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Syllabus

Probability: Chapter 1

Discrete Random Variables: Chapter 2
Expectations: Chapter 3

Bernoulli and Related Random Variables: Chapter 4
Continuous Random Variables: Chapter 5

Families of Continuous Distributions: Chapter 6



Chapter 1
Probabilit vy

Probability Model: three componerts are (a) the samplespace,(b) everts, and (c)
probabilities of everts.

1.1 Sample Spaces and Events

1. Experimert (experimert of chance,not necessarilya designedexperimert): A
processwhoseoutcomesare uncertain.

2. Samplespace: is a setthat cortains all possibleoutcomesfrom the
experimert. In somecases, may cortain outcomesthat are not possible.

(a) The number of outcomesin the samplespacecan be nite or in nite .

(b) In nite samplespacescan be courtable or uncourtable. A samplespace
is courtable if the outcomescan be assaiated with the integers1;2;:::.

3. Event: A subsetof the samplespace.

(a) A simpleewert cortains only oneoutcome. A simple evert is denotedby
I,

(b) A compound ewvent cortains two or more outcomes.Compound evens
are denotedby capital letters.

1.2 Algebra of Events

1. Relationshipsand De nitions

(@) Inclusion: E  F means! 2 E =) ! 2 F, where! isanoutcomein .
(b) Equality: E = F meansthat E F andF E.
(c) Complemen: E°€isthe setf! 2 ;! 62Eg.

7



CHAPTER 1. PROBABILITY

(d) Note: We will not usethe notation E  F. Accordingly, if E  F, then
eitherE = F or E 6 F could be true.

(e) Venndiagramscan be usedto display sets.

(f) Empty Set: ; is the empty set (i.e., the setthat hasno menbers). Note
that ©¢=; andthat ;°= .

2. Operationson Sets

(@) Union: A[ B isthe setof all outcomesthat arein A and/or in B.

(b) Intersection: AB is the set of all outcomesthat arein A andin B. |
prefer the notation A\ B to denotesetintersections.

(c) Disjoint: A and B are disjoint (mutually exclusiw) if A\ B is empty;
e, A\ B = ;.

(d) Commutative Operations: A[ B=B[ AandA\ B=B\ A.
(e) Assciative Operations: (A[ B)[ C=A[ (B[ C) and
(A\ B)\ C=A\ (B\ Q).
(f) Distributiv e Operations: A\ (B[ C)= (A\ B)[ (A\ C) and
A[ B\ C)=(A[ B)\ (A] C).

(9) DeMorgan'?Iaws:
= C

[k \k
I Al = A7
i=1 i=1 | |
K *C \k \k [k " e
Proof: show that A A’ andthat Af A
i=1 i=1 i=1 =1

Part 1: Let ! be an outcomein . Then,
I

[ " e [
12 A =) 162 A
i=1 i=1
=) | 62A; foreahi=1;:::;k=) ! 2|Ai°forea(hi:1;:::;k
\K [k Ok
=) 12 ) A AC:
i=1 i=1 i=1

Part 2: Let ! be an outcomein . Then,

\k
12 =) ! 2Afforeahi = 1;:::;k
i=1
[k
=) | 62A;foreahi=1;:::;k=) | 62 A,

i=1
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:) 2 Ai

\
Ei E; =, 8i6j(ie., mutually disjoint ewerts), and

[k
i=1
The number of ewverts in the partition, k, neednot be nite.

1.3 Experiments with Symmetries

1. Equally Likely Outcomes

(a) If the outcomesin a nite samplespace, = f! ;:::;! g areequally
likely, then ead has probability 1=N. That is, P(! ;) = 1=N for
i=21:::;N.

(b) De nition: If an object is drawn at random from a nite population of
N objects, then the objects are equally likely to be selected.

(c) If anewent E consistsof a subsetof k outcomesin a samplespaceof N
equally likely outcomes,then P(E) = k=N.
(d) De nition: Odds
i. If event E hasprobability P(E) and event F has probability P (F),

then
det P(E).
- P(F)’
provided that P(F) > 0. Note that oddsis not a probability. Rather,
odds s a ratio of probabilities.
ii. The odds of a singleewven, E, is de ned asthe odds of E to E°.
That is,

Oddsof E to F

swf P(E) _ P(E)

Oddsof E = P(EY) =1 P(E);

provided that P(E) < 1.
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2. Axioms of Probability

(@ 0 Pr(A) 1foranyewen A.
(b) Pr() = 1.

(c) Additigit y: If A; and A, are disjoint ewents, then
P(A1 A1) = P(A1) + P(A2):

3. Relative frequencyinterpretation of probability: The relative frequencyof an

ewvent is the proportion of times that the event hasoccurredin n independert
and idertical replications of the experimert. The probability of an ewvert is the
limiting relative frequencyof that evert asn! 1 . Specically, let E be an
ewert and let f,(E) be the number of times that E occurredin n independert
and idertical replications of the experimert. Then

fn(E).
—

Pr(E) = r]I!ilm

Example: The Game of Craps. Roll a pair of dice (i.e., two die). If the sum of
the diceis 7 or 11, then the player wins and the gameis over. If the sum of
the diceis 2, 3, or 12, then the player losesand the gameis over. If the sum of
the diceis anything else,then the sumis called\the point" and the game
cortinues. In this case,a player repeatedly rolls the pair of dice until either
the sumis either 7 or equalto the point. If a 7 occurs rst, then the player
loses.If the point occurs rst, then the player wins.

On the following pageis a plot of the relative frequencyof rolling a 7 or 11 on
the rst roll. To generatethe plot, a pair of dice wasrolled 1;00G000times.
Out of all theserolls, a 7 or 11 wasrolled 222531times. If the dice are fair
(i.e., onepip, two pips, :::, six pips are equally likely), then it can be shavn
that

8
Pr(7 or 11on rst roll) = 36 = 0:22222 :::
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Number of Experiments

1.4 Comp osition of Exp eriments: Counting Rules

1. Computing probabilities when the samplespaceis courtable: Let
= fl ;15 :::0, where!; is a simpleewert (i.e., an outcome). Supposethat
A is a compound e\ert.

(a) Generalformula: From additivity (axiom iii), it follows that
X
Pr(A) = Pr(!):
1i2A

(b) Special case:Symmetry. Supposethat corntains N outcomesand the
outcomesare equally likely. This situation occursif the experimert
consistsof selectingone outcomefrom at random. If event A consists
of k out of the N outcomesin , then Pr(A) = k=N.

2. Counting Rules: Theserules are useful for computing probabilities when
outcomesare equally likely.

(a) Multiplication Rule. A composite experimert, ", is a sequencef

Denote the samplespacefor sub-exgerimert "; by ; and supposethat
the number of outcomesin ; is n;. Then, the number of outcomesin is
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If N is not too large, then the N outcomescan be displayed with a tree

diagram.

Result: If the n; outcomesin ; are equally likely, the n, outcomesin
o are equally likely, :::, and the ny outcomesin ¢ are equally likely,

then the N possibleoutcomesare equally likely. We will prove this

important result later.

Permutation Rule. A permutation is an orderedsequencef n items

taken from N > n distinct items. The number of permutations is
N!

(N n)”

(N} =N(N 1)(N 2) (N n+1)=

Result: If we selectn items from a population of N distinct items oneat
a time at random and without replacementy then the (N), possible
samplesequencesre equally likely. We will prove this important result
later.

(c) Distinct Sequencesf Non-Distinct Items. Supposethat in asetof N

Igems m, are of type 1, m, are of type 2, :::; my are of type k, where

;=2 M; = N. Then the number ofdlstlnct sequencesf the N items is

. DRI = a . :
mls m21 lmk j!(:l mJ'

Special case:k = 2. For this special case,N = m; + m, and the
notation is usually simplied from

N N N
to or
my; My ms my

Regardlessof the notation, the equation remainsthe same:

N N N ! ~ N! NI
mj m, my(N my)! mu!(N my)! mymy!

Combination Rule. An unorderedsubsetof n items taken without
replacemen from N n distinct items is called a combination. The
number combinations of sizen from N distinct items is

N N!

n  n(N n)

Result: If we selectn items from a population of N distinct items at
random, one at a time and without replacemen then the "
possiblecombinations are equally likely. We will prove this
important result later.
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3. Examples

Straight in 5 card poker. Five cardsare dealt at random from a standard
ded of 52 cards. A straight is 5 cardsthat arein consecutie order. The
suits of the cardsare not relevant. An acecan be high or low. Thus,
there are 10 typesof straight (5 high to acehigh). Each straight can
occur 4° ways. Accordingly,

10 4° 10,240 1
= =0: 4 —:
52 2;598960 0:0039 254
5

Pr(straight) =

Full housein poker. Five cardsare dealt at random from a standard dedk
of 52 cards. A full houseis three of a kind plus two of a kind. There are
13" = 13 ways to choosea denomination (i.e., ace,2;:::, king). Givena
g = 4 ways to choosethree cardsfrom four.

= 12 ways to choosea seconddenomination and ‘2‘ =6

1

denomination, there are
Thereare %7

ways to choosetwo cardsfrom four. Accordingly,

13 4 12 4

1 3 1 2 3,744
Pr(full housg = = = —
s 2,598960

0:00144

Birthday Problem. Assumethat birthdays are uniformly distributed over
365days (this is not quite true). That is, assumethat if a personis
chosenat random, then the probability that the person'sbirthday is any
speci ¢ date (say October 28) is 1/365. Given a sampleof k individuals,
nd the probability that two or more sharethe samebirthday. Solution:
If k 365,then

Pr(one or more birthday matcheg = 1  Pr(no matcheg

(365) _ 365! | ek _365 365 k5

=1 =
365 (365  K)I365 € 365 Kk

Otherwise, if k > 365,then the probability of a match is 1. The
approximation is basedon Stirling's formula,

n! p2_n”+:5e n.

Exact probabilities, basedon the above assumptions,are displayed on the
following page.
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=~

Prob | kK Prob | k Prob
0:0000| 21 0:4437| 41 0:9032
0:0027| 22 0:4757| 42 0:9140
0:0082| 23 0:5073| 43 0:9239
0:0164| 24 0:5383| 44 0:9329
0:0271| 25 0:5687| 45 0:9410
0:0405| 26 0:5982| 46 0:9483
0:0562| 27 0:6269| 47 0:9548
0:0743| 28 0:6545| 48 0:9606
0:0946| 29 0:6810| 49 0:9658
10 0:1169| 30 0:7063| 50 0:9704
11 0:1411| 31 0:7305| 51 0:9744
12 0:1670| 32 0:7533| 52 0:9780
13 0:1944| 33 0:7750| 53 0:9811
14 0:2231| 34 0:7953| 54 0:9839
15 0:2529| 35 0:8144| 55 0:9863
16 0:2836| 36 0:8322| 56 0:9883
17 0:3150| 37 0:8487| 57 0:9901
18 0:3469| 38 0:8641| 58 0:9917
19 0:3791| 39 0:8782| 59 0:9930
20 0:4114| 40 0:8912| 60 0:9941

O©oo~NOOUTh, WNPE

1.5 Sampling at Random

1. De nition: Random sampling with replacemen t: Objects are drawn one
at a time at random from a population of N distinct objects. After ead draw,
the object is returned to the population. Sampling stopsafter n draws.

(a) The number of distinct sequencess N".
(b) Eacd of the N" sequencess equally likely.

(c) The probability that a speci ¢ object, say object i, is cortained in the
sampleat least onceis

T N 1"
P (object i is in the sampleat leastonceg = 1 —

N
n Lo

1 exp N

2. De nition: Random sampling without replacemen t: Objects are drawn
oneat atime at random from a population of N distinct objects. A sampled
object is not returned to the population after it is drawn. Sampling stops after
n draws.
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(&) The number of distinct sequencess (N), = N!I=(N n).

(b) Eadh of the (N),, sequencess equally likely.
N

(c) The number of distinct combinationsis " .
(d) Ead of the E combinations is equally likely.

(e) The probability that a speci ¢ object, say object i, is cortained in the
sampleis

Z| s

P (object i isin the samplg = 1

1.6 Binomial & Multinomial Coecien ts
1. Binomial Coe cien ts

(a) Binomial Theorem: Let x andy be any two nite numbers. Then,

n_Xn n ky,n k.
(X+y)' = MRS A

k=0

. n . . .
The quatrtities K for k = 0;1;:::;n are calledthe binomial coe cien ts.

To prove the theorem, we will rst establishthe following lemma.
Lemma Let a and b be nonnegatiwe integersthat satisfya> b. Then

+ =

1 a 1 a
1 b b -

a
b
Proof: The left-hand-sideof the claim can be written as

a 1 L a 1 _ (a 1) N (a 1)
b 1 b (b Di(a b!' ba b 1)
_ (a 1) ab+ (a 1) aa b
" (b 1l(a bl ab b@a b 1) ala b
_ alb N al(a b _ al P+a_b
b(a b'a b(a b'a b(a b' a a
a
b
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CHAPTER 1. PROBABILITY

Proof of Binomial Theorem: We will useproof by induction. The claim
can be stated as

X m
(x+y)" = . xky™ Kform= 0;1;2;::::
k=0
First, show that the claim is true for m = O:

X0
(x+y)°=1and i 0
k=0

Now, supposethat the claimis true for m = 0;1;2;:::;n 1 and showv
that the claim alsois true for m = n.

1
n — n 1_ X n 1 kyn 1 k
(x+y)" = (x+y)x+y)" "= (x+y) K XY
k=0
1 1
=X nklxk+1yn1k+X n 1Xkynk
k=0 k=0
X X1
= f‘lxjynu oL iy
1
i=1 J j=0 )
1
n 1 ,, n 1 n 1 Con n 1
= + + Iyn ) o4 n,,0
o Y Lo Y n 1 %7
X

= T x'y" I by using the Lemma

Pascal'striangle. Binomial coe cien ts can be generatedusing Pascal's
triangle. Eadh elemen in the following table is obtained by adding the
two ertries in the precedingrow that are in the above-left and
above-right positions.

n

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1
61 6 15 20 15 6 1

2. Multinomial Coe cien ts
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(a) Multinomial Theorem: Let J§ = f0;1;2;:::;ng and let x1; X2;:::; Xk be

nite numbers. Then,

X n
(X1+ Xo+  +Xx)" = x"x3'2  xg'%; where
My ;M
( i )
XK
R=(mymg::i;me);m; 2 Jg for eadrj and m; = n
j=1
The quartity
n Xk
_____ ; where  m; =nandm; 2 Jg
Mmy; il mg

j=1

is called a multinomial coe cient. The coe cien ts are evaluated as
follows:

(b) Example: Supposethat k = 3andn = 2. Then

2 — 2,00 0,,2,,0
X1+ Xo+ X3)° = X5X5Xa + X3X5X
( ) 2'0’0 172273 0’2'0 172273
0,,0,,2 1.,1,,0
X3 XoX5 + X7X5X
0;0;2 """ 1.1;0 "17273
1.,,0\,1 0,11
X7XoX5 + X3 X5X
10,1 17273 011 "1

— 2 2 2 .
= X1+ X5+ X3+ 2X1Xo2 + 2X1X3 + 2XoX3:

1.7 Discrete Probabilit y Distributions

1. Componerts of a Discrete Probability Model

(@) A courtable samplespace, = f!4;!,;:::0

(b) A nonnegative number P (! ) assignedio ead outcomesud that
P(l)= 1.

2. If E isanewent in a discreteprobability model, then

X
P(E) = P():
1 2E
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3. Axioms of Probability

(@ 0 Pr(A) 1foranyewen A.
(b) Pr() = 1.
(c) Additivit y
Finite: If A; fori = 1;:::;k are mutually disjoint, then

[ X

Pr A = Pr(A):
i=1 i=1

Innite: If A; fori = 1;:::;1 aremutually disjoint, then
|

L X

Pr A = Pr(A):
i=1 i=1

4. Implications of the Axioms

Pr(E®) =1 Pr(E). Proof:

Pr() =1=Pr(E[ E® = Pr(E)+ Pr(E®) =) Pr(E®)=1 Pr(E).
Corollary: Pr(;) = 0. Corollary: If A and B are disjoint, then
Pr(A\ B)=0

If E F,thenP(E) P(F). Proo E F =) F =
(E\ F)[ (E°\ F)=E[ (E°\ F)=) Pr(F)= Pr(E)+ Pr(E°\ F)
becauseE is disjoint from E€\ F.

Pr(A[ B) = Pr(A)+ Pr(B) Pr(A\ B) for any everts A and B. Proof:
notethat A= (A\ B)[ (A\ B®) andB = (A\ B)[ (A°\ B).
Accordingly Pr(A) = Pr(A\ B) + Pr(A\ B®) and

Pr(A\ B = Pr(A) Pr(A\ B) becauseA\ B is disjoint from A\ BF€.
Similarly, Pr(B) = Pr(A\ B) + Pr(A®\ B) and

Pr(A°\ B) = Pr(B) Pr(A\ B). Lastly, note that

A[ B=(A\ B)[ (A\ BY[ (A°\ B). Thesethree ewers are mutually
disjoint, so

Pr(A[ B) = Pr(A\ B)+ Pr(A\ B + Pr(A°\ B)

= Pr(A\ B) + Pr(A) Pr(A\ B)+ Pr(B) Pr(A\ B)
= Pr(A) + Pr(B) Pr(A\ B):

5. Law of Total Probability: Let Fq;:::;Fx be a partition of . Then

X«
Pr(A) = Pr(A\ F):

i=1
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1.8 Subjectiv e Probabilit y

1.

The relative frequencyapproad to probability requiresthat experimerts be
repeatable. Subjective probabilities do not have this requiremen.

. Subjective probabilities obey the sameaxioms as other probabilities

(otherwise, they wouldn't be probabilities).

Eliciting a subjective probability: To nd Pr(E), considerthe following
situation. Let E be an event. Supposethat you and a friend placea bet. Your
friend cortributes $100and you cortribute $B. If E occurs,then you win
$(100+ B). If E€ occurs,then your friend wins $(100+ B). What is the
maximum amourt that you are willing to bet in this game?That is, what is
the maximum $B that you will cortribute. After you have chosen$B, then
your subjective probability is computedasPr(E) = B=(100+ B).

. Probability of a hypothesis. Let H be a hypothesisin an empirical

investigation. For example,H = \A speci ¢ teaching method that usesan
online componert is superior on averageto another teaching method that does
not usethe online componert." Bayesianscan speak about Pr(H) because
Pr(H) re ects prior beliefs(i.e., prior to collecting data) about the hypothesis.
Frequeriists cannot speak about Pr(H) exceptto say that either Pr(H) = 1 or
Pr(H) = 0 becausehe event H is either true or false. It is not true sometimes
and false sometimes.

. Odds at the racetrak. The heading\Odds Against" in the table on page 35 of

the text is incorrect. It should simply be \Odds." The odds againstthe horse
winning are 22to 10,22to 10,27 to 5, etc.

Examplesof Racetrak odds. To construct the following tables, it was
assumedthat the track handleis 17%. That is, the track takes17% of the
money bet, regardlessof which horsewins.

For v e horses,the generaltable is set up asfollows.

Betters' Perspective Track Perspective
Amount Odds Odds Payo
Horse Bet Prob Odds Against Prob Odds Against $2
K K T K K K 0:83T K 0:83T K
A $K A Ka A A A A A 24 2 A
T T Ka Ka 0:83T 0:83T K, Ka Ka
K K T K K K 0:83T K 0:83T K
B $K Ke B B B B B 24 2 B
T T Kg Kg 0:83T 0:83T Kg Kg Kg
K K T K K K 0:83T K 0:83T K
c $K ¢ Kec c c c c c 24+ 2 c
T T Kc Kc 0:83T 0:83T K¢ Kc Kc
K K T K K K 0:83T K 0:83T K
D $K b Kb D D D D D 24 2 D
T T Kb Kb 0:83T 0:83T Kp Kb Kb
K K T K K K 0:83T K 0:83T K
E $K ¢ Ke E E E E E 24+ 2 E
T T Ke Ke 0:83T 0:83T Ke Ke Ke
Tot $T 1 i
0:83
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Note that the track violates the probability axioms.

