Fenction Expansions - Examples

ket 5:Lbl >R, For varicvs veasons
LLone. 3

7&»@&«%4 +5 __r_efrc?fsém%___zfﬁx.} as o
S exryes ’

o

gw“) R z '51:_% e , ._ ._

n=oe

Cn € TR

_iwhece ¢ x) are “basis” Sunchons

;E__xAM?’LEE | @‘/‘6‘{“ Series

L g0 = g, =

.. I“? Lo and all its derivatives are

s COnhnovous NEar | Ko Then T&‘y lov’s Thm
Ldamp lies

o |
- (%.:___(_Wx_f'f »}{a}ﬁ“

Fy = )
m £

o
v

R A

or all X near X, Tn particolar,

ey The Secies é’;emvmaifﬁ

Ly The series convages Ho Foo for x near x,.

Some_exawmples

et = i+ ox o+ ﬁ:-x2”+_(3ixg>

pre.

~ 1 o+ x + XF O+ 0x3

Note :?z:x)_may be defined fov some  x {/Jﬁc?ifd
the series i< f‘\c}*ﬁ‘} s n Li~-xy"' above !



ff:w Fﬂé}u‘f’ie‘&"gwsé’g s R

- Theoremn et ig( <) be piece wise Smeoth on

LMl and dedine

T
&“__?__%( foacostnxydx nZo.
T
v
b, :-%’%S fixy sininyy dx nzi
T

Then gt each x€-T,7) at wihich
Sy s continveous

v
iy __gé,x}- = %} + f}: (i_n(‘_a_ﬁé?tx}+z>ﬁ Sin (NX)
= 2

L This theovem is staded witheut preot and

gb& ‘%/ oy by a§> e s g4 E)@fﬁi‘% (,;.w{ @gﬁﬂ%?muh‘x/f

7
CFor £y = x4t s @as/y oo shew G Vi
cnd o
fere
L - SToaeo™
() S Z by palx Z_ ” S (nx)
| =

_where here ¢,(x) =sinnx) are "basis” fus.

For dhis exanm Pcﬁ@ Loy note F@m)y = &OG’S NoT
L equal the series (whese valve is zevo on
KlCouvnt Sin(nmTy =0 %\f” il n 3_w



Funchion Expansion - Tssues
: i

o
o £U‘ Y o~ Z . q’m (x)

U“; The o~ Ci% agapaﬁécﬁ %—L m S“Mb@‘
LS Some hnes o emphasize Hhe
Feact +hat fz;:fc) doe's nod @c?uaﬁ_

the sSevries at spome %

2y wWhat iy a 3@&& choice of basis?
b I

{_3\ B M _&M} c'f“ﬂ & Cﬁc‘:“{‘é,&m Y € “i“ff\ &
coefficients 2 once & cAn g i (€
of basis S¢,.% has been made ?

(4 Vow good an afv{)mx;;waf%ﬁm 'S
a{,h . . { i e . .. %A}
e TN CaAfdd S en €l

N
Fooy = 2 a4 (x)

LA R

LN

how clpse ave Hhese g

The answers 4o some in volve the
| 5%&? of complede ovthogonal bases

e




S GuUALe dotegrable Funchions L L@\j Bl

§~¢, (.Sevries

 The thepretical {rame werlk o
fepresentations or 3(x) s bes+ feemoiated

L on the Spece o L o

L

EXAMPLE Fuonctiens ‘géx‘} Centinvevs o the
. . clo sed baumﬁﬁﬁﬁxﬂ?ﬁ&vaﬁy_iﬁﬁ%l

are  in LTla bl

o | L
Fixy = simx € L Le,mwm]

T . .
{ , ?¢2 o B Lé‘i’j i

i
roo -

fot '®*§*~
o
) ; A b
S A T
,}F.‘}.i "QP@E »k.;>&“§“

‘e, mer

Faide only it pr-g

e

§

Unbounded intervall  La,bl =R z(-2w)

ERAMPLE

'y

o S o
Fx) = & € LUR)  since  § ¢

e . - L ‘. . B : &
S0 = x g__k..ﬁé’?} Sin(e f}



1 aner ?‘f‘“g‘:s duvecis

let X be a lhinear space . An innec
Lopcoduct ow X s @ %..&.ﬁ)é#\% that
assediates o veal number XX,y

ide each ovrdered paic X, ¥y € X and ... .

