Math 450 (2009) - Final (Take home)

Due: Decemnber 16, 2009 (10am) NAME:

Get the exam no me no later than 10am on December 16, 2009. You may give me the exam
in person at my office (Wil 2-136), slide it under my office door or put it in my mailbox in
the main math office.

1. [25 pts] Let y(t,c) be the solution of the initial value problem

Wy o= e, O<exl
y(B) = 0 , ¢ (0)=1+3¢
where () denotes diflerentiation in t. Assume
y(t.c) = wol7) + en () + O
7= wle)t = (L4 wie +woe® + )

a} Use Poincare-Lindstedt’s method to determine wy and the O(e) correction to the period.
You may use the identity:

-

- 5 5 1
sin" A =—-sinAd — —sin3A + —sinhA
i 3 T TR

h) What initial conditions must y (1) satisfy?

2. [25 pts] The following equation has two roots for positive c.

, 1
ext + ==, 0o ]

N

Find a two term expansion in e for the singular root. Make sure you balance the largest two

terms. Also, you may use (for p =4, -4}

(Xo+ 06X, +-- 07 = XF + pXP7' Xy 6 + O(6%)



3. [25pis] Let y{x, €) be the solution of the following boundary value problem:

" @2+ = 0, 2e1) , O<exl

yy = A4, y(l)= l'.‘niS)

a) Find a uniformly valid approximation for arbitrary A (layer is at 2 = 0). Here the outer

problem is separable and the right boundary condition looks odd Lo make yo{2) nice.

b) For what value of A is there no boundary layer at & = 07

4. [25 pts] A functional J: A — IR is defined by

1
Jy) = Lz, y{x), o (x)) da
S
A =y e C*0,1]u(0) = 0,u(1) =1}

where the Lagrangian
e,y = vy Inly)

Use a first integral of the Euler-Lagrange equations to find the extremal 7 € A of {he
functional J. The first integral should be a separable first order differential equation for
#1(x). The solution will depend on two constants which you will determine from the boundary

conditions defining A, You may assume § and § are both positive.
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