Example 1

Betters' Perspective Track Perspective
Amount Odds Odds Payo
Horse| Bet Prob Odds Against| Prob Odds Against $2
A $500 :_ZL :—1L :—1L 0:6024 1:5152 0:66 3:32
1 1 3
B $250 2 3 1 0:3012 0:4310 2:32 6:64
1 1 9
C $100 10 9 1 0:1205 0:1370 7:30 16:60
1 1 9
D $100 10 9 1 0:1205 0:1370 7:30 16:60
1 1 19
E $50 20 19 T 0:0602 0:0641 1560 3320
1
Tot $1000 1 083
Example 2
Betters' Perspective Track Perspective
Amount Odds Odds Payo
Horse| Bet Prob Odds Against| Prob Odds Against $2
5 5 11 _ _ . _
A $20 16 11 3 0:3765 0:6039 1:6560 5:312
5 5 11
B $20 16 11 3 0:3765 0:6039 1:6560 5:312
5 5 27
C $10 27 57 5 0:1883 0:2319 4:312 10624
5 5 27
D $10 37 57 3 0:1883 0:2319 4:312 10624
1 1 15
E $4 16 15 T 0:.0753 0:0814 1228 2656
1
Tot $64 1 083

Example 3
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Betters' Perspective Track Perspective
Amount Odds Odds  Payo
Horse| Bet Prob Odds Against | Prob Odds  Against $2
96 24 1
A $1920 00 1 22 1:1566 7:3846 0:1354 1:7292
B $60 3 3 9 0:0361 0:0375 26:6667 553333
100 97 3 ' ' ' '
1 1 199
C $10 200 199 = 0:0060 0:0061 16500 33200
1 1 249
D $8 550 249 T 0:0048 0:0048 20650 41500
1 1 999 _ _
E $2 1000 999 = 0:0012 0:0012 82900 166000
1
Tot $2000 1 083




22

CHAPTER 1. PROBABILITY



Chapter 2

Discrete Random Variables

1. De nition: A Random Variable is a characteristic of the outcomeof an
experimert.

2. Notation: Usecapital letters to denoterandom variables(rvs). Example:
X (1) isarv. Usesmall letters to denotea realization of the random variable.

3. Example: Considerthe experimert of choosinga studert at random from a
classrom. Then = fJadk; Dolores:::g. Let X (! ) be a characteristic of
studert ! . Then X (! ) isarv.

4. Typesof random variables

(a) CategoricalversusNumerical
X () = genderof selectedstudert is a categoricalrandom variable
and X (! ) = x, = \female" is a realization of the random variable.
Y (! ) = ageof selectedstudert is a numerical random variable and
Y('1) =y = 1962is a realization of the random variable.

(b) ContinuousversusDiscrete

If the possiblevaluesof a rv are courtable, then the rv is discrete.

If the possiblevaluesof a rv are contained in open subsets(or half
open subsets)of the real line, then the rv is cortinuous.

2.1 Probabilit y Functions

1. De nition: The probabilit y function (p.f.) of a discreterv assignsa
probability to the evert X (! ) = x. The p.f. is denotedby fx (x) and is
de ned by

def X
fx(x) = PriX(!)=x]= Pr(!):
X()=x

23
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This function alsois called a probability massfunction (pmf). The
terminology pmf appearsto be more often usedthan p.f., sol will usepmf
rather than p.f.

. The pmf can be an equation, a table, or a graph that shavs how probability is

assignedo possiblevaluesof the random variable.

. The distribution of probabilities acrossall possiblevaluesis called the

probabilit y distribution . A probability distribution may be displayed as
(a) atable, (b) a graph, or (c) an equation.

. Examples

(a) Example: Roll a fair four sideddie twice. The facevalueson the die are
1, 2,3, and 4. The samplespaceis = f(1;2);(1;2);:::;(4;4)g. Note
that #() = 16andead outcome! = (! 1;!,) is equally likely. Let
X (') = max(! 1;!,). Find the pmf of X . Solution:

fx (x)
1=16
3=16
5=16
7=16

Total 1

A WN PR X

(b) Example: Choosea baby nameat random from
= fJohn; Josh Thomas Williamg. Let X (! ) =rst letter of name.
Then P(X = J) = 0:5.

. Support of the distribution: The set of possiblevaluesof X that have non-zero

probability is called the support of the distribution. We will denotethis set by
S. That is,

S = fx;f(x)> 0g:
The support of a random variable is analogousto the samplespaceof an

experimert. Note, fx (X) is abbreviatedasf (x). This convertion will be
followed if it is clearthat the pmf f (x) refersto the random variable X .

6. Properties of a pmf

f(x) Ofor all x. This property alsocan be written asf (x) 0 8x.
X

Pr(X = x) = 1.
x2S
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7. Indicator Function:
1 ifa2A;

la(@) =

A3 0 otherwise

8. Application of indicator function. Consider,again, the random variable
X (') =max(!1;! ), where(! 1;!,) is an outcomewhenrolling a fair
four-sideddie twice. The pmf of X is

2x 1 H —_ .M. 0.
Fx(x) = G |fx—1.,2,3,4
0 otherwise

2x 1
16 |f1;2;3;4g(x):

2.2 Joint Distributions

1. Joint Probability Functions: Let X and Y be discreterandom variables
de ned on Sy and Sy, respectively. Then the joint pmf (or p.f.) of (X;Y) is
de ned as
fxw (Gy) € PIX () =Y (1) = y]= Pr(X = ;Y = y);

Note, joint distributions can be extendedfrom the bivariate case(above) to
the generalmultiv ariate case.A joint pmf satis es

f(X; y)X 0 for all pairs (x;y) and
f(x;y) = 1, where
(xy)2s
S=Sx Sy=f(uv), u2sx;v2syo:
Note: The setS = Sx Sy couldinclude (x;y) pairs that have probability
zero. If so,then the true support is a subsetof S.

Example: Two way table for powerball. Seeproblem 1-R110on page39. Let
X (! ) = number of matchesout of 5 on rst drawing and Y (! ) = number of
matchesout of 1 on seconddrawing. Then

5 40 1 44

X 5 X 1
fxy(Xy)=PX=xY=y)= 45 21:5 Y It o;1;::::59(X) 10,29 (Y);

5 1

zero. Theseprobabilities, multiplied by 54;,979155, are given below:
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y

X 0 1 Sum

0 | 28952352 658008| 29610360
1 | 20105800 456950 20562750
2 4;347.200 98,800| 4;446000
3 343200 7:800 351,000
4 8;800 200 9;000
5 44 1 45

Sum | 53757396 1,221,759 | 54979155

In decimalform, the probabilities are

y
0 1 Sum

0:526605984 0:01196831§ 0:538574301
0:365698600 0:008311332 0:374009932
0:079069968 0:001797045 0:080867012
0:006242366 0:000141872 0:006384238
0:000160061 0:00000363§ 0:000163698
0:000000800 0:00000001§ 0:000000818
Sum | 0:977777778 0:022222222 1:000000000

g b wWwNE O|IX

2. Marginal pmf: Sumthe joint pmf over all other variablesto obtain the
marginal pmf of one random variable.

X
(@ fx(x) = f (X% y).
y2Sy
X
(b) fyv(y)= f(x;y).
XZSX
X
(c) fz(2) = fxvz (X Y:2).
X2Sx y2Sy

3. Example 1: The marginal pmfs for the powerball problem are

5 40
= Ty = POXC= 0= e iosg(x) and
y=0
5
1 44
fv(y) = g fxv(xy) = P(Y =y)= %Ifong(y):

x=0
1
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The numerical valuesof thesepmfs are displayed in the margins of the tables

on pageZ26.
4. Example 2: Supposethat
8 .. .
< 20+2) . _ .. o A
fyn(ij)=  3n(n+ 17 i=0;1:::;nandj = O,l,...,n:
"0 otherwise.

Usethe result

KX i_n(n+1)

i=0 i=1 2
to obtain
8 2(n+ 1)
. P i=0:1::::n
fx()=_ 3n(n+1) and
' g otherwise.
< N+ 4 .
_— =0:1:::;
fy()=. 3n(n+1) n.
"0 otherwise.
2.3 Conditional Probabilit y
1. De nitions: 8 (1)
< : €
pejB) e PB) " 2P
"0 otherwise.
P(AT B)
. def . .
P(AjB) = 7P(B) provided that P(B) > O:

Thesequartities are read as\probabilit y of ! given B" and \probabilit y of A
givenl-B." Think of B asthe new samplespaceand then re-scaleP (! ) and
P(A B) relativeto P(B).

2. Examples:

(@) | will do #2.15 on page58in class.
(b) 1 will do #2.17 on page58in class.

(c) Lets Make a Deal. Note: this is not the samegamethat is descriked on
page79 of the text. An SUV is randomly placedbehind one of three
identical doors. Goats are placedbehind the other two doors. You choose
a door (say door 1) and will win the item behind the door after it is
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opened. Before your door is opened,however, Monte Hall revealsa goat
behind one of the two remaining doors (either door 2 or door 3). If he
revealsa goat behind door 2, then he givesyou the option of switching
from door 1 to door 3. If he revealsa goat behind door 3, then he gives
you the option of switching from door 1 to door 2. To maximize the
probability of winning the SUV, should you stick with your original
choice or should you switch? Assumethat Monte knows wherethe SUV
is; he always revealsa goat; and he newer revealsthe cortent behind the
door that you choose.

Solution: Let C = i (C for choose)be the ewvert that your initial choiceis
doori. Let S=i (S for SUV) be the ewert that the SUV is behind door
i. Let R =i (R for reveal) be the evert that Monte revealsa goat behind
door i. Conditional on C = 1, the table of joint probabilities for (R;S) is

asfollows
S
1 2 3 Sum
1 0 0 0 0
R 2 P1 0 3 3t m
313 m 3 0 i m
Sum| 1 3 3 1

In the above table, the value of p; must satisfy p; 2 (0; %). If Monte
choosesa door at randomwhenS = 1, then p; = (—15 Accordingly,

P(S=13C=1)= %;

2.

3

If your strategy is to stay with door 1, then you win the SUV with
probability % If your strategy is to switch, then you will win the SUV if
S 6 1 becauseyou always switch to the correct door. This event has

probability % Therefore,the best strategy is to switch. For more
information, goto <http://math.rice.edu/ ddonovan/montyurl.html>.

P(S6 4§C=1)=1 P(S=1C=1)=

3. Multiplication Rule

(@ Twoewns: P(E\ F) = P(FJE)P(E) = P(EjF)P(F).
\k Y 1
(b) More than two ewverts: P( E;) = P(E1) P(Ejj E;j). For example,
i=1 i=2 i=1
with 4 ewerts,

P(E1; E2 Es Es) = P(E1) P(E2JE1) P(E3E1Ez) P(E4Eg; Eo Es):
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4. Applications of Multiplication rule

(@)

(b)

If samplesare selectedat random oneat a time without replacemen
then all sequencesire equally likely.

Proof: The number of distinct sequencesf n objects selectedfrom N

For example,if N = 100and n = 3, then (S; = 03; S, = 014; Sz = 0Ogg) IS
a sequenceUsing the multiplication rule, the probability of a sequence
can be written asfollows:

P(51=0,;$=0,;S3=0,;:::;S = 0,)
=P(S:1=0,) P(S=0,jS1=0,) P(S=0,jS1=0,,S:=0,)
P(Sn=0,jS1=0,;::5;S8 1+ 0, ,)
1 1 1 1 (N 1
"N N 1 N 3 N n+1 NI — (N)

Accordingly, all sequencesire equally likely.

If samplesare selectedat random without replacemen then all
combinations are equally likely.

Proof: The unorderedset

The number of distinct conmbinationsis " and the objects in ead

combination can be orderedin n! ways. Therefore,ead conbination
correspndsto n! sequencesind

n!
(N)n

P(0,;0,;::5;0,)=nl P(S1=0,;5=0,;:11;S,=0,) =

32‘!—‘

Accordingly, ead combination is equally likely.

5. Conditional pmf: Let X and Y be discreterandom variables. Then,

fxv(Xy) _ PX=xY=Y).
fv(y) P(Y =y)

fxjv (xiy) £ P(X = xjY = y) =
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2.4 Bayes Theorem (Law of Inverse Probabilit y)

Bayes Theorem answers the question|Ho w do you expressP (EjF) in terms of
P(FJE)?

1. Bayes Theorem statesthat

P(FJE)P(E)

PEIR) = BEEPE) + PFIEIPED

Proof:

P(E\ F)
P(F)
= w by the multiplication rule

_ P(FJE)P(E)

~ P(F\E)+ P(F\ EY
_ P(FJE)P(E)
~ P(FJE)P(E) + P(FJE®)P(E®)

P(EjF) = by the de nition of conditional probability

by the law of total probability

by the multiplication rule.

2. More generally Bayes Theorem sstatesthat if E; E,;:::; E, is a partition of

, then
: Pr(FjEx) Pr(E
Pr(E\jF) - (FjEx) Pr(Ex)

Pr(FjE;) Pr(E;)
i=1

Furthermore, the conditional odds of E; to E; is

P(EijJF) _ P(FJE) P(E).

Oddsof E; to E; conditional on F = 2 = - :
o P(EF) ~ P(FIE) P(E)

2.5 Statistical Indep endence of Random
Variables

1. De nition: Two random variables,X and Y, areindependen if and only if
() fxy(xy) = fx(X)fy(y) for all (x;y) 2 Sx.y. To denoteindependence,
we write X 1Y.

i=1
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be a sequenceof random variablesobtained by samplingat random from f x .
Then, X4;:::; X, are independert ra@om variablesand their joint

distribution is fx,...x , (X1;::7;Xn) = i“:1 fx (Xi).

1 if E; occurs,and
0 otherwise.

. Result: Let A and B be everts. Then A 1 B if and only if
P(A\ B)=P(A)P(B).

Proof: De ne the random variablesX and Y as

1 if A occurs,
0 otherwise

1 if B occurs,

ndy = )
0 otherwise.

First, assumethat A 1 B. Then

AuB() XuY
=) P(A\ B)=1fxv(1;1)=fx(Dfv(1)= P(A)P(B):

Second.assumethat P(A\ B) = P(A)P(B). Then,
P(A\ B)=P(A)P(B)=) fxy(L1)=fx(Dfy(1):

Usethis resultto Il in the two-by-two table of joint and marginal
probabilities:

[X=0] x=1 |
Y=0 4 (0)
Y=1 fx (Dfy(1) || fv(2)
[fx(0) | fx@ [ 1
[ X =0] X =1 |
Y=o N OEMOONRIO) .
=) =1 X fx(l)?y(l)Y f:(l) by subtraction
| £x(©0) | fx (1) [
[Xx=0] x=1 |
5 i;g ;i%kg;;ﬁ%lmwwa fy(1) = fv(0)
| fx©) | fx@ | 1
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I X=0 | X=1 |
) YOO @O OO b, guacior
[ fx (0) [ fx(@ | 1
| Xx=0 | X=1 |
=) i;(i) fv(0)fx (0) KEB;:E(B ;:Eg; becausel fy (1) = fx (0)
| fx©) | fx@ | 1
| X=0 | X=1 |
. Y=0 fy(0)fx (0) fx Wiy () || fv(0) .
D V1[0 00 | T W@ [ fy @ P Subtraction
H fx (0) [ fx(@D | 1
| Xx=0 | X=1 |
v Y=0]fy(0)fx(0) | fx(@D)fy(0) | fv(0) _
D V=TT O (D) o (Dfy (@ [Ty PecUse fv(0)=fv(D)
| fx(©) | fx@ | 1
=) X 0nY becausef x.y(X;y) = fx(X)fy(y) forx=0;1; y=0;1
=) A uLB:

6. Example: Roll two distinct fair 6-sideddice. Let E; be the ewvert that the rst
die is odd, et E, be the evert that the seconddie is even, and let E3 be the
ewvert that there exactly one odd and one ewen die occur. Are theseewvens
mutually independen? Are there any pairs of events that are independen?

2.6 Exchangeabilit y

1. De nition: Two random variables,X and Y, are saidto be exchangeablei
fx.y (X;y) = fx.v(y;x) for all (X;y) 2 Sx.vy. Note, if X andY are
exdhangeablethen Sx.y = Sy .

2. De nition: n random variables, X ;:::; X, are saidto be exchangeablei
fxl;:::;xn (X1;::05Xp) = fxl;:::;xn (Xl; L ;Xn) for all (x1;:::;%Xn) 2 SX1iiXn and
for all (x4;:::5%,), where(x,;:::;X,) is a permutation of (X1;:::;Xn). Note,

the equality must be satis ed for all n! permutations.

3. Result If X4;:::; X, are exdhangeablethen the marginal distributions of
eat X; areidentical. Also, the joint distributions of any subsetof k X sis the
sameasthe distribution of any other setof k X s, wherek canbe 1;2;:::;n.

Proof that bivariate marginals are identical when 3 random variablesare
exthangeable:Recall, that the joint pmf of X; and X is obtained from the
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joint pmf of X, X,, and X ;3 asfollows:

fxix,(X1:X2) = fx1x0x 5 (X1; X25 X3):
X32Sx 3

If X1, X, and X3 are exdhangeablethen

fxl;X2;X3(XJ>;(X2;X3) = fxixaxs(X1; X3 X2) and

fxix,(X15X2) = fx1xoxs (X1 X3 X2) = fxxs(X15X2):
X32Sx 5

Also,

fxl;xz;xg(XJ>i(X2;X3) = fx,x,x5(X3;X1; X2) and

fxix,(X15X2) = fx1xaxs (X3 X215 X2) = Fx,oxs(X15X2):
X32Sx 4

Accordingly, exdhangeability implies that
fxix, (X1 X2) = Fx,xs(X15X2) = Fx,xs(X1; X2):

In the samemanner, it can be shavn that exctangeability implies that

fx,(X1) = fx,(X1) = fx,(Xa):

random variablesare not independen but the random variablesare
excdhangeable.For example

Fxix,(Xin X)) = Fx (i), (X1 X1 = Xi)
1 1 1

N N 1 NN 1)

and

Fxax o (X5 Xi) = Fx (X)) xix, (X)X 1 = %)
1 1 1

N N 1 NN 1
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2.7 Application: Probabilit y of Winning in Craps

1. Recall, the rules of the gameare asfollows. Roll a pair of dice (i.e., two die).
If the sum of the diceis 7 or 11, then the player wins and the gameis over. If
the sum of the diceis 2, 3, or 12, then the player losesand the gameis over. If
the sum of the dice is anything else,then the sumis called \the point* and
the gamecortinues. In this case,a player repeatedly rolls the pair of dice until
either the sum s either 7 or equalto the point. If a 7 occurs rst, then the
player loses.If the point occurs rst, then the player wins.

2. The samplespacewhenrolling two dice is

If the dice are fair, then the 36 outcomesare equally likely. Let Y (! ) be the
sum of the two dice on the rst roll. It is easyto shaw that the pmf for Y is

fvy) |y fv(y)
1=36 | 8 5=36
2=36 | 9 4=36
3=36 | 10 3=36=
4=36 | 11 2=36
5=36 | 12 1=36
6=36

~NOo b wN<

Alternativ ely,
6 jx 7
fY(y) = J36 J |f2;3;:::;lZg(X):

3. Let X (!) bethe sum of the dice on the last roll of the game. Then the joint
support for (Y; X) is

Svix = f(2,2);(3:3); (4:4); (4:7);(5;5); (5, 7); (6, 6); (6, 7);
(7,7),(8:8); (8, 7);(9;9); (9;7); (10, 10); (10; 7); (11; 11); (12; 12)g:

The winning (Y; X ) valuesare
(4;4); (5;5); (6;6); (7;7);(8;8);(9;9); (10; 10); and (11; 11):
The losing (Y; X ) valuesare

(2,2);(3;3); (4, 7),(5,7);(6;7); (8, 7);(9; 7); (10, 7); and ; (12, 12):
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4. Supposethat the rst roll yields a 4. Then the gamecortinuesuntil a 7 or
another 4 is rolled. Denotea non-4,non-7 by N. Then the gameis won if a
sequencesud asf4;4qg, f4;N;4g, f4;,N;N;4g, f4;N;N;N;4g etc is obsened.
Notethat P(N) =1 P(@4) P(7)= 27=36.In any case,the rst roll isa 4
and the lastroleisa 4. That is, Y = 4 and X = 4. The probability that
Y = 4and X = 4 can be computed as follows:

fY;X(4;4): Pf4,4g+ Pf4;N;4g+ Pf4;N;N;4g+ Pf4;N;N;N;4g+

_32+3227+32272+32273
36 36 36 36 36 36 36
3 2R o7
36 ., 36
= 3 2;b the geometricseriesresult
T3, 20 YOS
36
= 36

Furthermore, the conditional probability of winning, given that the point is 4

is
o fyx(4;4) 1836 1
Ixv@H= =y = 336~ 3
Accordingly,
8
21 ifx=4
fxjv (Xj4) = S % if x=17
0 otherwise.