dsatisfies

@K R> 2o (epality anly of x=0)

oy oz
R L LR T

Go x> T oacnys  vwel

_EXAMPLE '%'%i_._._g_f@;ﬁg_a%‘ e X IR

a> N 3 %Y

CEXAMPLE  Twner p-@a_&g;ﬁ_¢._f%'_ﬁ'_ﬁ'_'_ﬁf¢%uégf__ L sl

-y

< 3, 2§> LE N Fexy am”}i}: |

___fafs AN inner E/J%d;ut%“ for 5:@& 6 L fﬁ %E

it
TR,

j

3%%}&2"&. E,‘ b1

o
Krdeo= 7y

_!13 an exa mp e Loy e x , U =x* n L7Le 3

.{}....

: e

"ﬁ?} %\:} =

O



_é;"‘fh.ﬁ@r g}f‘“agfs}& ;ﬁeﬁg}a&i [1o vy
| I ‘

: EV@V?’ nner ﬁf&_p{vc% E_f}_giu{;e“;f; . o v
WX = Vk x>

| Recarl that norms are used 4o deteimine
o disdances and .‘ééﬁﬁ“ﬂﬁ

it

K- % Wt = distance betueon x, a

EXAMPLE  Nocm on IR® for x=(x

Wil = Y<x, x> =

-

e m——
AR AT AP

;Egﬁ%ﬁ!‘fh}iﬁ Norm  on L La k] f(x) € fﬁ:f«iﬂm |
o N

N %
S = s £y = | reotd

e

. . S e
As an example 1§ fuo = cesx ¢ LTLo,m 1

<555 = (eosxdx =T

Ama iher @Xam-}g? ) Fex) =X, gy = %* e L%Le, 1]

(x-%x"3"dx = -

oy e (B

orisg.

A
ey .

g

i - z o
| .é.i ¥ %_sl | =

%Q Cthact

, L e ;o /
oy "’5 = \f"% - _f&é stance bekbween g} % _é



Octhogemal Oribonsrmal

ighﬁfﬁwgf?ﬁﬁﬁﬁgww£@@% Sp%@é.
“re &g%%ﬁ%ﬁﬁaﬁ?gm“
A4 YS>  E0

TE both A and .

”_ngﬁﬁ&

pE—

: & are @ﬁe;_kwx%huag
Y they are sid do be ordbbnermal

. r? % _é‘ -
s len %‘{

.~ | e
X = - = WXk o=

_“%ﬁmmm

CERAMPLE X T (1,2 0 ﬁﬁd
3 Gre orthoe

< A

Thes £

 ;§Nﬁ% stthene

al. S /
b
wsant

X ﬂﬁﬂ b&.ﬂ@%ﬂ&ﬁééﬁmb'

. &mi Améﬂmfﬁ e m‘ii'vf s

i ~%}
Y AL %’}u 4 ___‘%’”1__&__"%‘
mﬁﬁ%%&ﬂﬁvwgké o ;.

LK yrTO KR XD = L F

c&gM&%ﬁ m



EXAMPLE Ortboncrmald Set on | Lo, 7T A

e
_________ S s ey,

EO Qﬁm?h%éf, <_‘§,ﬁ} > 4"“{“ aﬁ%@ﬂé«*f’} ﬁ: kaa%

‘wé:“: use the sz{&/w%s%'y

3m,§\ P riggg A-5) - Ztyz(ﬁm%> R

DA %ﬁ@:f@a@_—wmm% - cos(tnemy x) dx
L]

T

— e "”llém}x" LT Vst LR
dln=-mY / J{n+m) @/(A “? }K>

-1

= o

Fer sz wm

S

E R

i

it
;\ (1 - cosznax)dx = I

so dhat HE, 01 = yZ S

> =

. z e AT A
Z

;gﬁu §?ﬂ§ (s an Qr%haﬁfﬁgﬁ set. 7.8 is
an orthonormad se oA E

5o { " x“) .. )



ggm@ w?z:fg:%ﬂ 1Ca ﬁ Béxi‘ =y fff; | .

