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Computation of Confidence
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Parameters
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1 Poisson Confidence Intervals

Suppose that z; S Poisson () for i = 1,...,n. Define T and X as
of O - 1
TEY X;and X =~ T.

- n
=1

Furthermore, denote a realization of T by t.

1.1 Invert LR Test to Obtain Exact One-Sided Intervals
1.1.1 Lower Confidence Limits

The LR test rejects Hg: 6 < 6 in favor of Hy: 0 > 6y if T' > ¢, where c is the
smallest value that satisfies Py, (T > ¢) < a. The p-value is Py, (T > t). Also Hy is
not rejected if p-value > «. Accordingly,

Hy accepted = Py, (T > t) > «

= Fy(nbp,t,1) > a, where Y ~ Gamma(t, 1)

1
= —Fy ' (a,t,1) < 6
n

1 2
_ — < 0.
2non,2t 0

Caution, Xi’y is the 100« percentile of the y? distribution with v degrees of freedom.

1.1.2 Upper Confidence Limits

The LR test rejects Hg: € > 0y in favor of Hy: 0 < 6y if T' < ¢, where c is the largest
value that satisfies Py, (T < ¢) < a. The p-value is P, (T < t). Also, Hy is not



rejected if p-value > . Accordingly,

Hy accepted = P, (T <'t) > «
= 1-P(T>t+1) >«
= 1l—a>PFP,(T>t+1)

= 1—a > Fy(nby,t+1,1), where Y ~ Gamma(t + 1, 1)

1
=0y < —Fy' (1 —a,t+1,1)
n
L,
=ty < %Xl—a,?(t-i—l)'

Caution, xi_,, is the 100(1 — a) percentile of the x* distribution with v degrees of
freedom.

Two-sided 100(1 — «)% intervals can be obtained by computing upper and
lower 100(1 — «/2)% one-sided intervals.

1.2 Invert LR Test to Obtain Approximate Two-Sided
Intervals

The large sample LR test rejects Hy: 6 = 6 in favor of Hy: 6 # 0y if

—2In(A\) > x7_,1, where A = "% (9—_0) :

e

Accordingly, 6 is in the 100(1 — a)% confidence interval if
_ _ 90 2
—2n(T —0) — 2z 1n — | ~Xiaa <0.

The upper and lower confidence limits for fixed = ¢/n are obtained by finding the
two values of # that satisfy

—2n(Z — 0) — 2z 1n <§> —x: 1 =0.
= :

1.3 Invert Score Test to Obtain Approximate One- or
Two-Sided Intervals

The score function is
S0,T) =



The mean and variance are

2
E(S) =0 and Var(S) = — 992/ o g

It follows from the CLT that

wr S—E(S) _ (X —0) ane
- JVar(9) Vo N1

Accordingly, Hy: 8 < 6, is not rejected in favor of Hq: 6 > 6 by the score test if

V(T — 6o)
Vo

where z;_, is the 100(1 — a) percentile of the standard normal distribution.
Furthermore,

< Zl-a;

V(T — o) n(@ — 6)° 2
Vo

2
“i—a Zl—a

2n Vn

Similarly, the upper endpoint for a one-sided interval is

— T+ T+ 21, /(4n) < b,.

2
z 21—
1— -« _
« 7

2n vn

and the endpoints for a two-sided 100(1 — a))% large sample interval are

Oy < T+

2
_ Flea/2 | Rl-a/2 [Z
T+ — + n \/x+z%_a/2/(4n).

2 Binomial Confidence Intervals

Suppose that x; S Bern(f) for i = 1,...,n. Define T and X as

of o — 1
Td:fZX,- and X = —T.

n
1=1

Furthermore, denote a realization of T" by ¢.