5. The probabilities fy.x (y;y) are summarizedin the following table. The
probabilities that correspnd to a win are summed. The result is

. 244 7
PWin)="=05 —— 0492
(Win) = Z02= 05 o0 014929
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Point: y | fv.x (y;y) Winning Outcomes

2 %
3 %

4 % %

5 5 5

6 396 395

7 % 5

8 305 305

9 e o

10 * =

11 Z 2
12 =

Total 22




Chapter 3

Exp ectations of Discrete Random
Variables

3.1 The Mean

X
1. De nition: The expectedvalue of X is de ned asE(X) def xf x (x) if the
x2S
expectation exists.

def

2. Alternativ e de nition: E(X) = X (M)P(!) if the expectation exists.

12

3. Properties of expectations: Let a, b, and ¢ be constarts. Then

E(c)=c.
E(aX + ¢) = aE(X) + cif the expectation exists.
E(X +Y) = E(X)+ E(Y) if the expectations exist.
E(aX + bY + ¢) = aE(X) + bE(Y) + cif the expectations exist.
Proof: Assumethat the expectations exist. Then,
E(aX + bY+ ¢) = X [aX (') + bY( )+ P(!)

12

X X
=a XM)PU)+b YM)PU!)+c P()
12 12 12
= aE(X) + bE(Y) + c:

4. Examples

37
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Example: Play 100gamesof crapsat $1 per game. Let X; be the amourt
won on gamei. That is,

1 if gamei is won, and

Xi= . )
1 if gamei is lost.

Find the total expectedreturn.

X232+ ni) _ 5n+ 1
Lan(n+1) 9

X'nj+42 1in+4,
L, 3n(n+1) 18

E(X) = and E(Y) =

X
To verify the above results,use i = n(n+ 1)(2n + 1)=6.
i=0

6. Certer of gravity interpretation: Denote E(X) by . Then, E(X ) = 0.

The sum of the positive deviations and the sum of the negative deviations are
equalin absolutevalue. To balancethe distribution, placethe fulcrum at

7. Symmetric distributions.

The distribution of X is said to be symmetric around a if

fx(@a y)=fx(a+ty)forally.

Supposethat fx(a y)=fx(a+ y)forally. Then, E(X) = a.
Proof: First, note that symmetry implies that

a y2Sx () a+ty2Sy:

The expectedvalue of X is

X X X
E(X) = xfx (X) = xfx (X) + afx (a) + xf x (X):

X2Sx Xigx xiix

Write x asx = (a y)inthe rst sum. Thena y< a=) y> 0. Write
X asa+ y in the secondsum. Then,a+ y > a=) y > 0. Accordingly,
the expectation is

X X
E(X) = (@ y)fx(a y)+afx(a)+ (a+y)fx(a+y)
a y2sy a+y2Sy
y>0 )( y>0
= (@ ytaty)fx(a y)+afx(a)

a y2sy
y>0
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becausea vy 2 Sx()x a+y2Sx andfx(a y)=fx(aty)

= 2a fx(a y)+ afx(a)
X Nah X
= a fx(a y)+ afx(a)+a fX(a+ y)

a yZSx a+y25x
y>0 y>0

becausea y2>s(x() a+y2 Sy and)f(x(a y)=fx(a+y)

=a fx(x) + afx(a) + a fx (X)
x2Sy X2 Sy
2x<a X>a 3
X X
a%  fx(x)+fx(a)+ fx (x)°
X2 Sy X2Syx
X<a X X>a
= a fx(x)=a 1= a:
X2 Sx

8. E(X) neednot exist. Example: double or nothing gamble. Play a gamein
which the probability of winning is . Bet $1 on the game. If you win, then
collect $2. If you lose,double the bet and play again. Cortinue to play the
gameuntil you win. Let X = total amourt bet beforeyou nally win. Find
E(X).

Solution: The probability of winning on the it" gameis the probability of
losingon ead of the rst i 1 gamesand winning on the i game. The games
are independen, sothis probability is (1 )" * . The support setfor X is

Sx = f1;3,7;153%::;g=f2! 1,22 1,22 1,2* 1;:::0
For example,if you win on game3, then you bet $1 on game1, $2 on game2,

and $4 on game3. The total amourt betis 1+ 2+ 4 = $7. The table below
summarizesthe pmf of X.

Game Amount Bet x: Total Bet fx (X)

1 1 1
2 2 3 @ )
3 4 7 1 )2
4 8 15 1 )3
5

16 31 a )

i 21 o 1 (1 )i 1
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The expectedvalue of X is

b3 x :
E(X) = Xifx (Xi) = 2 1@ )yt
i=1 | | i=1 " |
= 2I(1 )I 1 (1 )I 1
i=1 i=1
R _ :
=2 21 ) @ )
i=0 i=0
( . _
_ A 1 if2(1 )<
1 if21 ) 1
- if21 )<

1 if2@ ) 1.

X
9. Conditional Expectation: E(XjY = y) = Xf xjv (Xjy). Note that
XZSX
E(X]Y =vy) is afunction of y.

3.2 Exp ectation of a Function

1. If X is a discreterandom variable, then g(X) is just another discreterandom
variable. That is g(X) = g[X (! )] = Y (') for somefunction Y.
X X X X
2. E[g(X)] = E(Y)=  Y()P(1)= y P()= yEv(y)

! y2Sy LY (V)=y y2Sy

3. Result: X
Elg(X)] = g(x)f x (x):

XZSX

Proof:

X
E[g(X)] = g[X(")]P(!) by de nition

X 12

X
= g(x) P (') by reorderingthe terms in the summation
X2 Sx X (M )=x

X
= g(x)fx (x):

XZSX
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4. Caution: In generalE[g(X)] & g[E(X)]. For example,if g(X) = 1=X, then

EGOOT= Lk (0 8 gEO) = o = Xt
25, X E(X) xf x (X)
X2Sx

If g(X) is alinear function, howeer, then E[g(X )] = g[E(X)]. That is, if
g(X) = a+ bX, wherea and b are constarts, then

E[g(X)] = E(a+ bX) = a+ bE(X) = g[E(X)]:

5. Utilities: The subjective value of the random variable X is cglled the utilit y of
X and is denotedby u(X). The expectedutility is E(U) = u(x)f x (x).
X2 Sx

6. Expectations of Conditional pmf: E[f x ;v (XjY)] = fx (x).

Proof:
. X .
Elf xjv (XjY)] = fxjv (Xjy)fy (y)
X y2Sy
= fx.v (X; ¥) by the de nition of a conditional pmf
y2Sy

= fx (X):

This expectation is sometimeswritten as Ey [fxjv (XjY)] = fx (X) to remind us
that the expectation is taken with respect to the distribution of Y.

7. Iterated Expectation: Ey [E(XY)] = E(X).

Proof:
X
Ev[E(X]Y)] = [E(Xjy)]fy(Y) by results on expectation of a function
y2Sy #
X X
= Xfx iy (Xjy) fv(y) by de nition of conditional expectation
yZSy XZSX x X
= Xfxjv (Xjy)fv (y)
X X y28yXZSx
= xf x.y (X; y) by de nition of conditional pmf
y2Sy X2Sx X X
= X fxv (X y)
%%Sx y2Sy

= xfx (x) = E(X):

XZSX
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8. Example of iterated expectation. Supposethat a coin has probability of
landing heads.De ne the random variable Y to be 1 if a headis tossedand O
if a tail is tossed.Note that E(Y) = . Tossthe coin and then roll a fair
six-sideddie 2Y + 1times. Let X be the total number of pips on the 2Y + 1
rolls. Find E(X).

Solution: The expected number of pips on a singleroll is 3:5. Therefore,
E(XjY) = (2Y + 1)(3:5) and

E(X) = Ey [E(X]Y)]
= Ey [(2Y + 1)(3:5)] = [2E(Y) + 1](35) = (2 + 1)(3:5):

If the coin is fair, then E(Y) = $ and E(X) = 7.
9. Expectedvalue of a functiog of seeral random variables:
(X1:X2;:5Xk)2S

Example: supposethe joint support of (X;Y) is
S = f(0;0); (0; 1); (1;0); (1; 1)g. Find the expectation of 1=fyx.y (X;Y).

Solution:
1 XX 1
E ———— = fyv(X;
fxy(X,Y) X=0 y=0 fXY(X'Y) X,Y( y)
Xt Xt
= 1= 4
x=0 y=0

10. Expectation under independence:lf X and Y are independen, then
E[g(X)h(Y)] = E[g(X)]E[h(Y)], provided that the expectations exist.

Proof: Supposethat X 1 Y. Then fx.v(X;y) = fx (X)fy(y) and

X X
E[g(X)h(Y)] = g()h(y)fx.y (x;y)

X X X2Sx y2Sy
= g)h(y)fx (x)fv (y)
X X2Sx Y%gv
= g(x)fx (x) h(y)fv(y) = E[g(X)IE[h(Y)]:
X2 Sx y2Sy

Note: a much stronger result can be established.If X 1Y, then g(X) 1 h(Y)
for any functions g and h.
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3.3 Variabilit y

def

1. Mean Absolute Deviation: MAD = E(X  xj) =
2. Variance: The varianceof X is de ned as
def 2 X
Var(X) = E(X x)" = (x
x2S

jX x JFx (X).

x2S

x)*fx (x):

It is corvertional to denotethe variance of the random variable X by

3. Result: Var(X) = E(X?) [E(X)]>
Proof:
Var(X)= E [X EX)? =E X?2
= E(X?) 2E(X)E(X)+ [E(X))* = E(X?)
4. Standard Deviation: %'+ P 2,

2X E(X) + [E(X)]?

[E(X))?:

5. Varianceof a uniform distribution: Supposethat the support of X is
S =11;2;:::;Ng and that ead value in the support set hasequal probability.

This situation can be denotedas X

distribution,
_N+1 > _(N+1)(N 1)
x = — and y = 12 :
Proof:
X
E(X) = xfx (X) = xW
X2 Sx x=1
-iwi- 1 N(N+1) _N+1
N N 2 2
Also,
X X 1
E(X?) = Xy (X) = 2
N
X2 Sx x=1
_ X 2. 1 N(N+D@N+1) _ (N+DEN+1)
N N 6 6 '

43

Discrete Uniform(1; 2;:::;N). For this
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Accordingly,

(N + 1)(2N + 1) N+12:(N+1)(N 1)

Var(X) = 5 > 1

. Example: Tossa fair die once. Let X be the number of pips on the top face.

Then, X Discrete Uniform(1; 2;:::;). Therefore,

E(X) = ; and Var(X) = % = 29167

. Parallel axis theorem: Let c be a constart and let X be a random variable

with mean x andvariance 2< 1 . Then,E(X ¢)?= %+ (c )2 Note
that E(X ¢)? is minimized with respectto c whenc= .

Proof: Usethe add zerotrick. Write casc= x + (c x ). Therefore,

EX ©°=E[X x) (¢ X))
=E (X x)? 2(X x)C  x)+(c  x)?
= E(X x)> 2c  x)E(X x)+ E(c  x)?

= $+0+(c x)*= i+ x)*

Why is this called the parallel axis theorem? My guessis that the parallel
axesreferto two vertical lines drawn on the graph of the pmf of X. Oneis
drawn at X = candoneisdrawn at x = .

. Alternativ e proof that x is the minimizer of g(c) = E(X ¢)?: Usecalculus.

Take the derivative of g(c) with respectto c and setit to zeroto nd critical
points:

d . d )
&g(c)—&E(X 2cX + &)

:%E(XZ) 2y + = 2y +2c and

dog© _ ~_y ~_ .
dc =0=) c= .

Usethe secondderivative test to shav that a minimizer has beenfound:

2

(do)?

g(c) =2>0=) x isaminimizer:
c=

X
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3.4 Covariance and Correlation

1. Covariance:

Cov(X;Y) EE[(X )Y V)

It is convertional to denotethe covariancebetweenX andY by x.y.
2. Result: E[(X  x)(Y  v)I= E(XY) E(X)E(Y).
Proof:

E[(X  x)(Y  v)]=EXY XE(Y) EX)Y+ EX)E(Y)]
= E(XY) E(X)E(Y) E(X)E(Y)+ E(X)E(Y)=E(XY) EX)E(Y):

3. Example: Supposethat fy.y(i;j) = 2(i + 2j)3n(n + 1)?] fori = 0;:::;n and
j=0;:::;n. ThenE(XY) = n@2n+ 1)=6and Cov(X;Y) = (n+ 2)>=162.
4. Result: Cov(a+ bX;c+ dY) = bdCov(X;Y). Proofin class.

5. Special caseof above result: Var(aX + b) = a2 Var(X).

6. Correlation: Cor(X;Y) gl x:-y=( x vy). It is corvertional to denotethe

correlation betweenX andY by x.v.

7. Caudhy-Schwartz Inequality: Let X and Y be two random variables. Then
E(X?)E(Y?) [E(XY)]? provided that the expectations exist. Proof:
E(Y X)? Oforall . Now minimize with respect to

@Y XP_ L EXY)_
e 27 TExyC

Simplify to obtain the Caudy-Scwartz inequality.

E(XY), *
2037 X 0:

) E Y

8. Application of Caudy-Scwartz: The Caudy-Scwartz inequality says that if
X andY arerandom variablesand the required expectations exist, then
[E(X Y)? E(X DE(Y 3). Let X = (X )= x andlet
Y = (Y Y): Y- Then,

X Yy ?

[E(XX Y )= E

XY
e X X2 v)?
E(X ®)E(Y )= E 5 E >
X Y
2 x
=) X - — =1
Y
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9. Example: Considera very small insurancecompary. Let X be the number of
policiessold and let Y be the number of claims made. Supposethat the joint
pmf for X and Y is the following:

X

y|l0o 1 2
1 1 1 | 9
0|7 7 1|1
3
110 7 513
1 | 1
ZOOEE

T 1 1
i 3 1|1

(a) If the premium on ead policy is $1;000 and ead claim amourt is $2,000,
then the net reverue is 1000 2000¢ . Find the expected net reverue.

Solution:
E(1000X 2000r) = 1000E(X) 2000E(r) = 1000(1) 2000¢5)= 0.

(b) Find the correlation betweenX and Y.
Solution: E(X) = 1, E(Y) = 0:5, E(X?) = 1:5, E(Y?) = 2, and
E(XY) = 2. Therefore,

Var(X) = 1:5 1% = 0:5;
Var(Y) = > 0:5% = 0:375

8
Cov(X;Y)= 075 (1)(0:5) = 0:25 and
0:25 1

v = P2 -5 05774
X 05035 3

10. Result: Cor(a+ bX;c+ dY) = sign(od x.y.
Proof:

Cov(a+ bX;c+ dY)

Var(a+ bX) Var(c+ dY)
= q:
P L
bd oy
jbd  x v
= sign(bd) x;v:

Cor(a+ bX;c+ dY) = p
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11. Example Supposethat fyx.y (i;j) = 2(i + 2j)3n(n + 1)?] fori = 0;:::;n and
j =00 ;n. Then E(XY) = n(2n + 1)=6, E(X) = (5n + 1)=9;
E(X 2) = n(7n + 5)=18, E(Y) 3 (11n + 4)=18,and E(Y?) = n(8n + 7)=18. To
obtain E(X?) and E(Y?), use i”O i®= n?(n+ 1)°=4. It follows that
= (n+ 2)(E)Bn 1)_1%2 2=(n+2)(23n 8)=324, xv = (n+ 2)*=162,
and Xy = 2?51 &)— (13n 1)(23n  8). Note that
I|mn!1 Xy = 299= 0:08179.

12. Result: if X 1Y, then x.z = 0.

Proof: From result 10 on page42, we know that
X uY =) E[g(X)h(Y)] = E[g(xX)]E[h(Y)]. Accordingly,

Cov(X;Y) = E[(X x )Y y)]= E(X x)E(Y  v)=0:

13. Result: x.y = 086) X 1 Y. A courter exampleis su cient to establishthis
result. Considerthe joint probability function below:

X
1 2 3 4
0 0125 0125 0 | 0:250
0 0125 0125 0 | 0:250
0125 O 0 0:125] 0:250
0125 O 0 0:125] 0:250
0:250 0:250 0:250 0:250| 1:000

o~ N R

Computation shavsthat E(X) = 2.5, E(Y) = 3,and E(XY) = 7:5. Therefore,
Cov(X;Y)=0and x.y = 0,but X andY arenot independern. Correlation
is a measureof the linear dependencebetweenX and Y. In this case X and
Y arenot linearly related, but they are quadratically related.

3.5 Sums of Random Variables

1. Supposethat X1; Xy 10 X arerandom variables,whereE(X;) =

Var(X;) = 2, and Cov(X;;X;) = . Furthermore, supposethat c;;cy;:::; G
Xk
are known constarts. Let T = G X;. Then,
i=1
Xk Xk xn
E(T) = ¢ i and Var(T) = ¢ 2+2 c¢g

i=1 i=1 i<j
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Proof: The result concerningE(T) is trivial. To prove the varianceresult,
beginwith the de nition of variance:

% e oo
Var(T) = E[T E(M*=E GX; G |
"XK i=1 #2 i=1
=E G (X; i)
" i=1 "
( v # v #)
=E G (X i) G (X i)
(i=1 j=1 )
Xk Xk
=E GG (Xi DX )
i=1 j=1
Xk X
= CE(Xi )+ cagE[X DX )
i=1 i6]
Xk X
= ¢ P+ GG jj
i=1 i6]
Xk

i<j

X
= ¢ ?+2 cg j because j = i
=1

(a) Specialcase:¢; = 1for all i. Then,
Var X, = 242

(b) Specialcase:k = 2,¢;,=1,¢c,= 1. Then
Var(X;+ Xz) = 2+ 2+ 2 3
(c) Specialcase:k = 2,¢c,=1,c,= 1. Then
Var(X1+ Xz) = £+ 5 2 1

(d) Specialcase:¢ = 1 for all i and variablesare pairwise uncorrelated.
Then, |
X X
Var Xi = 2:
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2. Application: Take a simple random sampleof sizen WII'B replacemen from a
population having mean x andvariance 3. Let T =, X; andlet
X = T=n. Then

E(T)=n x; Var(T)=n 3; EX)= x; and Var(X)= Z=n:

Proof: The random variablesare iid. Therefore,E(X;) = x for all i,
Var(X;) = £ foralli, and Cov(X;;X;) = Ofor all i & j. Therefore,

hd X
E(T)=E Xi = E(Xi) = n x and
i=1 i'=l
X ' X
Var(T) = Var X; = 2=n %
i=1 i=1
_ X9 _
Furthermore, X = ﬁXi, so. ¢ = 1=nfor all i in the formula for X.
i=1
Accordingly,
— 1
E(X) = ﬁE(T) = x and
— 1 1 2
Var(X) = Var HT —Var(T) = e

3. Application: Take a simple random sampleof S|ze|51 from the pmf f x (x)
having expectation x andvariance 3. LetT= ' X;andlet X = T=n,
Then

E(T)=n x; Var(T)=n 3; EX)= x; and Var(X)= Z=n:

Proof: This situation is essetially the sameasthe situation in item 2 above.
The random variablesare iid becauseaking an obsenation from f x (x) doe
not changethe pmf. Usethe proof above.

4. Application: Take a simple random sampleof sizen without replacemen from
a nltg populatlon of sizeN having mean x and variance 3. Let
T= [, Xjandlet X = T=n. Then,

(n 1)
(N 1)

E(Y) = y; and Var(Y) = %2( 1 ((S ]i))

E(T)=n x; Var(T)=n 3 1
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Cov(Xi;Xj) = Cov(X1;X2) = 1o foralli6j:
To nd the valuefor 15, use

X
Var Xi =Var(N x)=0
i=1
together with exdhangeability. That is,
|
X ' X X
Var Xi = Var(Xi) + 2 Cov(Xi; Xj)
i=1 i=1 i<j

=N Z+N(N 1) =0

2
— X

=) 12 = N 13

Accordingly,
X
E(T) = E(Xi)=n x;
i=1
— 1 1
E(X)=E —-T = —-E(T)= :
(X)=E OT =[EM= x;
x X X
Var(T) = Var Xi = Var(X;) + Cov(Xi; X;)
i=1 i=1 i<j
X (n 1)
=n Z+n(n 1) le =ngz 1 N 1);and
Oeva o= L7 _ k.
Var(X) = Var HT = 5 Var(T) = Y 1 N 1)

3.6 Probabilit y Generating Functions

1. De nition: Supposethat X is a discreterandom variable with support a
subsetof the natural numbers. That is, Sx 2 f0;1;2;:::;1g . Let t beareal
number. Then the probability generatingfunction (pgf) of X is

X (t) EE®);

wheret is chosento be small enoughin absolutevalue sothat the expectation
exists. If jtj < 1, then the expectation always exists.
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2. Result (without proof): Probability Generating Functions are Unique. This
result revealsthat there is a one-to-onerelationship betweenthe pmf and the
paf. That is, eat pmf is assaiated with exactly one pgf and eat pgf is
assaiated with exactly onepmf. The importance of this result is that we can
usethe pgfto nd the pmf.