. That LoLa,bl is a lnear space is
___}"f\__{}_’*%_" ccl 4o "{;,-H”?é? T Ok viovs Tn Fact

v st bec B € L” Eﬁ ?’3 s

. mgwg oabUuiels “j‘éﬁé{% +he nner jﬁfmoévc,%

..“«’fg (f}\} P S éﬂ?*zﬁéﬁ‘(

x hﬁ’&f‘éﬁ i L&% ‘Q‘*l V&4 be | CM”S noer ﬁ"afé&aéf
on o fnear space X, Fhen
Y 1%y > 1 2 ki iyl (Schwartz)

féa%waﬁ?ﬁ; E‘agévaﬁg{w? ) assures thad A
4? & LLE_Q 5‘1 'Hf\ﬁ af\ﬂf*f“ !'}i"éf@éu(‘_% <~§~} %}

}
h@wﬁﬁéﬂi’gi
jI A<E a> 0 & adn g
’j% £ 3 |
| T beth Seite if %%éh&
Then

S 3 - :
g o

L Y = > P2+ +
(.J*%). 3 &% A

Cary,  be wm'%‘ 3 F«:ﬁi %w@.m _ b/y 4 rv1
?%%iiz'%' RSt '?&(3"§> Hsééﬁ < Ge
= F ALF o |

":’n 4hod f%} < ina}blw

"“ﬂa

Z

| T ) ] . . . ) . - “t/x, "
_ﬂXMtxj}xMx% > 2 __ [ = \fy%z.
. | 53 1




e S - ) L% '
Pa intwise wersvs L (mean squarcy Conpvenaéncd
{ §

\ ._ J
cbet 15,80y, Pe an ord %ﬁﬂ@ﬁ@,&___fi@c? vemce an L1, L]

g’f% Ty Y . m C:} - FE ""’% :$ %"V’"‘S
INows considey an N- teom

| spproximation
PSS of Fexy en La B0

Sex) = 5 e, fix)

4 Joniy

QUESTION How well does 5 (x} a

¢ -y ?
Iy as N og

?{7{“&??&?:’“‘?’2 1‘%6:‘»__ -
3@*-??5 E&wig: g

z&,ww{,«_{\{fgx ohyy % W@{!ﬁ iﬁ%"“i) CEU@‘B%?W&

- S we a:f,@; :C iNE
§~€m types of errdrs

s J— (" . - s £y
E.:NW‘} = o) SNQ%«}

Here
By = Pemtwise erter ot xe La bl

Cu > E mean square excel” e L4 k]



Defn wef 537 Sn

N

N >

Cimfé)\egi n N CW&( Sy
in the LT sewnse ‘(
L sensé " olmost @ueﬁyw

-> £ .Fﬁ;}.;r"}‘f wise ::H X € [a, L1

i (?cx)"% W) =0

Wwe :38 'SN«%% on. [q b1l in ~H’x@ |
L™ or Mmean 57aar€ SMSG‘L P

5

b M =5 =0

The difference bedween these notions
;;L{ Con U Agqence iS Subtle apnd hest

s class . T+ g»%@

defe?s m 4he P:}m—%w;:ﬁg

heve” which has

G wver recise meammé (meqsure ”H’_\C_“_’%«"j‘ffy)_

T@ scle ' the dif{eence
N

F Oy

7~

Heee £ and s, are
 Clese in both the
| €e3ﬂ~¥wéﬁa and. LY
S énsd.

Heve ¥ and Sy are
clese in dhe L Sénse
byt neo- P&:m‘—wmé‘f

at K= ?(



Genecalized Fouriec Series
het 3 §.004 axi De an orthogonad sequence. .
TF there are constants ¢, such that

AR

___;_j_sﬁ Jehc‘:i L Semse ‘H’\ér\ %5’\& Pﬂj{:mf%é’» Sév’tﬁb o B
Ty 3%@%@ eze,ci Fouvrier series mffeﬁm%a%m

of Fix

ég“ﬁ"«ﬁ constants C, are called +he Fourier
coedficients .

