Math 591 (2003)

Really Easy Take Home Final

Instructions: Do not collaborate with other students. Due December 16
(12pm) in my mailbox. 20 points total.

1. Consider the following perturbed eigenvalue problem for u =

u(z,y)
Viu+du = 0 , (z,y) € Q (1)
u =0 , (z,y)€ 00 (2)
Q. = {(m,y): (116)2+y2<1} (3)

where ¢ < 1. Here the elliptic boundary 0f2, is a perturbed
circle. We wish to consider how the smallest eigenvalue changes
as the domain perturbs. In the above,
OPu  0*u
Viu=—+—
ox?  Oy?
a) (6pts) Under the transformation
o
C14e
derive the exact partial differential equation and associated

boundary condition U(X,Y) must solve. In the (X,Y)
coordinates the new domain is a circle.

b) (6pts) Letting (X,Y) = (rcos#,rsinf) and using the ex-
pansions

, Y=y U(X,Y):u(x,y)

U = Uy(r,0) +eU(r,0)+ -
A= )\0+€)\1+"'

derive problems for Uy and U;.

c¢) (6pts) Determine a formula for A; in terms of polar inte-
grals and Bessel functions Jy, J;.

d) (2pts) Evaluate your result in ¢) using the identities on the
back. Here it’s a bit more orderly to integrate in 6 first.



Bessel function identities:

dilzjo(z) = —Ji(2)
j_;JO(Z) - —Jo(z)+%J1(2)
[ranterytar = ;TQ (Jo(€r)?* + (er)?)
[ e = e