More speci cally, the uniguenesgesults says that if Y is a random variable
with support Sy 2 f0;1;2;:::;1g and
E(tY) = pot’+ put* +  + pet+

thenthe pmf of Y isfy (i) = p; fori = 0;1;:::;1 . Of course,it alsois true
that if Y is a random variable with support Sy 2 f0;1;2;:::;1g andthe pmf
of Yisfy(i)=p fori=0;1;:::;1 ; then

E(tY) = pot® + pitt +  + pet* +

3. Example: Find the pmf of Y if E(tY) = :2t% + :3t8 + :5t1°.

Solution:
y fv(y)
4 02
8 03
19 05
1.0

X A
U= Xi; then y(t) = x; (t):
i=1 i=1

Proof: Useresults on expectations of functions of independert random
variables. That is,

S = E(V) = E t X
!

= E t% = x; (1);
i=1 i=1

using the result in item 10 on page42.
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X
U= Xi; then y(t) = [ x(D]":

i=1

Proof: This result follows directly from the result in item 4, above.

. Application 1: Bernoulli ! Binomial. Supposethat X; fori = 1;:::;n areiid
Bernoulli random vag,iableseam with probability of success. Find the
distribution of Y = [, X;. A Bernoulli random variable is a random
variable that hassupport S = f0; 1g. The pmf of a Bernoulli random variable,
B, is 8

2 if b=1,
fB(b):>1 if b= 10,
"0 otherwise.

The pmf of a Bernoulli random variable also can be written as
fe(b) = b(l )1 b'fo;lg(b)5

Solution: If X; areiid Bernoulli random variablesead with probability of
success, then

fx,(X)= *(@ ) *lto14(x) and
x =@ M+ th=@ )+ tfori=1:::;n

n

P
Using the result from item 5 above, the pgfof Y = _; Xj is

vy =[t+@ "

Using the binomial theoremfrom item laon pagel5, the pgf of Y canbe

written as
xn

n . .
v(t) = C(n@ )"
. i
i=0
Accordingly,
fy(y) = ; Ya )" Yfory=0;1;:::;n:
This pmf is called the binomial pmf.

. Result: A Useful Expansion Supposethat a is a constart whosevalue s in

[ 1;1], nis an integer constart that satisesn 1, andt is a variable that
satisest 2 ( 1;1). De ne h(t) as

def

h(t) = (1 at) ":
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Then, .
+ 1
h(t) = Nt g
r=0 r
Proof: Expand h(t) in a Taylor seriesaroundt = 0. The rst few derivativesof
h(t), evaluatedat t = 0 are

d = n+ .
gh®= n@ at) ™" ( 1)a;
d
dt =0
h(t) = n(n+ 1)(1 at) (n+2)( 1)32;

d2
@02 o~ NNY 1)a%

= Na,
d2
(dt)?

d3
(dt)3

h(t)= n(n+ 1)(n+ 2)1 at) ™I ( 1)’

d3
@7 o = N0 D+ 202

(C?tr)r h(t)= n(n+ 1)(n+2) (n+r 1)1 at) (n+r)( 1)a’;
dl’
(dt)" t=0

=nin+1)(n+2) (n+r 1a":

Accordingly, the Taylor seriesis

X 1 r
@ Lt O

t=0 I
r .

h(t) =

r=0
The ratio test veri es that the seriescorvergesbecause

n+r+1 1
atl’+l
. r+1 (at) .
lim = lim
r’ o n+r 1(at)r rror +

;at = at and jatj < 1.

8. Application 2: Geometric! Negative Binomial. Supposethat U;;U,;:::isa
sequencef iid Bernoulli random variables, ead with probability of success
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2 (0;1). Let X bethe number of Bernoulli trials to the rst successFor
example,if Uy = 1,thenX = 1. If Uy = 0,U, = 1, then X = 2. If Uy = 0O,
U,=0,::;,U, 1=0,U, =1, then X = x. The random variable X is called a
geometricrandom variable and its pmf is

fx(x)=@ )* lt1;2:119 (X):
The pmf follows from independenceamongthe Bernoulli random variables.
parameter . LetY = [, X;. The random variable Y is called a negative

binomial random variable with parametersn and . The random variable Y is
the number of Bernoulli trials to the n"" successThe pmf of Y is

y

fy(y) = y n

"1 ) nIfn;n+1;:::;lg (y):

Proof: The pgfof X; fort2 ( 1;1) is

X
x(=E v = (1 )Yt
X X 1)(_1 >4 X
=t [@ "=t [1 )
x=1 x=0

t . L
=13 becausg(l )tj< 1

Accordingly, the pgf of Y is

t n

O T

=(n"[1 @ H":
Using the expansionfrom item 7 above, wherea= (1 ), the pgf of Y
b3
= "TEta g
r=0

Accordingly,

+ 1
Pr(Y =n+r)= n :: 1)

Let y = n+ r and, therefore,r = y n to obtain

fy(y) = z// (1 ) " rllfn;n+1;:::;1g (y):

= R
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9. Application 3: Game of RazzleDazzle.

(a) Toss8 fair six-sideddice. Let Y be the sum of the pips.

(b) Let X; be thq::,number of pips shavn on diei fori = 1;:::;8. The total
scoreisY = ;_; X;. The goalisto nd the pmf on

(c) The random variable X; hasa discrete uniform distribution on
Sx = f1;2;:::;6g9. The pgf of X; is

X6 7 6
TR IO S S
i1 6 6 1 t 6 1 t

X a aV*t

by using the result a =
(d) The pgfofY is

\B
v(t)=E tY = E tXitXet Xs = E tX1tX2 Xs = E tXi
i=1
t 81 68

(e) Usethe binomial theoremto write (1 t%)2 as

xe xe
(1 t6)8:( t6+ 1)8= |8 ( tG)i18 i — |8 ( tG)i:

i=0 i=0
(f) If jtj < 1, then the Taylor seriesexpansionof (1 t) 8 aroundt = 0is

1 X 7+

— r

(G 9 A r

using the result in item 7, wherea = 1.
(g) Accordingly, the pgf of Y is

8X8 R _ i
1 8(1)| 7+

vy = t8+6|+J

i=0 j=0
(h) To nd Pr(Y =vy), onecansumall coe cien ts in the pgf for which t is

raisedto the y™ power. That is, sumall coe cien ts for which
8+6i+j=y.
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(i) Example: Pr(Y = 13)is equalto the coe cient that correspndsto
(i;J) = (0;5) because6 0+ 5+ 8= 13. That is,

07+5 _ 22

Pr(Y = 5)— — ( 1) = 0:00047154

() Example: Pr(Y = 20) is found by summing coe cien ts correspnding to
(i) = (0;12); (1;6), and (2;0). That is,

PI(Y = 20)= 6—18 ( 1)° 7+ 12
+ ? ( Dt 726
#
+ 2 ( 1) 7-80
(50388 13728+ 28)= 2000 ;0218431




Chapter 4

Bernoulli and Related Random
V ariables

4.1 Sampling Bernoulli Populations

1. A Bernoulli random variable is a random variable with support S = f0; 1g.
That is, if X is a Bernoulli rv, then X = 1 (successpr X = 0 (failure).

2. Probability Function (PMF): Denote the probability of successy p. Then,
8
2p if x=1,p2 [0;1];
fx(x)=>1 p ifx=0,p2]0;1];and
"0 otherwise.

This is a family of pmfs indexed by the parameterp.

3. Indicator function: An indicator function is a function that hasrangef 0; 1g.
We will denoteindicator functions by the letter 1. Speci cally, | o(a) is de ned
as

1 ifa2A,

Ia(@) =
A (@) 0 otherwise.

Examples:

(@) I(0:100( 2:6) = 0.
(b) 1(0:100(2:6) = 1.
(©) lt0:1004(2:6) = 0.
4. Alternativ e expressiondor pmf:
fx(X)=p(1 p?!* forx=0;1andp?2 [0;1]; and
fx(x) = pP'@  P)* “lro19(¥)! oy(P):

57
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5. Momerts: E(XX) = pfork=1;2;::..
6. Result: x = pand 2 =p(1 p).

7. Abbreviation: The notation iid means\indep enderly and identically
distributed."

8. Sequencesf Bernoulli Random Variables

(&) SamplingWith Replacemen The Bernoulli Process

Characteristics (thesefollow from X; d Bern(p) fori = 1;2;::7)
{ Non-overlapping sequences®f trials are independern

{ The distribution of a set of consecutiw trials is idertical to the
distribution of any other set of trials of the samelength (this is
called the stationary property)

{ The distribution of future trials is independen of the results of
past trials.

fXl;Xz;:::;Xn (X1;X2; 2115 Xnjp) = py(l p)n Yl fO;l;:::;ng(Y)I [O;1](p);

wherey = = L, X;.

(b) Sampling Without Replacemen

Population cortains N items, M of which are 1s (successesand
N M of which are Os (failures).
Consecutiely samplen N items at random without replacemen

Let X; be the value of the sampleditem on trial i. Note that X; is a

Bernoulli rv.
Joint pmf:
) M)(N M
fxl;xz;:::;Xn(Xl;Xz;:::;XnJM;N;n) = ( )Y( )n yISy (y)
(N)n
M N M )@
=YY 1q (y); wherey=  x; and
n N Sy ’ I
y n i=1

Sy =fmax(O;n+ M N);:::;min(n;M)g:

Note, the support of Y followsfromy O;y n;y M; and
n y N M.
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4.2 Binomial Distribution

1.
2.

P
Supposethat X1;X;:::; X, areiid Bern(p). ThenY = L, X;  Bin(n;p).

Probability massfunction: fy (y) = ; PP1X p)" Y, wherey= 0;1;:::;n and
p 2 [0; 1]. To justify this result, noge that Pr(Y = vy) is the probability of a
speci ¢ sequencef X ;s sut thgt Xi = y multiplied by the number of
possiblesequenceshat satisfy x; = y. The pmf of Y alsocan be obtained
from the pmf of X; by using probability generatingfunctions. Seepage52 of
thesenotesfor details.

. Momerts

(@) E(Y) = E( i Xi) = nE(X) = np.
(b) Var(Y) = Var( [, X;)=nVar(X)=npl p).

. Table 1a (pp. 648) givesfy (y) = Pr(Y =y)
P
. Table 1b (pp. 650) gives Czkfy(y) = Pr(Y k). Caution, most tables of

the cumulative binomial distribution give Pr(Y k).

. Reproductive property: If Y1; Yo i Yk arelndependlgnly distributed as

Y; Bin(n;;p), then . 1 Yi Bin(n;p), wheren= 7, n;. Tojustify this
result, write ead Y; asthe sumof iid Bernoulli random variables. An
alternative justi cation is to useprobability generatingfunctions. If

Y Bin(n;p), then the pgfof Y is

X' p

y(t) = E(tY) = P p" vt
y=0 Y

X' p

=, Geya P =@ ol

y=0
by the Binomial Theorem (seepagel5). Also seepageb52 for an alternative

derlvagon of the pgf of Y. Supposethat Y; ' ind Bin(n;;p) fori = 1;:::;k. Let
W =", Y. The pgfof W is

W Y P
w(t) = E(tY) = v =[pt+ (@ p] ="
i=1
The pgf for MV hasthe form of the pgf of a binomial random variable with
parameters |, n; and p. Therefore,

ind

ingg(:l Bin(ni; p) =) Y; Bin ni;p
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4.3 Hyp ergeometric Distribution

1.

. Probability massfunction: f(yjN;M;n) = X"

Population cortains N items, M of which are 1s(successesand N M of
which are Os (failures).

. Samplen N items at random without replacemen

P
. Let X; be the value of the sampleditem ontrial i andletY = ., X; =

total number of successesThen, Y  HyperG(N;M;n).

M N M

N , Wherey is an integer

that satisesmax(OG;n+ M N) y min(n; I\/rl]). Note: this probability is
; times the probability of a speci ¢ sequenceof X sthat resultin Y =y

successesthe number of possiblesequencess ; :

P
. Result: E(Y) = ., E(Xi) = np, wherep= M=N.

P
Result: Supposethat n = N. Then Var( iN=1 Xi) = Var(M) = 0. Use
exthangeability to obtain Cov(X;; Xj) = p(1 p)=(N 1). Seeitem 4 on
page49.

. Result:

n 1
Var(Y)=np(l p) 1 N 1
Proof: By exd"‘gngeability,
Var(Y) = Var( [, Xi) = nVar(X1) + n(n 1) Cov(Xy; X3) =

npl p) n(n Dpl pP=N 1)=npld p 1 55 .

. Application: Mark-recapture studiesto estimate population size (seeproblem

4-18).

. Application: Fisher'sexacttest for Hp: p1 = p, in 2 2 tables. Let

Y: Bin(ng;pi) and Y, Bin(ny; p;) be independert random variables.
Assumethat p; = p, and nd the conditional distribution of Y; given that
Y: + Y, = my. Solution: write p; and p, asp (the commonvalue). Then

Pr(Yl =Y and Y1+ Y, = ml)

Pr(Yi=yijYi+ Yo = m) = or(Ys + Y, = my)

_ Pr(Yi=y1;Y2=m; Vi)
Pr(Y:+ Y2 = my)

ng N n
py 1 1 Y1
Y1 ( P

n{+n
ms

n;

mi yi 1 N2 mit+y:
m, y, P @ p

F ot prtre ™
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N no
- Y1 M Y1
n{+ N
m;

Accordingly, conditional on Y; + Y, = my, the rv Y; is distributed as
HyperG(ny + ny;ng;my).

10. Binomial approximation to hypergeometric.If N is largeand p= M=N is not
nearO or 1, then

Y HyperG(N;M;n)=) Y _Bin(n;p):

Proof: Supposethat both p= M=N and n remain constart while N goesto

in nit y. Then
M N M
. . . n (M)(N M),
lim fy(yjN;M;n) = lim 22— = |im Y Y
om0 )= N NIy (N)n
gy MMM 1 M y+1
TNy N N 1 N y+1
N M N M 1 N M n+y+1
N vy N vy 1 | N n+1I
! !
_m " MN ﬁ %7%1
N1 N 1 = y 1
4 P N LS !
1
O R S SR R
1 1
1% 1 1 N
n
= P@a p"
y

11. lllustration: Supposen = 20,y = 6, and p= 0:1 or p= 0:5. The binomial
probabilities are

Pr(Y = 6jn = 20;p= 0:1) = 0:0089and
Pr(Y = 6jn = 20,p= 0:5) = 0:0370Q

The hypergeometricprobabilities for various population sizesare displayed
below. It canbe seenthat asN ! 1 , the hypergeometricprobabilities
convergeto the binomial probabilities.
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Hypergeometric Pr(Y=6), n=20
0.04 ———————— ———

0.0351

0.031

0.025

:6)

0.02

P(Y

0.015

0.01

0.005

4.4 Inverse Sampling

1. Geometric Distribution

(@) Let X1;X5;::: beaninnite sequencefiid Bern(p) random variables.

(b) Let Z bethe trial number in which the rst succesccurs. Then,
Z Geo().

() fz(2)= (@1 p)? p, wherez= 1;2;:::andp 2 (0;1].
(d) Result: If Z Geo(p), then E(Z) = 1=p. Proof: letq=1 p. Then

b3 _ xo d X
E(Z)= ipd '=p g '= P

i=1 i=1 9zt

= pi i 1 = p; = 1‘

dg 1 ¢ 1 92 p

(e) Result: If Z  Geo(p), then Var(Z) = g=p°. Hint on proof: let q=1 p.

q

Then,
b o _ s o _ @R
E[z(z 1]= i(i Dpd *=pg i(i g ?= Pl q:
i=1 i=1 i=1

2. Negative Binomial Distribution
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() Let X1;X5;::: beaninnite sequencefiid Bern(p) random variables.
(b) Let W be the trial number in which the r' successccurs.
(c) W  NegBin(r; p).
(d) fw(w)= 7 11 p(l p% " wherew=r;r+ Lr+ 2:::andp2 (0; 1].
Justi cation: if the r'" successccurson trial w, then there must be
r 1successeenthe rst w 1 trials and onesucces®n trial w. These

ewerts are independert and have probabilities 7 11 P (1 pW "andp,
respectively.

P
(e) Result: If W NegBin(r; p), then W ", Zi, whereZ;
i = 1;2;:::. Accordingly, E(W) = r=pand Var(W) = rg=p’.

(f) Alternativ e de nition of Negative Binomial

Let X1;X5;::: beaninnite sequenceof iid Bern(p) random
variables.

Let Y be the number of failures beforethe r' successccurs. Then,
Y  NegBin (r;p).

fviyy= ") Yo@ p)Y,wherey=0;1;:::andp2 (0;1].

Justi cation: if the r'" successccurson trial y + r, then there must
bey failuresonthe rst r + y 1 trials and onesucces®n trial

r +y. Theseewerts are independert and have probabilities

”5 Yp (1 p)Y andp, respectively.

Result: If Y  NegBin (r;p), thenY W r. Accordingly,
E(Y) =EW) r=r=p r=r(1 p=pand
Var(Y) = Var(W r) = Var(W) = rg=p’.

3. Negative HypergeometricDistribution

d Gedp), for

(a) Population cortains N items, M of which are 1s(successesand N M
of which are Os (failures).

(b) Sampleitems at random without replacemeh Let X; be the value of the
sampleditem on trial i and let W be the trial number in which the rt
succesoccurs. Note: r must satisfyr M.

(c) W  NegHyperG(N;M;r).

M N M
r 1 w or M r+1

(@) fw(w) = At

w 1
Justi cation: if the r" succesccurson trial w, then there must be
r 1successesnthe rst w 1 trials and onesucces®n trial w. These
ewverts have probabilities
Pr(r 1successeen rst w 1trals)= M N M= N
Pr(succesontrial rjr 1 successeen rst w 1trials) =
M r+1)=N w+1).

and
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(e) Alternativ e expression:
w1l N w
— r 1 M r .
fw(w) = - N
M

Justi cation: There are h’j ways of arranging the M successeslf

W = w, then the rst w 1 trials must cortain r 1 successeghe rt
trial cortains 1 successand the last N w trials cortain M r successes.

4.5 Appro ximating Binomial Probabilities
1. Normal Approximation to the Binomial

(@ IfY Bin(n;p)andnp(l p)> 5,thenY _N[np;np(l p)]. Thisisan
application of the certral limit theorem. We will discussthis important
theorem later. Below are displays of four binomial distributions. It can
be seenthat if n is small and p is near zero (or one), then the normal
appraximation is not very accurate. The textb ook recommendghat the
normal approximation be usedonly if np(1 p) 5. before

Normal Approx to binomial: n=10, p=0.5 Normal Approx to binomial: n=10, p=0.1

X
Normal Approx to binomial: n=50, p=0.1 Normal Approx to binomial: n=100, p=0.1

0,06/ 1 ooak
0,04 1
0.02
0.02 1
ol . . . . . . . . . . o |
0

5 10 15 20 25 30 35 40 45 50 0 10 20 30 40 50 60 70 80 90 100
x x

(b) Using a correction for cortinuity, will improve the accuracyof the normal
approximation. The cortinuity correction consistsof adding
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appraximating P(Y y) as
!

PY ) ¥+O:5 np

np(l p)

where is the standard normal cumulative distribution function (Table
lla, pp. 652), rather than as

!
y np

Py md P

Below is a comparisonof the appraximation with cortinuity correction
and without cortinuity correction for the caseY  Bin(10;0:5). Note
that np(1 p) 5isnot satis ed.