2.1 Invert LR Test to Obtain Exact One-Sided Intervals
2.1.1 Lower Confidence Limits

The LR test rejects Hg: 6 < 6 in favor of Hy: 0 > 6, if T' > ¢, where c is the
smallest value that satisfies Py, (T > ¢) < a. The p-value is Py, (T > t). Also Hy is

3



not rejected if p-value > a. Accordingly,
Hy accepted = P, (T > t) > «
= 1-P,(T<t—-1) >«
= P, (T'<t—-1)<1—-«
— Fy(l —0g,n—t+1,t) <1—c, where Y ~ Beta(n —t+ 1,1)
= 1-0< ' (1—a,n—t+1,t)

— 1- (1 —a,n—t+1,t) <6
:><1+ n-ttl )_1<9
t Fo ot 2(n—t+41) o

where F,, 2t 2(n—t+1) is the 100(1 — «) percentile of the F' distribution with 2¢ and
2(n —t + 1) degrees of freedom.

2.1.2 Upper Confidence Limits

The LR test rejects Hg: € > 0y in favor of Hy: 60 < 6y if T' < ¢, where c is the largest
value that satisfies Py, (T < ¢) < a. The p-value is Py, (T < t). Also, Hy is not
rejected if p-value > . Accordingly,

Hy accepted = P, (T <t) > «
= Fy(1—0y,n—t,t+1) > «a, where Y ~ Beta(n —t,t + 1)
= 1-0y> Fy (a,n—t,t+1)

=0y <1—Fa,n—tt+1)

— 6 < (1 + not >_1
’ (t 4+ 1) Fi_a2(t41),200—t) ’

where Fi_, 99(n—s) is the 100ar percentile of the F' distribution with 2¢ and 2(n — ¢)
degrees of freedom.

Two-sided 100(1 — a)% intervals can be obtained by computing upper and
lower 100(1 — a/2)% one-sided intervals.



2.2 Invert LR Test to Obtain Approximate Two-Sided
Intervals

The large sample LR test rejects Hy: 8 = 6 in favor of Hy: 6 # 6, if

t n—t
—2In(A) > x7_o;, where A = <n790> <n(1 — 9)) :

n—t

Accordingly, 6 is in the 100(1 — a)% confidence interval if

nb n(l—=6
—2t1n (7) —2(n—t)ln< E’L—t )) < X%—a,l.

The upper and lower confidence limits for fixed ¢ are obtained by finding the two
values of 6 that satisfy

—2tIn (”79) —2n—1t)In (n(l - 9)) s =0,

n—t

2.3 Invert Score Test to Obtain Approximate One- or
Two-Sided Intervals

The score function is

n(X —0)
T) = .
The mean and variance are
n%0(1 —0)/n n

E(S) =0 and Var(S) = =

It follows from the CLT that
7 def S — E(S) \/ﬁ(y - 8) dist
— = e
/ Var(S) VO(1 —0)
Accordingly, Hy: 6 < 6y is not rejected in favor of Hy: 6 > 6 by the score test if

V(T — 6o)
0o(1 — 6o)

N(0,1).

l1—a»

where 2;_, is the 100(1 — a) percentile of the standard normal distribution.
Furthermore,

V(T — ) N n(T—60)*
0o(1 — 6p) -

2nT + 27 Z1-a \/ 9 _ _
= @ Inz(l —7) < 6y.
2+ L) (2( 7y ) VA T el —2) < by




Similarly, the upper endpoint for a one-sided interval is

2nx + 22 ( Za
90 <

2(n+22) 2(n+ 22)

) V2 4 4nz(1 — 7),

and the endpoints for a two-sided 100(1 — «)% large sample interval are

2nT + 27, Y
! /2:t< Aa/2 >\/zf_a+4na_c(1—i;).

