Math 450 (2009) — Homework 6

Due: December 4, 2009. NAME:

1. [8 pts] For each of the following functionals compute J(y) and the first variation 6.J(y, h).

a) Let J: A — IR where A = (0, 2]

a) Let J: A — IR where A= C?[0,1]
1
I = [ (@ —y@?+y@?) de . g =2 . h(z)=a®

2. [4 pts] Use the Euler Lagrange equations to find the extrema y(x) of

/6

J(y) = / (sec’z) o' (x)? dx

0

over the admissible set
A={y: yeC?0,n/6], y(0) =1, y(7/6) = 3/2}

3. [4 pts| Use the Euler Lagrange equations to find all possible extrema 3 € A of

Iy = [ y@? = ye) do
A = {y: y €07, y(0) =0, y(r) = 0}

4. [6 pts] The functional J(y) is defined by

) = [y

A = {y: yeC?0,7/2], y(0) =1, y(r/2) =1/2}

a) The Euler-Lagrange equation for this problem are nonlinear and messy. Nevertheless,

show that the equation can be simplified to:
v +2(y) —yy" =0

b) Use the substitution y(x) = u(x)~! to find the extrema y € A for J.



5. [8 pts] A functional J : A — IR is defined by

L
J(y)z/o de

where the admissible set
A={y: y(x)=alz —1) for some a € R }
This is just the set of linear functions through (z,y) = (1,0).
a) Let
F(a) = J(ya) where Yo(z) = a(z — 1)
F(a) is a real valued function. Using a graphing calculator, software or calculus,
plot F' as a function of «.
b) Given your graph, what y € A maximizes J over A?
¢) Given your graph, what is the range R(J) of the functional J?

d) Does J attain its minimum value, i.e., is there a § € A such that

J(y) = min J (y)

e) Compute the norms || yo |loo and || ya |1