P(Y y)
Normal Approximation
y | Exact With Correction Without Correction
0| 0:0010 0:0022 0:0008
1| 0:0107 0:0134 0:0057
2| 0:0547 0:0569 0:0289
3] 0:1719 0:1714 0:1030
4| 0:3770 0:3759 0:2635
5] 0:6230 0:6241 0:5000
6 | 0:8281 0:8286 0:7365
7| 0:9453 0:9431 0:8970
8| 0:9893 0:9866 0:9711
91 0:9990 0:9978 0:9943
10 | 1:0000 0:9997 0:9992

2. PoissonApproximation to the Binomial

(@ If Y Bin(n;p), wheren is large and p is small, then

P(Y =y)

np y
AL ('np) fory=0;1,2;::::

(b) Proof: Let = np andwrite pasp= =n. Examinethe binomial pmf as
n goesto in nit y, but remainsconstan:

P(Y=y)= | P

nl y n oy
“yin y)! n 15
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ooy
yl ny n '

S

Examine the componerts individually:

. n . n n 1 +
lim Q = |lim _ n 2 niyl = 1,
nll ny n'1 n n n n
y
i — = Yy =1
lm 1 - (1 0)Y=1;
n
Iim 1 — =e
n'l n

The latter result can be found in any calculustext book. Accordingly, as
n goesto 1 , P(Y = y) goesto

, n ny_ _
n|!|1m yp"(l p) ] 1 e 1= i

4.6 Poisson Distribution

1. IfY Poi( ), then

e y
P(Y =y)= v fory=20;1,2;::::
P .
2. The pmf sumsto onebecause ., '=i'=e.
3. The pgf of Y is
p i
v(t) = E(tY) = e (t) —e e =tV

i!
i=0

4. Table IV (pp. 658) givescumulative Poissonprobabilities; Pr(Y  ¢).
5. PoissonProcess
(a) Stationary Assumption: The probability of y ewverts in a region or time

period doesnot depend on the location of the region or time period.

(b) IndependenceAssumption: Everts in non-overlapping regions(time
periods) are independert.

(c) In a small region (time period), the probability of oneewert is
approximately proportional to the sizeof the region (time period).
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(d) In a smallregion (time period), the probability of two or more everts in a
small region (time period) is negligible comparedto the probability of
oneewen in the region.

6. Tednical Details about Assumptions3 and 4 above.

(a) Consideran interval (to;to + h]. The interval length is h.
(b) Let X = number of events that occur in the interval.

(c) Assumption#3 saysthat Pr(X = 1) = h + o(h), whereo(h) is a small
remainderterm. That is, the probability is approximately proportional to
the sizeof the area.

(d) o(h) is read aslittle o of h and is de ned asa term that satis es

. o(h) _ .
LI!mOT =0

(e) Assumption#3 says that

||mwz||mw: :
h! 0 h h! 0 h

(f) Assumption#4 sasthat Pr(X  2) = o(h):
(g) Assumptions#3 and #4 togetherimply that Pr(X = 0)=1 h + o(h):
7. Let Y be the total number of everts in a region of sizet. If the ewerts follow a
PoissonprocessthenY  Poi(t).
(a) Divide the total regioninto n equal parts, eat of sizeh = t=n.
(b) Let X; = number of ewerts in the i"" part.
(c) By the Poissonprocessassumptions,the X;s are independen and

wherep = t=n. The Bernoulli approximation becomesmnore accurateas
n increasF?s.

(d) Let Y = ', X;. By the Poissonprocessassumptions,Y _ Bin(n; p),
wherep = t=n. The binomial approximation becomesamnore accurateas
n goesto in nit y.

(e) Let n goto innit y. Note that p goesto zeroasn goesto in nit y and
np = t . Accordingly, by the Poissonappraximation to the binomial, the
limiting distribution of Y is Poi( t ).

8. Momerns: if Y  Poi( ), then
(@ E(Y)= and
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(b) Var(Y) =
(c) Justi cation: Shaw that E[(Y),]= ":
s _ R
E[(Y)]= (e '=il=-¢e (|)r zil=e ' I=jr=
i=0 i=r j=0
9. Reproductive property of Poissonrandom varlatlges If Y1;Y5;:::; Y are

mdeBenderIIy distributed asY; Poi( ), then [, Y; Poi( ), where
i—; i. Justi cation: Recallll_;hat if Y; Poi( i), then the pgf of Y; is

v (t) = expf(t 1) jg. Let W = Y. Then, by independencethe pgf of
W is
YK .
W(t) e e(t i = e(t 1) |1 I = e(t 1) :
i=1 5
Therefore, W  Poi( ), where =, .

10. Proofthat Y  Poi(t) if everts follow a Poissonprocess.(Optional Material)

(@) Let Y bethe total number of everts that occur in a region of sizet.
(b) Let P,(t) = Pr(Y = n) in aregion of sizet. Note that
Po(0) = H.mol h + o(h) = 1. Accordingly, P,(0) = 0if n 1.

(c) Po(t+ h) = Py(t)Po(h) by the stationary and independenceassumptions.
To verify this result, divide the region of sizet + h into a region of sizet
and a regionof sizeh. Then Y = 0if and only if there are zeroeerts in
eath sub-region. Theseewens are independert by the Poissonprocess
assumptions.

(d) The derivative of Py(t) with respect to t can be obtained asfollows. By
de nition, the derivative is
dPo(t) _ . Po(t+ h) Po(t).
= lim :
dt hi 0 h
Write Po(t + h) Po(t) as

Po(t+ h)  Po(t) = Po(t)Po(h)  Po(t) = Po(t)[1  Po(h)]
= Po()f1 [1  h +oh)]g= Po(t)[ h + ofh)]:

Accordingly,
dPo(t) _ . Po(t+h) Po(t) _ .~ hPo(t)+ ofh) _ :
dt rlwllmo h B |!ll!m0 h = Polt:
Note that,

din[Po(t)] _ 1 dPy(t) _
dt Po(t) dt
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(e) Integrate to obtain

()

(9)

(h)

(i)

@)

(k)

()

“ dinPo]

dt

It followsthat Py(t) = Ke ', whereK = €°. Furthermore, K = 1
becausePy(0) = 1= Ke°. Thus,Py(t) = e '.

Pn(t+h)= ", Pi(h)P, i(t) by the independenceand stationary
assumpt,'pns.Furthermore, Pn(t + h) = Po(h)P,(t) + P1(h)P, 1(t) + o(h)
because [, Pi(h) = o(h).

The derivative of P, (t) with respect to t can be obtained asfollows. By
de nition, the derivative is

dPn(t) _ . Pa(t+h) Py(t),
a o am h '
Write P, (t + h) PL(t) as
Pa(t+ h)  Pn(t) = Pa(t)Po(h) + Py 1(t)P1(h) + o(h)  Po(t)
= Py()[1 h +o(h)]+ P, 1(t)[h + o(h)] Pn(t)
= hP n(t) + Py 1(t) h + O(h)

In[Po(t)] = dt = t +c:

Accordingly,
dPy(t) _ . Po(t+h) Po(t)
= |im
dt hi 0 h
= lim P a(®)* P 1M h + o) _ Pa(t)+ P a(t):
h! 0 h
dP,(t)

Note that e' + P,(t) =e' P, 1(t). It follows that

detpa(t)= et Py a(t):

dt
— d t — t —
Forn =1, ae Pi(t) = e' Po(t) =
Z
Integrate to obtain e' Py(t) = %et P,(t)dt= t + c. UseP,(0) = Oto

obtain Py(t) = e ' t.
Useinduction to prove that P,(t) = e ' (t)"=nl. Supposethat
Pi(t)y=e '(t)=ilfori=0;1;:::;n 1. Then

dt o _etet(t)nl_ ntnll
Integrate to obtain e' P, (t) = (t )"=n!+ c. UseP,(0) = 0 to obtain
Pa(t) = e ' (t)"=nl
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4.7 Law of Large Num bers

1. Let X1;X5;:::; X, be a sequencef iid ranc'{pm variableshaving mean
E(X)= andVar(X)= 2 LetX,=n 1! ', X;bethe samplemeanof
the sequenceThen

X, " asn! 1:

Readthis result as\X bar corvergesin probability to asn goesto 1 ."
Convergenceto in probability meansthat

Iilm Pr(jiX, j> )=O0forany > O
n!

2. Justi cation: Ii{n 2= Ii{n 2=n= 0. A formal proof using Chebyshev's
! n!

inequality will be given in Stat 424.

andp,=n ! ", X, thenp, " p.

4. Beware of the ganblersfallacy. Considera sequenceof iid Bern(0:5) random
variables. Somegamnblers beliewe that the law of large numbers meansthat a
string of Osis likely to be followed by 1sbecausethe long run proportion of 1s
is 0:5. This interpretation is not correct. The random variablesare
independer, sothe probability of a 1 given a string of Osis still 0:5.

4.8 Multinomial Distributions

F (@) = o ifa=A; forj = 1:::k;
X 0 otherwise.
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X
Y = A; (Xi) = number of occurancesof A; in the sequensg
i=1
where
1 if X = Aj;
(X)) =
a (X0) 0 otherwise.

Justi cation: ead sequencewith y; occurrencesof A4, y, occurrencesof A,,
etc hasthe sameprobability. There are v " ) sud sequences.

5. Special case:k = 2. Supposethat Yi;Y,  Multinom (n; py; p2). Then
Y. Bin(n;py).

6. Marginal Distributions

(a) Result: Any set of two or more Y s also hasa multinomial distribution.
For example,Considerthe setYy;:::;Yx. Let Z = Y, + Yg + + Yg.
Then the triplet Yi;Y>; Yz has distriblrgion
Yi; Yz Y3 Z  Multinom (n; pe; po; ps; - g PY)-

(b) Justi cation: collapsecategories4 to k.

(c) Example:Y;  Bin(n;p;). Accordingly, Y1;:::; Yy is a set of
non-independen binomial random variables.

(d) E(Y;) = np and Var(Y;) = np (1 p).
(e) Yi+Y; Bin(nip+p)ifi6j.
(f) Cov(Yi;Y;) = npp if i 6 j. Justi cation:

Var(Yi+ i) = n(p + p)d p p) = Var(Y) + Var(Y;) + 2Cov(Y:Y,).
Sole for Cov(Y;; ;).

7. Conditional Multinomial Distributions

(a) Result: Supposethat
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Multlnom(n pn;::"plkl,pzl;::"pzkz,psl;::"pskg)

Zl_ Zl,ZZ— 22”Zk3 Zk3 IS
Xy X YIZa = 20525 = 250005 2 = Zky) |
X '
Multinom n Z: P s Pu, . P

S L e PLt P Pt P2
P P P P
whereY = n z Xi,p1 =  py,andp; = pa.
(b) Proof: In class

(c) Example: SupposeXy;:::X4  Multinom 30, 3;2; 3.5 - Then, the
distribution of X1; X, given X4 = 10is
05 02 025
X1 X2YjXs=1 Multi 2
(X1 X2;Y[Xa = 10) - Multinom 20,5600 & 6% 505

whereY = X3=20 X; Xo.
(d) Example: SupposeXy;::: X4 Multinom 30,3 5 3 . Then, the
distribution of X, given X3 = 2; X4 = 12is

05 0:2

(X1;YjX3=2;X4=12) Multinom 16— 07 07

. 5
=) X; Bin 16;?

4.9 Using Probabilit y Generating Functions

P
1. Usep.g.f. to derive pmf of sumof iid Bernoulli rvs. Hint: Y = ., X;, where
X; " Bern(p).

2. Usep.g.f. to derive pmf of sum of independert Poissonrandom variables(see
noteson Poisson).

3. Factorial Moment Generating Function

(@) The f.m.g.f. is the sameasthe p.g.f., exceptthat the expectation E(t*)
is required to exist for T in an open neighborhood cortaining 1.

(b) Dierentiate the f.m.g.f. with respectto t and evaluate at t = 1 to obtain

d d X X d
GO =g Uk = grike)
t =1 t x2S t=1 x2S =1
= X xtX fy(x) = X xfx (X) = E(X):
X X .

x2S t=1 x2S
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(c) Take the secondderivative of the f.m.g.f. with respect to t and ewaluate
at t = 1 to obtain

d? d? X X d?
— x(t) =-= tfx(x) = —t*fy (X)
dez * t=1 dt? x2S ’ t=1  x2s dez” t=1
X X
= x(x DX Ayx(x) = x(x Dfx(X)
x2S t=1 x2S
= EX(X 1)
(d) In general,
dl’

E[(X)/] = x (1) forr=1,2;:::

dr 2
if the expectation exists.

(e) Var(X) = E[(X)2]+ E(X) [E(X)]*.

(f) Table of factorial momert generatingfunctions (probability generating
functions): Seepage154 of the text. You should be able to derive ead of

thesepgfs.
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Chapter 5

Contin uous Random Variables

5.1 Cumulativ e Distribution Function (CDF)

1. De nition: Let X be arandom variable. Then the cdf of X is denotedby
Fx (x) and de ned by
Fx (X) = P(X X):

If X is the only random variable under consideration,then Fx (x) canbe
written asF (x).

2. Example: Discrete Distribution. Supposethat X  Bin(3;0:5). Then F(x) is
a step function and can be written as

8
0 x2(1 ;0
% x 2 [0; 1);
F(x) = x 2 [1;2);
% X 2 [2;3);

Xx2[31):

= ™Iy NIk 0l

3. Example: Continuous Distribution. Considermodeling the probability of
vehicleacciderts on 1-94 in the Gallatin Valley by a Poissonprocesswith rate
per year. Let T be the time until the rst acciden. Then

P(T t)= P(at leastoneacciden in time t)

0
€ t.

=1 P(noaccidents intimet) =1 0 =1 e

Therefore, (
t<O0O;

F(t) =
1 et t O

75
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4. Example: Uniform Distribution. Supposethat X is a rv with support

S = [a;b], whereb> a. Further, supposethat the probability that X falls in
an interval in S is proportional to the length of the interval. That is,

P(xy X Xp)= (X2 Xg)fora x; X, b Tosolhefor ,letx;=a
and x, = b. then

P@ X b=1= (b a)=) :ia:
Accordingly, the cdf is
8
%O X< a
Fx)=P(X x)=P(a X x)= X X 2 [a;b];
§ b a
1 X > b:

In this case,X is saidto have a uniform distribution: X  Unif(a;b).

. Properties of a cdf

(@ F(1 )=0andF(1)= 1. Your text tries (without successjo motivate
this result by using equation 1 on page157. Ignore the discussionon the
bottom of page160and the top of pagel161.

(b) F is non-decreasingij.e., F(a) F(b) wheneera h.
(c) F(x) isright cortinuous. That is, lim | o+ F(x+ ) = F(X).

. Let X bearv with cdf F(x).

@ Ifb athenP(a< X b=F( F(a).
(b) Forany x, P(X = x) = |'II’B1 P (X <X Xx)=F(X) F(x ), where

F(x ) is F ewaluated asx and is anin nitesimally small positive

number. If the cdf of X is cortinuousfrom the left, then F(x ) = F(x)
and P(X = x) = 0. If the cdf of X hasajump at x, then F(x) F(x )
is the sizeof the jump.

(c) Example: Problem 5-8.

. De nition of Continuous Distribution: The distribution of the rv X is saidto

be cortinuousif the cdf is cortinuous at eat x and the cdf is di erentiable
(except, possibly at a courtable number of points).

. Monotonic transformations of a cortinuousrv: Let X be a cortinuousrv with

cdf Fx (x).
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(a) Supposethat g(X) is a cortinuous one-to-oneincreasingfunction. Then
for y in the courter-domain (range) of g, the inversefunction x = g (y)
exists. Let Y = g(X). Find the cdf of Y. Solution:

P(Y y)=PlgX) yl=P(X g*'¥)]=Fxlg ‘M

(b) Supposethat g(X) is a cortinuous one-to-onedecreasingunction. Then
for y in the courter-domain (range) of g, the inversefunction x = g (y)
exists. Let Y = g(X). Find the cdf of Y. Solution:

P(Y y)=P[gX) yl=P(X>g'yl=1 Fxlg ‘)
(c) Example: Supposethat X  Unif(0;1),andY = g(X) = hX + k where

h< 0. Then, X = g X(Y)= (Y Kk)=h;

8
50 X< 0;

FX(X)ZBX x 2 [0; 1];
"1 x> 1
and
0 y< h+Kk;
Fr(y) =1 Felly Kk)=hl= §¢k”k)

1 y > k;

y 2 [h+ K K];

That is, Y  Unif(h + k; k).
(d) InverseCDF Transformation

i. Supposethat X is a cortinuousrv having a strictly increasingcdf
Fx (X). Recallthat a strictly monotonefunction hasan inverse.
Denote the inverseof the cdf by F, *. That is, if Fx (x) =y, then
Fy '(y) = X. Let Y = Fyx (X). Then the distribution of Y is

Unif (0; 1).
Proof: If W Unif(0; 1), then the cdf of W is Fy (w) = w. The cdf
of Y is

Fy(y) = P(Y y)=P(Fx(X) y)=P[X F(y)

Fx Fxl()’) =y

If Y hassupport [0;1] and Fy (y) = v, then it must be true that
Y Unif(0;1).
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ii. Let U bearv with distribution U  Unif(0; 1). Supposethat Fyx (x)
is a strictly increasingcdf for a cortinuous random variable X . Then
the cdf of the rv F, (U) is Fx (x).

Proof:

P F,Y(U) x =P[U  Fx(X)] = Fu[Fx(X)] = Fx(x)

becauseFy(u) = u.

i. Example 1: Supposethat Fx (x) =1 e * forx> 0,where > 0.
Then X; = In(A U)= fori= 1;:::;n is arandom samplefrom
Fx .

ii. Example 2: Supposethat

b

Fx(x)= 1 @1 )(X);

X | o

wherea > 0 and b> 0 are constarts. Then X; = a(1 U;) ° for
I = 1;:::;n is arandom samplefrom Fy .

9. Non-monotonictransformations of a cortinuousrv. Let X be a cortinuousrv
with cdf Fx (x). Supposethat Y = g(X) is a cortinuous but non-monotonic
function. As in the caseof monotonic functions,

Fy(y)= P(Y vy)=PJ[g(X) vy], butin this caseeat inversesolution
x = g }(y) must be usedto nd an expressionfor Fy (y) in terms of
Fx[g (y)]. For example,supposethat X  Unif( 1;2)andg(X) =Y = X2

Note that x = yfory 2 [0;1]and x = +py fory 2 (1;4]. The cdfof Y is
Fy(y) = P(X? y)=(P( pyp_x ") y2[0;.1];
( P(X y) y2 (1;4]
O EHEY APy ya20u;
- APy y 2 (L4]
0 y<Go;
<Py y2ou;
) g(pwl):% y 2 (L;4];
1 y> 4

Plot the function g(x) over x 2 Sy asan aid to nding the inversesolutions
x =g Xy).
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5.2 Density and the Probabilit y Element

79

1. Mathematical Result: Assumethat F(x) is a cortinuouscdf. Let g(x + m) be

a di erentiable function andlet y = x + m. Then

d d d d d
d—mg(x+ m) = d—yg(y) amY T d—yg(y) = &g(X)

m=0 m=0

by the chain rule.

2. Probability Elemert: Supposethat X is a cortinuousrv. Let x bea small

positive number. De ne h(a;b) as

h(ah EP@@a X a+bh=Fy(a+h Fyx(a):

Expand h(x; x)=P(x X x+ x)in aTaylor seriesaround x = 0:

h(x; x) = F(x+ x) F(x)
= h(x;0)+ %h(x; X) x+ o X)

x=0

d
0+ ﬂF(x+ X) » X+ o X)

%F(x) x+ o x); where

lim o %) =0
x! 0

The function 4
dF(x) = &F(x) X

is calledthe di erential. In the eld of statistics, the di erential of a cdf is

called the probability elemen. The probability elemen is an approximation to

h(x; x). Note that the probability elemet is a linear function of the
derivative & F (x).

3. Example; Supposethat

X < 0;

F(x) = \ |
1 e > otherwise.

Note that F(x) is a cdf. Find the probability elemen at x = 2 and

approximate the probability P(2 X  2:01). Solution: %F(x) = 3e ¥ so

the probability elemen is 3e ¢ x and
P2 X 201) 3e® 0:01= 0:00007436.The exact probability is
F(2:01) F(2)= 0:00007326.
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4. The averagedensily in the interval (x; x + x) is de ned as

. Px< X <x+ X
Averagedensity gef ( < ):

5. Density: The probability density function (pdf) at x is the limit of the average
density as x! O:

f(x) & Iimop(x X XX+ X)
X!

i PO 0 ()
x!' 0 X

pdf

d—dXF(x) X+ o X)

X

_ d .
= &F(x).

Note that the probability elemen can be written asdF(x) = f (x) x.
6. Example: Supposethat is a positive real number. If
e X x 0 e * x 0

1 ; d
F(x) = thenf (x) = —F(x) =
() 0 otherwise. 09 dx () 0 otherwise.