2(n+ 27, ) 2(n+2z7 )

These intervals were known as early as 1927 (Wilson, JASA, 22, 209-212).
Note that the mid-point of the two-sided 95% interval is

2T 4196  t42
T 2(n4+1.962)  n+4

which would be the value of z if two additional successes and two additional failures
had been observed. This is the basis of the plus four procedure described in Moore
& McCabe. The usual large sample two sided interval is

() ECD

The plus four interval is an approximation to the Wilson interval and is computed as

t—|—2i<z1_a/2) t+2<1 t+2)
n+4 vn+4 n+4 n+4)




3 Coverage of Intervals for the Binomial
Parameter

3.1 Exact Two-Sided Intervals

For fixed 6y, the two one-sided tests reject Hy: 6 = 6y if T < ¢ or T' > ¢y, where ¢;
and co satisfy

Py(T <) < % and Py, (T > ¢3) <

N[ Q

The value of ¢; can be found as follows:

Pp(T < 1) < % = Fr(ci;n, b)) <

| e

= < FT_l(a/Q;n,Go)
= c; = Fy' (a/2;n,00) — 1,
because the inverse cdf is defined as
Fr'(a;n, 0y) = infy subject to Fr(y;n,0) > a.

For all # € (0,1), except for a set with measure zero, it is necessary to subtract one
from Fy'(a/2;n,0) to satisfy Fr(ci;n,6) < a/2. Similarly,

P@()(T 2 62) S

|

:>1—P90(T§62—1)§

|

:>FT(CQ—1;TL,90) > 1—%

=y — 1> F (1 —a/2;n,60)
= ¢y = Fn' (1 — a/2;n,00) + 1.

The coverage of the confidence interval is the probability that Hy: 6 = 6, is not
rejected. That is

Coverage(by) = Py, (c1 < T < ¢3)
= Pgo(Cl < T S Cy — 1) = FT(CQ — 1;TL,90) — FT(Cl;n,HO).

3.2 Conventional 7 Intervals

The conventional large sample interval for 6 is

T —a T t T —a T t
T Zizop _<1__)<9<_+z1 / _(1__).




The interval captures 6 if
V(0 —0)
0(1—0)

< Rl—a/2s

where 0 = T /n. Equivalently, the interval captures 6 if

n(T — nf)? _
T(n . T) Zl—a/Z'

Solving for T yields the coverage:

Coverage(f) = Py(cy < T < ¢3) = Fr(ca — €;n,0) — Fr(ci;n,6), where

22 o
ng + 22— 2o a/Q\/Zl a/2+4n9(1—9)

€1 = 2 )

22 z
Tw+i%£+i§ﬁ¢laﬁ+mwa—m
Co = ’
]_‘l_ 1 a/2

and € is a small number that can be set to zero.

3.3 Plus 4 Intervals

These intervals are identical to the conventional intervals except that T is replaced
by 7'+ 2 and n is replaced by n + 4. The coverage is

Coverage(f) = Py(ci —2 < T < ¢y —2) = Fr(ca—2—¢;n,0) — Fr(c; — 2;n,0),

where

22 z
(n+@e+i?£—1;ﬂ¢ﬁwﬂ+qn+®m1—m
C1 = 2 )

20y
L+ iy

22 Zl—a
(n+4)0 + Z22 4 2”¢%aﬂ+4n+®ﬂl—@
Co = 22 )

1701/2
L+ (n+4)

and € is a small number that can be set to zero.



3.4 Score Intervals

The score test rejects Hy: 0 = 6 if

Vi (T/n = 6)

< Z1-a/2
Voo — o) /
or, equivalently, if
(T — n90)2 2

< .
nHo(l — 80) Zl_a/Q
Solving for T yields the coverage probability:

Coverage(f) = Py(cy < T < ¢3) = Fr(ca — €;n,0) — Fr(ci;n,6), where

c1 =1 — z1_q2/n0(1 = 0),

ca = nb + z1_q/2/n0(1 = 0),

and ¢ is a small number that can be set to zero.

3.5 Large Sample LRT Intervals
The LR test fails to reject Hq: 6 = 0, if

nb, n(l—6
—2T In (TO) —2(n—T)In <%) < X%—a,l‘

The coverage at 6, is the probability that Hy is not rejected. This probability is
Coverage(0) = Py(cy < T < ¢3) = Fr(ca — €;n,0) — Fr(ci;n, 0),

where ¢; and ¢y satisfy ¢; < ¢p and

—2¢;In (”—9> —2(n—¢)ln <”(1 - 9)) X =0

C; n—=«¢

fori=1,2.



