 4y (2,-1) relative minima
(i) fle.y)=zy-—x+y (-1,1) saddle
(i) flx,y) = (2~ z)e* v (1,0) relative maxima
{v)  flr,y)=a+y* —dxy (0,0) saddle
{1,1},(-1,-1) relative minima
vi Sflow)=zfy+8/r—y (-4,2) relative maxima
(vi) flr,) =2 +y* — 3zy (0,0) saddle, (1,1) relative minima

(vit) [z y) = — 32y +5z - 2+ 6y° (-18/5-11/15) relative minima
h) VS = (fr, fy) = (2® — y.y — 2), find and classify all critical points of f{x,y).
(7) MAXIMA AND MINIMA ON A REGION

b) Find the minimum value of f(z,4) = 2* — 2+ y ~ zy on the triangular region whose vertices are (0,0),
(2,0) and (2,4).

(8) LAGRANGE MULTIPLIERS

a} Find the maxima and minima of f(2,y) =z +2yonz® +y° =5

b) Find the maxima and minima of f(x,y) = = + 2y on «® + y* £ 5 (Look at previous problem).
¢} Pind the maximum and minimum temperature of Tz, y) = (x + y)c“”z'“i*'2 onz? 4y <2

d} Compute the minimum distance from a2y = 4 to the origin.

e) Compute the minimum distance from x + 2y — 32 = 1 to (0,0,0).

f) The only critical point of f(z,y) = x* 4+ 2y +4* is (0,0). Find the meximum of J on the region
P+ <L (Firsy findd max on !aamalary ’X"+7°‘: 1)

g) Find all the extrema of f(#,y) = #® + ° subject to the constraint that g(z,y) = 2! + y* = 16.

I} What arc the extrema f(2,y) = 2 + 3* subject to the constraint g(z,y) = y — = = 07 Is this point
(are these points) a max or min of f for the (z,y) satisfying the constraint?

i} Design a cylindrical can without a top which holds 1 liter of Auid which is made of minimal material
(surface area).



(i) PARTIAL DERVATIVES AnD

(@ Sy = L

IMPLICIT DIFF.

(x+y)* 5@ =~
T 5 y) = 2%3 £.68,71) = 2
(b)Y £, (xy,z)=o0 fooG30 =0
572("1)’)%)5&2 5),2(53,:):&
ey 4, :\]'a;_u'; :S‘X(EJ}) :\f_-é-_
f] = 5__%\!__%:___;; ;7(») iy = &-—3—-\/_5_

(d) fx z 1) (su'n,x), tyclosxy) | )Cx(i)o‘) = D

() WNote that Oyy)=(, 1) => Z°=% =0
So%cu(— 2(i;):a+l.

= Im,:)”d?f
oAl \FWMM]\@AS
Z(,0 = oXE L 2. - ;’53_}
}"‘3;&12 (x’yjz):(t}ijtf) o
(§) Twplicit DiFf in
2 ax
&y + 2 -Z =0 7 = =22
X L= X X 274 (t_,qz?)
Differentiation eg o sve 1 X aaa,;\\
& oHIAT 2T ¢ (UT-1) 2, T 0
Z, = aﬂaz"’*z,}s ~3 (*61‘:’—823+1+9qx1£?‘)

(t-42?) (4z:—1)3



(3 LimiTs AND Domfans

@) ) D“g(xy)‘ '| x—\/>a} %J//
) B ’ ‘ - - "/ 7 -
/ //b a '
L) D= ?Cx,y) o x’-,,a"-,_{ 3j //—f/\ intéiror Cifcie

@ DF‘r:ﬁ_

AT ,ﬂ}x}_#_\/ i ___,a-,_
.

PR PrIrE

cai) D= §(K,)f) : 51: Y x#Jt-Yi—}

(b)Y Since the [imiis exist) can eualuate on

3n faddfh_
¢y him + ( x = hm Fix 0) = hy X’ ——/
24 907 =0 kx5O
041 210,05 X0 x2s

: . , 2
) him :F(x) Y = lim f(x/g): hw 22X Y
(X, ) > 10,0) X3 XS TIX 3
(edy b {(‘5}/) = lim '[("éx’) = L SN0 =

(% 2,0) x> X>po x*

e) Need 4v show limits on 2 paths have 4. valv-es,
L) llrh ;F(x) kx) = K o{rp-{ -?oy\ olH:‘lc k Vet (S_

X5>p 3+ 3K?