7. Example: If X  Unif(a;b), then

8 8
50 X< & 50 X< a
d
F(x) = Sﬁ x 2 [a;b]; andf (x) = &F(x): Sb—la X 2 [a;b];
"1 X>Db "0 x>bh:

8. Properties of a pdf
i f(x) Oforall x.
Z 1

i f(x)=1
1

9. Relationship betweenpdf and cdf: If X is a cortinuousrv with pdf f (x) and
cdf F (x), then

_d
f(x)Z—X &F(x)
F(x) = . f (u)du and
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Pla<X<b=Pa X b):P%a<X b)
b

=P(a X<b=F{ F(a-= f (x)dx:

a

10. PDF example- Caudy distribution. Let f (x) = cx(1+ x?) for 1 <x<1
and wherec is a constart. Note that f (x) is nonnegatiwe and

Z 1 1 1
. mdx: arctan(x) 1 = 5 5 =
Accordingly, if welet c= 1=, then
1
f(x)= A+ D
is a pdf. It is calledthe Caudy pdf. The correspnding CDF is
X 1 arctan(u) *
F = - = Y7
(x) . @ uz)du. 1

1 arctan(x
— arctan(x) + > = arctan(x) +

1
>

11. PDF example- Gammadistribution: A more generalwaiting time
distribution: Let T be the time of arrival of the r'" ewvert in a Poissonprocess
with rate parameter . Find the pdf of T. Solution: T 2 (t;t+ t) if and only
if (@) r 1 ewerts occur beforetime t and (b) oneewernt occursin the interval
(t; t+ t). The probability that two or more everts occurin (t;t+ t)iso( t)
and can be ignored. By the Poissonassumptions,outcomes(a) and (b) are
independen and the probability of outcome(b) is t+ o t). Accordingly,

e t(t)r 1
(r 1!
et rtr 1

= g ¢

Pi<T<t+ t) f(t) t= t

and the pdf is

20 t< 0 et ryrt

f(t):?e(rt rtlr)l1 - = T'[o;l)(t)i

12. Transformationswith Single-\alued Inverses If X is a cortinuousrandom
variable with pdf fx (x) andY = g(X) is a single-\alued di erentiable
function of X, then the pdf of Y is

fy ) = fx g ') %g (y)
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fory 2 Syx) (i.e., support of Y = g(X)). The term
— d 1
J(y) = ay? (¥)

is called the Jacobian of the transformation.

(a) Justi cation 1: Supposethat Y = g(X) is strictly increasing. Then
Fy(y) = Fx [9 Y(y)] and

() = dinY(y): fx g ') %g )
= fy g ') d%g (y)

becausethe Jacobianis positive. Supposethat Y = g(X) is strictly
decreasing.Then Fy(y) = 1 Fx [g (y)] and

fo(y) = d%[l Fe= fx g i) d%g (y)
= fy g ') diyg ()

becausethe Jacobianis negative.
(b) Justi cation 2: Supposethat g(x) is strictly increasing. Recall that

P(x X x+ Xx)=fx(X) x+of Xx):
Note that
x  Xoox+ x() 9(x) 9X) glx+ x):
Accordingly,

Px X x+ x)=Py Y y+ y)=1fy(y) y+o( y)
=fx(x) x+ o x)

wherey+ y=g(Xx+ x). Expandingg(x+ x) around x = Oreweals

that
dg(x)
dx

y+ y=9d(x+ x)=g(x)+ X+ o X):

Also,
y=9(x)=) g y)=x

o) dg “(y) _ dx
- dy  dy
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dy _dg(x) _ dg*(y) *

% ax - Tdx dy
_ _ dg Xy) *
=) y+ y=g9(x)+ dy
5 y- Y9'O) '
dy
_ dg (y) .
=) = Ty y:

Lastly, equatingfyx (x) x to fy(y) y revealsthat

fv(y) y=1fx(x) x="Ffx g'(y) x

1
=fx91W)d%;W y

_ _ dg “(y).

=) fv(y)=fx g (y) Ty

The Jacobian W is positive for an increasingfunction, sothe absolute
value operation is not necessaryA similar argumert can be madefor the
casewhen g(x) is strictly decreasing.

13. Transformationswith Multiple-V alued Inverses If g(x) has more than one
inversefunction, then a separateprobability elemen must be calculated for
eadt of the inverses.For example,supposethat X  Unif( 1;2) and
Y = g(X) = X 2. There are two inversefunctions for y 2 [0; 1], namely
X = yandx = +" y. Thereis a singleinversefunction fory 2 (1;4]. The
pdf of Y is found as

0 p p y<o
d'y d'y
i Py =2 +1Pyp =L y2po
_ dy dy
fly) = o dy
f( y)d—y y 2 (1;4];
0 y > 4
0 y<O0
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5.3 The Median and Other Percentiles

1.

N

> W

De nition: The number X, is said to be the 100™ percerile of the
distribution of X if X, satis es

Fx (Xp) = P(X  Xp) = p:

If the cdf Fy (x) is strictly increasing,then x, = F, *(p) and x, is unique.
If Fx (X) is not strictly increasing,then x, may not be unique.
Median: The medianis the 50" percetile (i.e., p= 0:5).
Quartiles: The rst and third quartiles are Xq.5 and Xg.75 respectively.
. Example: If X Unif(a;b), then (x, a)=(b a) = p;x,=a+ p(b a); and
Xo5 = (a+ b=2.
. Example: If Fx (x) =1 e * (i.e., waiting time distribution), then

1 eXr=pxp= In(l p)=;andxes=In(2)= .

Example|Cauc hy: Supposethat X is a random variable with pdf
1
f(x)= 5
1+ &%)

2

wherel <x<1:; >0;and isa nite number. Then

Z Z x

1
) f (u)du = . Wdz

X

F(x)
make the changeof variable from x to z = X

1 X
= —arctan —— +

NI =

Accordingly,

F

~~

Xp) = P =)

tan[ (p 0:5)];

tan[ (0:25 05)]= ;
tan(0) = ; and

tan[ (0:75 05)]= +

x
o
[6)]
I

+ + + +
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9. De nition Symmetric Distribution : A distribution is said to be symmetric
aroundcif Fx(c )=1 Fx(c+ ) forall

10. De nition Symmetric Distribution : A distribution is said to be symmetric
aroundcif fxy(c )= fx(c+ ) forall

11. Median of a symmetric distribution. Supposethat the distribution of X is
symmetric around c. Then, set to ¢ Xqs to obtain

1 1
Fx (Xos) = 5=1 Fx(2c Xos) =) Fx(2C Xos) = 5 =) C= Xps:
2 2

That is, if the distribution of X is symmetric around c, then the median of the
distribution is c.

5.4 Exp ected Value

1. De nition: Let X bearv with pdf f (x). Then the expectedvalue (or mean)
of X, if it exists,is Z .

EX)= x = xf (x)dx:
1

2. The expectation is said to exist if the integral of the positive part of the
function is nite and the integral of the negative part of the function is nite.

5.5 Expected Value of a Function

1. Let X be arv with pdf f (x). Then the expectedvalue of g(X), if it exists,is
Z 1
Elg(X)] = g(x)f (x)dx:

1

2. Linear Functions The integral operator is linear. If g;(X) and g,(X) are
functions whoseexpectation existsand a;b;c are constarts, then

Elag(X) + bg(X) + c] = aE[g:(X)] + bE[g(X)] + c:

3. Symmetric Distributions: If the distribution of X is symmetric around ¢ and
the expectation exists, then E(X) = c. Proof. Assumethat the meanexists.
First, shav that E(X ¢) = O:

YA 1

EX o= (x of(x)dx
1
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Z Cc Z 1
= (x of (x)dx+ (x of (x)dx

1 c
( Ietf =c uin integr? landlet x = ¢+ uin integral 2)
1 1

uf (c u)du+ uf (c+ u)du
Z 0 0
1

uff(ct+u) f(c u)du=0
0

by symmetry of the pdf aroundc. Now useE(X ¢)=0() E(X)=c

. Example: Supposethat X  Unif(a;b). That is,
8

1
< I
f(x)= b a X 2 [a;b];

"0 otherwise.

A sketch of the pdf shows that the distribution is symmetric around (a + b)=2.
More formally,
1
a+b a+b+ :.<—b a 2 bz2ba.
"0 otherwise.

Accordingly, E(X) = (a+ b)=2. Alternativ ely, the expectation can be found by
integrating xf (x):
Z 1 Z b

X
xf (x)dx = —
. (X) b a

x2 P p a
20 &), 2(b a)
(b a(b+ a _ at b

E(X) dx

2b a) 2
. Example: Supposethat X hasa Caudy distribution. The pdf is
1
f(x)= 5
L )

2

where and are constarts that satisfyj j<1 and 2 (0;1). By
inspection, it is apparert that the pdf is symmetric around . Nonetheless,
the expectation is not , becausehe expectation doesnot exist. That is,
Z
1 1
xf (x)dx =
1 1 1+

X
(x

g dx

2
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Z 1
= + ;dz wherez = X
1 (1+2?)
Z, , Z, ,

, @+, @ n®
In(1 + z2) ° , In@+2) !

2 2

1 0

and neither the positive nor the negative part is nite.

6. Example: Waiting time distribution. Supposethat X is arv with pdf e *
for x > 0 and where > 0. Then, usingintegration by parts,
Z, 1 2,
o+ e *dx
0 0 0

1
X
D

<
o
X

1
x
D

E(X)

5.6 Average Deviations
1. Variance

(a) De nition:

Z 1
Var(X) EE(X x)2=  (x  x)% (x)dx
1
if the expectation exists. It is convertional to denotethe variance of X
by 2.
(b) Computational formula: Be able to verify that
Var(X) = E(X?) [E(X)]%
(c) Example: Supposethat X  Unif(a;b). Then

Z by X+l b g +1 ar+l

b a T Db @, (+Db 3

E(X") =

Accordingly, x = (a+ b=2,

P a (b a)(k’+ ab+ a?) PP+ ab+ a?

3b a) 3(b a) B 3

b+ ab+ a> (b+a)? b 2ab+a? (b a)?
3 4 12 12

E(X?) and

Var(X)
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(d) Example: Supposethat f (x) = e * forx > 0andwhere > 0. Then

E(X) = 1=,
Z 1
E(X?) = x2e Xdx
0 1 7 L
= x%* + 2xe *dx= 0+ = and
0 0
2 1 1
Val‘(X) = - - = —2:
2. MAD
() De nition:
z 1
Mad(X) € EGX  xj)=  jx  xjf (Qdx:
1
(b) Alternativ e expression:First, note that
Z c Z 1
E(jX ¢) = (c x)f (x)dx + (x of (x)dx
1 Z . c Z 1
= c[2Fx(c) 1] xf (x)dx + xf (x)dx:
1 c
Accordingly,
zZ Z,
Mad(X) = x [2Fx( x) 1] xf (x)dx + xf (x)dx:
1 X

(c) Leibnitz's Rule: Supposethat a( ), b( ), and g(x; ) are di erentiable
functions of . Then
d 2 u) _ o .d ~.d
g0 )dx = gl ) 15h() gla(): 1g-a()
a( )
Zu) g
—g(x; )dx:
a) d

(d) Result: If the expectation E(jX  ¢j) exists, then the minimizer of
E(jX ¢) with respectto cisc= F, *(0:5) = medianof X .
Proof:: Setthe derivative of E(jX ¢j) to zeroand solwe for c:

d . .
&E(JX q)
Z [ Z 1

= %: c[2Fx (c) 1] xf x (x)dx + xf x (x)dx
1 c
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= 2Fx(c) 1+ 2cfx(c) cfx(c) cfx(c)
2Fx (C) 1

Equating the derivative to zeroand solving for c revealsthat cis a
solution to Fx (c) = 0:5. That is, ¢ is the median of X. Usethe second
derivative test to verify that the solution is a minimizer:

dzE'X ) = dZF 1]1= 2f 0
ac { g) = &[ x (C) 1= 2fx(c) >

=) cis aminimizer.

(e) Example: Supposethat X  Unif(a;b). Then Fx (%’) = 0:5 and

Za;b X Zb X b a
Mad(X) = ——dx + dx = :
(X) a b aX %bb aX 4

(f) Example: Supposethat fx (x) = e * for x > 0and where > 0. Then
E(X) = 1= , Median(X) = In(2)= , Fx(x)= 1 e *, and

1
Mad(X) = =2 21! 1
zZ . Z,

2
xe *dx+ xe *dx= —;
0 1 e

R
where xe *dx= xe X le X hasbeenused. The mean
absolutedeviation from the medianis

Z 1 Z
In(2 In(2) 1
E X L = xe *dx+ xe *dx
0 In2) 1

In(2).

3. Standard Scores

X
(@) Let Z =

X
(b) Momens: E(Z) = 0and Var(Z) = 1.

(c) Interpretation: Z scoresare scaledin standard deviation units.

(d) InverseTransformation: X = x + xZ.
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5.7 Biv ariate Distributions
1. De nition: A function fx.y (X;y) is a bivariate pdf if
) fx.v(X 0 for all x;y and
(i) inv& 1y) y
(i) fx.y (X;y)dxdy = 1.

1 1
2. Bivariate CDF: If fx.y (X;y) is a bivariate pdf, then
Z,Z,
Fxy(Xy)=P(X xY y)= fx.v (U; v)dvdu:
1 1

3. Properties of a bivariate cdf:

() Fxy(x1)=Fx(x)

(i) Fx:y(1;y)=Fv(y)

(i) Fxy(1;1)=1

(iv) Fxiy (1 5y)=Fxy(x;1 )=Fxy(1 ;1 )=0

V) fxv(Xy) = @@@,FX;Y (X Y).

4. Joint pdfs and joint cdfsfor three or more random variablesare obtained as
straightforward generalizationsof the above de nitions and conditions.

5. Probability Element: fx.v(X;y) X Yy isthe joint probability elemen. That is,

P(x X x+ xy Y y+ y)=fxy(xy) x y+ol x )

6. Example: Bivariate Uniform. If (X;Y) Unif(a;b;c;d), then
8 1
S __— — —— x2(a;b); 2 (c;d);
fovicy)= (B ad g X2 & yzEd
) otherwise.

For this density, the probability P(x; X  Xz;y1 Y Vy») is the volume of
the rectangle. For example,if (X;Y) Unif(0; 4;0;6), then

P25 X 351 Y 4)= (35 25)(4 1)=(4 6)= 3=24.Another
exampleisP(X2+ Y2> 16)=1 P(X2+Y2 16)=1 4 =24=1 =6
becausethe areaof a circleis r? and therefore,the areaof a circle with
radius 4 is 16 and the areaof the quarter circle in the support setis 4 .
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7. Example: fx v (X;y) = g(x +y?) for x 2 (0;1) andy 2 (0;1). Find
P(X + Y < 1). Solution: First sketch the region of integration, then use

calculus:
yA 1Z 1 y6
PX+Y<1l = PX<1 Y)= g(x+ y?)dxdy
0 0
GZl X2 ly
— 2
=z Sty dy
54, 2 0
IR U
5 5 y)y-dy
2 3 3 4 1
_ Sy vy y,y vy "_3
52 2 6 3 4 , 10
8. Example: Bivariate standard normal
e 1%y g X% g 3¥?
fxx(xy) = 5 = PP
= fx ()fv(y):

Using numerical integration, P(X + Y < 1) = 0:7602. The matlab code is

g = inline('normpdf(y).*normc  df(1 -y)' 'y ");
Prob=quadl(g,-5,5)

where 1  hasbeenapproximated by 5.
9. Marginal Densities:

(a) Integrate out unwanted variablesto obtain marginal densities. For

example,
VA 1 Z 1
fx (x) = fxy OGy)dy;  fv(y) = fx.v (X y)dx;
1 7 7 1
1 1
andfx.v(x;y) = fw:x vz (W; X; y; z)dwdz:
1 1

(b) Example: If fx.v(X;y) = g(x +y?) for x 2 (0;1) andy 2 (0; 1), then

Zl

fx(x):g i (X + y?)dy = 6X+2forx2(0;1)and
Z
6~ * By + 3

frm) =g (x+yiox= Y= fory2 (01)

91
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10. ExpectedValues

(a) The expectedvalue of a function g(X;Y) is
Z 1 z 1
Elg(X;Y)] = g(x; ) xv (x; y)dxdy:

1 1

(b) Example: If fx.v(X;y) = g(x +y?) for x 2 (0;1) andy 2 (0; 1), then

YA 1Z 1 Z 1 2
6 y“+ 2 3
(X) . Ox5(x y©)dxdy - dy= ¢
5.8 Several Variables
1. The joint pdf of n cortinuousrandom variables, X 1;:::; X, is a function that
satis es
(i) E(>1<1; - ixln) 0, and
(i) f(Xg;::0 X)) dxg  dx, = 1.
1 1
2. Expectations are linear regardlessof the number of variables:
" #
X X«
E ag (X1 X215 Xn) = &E[g (X1 X251 X0)]
i=1 i=1
if the expectations exist.
3. ExchangeableRandomvariables
(@) Let x,;:::;x, beapermutation of x;;:::;x,. Then, the joint density of
Xq;::0; Xy is said to be exdhangeableif
fxl;:::;xn (X1;::05%Xp) = fXl;:::;Xn (Xl; L ;Xn)
for all x1;:::;X, and for all permutations x;;:::;X,.

(b) Result: If the joint density is exdhangeable then all marginal densities
are idertical. For example,
1
fxix,(X15X2) = fx1xaxs (X1 X2; X3) dX3
Z, !
= fx,:x,:x5(X3; X2; X1) dxz by exdhangeability
z,!
= fx1:x,:x5(X1; X2; X3) dX; by relabeling variables
1

= fx,xs(X2; X3):
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(c) Result: If the joint density is exchangeable then all bivariate marginal
densitiesare identical, and so forth.

(d) Result: If the joint density is exchangeable then the momerts of X; (if
they exist) areidentical for all i.

(e) Example Supposethat fx.v(x;y) = 2forx 0O,y O,andx+y 1.

Then
YA 1 x
fx(x) = 2dy=2(1 x)forx2 (0;1)
.,
fy(y) = 2dx=2(1 y)fory2 (0;1) and
0
E(X) = E(Y)= %:

5.9 Covariance and Correlation

1. Review covarianceand correlation results for discreterandom variables
(Section 3.4) becausethey alsohold for cortinuous random variables. Below
are lists of the most important de nitions and results.

(a) De nitions

CovY) EE[X XY )

Cov(X;Y) isdenotedby x.y.
Var(X) = Cov(X; X).
Corr(X;Y) gt Cov(X; Y):p Var(X) Var(Y).

Corr(X;Y) is denotedby .y.

(b) Covarianceand Correlation Results(be able to prove any of these).
Cov(X;Y) = E(XY) E(X)E(Y).
Caudy-Sdwartz Inequality: [E(XY)]? E(X?)E(Y?).
x:y 2 [ 1;1] To proof, usethe Caudy-Sdwartz inequality.
Cov(a+ bX;c+ dY) :|deov(X;Y).
X X X X
Cov aXi; by, = alh Cov(Xi;Y;). For example,
i

i i
Cov(aW + bX;cY + dz)
acCov(W;Y) + adCov(W; Z) + bcCov(X;Y) + bdCov(X;2Z).
Corr(a+ bX;c+ dY) = sign(d Corr(X;Y).
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|
X ' X X
Var X; = Cov(Xi; Xj) =
X i X i j
Var(X;) + CO\/(Xi;Xj).
[ i6]

Parallel axistheorem: E(X ¢)2= Var(X)+ ( x ©)° Hint on

proof: rst addzeroX c= (X x)*+ ( x ©), then take

expectation.

2. Example (simple linear regressionwith correlated obsenations): Supposethat
Y= + x;+"ifori=1;:::;nandwhere"y;:::;", have an exdhangeable
distribution with E("1) = 0, Var("1) = 2 and Cov("1;",) = 2. The ordinary
least squaresestimator of s

X
(Xi  X)Y,

b_ i=1

(xi  x)?
i=1

Find the expectation and variance of b, Solution: Write b as
X (X x) .

b= w;Y;; wherew; =
i=1 X

Then, the expectation of bis

xn xXn
E(b) = Wi E(Y;) = wi( + X)
i=1 i=1
xXn
i x)( + x) (Xi X)X
_ i=1 _ i=1
- - - =
(X x)? (X x)?
j=1 j=1

because (xi x)=0
i=1

P P . b
because (x; X)X;= (X;i X)? The varianceof Pis

X0 X
var(b) = w2Var(Y;) +  ww; Cov(Y;;Y;)
i=1 i6]
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X X
= 2w+ 2 ww
i=1 i6] #
2 XX X
= + 2 Wi W, w?
(XI X)2 i=1 j=1 i=1
i=1 | | #
2 X X X
= + 2 W, W, w?
(X| X)2 i=1 j=1 i=1
i=1
_ 1)
oo
(xi x)?

