Math 450 (2009) — Homework 4

Due: Noverber 6, 2009, NAME:
1. [10 pts] Let y(¢,¢) be the solution of the initial value problem
vy = cyly) , 0<exl
y(0) = 0 , YO =1

where ()" denotes differentiation with respect to t. Assume

p{t.0) = wo(7) +ean(r) + 0

7 o= wle) =1+ we+ O

where y.(7) are 2r—periodic in 7 for appropriate choices of wy for & > 1. Use Poincare
Lindstedt’s method to find yy(7). w1(7) and the corrected period of the oscillation, i.e., T

and Ty in the exact period (in the original time t):
T(e) = Ty + Ty + O(?)

You will need to look up appropriate trigonomeiric identivies to complete the probl.a.

2. [9 pts] Prove that as ¢ — 07 the lollowing are true:

eV & ¢ . WYn >0

/ E.J"’(;?::) der = Ofe)

40

logle) < T~ cos(e)

For the first, consider the log of the ratio to make the conclugion. The midd!s car be nrove!
using the Fundamental Theorem of Calculus and the last can be shown using L Hospital's
rule {though there is a simpler way).

3. [6pts] An asymptotic sequence {@,(c)} is defined by ¢, (¢) = sin"e for n > 0 noting

¢ = 1. Find constants ag, @y, as and ag such that
fle)y =1 —de ~ apdole) + argr{c) + aaha(c) + azps(e) + Oldy) as € —0

Hint: expand both sides in powers of «.



4. [10 pts] Consider the equation
flrey=ex* - +1=0

Using calculus one can prove that there are exactly two positive roots to the above equation.
If you plot ex? and /& — 1 you can quickly see that for ¢ small, one root is O(1) and the

other is singular in «.
a) Compute zp, 2 in the regular expansion
T (€) = 2o + 216 + O(%)
b} For the singular root, determine Xo, X; and « in the expansion

] 52 (
pe(e) = = (Yo 40X+ 0@) . a>0

for an appropriate function §{e) < 1.

5. {10 pts] Find the leading inner and outer solutions yy{z) and Y5(X) of the boundary value

problem
af o+t = 0 e (0,1)
1
1
y(l) = 3

and then a uniformiv valid approximation y,(z,€).
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