- - (=24 ~ |
() ;lg'\z :F( ')7) *a'i;t\)- w’“jg)) = - | f (Xl{ﬁ(\&w'tti
hvs = i 2= =4
xl-—> | 30 2) 5] X
CLi) hm f(x kx» = k di{fesnt for diHf
X>p {4 K2

q° Kx® pocths,



‘ (3) Cham] RULE

t Fz,t)=§fwx,y, 2)
(ad £ X (E)
Tt F o df ax 33y ,°f
LNES) az 3x 32 ayaz Jz
@)
IF = ax- | ray(-3) *3
D
omal ot (‘Z-E)—~(?Uw-d_)ﬂav{ X"3 :*2. S‘U
F,C = a3’ Lk F =3
il) Hewise t )< +017J¥(u:)

(b) L:éw%ﬁ-—‘??& @x=-ydsi =X

}o'}}:ciJS G =

0 df - ¢ b o dy (- (at)) +(x0)(-3)
7

At £ =1 one has x=2 , ¥ =2 dhus we evalte
the above expression at (4% y) =0i,2,-25;

At = (A4 a) (3) + (a/{)p.s) - 18
0[{ + =
(1) GIRADIENT _AND DIRECTIWNAL DERIVATIVE S
= i £
= - -
(> V§ (ax ')J-y—";y 3 y,.;.; ) V'F(o? M <o,2 )y d

) )
(b) Firs+ VE=(axty, #=1> | FFU,1D = <3,0>
Direction &7=<')3>,Uni+o€}rcaﬁon i =_“:f_; <1,3>

v A 3
Da?(’;’) = V:F('I)})' A ~ \J-J-B

“Dh;f‘ec:#\m :F o(e.crf_’a.mha MDS‘]’ ro_qna“7 'S “,.vs?ﬁ‘jj): <-3/0>\



&) Dicechional dinjakive from O, Howand” (45)
?‘5“-’(}")')(—&);,} ?§(1)]):<D-l>

A
direckion wchv QIS = PULIYE <3 4> =0 D K :—é—<5)4>
15 unit diredhion veckor.

— e A _
rD{k\‘F(l}J) = VF0, ) n = 31(_3—4) =

d) For spaed V= dftjsec the answe iS fu-DaﬁcU, 1)
where tx:(o)u} Lo Posl'ﬁu-e. a_ A rrecAion

kﬂ«a\na x=1.
-
ANS = V‘F(l,i)*(a 1> = "U‘g(fjl) =V M 2‘iGOiF—
! 7 (xv._‘y:.)’-'- Q) SeC
’I

Y
VE =L > T R (E LS =l -t -

By ol.g,.ﬂ\ +he unit radial ek ?:"t}'? So

"\?{3 = Bl ¥



(5) QEQMETRY

K 5
o) N = <~ ;(i 3) -f i r) 1> = (-*é! ~3 > IN | _—_-\/,4
o uvnit yectors are ‘*’N -'*\,- <-a -3
<—§(!!)o 1> = <io >
<o))fy{v)l),i> = <o, 3, 1>

R

1y

2

L
e) Tﬁn%@,ﬁl?]&ne

ﬂxy>s>«4y+xy fo,n=3
flyy) = ) ‘*‘7 £,
£ Yy = +3xy*® ;;(m:t;

Narma.ﬁ e = -4, 1> and T =<0 13D m plane

ax -+H>/"-l =3

4) Normed N =<~f 0,0 —-)CU,!) 1) = <"L;,')“fll) ) >
Thew Q=<><a)y,,,¥(x,,,/vo>> <,1,a> yields
Q) = <1, 9> 41y, %, ) Nemal bine

e) Nocmal Veckwr N RS ADRE RIS R S T
Thryw F‘o = Fonp> =t —-> )a.em’s
PO =gy T=54 ) LreS Norma Line L
mtecsects xy«-f‘iane when -zw):fﬁt:o Et=-y
Thteaseckon P+ 4 ) = ¢ 64)52.3 o>



= -5
) Vf()g,):)f(&)ﬂ\/)x"} V;f(i)l‘) =<2 1> 4
Curve XY 21 @ (1),
gv lLewel Surface g%y, %) = x7-~z3‘+gz =

ga(%,\/)z) = <3>~<)i)7-~322‘> A :st,nr‘:;[«.:{c{~

LWhen (x/\/)=(.i_,0)§ %(3,0)%): 3"'E?>::0 o> 2=
So (x,y}%):(ij 0,1 o Surface

w5y
va(;)oja):/\a,»)-» L surfaa @ (40,1

iy e}
b)Y TEooy = < Ax i-/‘*—>. VEO,) =<2, 3> 1s 1

at (i,1) bu+ wot uni b )ﬁﬂg—f’h.
- — A~ |
| VF 6,0l = Vi N = EE <3y 1

) ket Tro) =<niwy yiy, 210> be the corve of

nter Sechion §mce Z:f(x/ ) on such a

corve ‘ne? porametrizatid is (xmlg({')":l)
o Lo«
Ty = (cas-t) Sm‘t) JC(N{JJ)« 1)) >
0, _ : . A_x d
O =<=3int, cost | f, s 72{ >