5.10 Indep endence

1. De nition: Continuousrandom variablesX and Y are saidto be independert
if their joint pdf factorsinto a product of the marginal pdfs. That is,

fxy (y) = Ix()fy(y) () X LY

2. Example: if fx.y(x;y) = 2for x 2 (0;0:5) andy 2 (0;1) then X w1 Y. Note,
the joint pdf can be written as

fxyy = 205X 0n(Y) = 20os(X) oY)
fx(x) fyv(y)

where
1 x2A;

[ A(X) =
A(X) 0 otherwise.

3. Example:if fx.y(x;y) =8y for0 x y 1,thenX andY arenot
independer. Note

fx.v (X1 y) = 8xyl0.1(Y)] 0y)(X);
but
Z 1
fx(x) = fxv (X y)dy= 4x(1 X2)| ©o:1(x) and
X
Z

y
fy(y) = i fy (X y) dx = 4y31 0.0y (y):
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4. Note: Cov(X;Y)=06) X uY. Forexample,if

1
fxy(Xy) = §|(1;2)(X)|( x) (¥);

then S, 5 .
2 X 2 2
E(X) = %dydx= = ZXde = 194,
ZlZZ )1( ZlZ 2 2
Yy X
E(Y) = ~dydx = dx = 0; and
273 ,
2 X 2 2
E(XY) = %dydx - %dx =0
1 X 1

Accordingly, X and Y have correlation 0, but they are not independert.

. Result Let A and B be subsetsof the real line. Then random variablesX and

Y areindependert if and only if
P(X2A;Y2B)=P(X 2A)P(Y 2B)

for all choicesof setsA and B. Proof in class.

. Result If X andY areindependen, then soare g(X) and h(Y) for any g and

h. Proof: Let A be any set of intervals in the rangeof g(x) and let B be any
set of intervals in the rangeof h(y). Denoteby g (A) the set of all intervals
in the support of X that satisfyx 2 g *(A) () 9g(x) 2 A. Similarly, denote
by h 1(B) the setof all intervals in the support of Y that satisfy

y2h ¥B)() h(y)2B.If X 1Y, then,

Plg(X)2 A;h(Y)2B]=P X 2g }A);Y 2h }B)
=P X2g'A) P Y2h?B) =P[gX)2A] P[h(Y)2B]:

The above equality impliesthat g(X) 1 h(Y) becausehe factorization is
satis ed for all A and B in the range spacesof g(X) and h(Y). Note that we
already proved this result for discreterandom variables.

. The previoustwo results readily extend to any number of random variables

(not just two).

(b) The )§(s in any sut>)(setare independen,
(c) Var aXx; = a?Var(X;), and

(d) if the X s areiid with variance 2, then Var aX; = ar.
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5.11 Conditional Distributions

1. De nition: If fx.y(X;y) is ajoint pdf, then the pdf of Y, conditional on X = x
is
def Fx;v (X7 Y)

fyix (Yix) = W

provided that fy (x) > O.
2. Example: Supposethat X and Y have joint distribution

fxy(xy)=8yforO< x<y< 1l

Then,
yA 1
fx(X) = fxy(X;y)dy=4x(1 x?); 0<x<1;
zZ, 8
r — 2\ — .
E(X") = . Ix(1 x7)x'dx = T+ 20 +4)
fy(y) = 4y% 0O<y<1;
7, 3
r —_ r —_
E(Y) LYY=
. 8x 2X
fxjv (Xjy) = 4—;3'= F; 0<x<y; and
. 8x
fyix (yix) = (1 yXZ) = 12yX2: x<y<ul
Furthermore,
VA
. Yo 2x 2y'
r _ — r -
EX']Y =y) = o x?dx— r+2and
ooy 21 x'2)

E(Y'jX = x) =

YT Y roaa o

3. RegressiorFunction: Let (X;Y) be a pair of random variableswith joint pdf
fx.y (X;¥). Considerthe problem of predicting Y after observingX = x.
Denotethe predictor as$(x). The best predictor is de ned asthe function
¥ (X) that minimizes

h i, Z12Z,
SE=EY ¥(X) = [y 9001 Fxv (x; y)dydx:

1 1

(a) Result: The best predictor is §(x) = E(Y X = X).
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(b) Proof: Write fx.v (X;y) asfyjx (yjx)fx (x). Accordingly,
yA 1 yA 1
SE = [y OO Fyix (y;x)dy  fx (x)dx:

1 1

To minimize SSE, minimize the quartity in f g for eat value of x. Note
that $(x) is a constart with respect to the conditional distribution of Y
given X = X. By the parallel axis theorem, the quartity in f g is
minimized by $(x) = E(YjX = X).

(c) Example: Supposethat X and Y have joint distribution
fxy(Xy)=8yforO< x<y< 1l
Then,

. 8x
Fyix (yix) = X yxz) = 12yX2; x<y<1land
z

_2(1 X%,
31 xd)°

1
90 = E(YIX =x)  ygody

(d) Example; Supposethat (Y; X ) hasa bivariate normal distribution with
momerts E(Y) = y,E(X)= x,Var(X)= Z,Var(Y)= 2,and
Cov(X;Y)= x.v x y. Thenthe conditional distribution of Y given X
is

(YjX = x) N( + x; 2): where
CO\/(X,Y) XY Y,

Var(X) =«
2 = 2.1 2 .
Y Xy -

= v X and

4. Averaging Conditional pdfs and Momerts (be able to prove any of these
results)

(@) Ex fyix(yiX) =fy(y). Hint: fx.yv(X;y) = fvix (Yix)fx (X).

(b) Ex fE[h(Y)jX]g= E[h(Y)]. This is the rule of iterated expectation. A
special caseis Ex [E(Y]X)] = E(Y).

(c) Var(Y) = Ex [Var(Y]jX)] + Var[E(Y]X)]. That is, the varianceof Y is
equalto the expectation of the conditional variance plus the variance of
the conditional expectation. Proof:

Var(Y) E(Y?) [E(Y)P

Ex E(Y2%X) fEx [E(YiX)]d’
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by the rule of iterated expectation
fEx [E(YjX)lg®
[ECY X))

= By Var(YjX)+ [E(YjX)]?

becauseVar(YjX) = E(Y?jX)
= Ex [Var(YjX)] + Ex [E(YjX)]*
= Ex [Var(YjX)] + Var[E(Y|X)]

becauseVar[E(Y|X)] =

fEx [E(YjX)]d?

Ex [E(YjX)]?

5. Example: Supposethat X and Y have joint distribution

fEx [E(YjX)]g:

2
fxy(Xy) = ﬂfor0< y<x<1l
Then,
3y2 _ 2
fy(y) —5dx= —(1 y4); forO<y< 1;
i
1
E(Y") 5(1 y?)y'dy =
0

fx (X)

fyvix (YIX)

E(Y'jX = x)

Var [E(Y]X)]

E[Var(YjX)]

19
320

—) E(Y) = § and Var(Y) =

2
3ydy 1, forO< x< 1;
0
2
3y ;forO<y<x<1;
2 3Xr
_r —
0 x3ydy 3+r
3
=) E(YiX =x=
3?2
Var(YjX = x) = —
ar(Yj X) = 30"
3X 9 1
Var 2 T 16 12
3X?2 1
£ B0 " 80
3 1
— + —:
64 80

and

3 .
(r+ 1)(r+3)

19

320
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5.12 Moment Generating Functions

1. De nition: If X is a cortinuousrandom variable, then the momert generating
function (mgf) of X is

Z 1
<O EE & = ey (x)dX;
1

provided that the expectation existsfor t in a neighborhood of 0. If X is
discrete,then replaceintegration by summation. If all of the momerns of X do
not exist, then the mgf will not exist. Note that the mgf is related to the pgf

by
x(t) = x(€):

Also note that if x (t) isamgf, then  (0) = 1.

2. Example: Exponertial Distribution. If fx (x) = e *1(.1(X), then
Z 1 Z 1
x (1) = e Xdx= —— ( te Ydx= ——:
0 t o t

3. Example: Geometric Distribution. If X  Geom(p), then

bS
etX(l px lp= pé (1 p)x let(x 1)

x=1 x=1

1 pe*=

x (t)

pe .
1 (1 pe’

1
°
a.
X

x=0
4. mgf of a linear function:
arix () = E €0 = & (th):
For example,if Z = (X x )= x, then

z(t) = e ' xTx y(t= x):

5. Indegenden Random Variables: If X; fori = 1;:::;n areindependen, and
S= X, then

P Y Y
s)=E & % =E eXi = x, (1)
i=1 i=1

P
If the X s areiid random variablesand S= ", X, then

s() = [ x®]":
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6. Result: Momert generatingfunctions, if they exist, uniquely determinethe
distribution. For example,if the mgf of Y is
¢ 2

Y(t)=2 a1

NI @,

o ;
thenY Geom(Q5).

7. Computing Momerts. Considerthe derivative of  (t) with respectto t

ewluatedat t = O:
d Z1

— x(1)
dt * t=0

d \¢
ae t=0fx(x)dx

zh

xf x (xX)dx = E(X):
1

Similarly, higher order momeris can be found by taking higher order
derivatives:

dr
t )
(o’ x (1) .

Alternativ ely, expande™ aroundt = 0 to obtain

E(X") =

R ()
X — .
e* = o
r=0
Therefore
IIX- #
_ X _ (tX)"
x(t) = E e = E [l
r=0
R tr
= E(Xr)ﬁ

r=0
Accordingly, E(X") is the coe cient of t"=r! in the expansionof the mgf.
8. Example: Supposethat X  Geom(p). Then the momers of X are
dr d pé

EX)= —— () =2 ——
(X) (dt)r X()tzo d 1 1 pe .
Speci cally,
d _d pe B
at XM= G 1 1 pe
0+ 2P ()2 and
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d? d 1
w x (t) = dt x (t) + P X(t)2 =
1 1 1
O+ —L w2 —P2 0 )+ —L2 42 :
p p
Therefore,
E(X) = 1+ 1 p: :_L,
p p
Ex?) = 1+ P 1 Pyt P —zzpand
p p p p
2 p 1 1 p
Var(X) = — = —
) N p?

9. Example: Supposethat Y  Unif(a;b). Usethe MGF to nd the certral
momerts E[(Y  v)']= E[(Y &P®)]. Solution:

2
Z
1 b y _ etb eta

a ,
Y Y(t)

e t(a+ b)=2 Y(t)
e t(a+ b)=2 etb eta
(b a)
) es @ o 5
t(b a) 2
t(b a)

2 X tb a ™ 1
th a) 2 2i + 1)!
X otb a? 1 _X & (b a?
2 @+ (2) 22Qi+1)

i=0
Therefore,the odd momerns are zero, and

(b a*

EY V= mge 1

For example,E(Y y)2= (b a)2=12andE(Y y)*= (b a)*=80.



Chapter 6

Families of Contin uous
Distributions

6.1 Normal Distributions

1. PDF and CDF of Standard Normal Distribution:

e22=2
fz(z2) = b=
2 z,
F(z) = P(Z 2= (2= fz(u)du

1

R
To verify that f,(z) integratesto one,examineK 2, whereK = i e “=2du:
K? = e “2du
1
YA 1 YA 1
e "= du, e “=2du,
1 1
Z 1 Z 1 1/,,2 2
= e 2(U1*Y2) du, duy:
1 1

Now transform to polar coordinates:

Elzism : U= rcos and
2 1

K? = e 2(rdrd
0 n 0
z, 1 #
= e 2(r%) d
0
Z, 0
= 1d =2

103
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ThereforeK = P 2 andf,(z) integratesto one.

. Other Normal Distributions: Transformfrom Z to X = + Z, where and

are constants that satisfyj j< 1 and0< < 1. Theinverse
transformation is z = (X )= and the Jacobianof the transformation is

... dz 1
)= ax
Accordingly, the pdf of X is
X 1 ezzx )
fx(x) = f2 S P

We will usethe notation X  N(; ?2) to meanthat X hasa normal
distribution with parameters and

. Momert Generating Function: Supposethat X  N(; ?2). Then

x(t) = et +t* *=2,

Proof:

Z 4 e 7z(x )
E(etx ) = etx _pZ—Z dx
1
Z, o[ 2t 2x+(x )2
_ e 2 2[p ]

1 2 2

x (1)

dx:

The trick is to completethe squarein the exponert:

2t 2x+(x )%2= 2t x+x2 X + ?=x% x( +t )+ 2
= x (+t2)2 (+t2)2+ 2= g (+t2)2 x 2 2 4

Therefore,
Z 1 1 [X ( +t 2)]2
2 2
() = ezzt2 2h 82y dx
1 2 2
+22—ZZ:L ez%(x ’ 2
= "= —pzizdxwhere = +t
1
= ¢ *tt? =2

becausethe secondterm is the integral of the pdf of a random variable with
distribution N( ; 2) and this integral is one.

Momerts of Normal Distributions
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(a) Momerts of the standard normal distribution: Let Z be a normal random

(b)

variablewith = 0and = 1. Thatis,Z N(0;1). The momen
generatingfunction of Z is ,(t) = €°=2. The Taylor seriesexpansionof
z(t) aroundt = 0is

X o1 2
V4 (t) = et2=2 = I 5
iz
X @)yt
- 2! (2i)!
Note that all odd powersin the expansionare zero. Accordingly,
8
20 if r is odd
E(Z") = |
() >__ if r is even.

C2=2 L
It can be shown by induction that if r is even, then

r!
r=2 I |
2 5 !

=(r 1 3)(r 5 1L

In particular, E(Z) = 0 and Var(Z) = E(Z?) = 1.

Momerts of Other Normal Distributions: Supposethat X  N(; 2).

Then X canbewritten asX = + Z ,whereZ N(0;1). To obtain
the momerns of X, onemay usethe momerts of Z or one may

di erentiate the momen generatingfunction of X . For example,using
the momerns of Z, the rst two momerts of X are

E(X)
E(X?)

E( + Z2)= + E(Z)= and
E(+ 2 =E(%+2 Z+ 22%= 2+ 2=

Note that Var(X) = E(X?) [E(X)]?= 2: The alternative approad is
to usethe momert generatingfunction:

d d 2 22
EX) = — x( =&
dt t=0 dt t=0
— ( +t z)et +12 2=2 — and
t=0
d? d 2 22
EX?) = — x() = —( +t e "=
dt2 o dt -
= 2 +t? 222, ( +t Z)Zet +12 2= = 24 2

t=0
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5. Box-Muller method for generatingstandard normal variables. Let Z, and Z,
be iid random variableswith distributions Z;  N(0O;1). The joint pdf of Z,;
and Z, is

$(22+23)

2

Transformto polar coordinates: Z; = Rsin(T) and Z, = RcoqT). The joint
distribution of R and T is

le;ZZ(Zl; 22) =

r2

N

re
fre(r;t) = > lo:1)(N) 2 )(T) = fr(r) f(t) where
1
fr(r) = re 271 g.q,(r) and fr(t) = 5 l02)(t):

Factorization of the joint pdf revealsthat R 1. T. Their respective cdfsare
t.

5

Let U; = Fr(R) and U, = F1(T). recallthat U;  Unif(0;1). Solving the cdf
equationsfor R and T yields

Fr(N=1 e 2 andF{(t) =

P
R = 2In(1 Uy andT =2 U,:
Lastly, expressZ; and Z, asfunctionsof R and T:

Z, Rsin(T) = g 2In(1  Up)sin(2 U,) and
Z, = RcoqT) = 2In(1  Up)cog2 Uyp):

Note that U; and 1 U; have the samedistributions. ThereforeZ, and Z, can
be generatedfrom U; and U, by

C R — R —
Z, = 2In(Uy) sin(2 U,) and Z, = 2In(Uy) cog2 Uy):

6. Linear Functions of Normal Random Variables: Supposethat X and Y are
independertly distributed random variableswith distributions X  N( x; %)
andY N( v; 2).

(@) The distribution of aX + bis N(a x + b;a? Z). Proof: The momert
generatingfunction of aX + bis

ax+b(t) = E(et(ax+b)) — eth(etaX) — etbeta +12a? 2=2 _ et(a +b)+t2(a )2=2

and this is the momen generatingfunction of a random variable with
distribution N(a + b;a? ?).
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(b) The distribution of aX + bY isN(a x + b v;a? Z + b? 2). Proof: The
momert generatingfunction of aX + bY is

E(e@ D)) = E(&9% )E(e®") by independence

= g2 x +t2a2 >2<=Zetb y 2P 2=2 _ et(a x +b y)+t?3(a? 2 +p? 3,):2:

aX +bY (t)

and this is the momen generatingfunction of a random variable with
distribution N(a x + b y;a? Z + I? 2).

(c) The above result is readily generalized.Supposethat X; I:;‘or i=1;:
are independertly distributeghasX;  N( i 2). ﬁj T= =t aXi, then
T N(r1; 2),where 1= 1 a i ;and 2= a 2

7. Probabilities and Perceriles

(@ If X N( x; 2), then the probability of an interval is

I
e

Pa X b

(b) If X N( x; 2), thenthe 100p" percerile of X is
Xp= x*t xZp;
wherez, is the 10Qp™" perceriile of the standard normal distribution.
Proof:

X X z, =P(Z z)=p

P(X xt x2p)=P

becausez  N(O;1).
8. Log Normal Distribution

(a) Denition: If In(X) N(; 2),then X is saidto have a log normal
distribution. That is

In(X) N(; ®() X LogN(; ?:

Note: and 2 arethe meanand varianceof In(X), not of X.

(b) PDF: Let Y = In(X), and assumethat Y ~ N(; 2). Note that x = g(y)
andy = g (x), whereg(y) = € andg (x) = In(x). The Jacobianof the
transformation is

dy 1

N dx =3
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Accordingly, the pdf of X is

e 22N P

fx(x)=fy g '(X) == —p=——1l(01)(X):
X 2 2

X |

(c) CDF: If Y LogN(; 2),then

P(Y y)=PIn(Y) In(y)l= "0

(d) Momens of a log normal random variable. Supposethat
X LogN(: 2). ThenE(X") = e"*" *2 Proof: Let Y = In(X). Then
Y N(; ? and

E(X')=E &Y =¢ ** *2

wherethe nal result is obtained by using the MGF of a normal random
variable. To obtain the meanand variance,setr to 1 and 2:

EX)=e* ZandVar(X)=e2"2° &+’ =¢e*" e’ 1:

(e) Displays of various log normal distributions. The gure below displays
four log normal distributions. The parametersof the distribution are
summarizedin the following table:

— 2 — — — —

Plot | E[In(X)] Var[In(X)] E(X) P Var(X) =
1 3:2976 4:6151 100 1000 01
2 3:8005 1:6094 100 200 05
3 4:2586 0:6931 100 100 1
4 4:5856 0:0392 100 20 5

Note that ead distribution has meanequalto 100. The distributions
dier in termsof , which is the coe cient of variation.
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g=0.1 g=0.5
0.12 0.02
0.1
0.015
0.08
%0.06 0.01
0.04
0.005
0.02
0 0
0 50 100 150 200 0 50 100 150 200
q=1 a=5
0.01 0.025
0.008 0.02
_.0.006 0.015
X
=
0.004 0.01
0.002 0.005
0 0
0 50 100 150 200 0 50 100 150 200
X X

If the coe cient of variation is small, then the log normal distribution
resenbles an exponertial distribution, As the coe cient of variation
increasesthe log normal distribution corvergesto a normal distribution.

6.2 EXp onential Distributions

1. PDF and CDF

fx (X)
Fx (X)

provided that x 0. We will usethe notation X  Expon( ) to meanthat X
hasan exponertial distribution with parameter . Note that the 10Q™"

e "lpa1)(x) where is a positive parameter,and
1 e”

percerile isx, = In(1 p)= . The median, for example,is X5 = In(2)= .
2. Momen GeneratingFunction. If X  Expon( ), then x(t)= =( t) for
t< . Proof
Z 1
x(t) = E(@E*)= e e * dx
YA 1 0 Z 1
= el dx=—— ( t)e Pdx= —
0 t 0 t

becausehe last integral is the integral of the pdf of a random variable with
distribution Expon(  t), provided that t> 0.
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3. Momerts: If X

x (t)
b

r=0

. Note that E(X) = 1=, E(X?) = 2= ? and

provided that <t<

Var(X) = 1= 2.

tr
r!

Expon( ), then E(X") = r!= ". Proof:

4. Displays of exponertial distributions. Below are plots of four exponenial
distributions. Note that the shapesof the distributions are idertical.