” g:“w*\ 4 ng  the ;FQU fner Cw(fl_\{\‘{é . s@?’%“% _3. _ )Cmf’m {J) | |

-4

Mu‘*m oy by i and inteqrate

W b U
g ng}g ua)&x = Q\ 5 éxsg’ Lx)jk
R S @ wﬁww e

s =3 e < )/%

<5, El>

i

i
e
3
i.ﬂ
3

Hewnce




gé'jmruﬁi‘i&%é.ci Series Error .@5:. |

L be+ 35,1 be an orthogenal sequence  and
©Sutx) ke the N-term @pprorimation of foo:

CY S F 2 G 00
= | e
A nalural quag}—im lp ask is what cheice
of i:gmev Co@}f{?d}cﬂﬂ%ﬁ Cﬂ N imi e
the W errer

# \ = Y
_QN et ({fN E‘QU“,CN)_ = H j}(M"‘i’N(MU_

TL\C"E EYvvrei Cﬁei}%d‘g Y CE - “C&;; L&fﬁ USe é&iméuﬁ..
-{"ﬁc:: miﬁimizﬁ @M

oy 26y =g KEi,z...w
¢ | |

CThis s N_éf?ﬁﬁ e N va knowns Ci -

b N

BEL -9 iy o S e £ oY E

E”E":"i Y S&Q;m 5}«%%&_“} A

b g

% Aoy - X e Food dx o
& nEl o if n¥Fk

= 2 fy - a2 e <Eiti >

) | o,
= a<E > - 2 ¢ it

il

Yapishes miy it

@ <A

K .
¥




fﬁﬁ fRow WE kmauz the Lkaacé

N

( %) e SNKX3::Z Cw 5[; {x} C _ 41{}j;n>

Uminimizes the Lerror €y =i F-s, i?

. The next gueshon Ts how b,a is this error®

e, = S-S 0t

= L F-s,  f-5,>

i <§i’>~2.<$ s >+‘<% s S

g - x<§ Z.,ff? > o+ ﬂZCWM.Z%m>

_““‘_ | o srth
. N . 2 G
S e — ER "
3” - Z Cﬁ§§?%h> + ,Z._ C&*‘g h gﬁ”
~ =

CH

H
!

it
gy
Ml‘v’
H
o
S
= e
LS e
T
g‘p
3
3
o
=y
ot

. Se 4had
Len o ey = syt -2 el it
TE addibionally 3,3 are normalized e nf, il =

Ly ey = st -

- E\/iz.é
;3



I + S A A
then ﬁcgﬁ (Y abo ve

Parsevals Coual by
’ !

7
§§ } 5 ap orthe norm ol (mwmaﬂaﬁg{
ﬁi‘%é«%&%w&a;u@ U

= §

seguence. dhen we {smg&’&
R N , N
Y ey =l foo-2 ool = gy - 3t
'% 1y AT

i Sor any N if the Focner eccefficiendts

?cfﬁ_ = <5 8> nof=

s N = © (vwoere +eams ne ugﬁuﬁ}
ém?hi_%

Loy nFur o=

ML?’\ Q&Efi’ém phe sycald seHm < C
| oenex

S ﬁ‘%

B
:Ef: Cj: o %gwi orthonormal

o=

?:éwih}ﬁ%’y.??% Kaown s ?gﬁ?‘f‘}ﬁw@“f,_é Ecvali fiy

5

the
ot the n- ~th “‘mede’ a_?‘wg; HEnr

s thel botol mwm\y

uation (2} cany be

Vs Ji +o _éigi‘f.- R
- '*‘%" Yy

(ae Sor certain nfinite sums



.Aﬁgamﬁwa ibhat

<5

EXAMPLE _Pr&uwumdy we showed +hat
f=VE

. %m - Gié%ﬁﬂm% &){Mi ,W@}' L i’g j .

AR

Lebyi
it
(%.{
|
-+

vy "y

se that §§, 1 is an orthonormod set,

k%f"’} }

7

i
P

L) T2

§m"” some (. f,ic/s iucfi i “Q@#ﬁ_u_?:‘ﬁh égr?ﬁf SUrn

i L

s

i“é:: wErey ({j {Jéji forents

A o
:?ﬂ > = JE2\ xsiemxdx

e A

ot
= | Si(nX) = nx €05 NK)
vV 7 -

V"}}w

u. T e ]

(23 ¢ = Jaw UL
7%

These are rel ative to the pormalized basis |

2:: |



AT

___"Cmum ﬁik} “‘”3’4 c:”&;ng\ *Hflé“ yesy 4 U-} Hdhis

%"ﬁé-ﬁx = Z (wffg« E:LE”“ }2‘

1

Zi&&. = B /