-7 = <msint, cost, (k1Y) (=3int) + (x-y) cos £ >

When (X, v)=( 0), t =0 So Tansént

A€ e ')/ / g f)
oy = <o, 1, 1D

L’)f euafu@hhé r‘fn{u cJoa‘Uf



(6) CRITICAL PanTS AnD  2ZND DERIVATIVE TEST

o L0 3C$?<’“+Jaz-4x+il/

£, = 8x-4 =0 } (%) =(d,~1)
397 = J—ia 4 =0 scle ef. pt
‘D:ﬁ af ~ (£ ) = @Y -0" =8 >0 and
£<u eZ«oz (9) 1) S e locad min .
alv) £ = x”+a -y
Gy :F‘x ‘4¢<°"~47 = ¢
€2) §7 =hytoux =0

£ ) = x3 this
Ega trve on)y R a X, USma this in (2
x?-x < x(xf-1) = 0 X=0,%]

Vields 3 c+.P~}s. (0,0) (1,1) and (-1,-1)

(x, y) M‘lx; -ib )(Xx‘-'f&xl' Corclude.
(0,0) — +- S::‘uu!é’
Ci, 1) + “+ loc. m;n
(-1,=1) + + loc. m/in

) Since VE={x-y,y-x> then

Y 3C,*:'x =0

Lz.)-§7 D 2t B
elds  x-x cx(x-))20 s0 ct pts (0, o) and (1,1) .
Frem (1), Fx)(-ax,,& = =1, From (2) ;}),.,,_

Concfui& "b = fAx-~! aw\p( c,fﬂ55,“F71ng
(ﬂ)O) saic“@. C‘, ‘) 'oc*cdl W\;n



(F) MAXIMA Anp MiniMA sn] A RES 10N

o) The guad’lm )C = AX ~ X"y has the sole

cr.hcaﬁg ot (Xo)ho) = (%, %) amd it
SN s the uni+ s7uarc2
®c+l3~}

!
-1 ~ '\’r':’X-‘ +4 0 5-(0,7) = -y
_g e ’ / f(x} o= xe
PV Y Fp =y
ool ¢ fixoy =-x
0 5 T X -] > X /

Since $(5,4) =-% the max+ is 0 and
OCCurs a4 (.0 o}) vy on bou‘naﬂ&ry.

b) §=x1-x+t&~—x7 has one el pi. at (xy) =<1, ).

h fooy = xP-x = (x-4)*- &
1'}+ ' oo -
/A \‘a\ x=z 5“”3) J L;
Y 2 i ® }
\ ® f(xax): X=X = =(X"2y + =
\\-. . . - I Y
470 are valwa of § on 3 edges
max fixo0) = f(30)=12] m,nf‘xﬂj_{(Ljﬂ)-:_L
x¢ 2,21 xe [2,37] L'
max 3ez,y) = $28)= ) mi $2,y) = £ OEGE!
y€ o, ! ar. [o,4] - C/
d = 1y = ‘L n - S -\
Xr?%?mf(x x) = §5,1) = n JC(X&XJ ) (&/
Wiven , at ot Pt ?(:,H=C}~H\u\ Qlos mw\/mfa)c,«
dbs may =+ at  (2,0) ]

abs mih = -2 ok (2,4) O



(8) LAGRANGE MULTIPLIERS

Q) Gy 1T 3 xPA 5=
(2) P = 3)/7-")\ ;}:}\g;
(3) x-”+73:!é :5-:-0

Divide (2) and (1) since xy,n #0. a"rxl
h e ce. a-‘i‘ix‘

= =X n (3) )mzlds‘ the covvadickon 0= 6.
a-T - - - [N
hvs =+ X cmfy whiclh /a (2) y.eus Ax>=14
bt ’X:Z_
(% y) = (2,2) sole.  extreme .
LY  Problew has many momy exreme
Gy ax = HA x:

(2, 23 = 11‘)\
(3) Xq-ta” = ¥

X =0 in ()and (3) = a:: t2 (x,yjk):(o)'tz) Jé.)
A0 () and (B S x=rz e,y 317 (23,0, %)
T4 both  x y #0 thon dividing (yand (1) 1mplies

af:‘ix- Sma'a‘:i'x in (38 ome finds
axq:;é ﬂ:jHJ—g'—
Thus we have (On ﬁul;a?) § extvema
(4y) = (0,22) 4 (2, 0)
Gy) = 2WE,Ne ), T (E,-VE )



¢ Since F has no eriticat

POJn'iS Yhe
Max / mn mist eccur on the bound
Must solve (For 4

8(‘ .
£ = 7«42)) /4
N A& X -Ft)ay) g{x“}):x'f-.{_ylﬁs
Marmae Mu(-h‘@l‘mr A
) T I Y
(1Y él T ary
(3) x*

S
Com'd hauve ?‘-Z’
‘hUS C!.H)idl-e () an

i (Y o (2) So b

o1h ?(7—3{'0.
A (2)
a“:ax

which vsed o (3) )fze,w(s 5975 o XK=

(x, y) = UL 2) - abs max
{ X 7) = {"’ "3) =

o b s m,\m,
d) Must find ex‘ffema or bou naedb\/
cm\6>m +o wvalpc {/a o) =0 &t 5o}e
Cli ca ) Pam—i— (0 0) msnl-& reé ei&n

() aX+ 4 = Arx } divide and Sjr"npi;ﬁa
(z) e "ro?a ::‘61 |a - %a‘)‘ a?-;x?_.

(3} xZ 4.‘& =}
Eans (-(a) )mph = iX whigh usei n (3)
aaleid/) aX‘i)F/ gi‘}'

X = s or iy })o:h‘is

| 1 L T

(‘I‘Lwﬁ) (\f’i;\rl) (ﬁ-) \!") (\f'z.) J—L)
§= ¥y, 7 ¥

abs max

c%s mM3ax
C+ P+ is abs mmn since fs0) =4 SmallesT



e) S,tlicient 4o minwnize dislance S7ua,4c%( ‘F‘-’KL‘*V"'
s.)b\”-}ec% 40 con st e in+ a = xa -4=0

by X =2

(~y @& a\%\

(?) x? = Y

Clegr! ne; 1her X, =0 else (3} pot SqHS-FieJ.

Thos divide () and (2) 4o 3«:;# (atted s;?np?i{}uia)
47X (w"=x")

which vsed vn (3) y{eus x =Yy , XEte

The minimum distame is ¥ 2%12% :J‘g‘

and gccurs at * (2,2) Pofrﬁs‘

£y Maimize f:x"+a?‘+%?‘ subj et arx—i-&&—-?»%:l

iy h

Yy Ax = N\ = Xf}fz.
(2 2 = 22X =S =
(3) 2% = -3 = %‘:—?ﬁA

(4 X+Qj~32:—i
US)?\a X:ia_}\)'a: /\J Z :"%‘_9\ n E.7ﬁ (H) 7;'6(0{5
ER N

i

hewce A = 2 A A

, — he -3
(X,y;Q) = (7 >J?) .

is the pomt onthe plome closest o (0,0, 0.
The min,moum ﬂlf$‘)MC€__, S

B =V @GR = EE




8) Minim ze Jc: 9<+-a—2 sub 4o 237(1“31*%2'-'-‘!

Gy S e }Sow 5
) 1 = 3% é teams of N

(4 '7('7"+a7'-i 2 =)

! i -
Findl X ,2;\ ,}lﬂ";_”; an A Z:";‘; . Use in (4)

A=x v (3=%)

’”\uS 05‘}&1”\ ')"L,u() Pmﬂ+5 (QXWMQ)
oA i il
(x, 9, ) =& (’4’3)\{“)@) =t X

4

Evalvahing at ‘H\€S§\ P-rLs e makes 47 a Max
hen e mfd s FEX) N3 at -

h) Base x, he Cost+ Clxy)=ax* Haxy
W;mmf&d @ST C(X},))_S’u (J(-{ +o :F'?(f’&
‘?Jé)lvme %"’ x> 7 =

x*\é% z Jiuile&éaeids Y =X | 1.é.
g ’\ﬁy the S as height
(or a coube!l)
) Radivs F) ke‘l-a}\-‘f h. Noie bier =10 CW“Q.

S = arrh + Tr - (5\»(%&& QAZA )
V = Tirth _ (Nolume)

Winimize S subje,cﬁ 4o V=1

€1 S,z AV, r=h = -2 Cm
(@)  Sp= 72V, 3T
(3) = {060 cm’