I =01
0.1

0.08

0.06

1,

0.04

0.02

0.8

0.6

0.4

0.2

=1

0 20 40 60 80 0 2 4 6 8
| =2 | =5
2 5
15 4
N 3
be
=1
2
0.5 1
0 0
0 1 2 3 4 0 0.5 1 15
X X

5. MemorylessProperty: Supposethat X  Expon( ). The random variable can
be thought of asthe waiting time for an evert to occur. Giventhat an ewvert
hasnot occurredin the interval [O;w), nd the probability that the additional
waiting time is at leastt. That is, nd P(X > t+ wjX > w). Note: P(X > t)
is sometimescalled the reliability function. It is denotedasR(t) and is related
to Fx (t) by

Rt)=P(X>t)=1 P(X t)=1 Fyx(t):

The reliability function represets the probability that the lifetime of a
product (i.e., waiting for failure) is at leastt units. For the exponertial
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distribution, the reliability function is R(t) = e '. We are interestedin the
conditional reliability function R(t + wjX > w). Solution:

. . PX>t+ w)
R(t+ wjX > = P(X>t+ wjX > =
(t+ WX > w) = P(X >t wiX > w) = =St
_ e W t
= o = e

Also,
R(t+wjX >w)=1 Fy(t+wjX>w)=) Fx(t+wjX>w)=1 e "':

That is, no matter how long one hasbeenwaiting, the conditional distribution
of the remaining life time is still Expon( ). It is asthough the distribution
doesnot remenber that we have already beenwaiting w time units.

. PoisonInter-arrival Times: Supposethat evernts occur accordingto a Poisson
processwith rate parameter . Assumethat the processbeginsat time 0. Let
T, be the arrival time of the rst ewert andlet T, be the time interval from the
(r 1) arrival to the r'" arrival. That is, Ty;:::; T, are inter-arrival times.

by the multiplication rule. To obtain the rst term, rst nd the cdf of Ty:
Fr,(t1)) = P(Ty t1) = P[oneor moreewerts in (0;t;)]

e "1(ty)°

— t1.
0! =1 e "%

= 1 Plnoewnsin (0;t))]=1

Di erentiating the CDF yields
d
fr.(ty) = d_tl(l e )= e "ot

The secondterm is the conditional pdf of T, given T, = t;. Recallthat in a
Poissonprocess,everts in non-overlapping intervals are independert.
Therefore,

szjTl(thtl) = sz(tZ) =e 'z
Ead of the remaining conditional pdfs alsois just an exponertial pdf.
Therefore,

Y
le;Tz;:::;Tn (tl;tZ;:::;tn) = e tiI[0;1 )(ti):
i=1
This joint pdf is the product of n marginal exponertial pdfs. Therefore,the
inter-arrival times are iid exponertial random variables. That is,
T, iid Expon( ).
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6.3 Gamma Distributions

1. Erlang Distributions:

(a) Considera Poissonprocesswith rate parameter . Assumethat the
processbeginsat time 0. Let Y be the time of the r" arrival. Using the
di erential method, the pdf of Y can be obtained as follows:

Pt<Y<t+dt) P(r 1 arrivals beforetime t)
P[onearrival in (t;t + dt)]

t r 1
- - dt:
(r 1!
Accordingly,
e y o ryr 1
fv(y) = (riil)lho;l ) (¥):

The above pdf is called the Erlang pdf.
(b) Note that Y isthe sumofr iid Expon( ) random variables(seenoteson
inter-arrival times). Accordingly, E(Y) = r= and Var(Y) = r= 2,

(c) CDF of an Erlang randomvariable: Fy(y) =1 P(Y > y)andP(Y > y)
is the probability that fewer that r everts occur in [0;y). Accordingly,

Xlgy i
F)=1 PYsy=1 -
i=0 :

2. Gamma Function
Z 1

(@) Denition: ( )= u e Y“du, where > 0.
0

z°=2:du= zdz and

(b) Alternat'ﬁ/e expression:Let z = P 2u sothat u
1

2 1, z%=2
()= %dz.
(c) Propertiesof ()
i. (1) = 1. Proof:
Z, 1
Q) = e "dw= e" = 0+1=1
0 0

i. ( +1)= ( ). Proof:

( +1)= w e “dw:
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Let u= w , let dv= e “dw and useintegration by parts to obtain
du= w },v= e %and

1 Z]_
( +1) = we"V + w e "dw
0 0
= 0+ ()

iii. If nis a positive integer,then ( n) = (n  1)!. Proof:
(n)= En H(n 1=(n 1)(n 2)(n 2)etc.

iv. (3)="". Proof:
1 Z 1 e z2=2 Z 1 e z2=2 P
— = dz = p—dz="
2 o 2 2 1 2

becausethe integral of the standard normal distribution is one.
3. Gamma Distribution

(@) PDF andCDF: If Y Gam( ; ), then
z
eV Yu 1 e
fy(y) = yil(o;l yy)andFy(y) =  ——F——~—
() 0 ()

(b) Note: is calledthe shape parameterand is calledthe scaleparameter.

u

du:

(c) Moment Generating Function: If Y ~ Gam( ; ), then

y
= el Ty
0 ()
1 y 1 g ty
= dy
0 Z( )
_ 1 y l( t) e( t)ydy
( 1 o ()
)
becausethe last integral is the integral of a random variable with
distribution Gam( ; t) provided that t> 0.
(d) Momens: If Y Gam( ; ), then
I RO T ———
dt (DT
2
E(Y?) d : ( +1)

@z YO T
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= %, and
(+1

Var(Y) 5

E(Y?) [E(Y)*=

2
27 2

(e) Generalexpressionfor momerts (including fractional momerts). If
Y Gam( ; ), then

‘ ( +r) :
E(Y') = — ) providedthat +r > O:
Proof:
Zl r 1 y Zl +r 1 y
yy € y €
E(Y") = dy = d
Vo= Ty Y, Ty Y
Zl +r 1 +r
( +r) y e’ ( +r)

) . (w0 YT

becausethe last integral is the integral of a random variable with
distribution Gam( + r; ), providedthat + r > 0.

(f) Distribution of the sum of iid exponertial random variables. Suppose
that 1,Y2; 11 Yy areiid Expon( ) random variables. Then
T = |=1 Y, Gam(k; ). Proof:
viD==( =) O= = v~
(g) Note that the Erlang distribution is a gammadistribution with shape
parameter equalto an integer.

6.4 Chi Squared Distributions

1. De n|yon Let Z; fori = 1;:::k beiid N(0;1) random variables. Then
Y=, Z?issaidto have a 2 distribution with k degreesof freedom. That
is,Y 2.

2. MGF: ()= (1 2t) % for t < 0:5. Proof: First nd the MGF of Z2:

Z 1 e %22
22(t) = E(€%7)= e‘zzpz:dz
1
1 e ;t) Izzd @ 2) Z 1 e ;t) 12’
= —p——dz= t P—
. 2 L @ 22 2

1 2t) :
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becausethe last integral is the integral of a N[0; (1  2t) ] random variable.
It followsthat the MGF of Y is (1  2t) 5. Note that this is the MGF of a
Gammarandom variable with parameters = 0:5and = k=2. Accordingly,

1

NS
NI
<

e
fv(y) = yk7|(0;l ) (Y):
A
2
3. Properties of ? Random variables
) ; 2" (k=2+r)
@ IfYy i then E(Y') = (k=2 provided that k=2+ r > 0. Proof:

Usethe momert result for Gammarandom variables.

(b) Using ( +1)= ( ), it iseasyto shawv that E(Y) = Kk,
E(Y?) = k(k + 2), and Var(X) = 2k.

(¢) Y _N(k;2k) for largek. This is an application of the certral limit
Hweorenb A better appraximation (again for largek) is
2Y 2k 1 _N(0;1).

(d) |§,Y1,Y2; N 'Yn arelndepg,nderlly distributed asY; k , then
i1 Yi z, wherek = =, k;. Proof: usethe MGF.

(e) If X 2X+Y 2 andX uY,thenY 2 . Proof: Seepage248

n

in the text. Note that by independence x.y(t) = x(t) v(t).

6.5 Distributions for Reliabilit vy

1. De nition: Supposethat L is a nonnegatiwe cortinuousrv. In particular,
supposethat L is the lifetime (time to failure) of a componert. The
reliability function is the probability that the lifetime exceeds. That is,

Reliability Function of L = Ry (x) def P(L>x)=1 F_(x):

2. Result: If L is a nonnegatiwe cortinuous rv whoseexpectation exists, then
YA 1 YA 1
E(L) = RL(x)dx = [1 FL(X)] dx:
0 0
Proof: Useintegration by parts with u= R (x) =) du= fx) and
dv= dx =) v= x. Making thesesubstitutions,
yA 1 Z 1 1 Z 1

R (u)du = udv = uv vdu
0 0 0 0
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1 2,
=x[1 F.(x)] + xf | (X) dx
Z, o 0

= xf (x)dx = E(L)
0

provided that Iilm x[1 F.(x)]=0:
x!

3. De nition: the hazard function is the instantaneousrate of failure at time x,
given that the componert lifetime is at leastx. That is,

def . P(X<L<x+dxjL > x)

= lim
dx! 0 dx

— im FL(x+dx) F(x) 1 _ (X)),

T dx! 0 dx R.(X) Ru(X)

Hazard Function of L = hi (x)

4. Result:

= IR s RO

1 L) .

S R “WTERE

5. Result: If R (0) = 1, then
Z

X
RL(x) = exp h, (u) du
0

Proof:
0= S NRGO] InR.(O)g
X ZX
9 hd= o WR@I D hou)du= IRy ()]
z° 0
=) exp h o(u)du = Ry (x):

0

6. Result: the hazard function is constart if and only if time to failure hasan
exponertial distribution. Proof: First, supposethat time to failure hasan
exponertial distribution. Then,

e X
fL(x)= e *le1)(X)=) Ru(x)=e * =) h(x)= o x
Second,supposethat the hazardfunction is a constart, . Then,
X

ho(x)= =) Ru(x)=exp du
0

=e X =) fL(x):£1 e = e *:
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Weibull Distribution: Increasinghazard function. The hazard function for the

Weibull distribution is .
X
h (x) = ;

where and are positive constaris. The correspnding reliability function is

X
RL(X) = exp h (u)ydu = exp X :
0
and the pdf is

1

d X
fl)= gRM0= ——exp = 1))

. Gompertz Distribution: exponertial hazzardfunction. The hazzardfunction

for the Gompertz distribution is
ho(x)= e*

where and are positive constaris. The correspnding reliability function is
Ri(X)=exp —e* 1 ;
and the pdf is

d
fL(x):&FL(x): eexp —e* 1 lp1)(X):

. SeriesCombinations: If a systemfails whenewer any single componen fails,

then the componerts are saidto be in series.The time to failure of the system
is the minimum time to failure of the componerts. If the failure times of the
componerts are statistically independen, then the reliability function of the
systemis

R(x) = P(systemlife > x); P (all componerts survive to x)
= Ri(x);
whereR;(x) is the reliability function of the i componert.

Parallel Combinations: If a systemfails only if all componerts fail, then the
componerts are said to be in parallel. The time to failure of the systemis the
maximum time to failure of the componerts. If the failure times of the
componerts are statistically independen, then the reliability function of the
systemis

R(x) = P(all componerts fril(il by time x) :Yl P (no componern fails by time x)
=1 Fi(x) =1 [1 Ri(X)];

whereF;(x) is the cdf of the i'" componen.
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6.6 t, F, and Beta Distributions

1. t distributions: Let Z and X be independertly distributed asZ N(O; 1) and

X 2. Then
T=pZ
en
hasa certral t distribution with k degreesof freedom. The pdf is
k+1
2 :
fr(t) = P 2 =
é Kk 1+ E
If k = 1, then the pdf of T is
1
fT(t)_ (1+t2)

which is the pdf of a standard Caucy random variable.
Momerts of at random variable. Supposethat T  t¢. Then
|
kr:ZZr '
X r=2
Z N(:;1); X 2 andZ u X:

E(T") = E = K"2E(Z"E(X "2); where

Recallthat odd momerts of Z are zero,the 2i'™ momen of Z is
(20)!1i12'], and E(X ®) = 22 ( k=2+ a)=( k=2) provided that a < k=2.
Accordingly, if r is a non-negatiwe integer, then

8
doesnot exist if r > k;
0 if risoddandr < k;
E(T) = nooX o
% kr=2 2 if risevenandr < k.
(r=2)!2'

Using the above expressionjt is easyto shav that E(T) = 0if k > 1 and
that Var(T) = k=(k 2)if k> 2.

2. F Distributions: Let U; and U, be independen 2 random variableswith
degreesof freedomk; and k», respectively. Then

U]_:kl

Y =
U2:k2
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hasa certral F distribution with k; and k, degreesof freedom. That is,
Y  Fyk,- The pdfis

ki + ka yks 22

k, 7 2
fy(y) = k_2 ﬁ Q s y_k1 (ki+ k2)=2 | (01 )(y)
2 2 Kz

If T tk, then T2 Fl;k-
Momerts of an F random variable. Supposethat Y  Fy,k,. Then

koUz)' ko
Ekiugf = k_i E(UDE(U,"); where

U1 El; U2 Ez; and U1 1 Uz:

E(Y) = E

Using the generalexpressionfor the momerts of a 2 random variable, it
can be showvn that for any real valuedr,

% doesnot exist if r > k,=2;
Ko ;
E(Y") = )
(V1) = E 2k kz if r < ko=2.
ki = 2
o2 2

Using the above expression,t is easyto shav that

2
if k> 2andthat Var(y) = _2kekit K 2)

2 - .
o 2 "l 20k 4) ke

E(Y) =

3. Beta Distributions: Let U; and U, be independen 2 random variableswith
degreesof freedomk; and k», respectively. Then

Ul kl k2
= Beta —; =
U+ U 22

That is, Y hasa beta distribution with parametersk;=2 and k,=2. More
generally if Uy, Gam( 1; ), U, Gam( ,; ), and U; u U,, then
U,
U+ U

Beta( 1; 2):

If Y Beta( 1; »), thenthe pdf of Y is

_yria oyt
vy = (15 2)

L o:n)(Y);
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where ( 1; ») isthe beta function and is de ned as

oy ) 2,
(1 2)= ( 1+ 2)°

If B Beta( 1; »), then
2B _

If B Beta( 1; ), where ;= ,=1,thenB Unif(0;1).
If X Beta( 1; »), then

(1+1)( 1+ 2)

E(X") = rovidedthat +r > O:
N T T I :
Proof:
Z 1yr 11 1 Zl 1+r 1 1
E(X") x> @ % g XA X Ty
0 ( 1122) 0 ( 1 2)
_ (1471, 2) tx (1 x) ldx
(15 2 0 (171 2)

Catr2)_ (a+n)( 1+ 2),
(1 2 (2% 2+10)( 1)
provided that ;+ r > 0, becausehe last integral is the integral of the
pdf of a random variable with distribution Beta( 1+ r; »).
If F Fkl;kzs then

Beta

WF ki ke
kiF + ks 2’ 2



Chapter 7

App endix 1: Practice Exams

7.1 Exam 1

1.

Let A and B be any two ewens. Usethe axioms of probability to prove that
P(AS =1 P(A).

k € \k

i=1 i=1

. Barbara and | have 7 co ee mugsat home;2 of designA, 3 of designB, and 2

of designC. Barbara likesto arrangethe co ee mugson the shelfsud that all
mugs of the samedesignare adjacen to oneanother. | preferto placethem at
random on the shelf. If | unload all seven mugsfrom the dishwasherand place
then on the shelfat random, what is the probability that my arrangemen will
satisfy Barbara's senseof kitchen esthetics?

The order on a ballot of six candidatesfor two positionsis determined at
random. The six candidatesinclude the two currert o ce holders. What is
the probability that the rst two candidateslisted on the ballot are the
currernt o ce holders.

A committee with three menbersis to be selectedat random without
replacemen from a collection of 30 people,of whom 10 are malesand 20 are
females.Find the probability that the committee cortains two femalesand one
male. Note: just give the equation, you do not needto evaluate the equation.

. Supposethat a lie detector test hasthe following properties. If the suspect is

telling the truth, then the lie detector will correctly say sowith probability
0:85. If the suspect is lying, then the lie detector will say sowith probability
0:99. Supposethat 95% of the time, suspectsare telling the truth. Find the
probability that a suspectis lying if the lie detector test says that he or sheis

lying.

121
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. Supposethat A and B are independent ewerts. Verify that A and B¢ are

independen ewerts. Hint: uselaw of total probability.

A stand of treescontains 10 aspen, 5 lodgepole pine, and 7 Douglas r trees.
Sewen trees are sampledat random without replacemen Find the probability
that the sewernh tree selectedis a lodgepole pine, given that the third tree
selectedis an aspen.

Let X and Y be random variableswith joint probability function
S i+

fxw(;j)=. n¥(n+1)
"0 otherwise.

fori=12::;;nandj = 1;2;:::;n

(a) True or False: The joint distribution of X and Y is exchangeable.(2 pts)

(b) Find the conditional distribution of X givenY. That is, nd fx;y(ijj).
(9 pts)

7.2 Exam 2

y

. Let Y be arandom variable with p.f. fy(y) = %, fory=1;2;:::;1
y!

1
and where > 0. Find the probability generatingfunction of Y.

. Supposethat the rv X hasprobability generatingfunction x (t) = t=(2 t).

Find E(X).

The From historical records,the mean minimum temperature in Bozemanon
November 17 is 19F . The standard deviation is 9:5. Find the meanand
standard deviation of the November 17 minimum temperature expressedn C .

milliliters) of milk that the pupsdrink on a given day. Supposethat the
random variableshave an excdhangeabledistribution with E(X,) =
Var(X1) = 2, and Cov(Xq;X,) = 2. Find expressiondor the following
guartities. Your answers should be functions of and

(@) Corr(Xi;X;j), wherei 6 j.
(b) Var(X; Xj), wherei 6 j.

Xk
(c) Var(X), whereX = k ' X,
i=1
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5. A certain biasedcoin has probability 0:7 of landing headswhen tossed. The
coin is tossedis 20 times and the number of headsis recorded. Denote this
random variable by Y. A fair coin is then tosseduntil the Y™ successccurs.
Denote the number of tossesof the fair coin by X . Find the expectation of X ..

6. A multiple choicetest consistsof 12 items, eat with four possiblechoices.
Tim hasnot studied for the exam, so he guesse®n ead question. Let X be
the number that he getscorrect.

(a) Give E(X) and Var(X).

(b) To pass,Tim must score8 or better. What is the exact probability that
Tim fails?

(c) We discussedwo ways to approximate the probability in part (b). Use
the more appropriate of the two and compute an appraximation to the
probability that Tim fails.

7. The probability of winning the Powerball lottery is 1=54;,979154. For
simplicity. round this to oneover 55 million. Supposethat 11 million tickets
are sold. Let X be the number of winning tickets.

(a) Givethe meanof X.

(b) Find (approximately) the probability that there are either one or two
winners.

8. An automatic cake icing machine is malfunctioning; it no longer forms the
letters i and r, but instead writes a for eat. So happyBirthday Irma becomes
Happy Baathday Aama Cakesare randomly selectedwith probability 1=4 and
inspected. The madine is stopped when the seconderror is found. Suppose
that the letters i and r appear on half of the cakes. Let X be the number of
cakesthat have beeniced whenthe madine is nally stopped. Find the
probability function for X . Identify the family of distributions. Hint: rst
de ne what a successs.

9. Supposethat random samplesof n; male and n, femaleadults have been
obtained from populationsthat satisfyn;=N; Oandn,=N, 0. Let X be
the number of male studerts in the samplewho wear glassegor contacts) and
let Y bethe number of femalestuderts in the samplewho wear glasseqor
contacts). Supposethat the population proportions who wear glassegor
contacts) are idertical in the two populations. Derive the conditional
distribution of X giventhat X + Y = c. Identify the family of distributions.
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7.3 Exam 3

1.

Supposethat P(A) = 0:4, P(B) = 0:5,and P(A\ B) = 0:3. Find the
following:

(@) P(A[ B).
(b) P(A\ BO).

. In a string of 12 Christmas tree lights, 3 are defective. The bulbs are selected

oneat atime at random without replacemen and tested. Find the probability
that the third defective bulb is found on the 6" test.

Considera nite population of N distinct valuesxy;X»;:::X,. Denotethe
population meanby E(X) = and the population varianceby Var(X) = 2.
A sampleof sizen N is selectedoneat a time at random without
replacemen Denotethe joint probability of the sampleby

(a) Evaluate fx,.x,.:x,(X1;X2;: 11 Xn) and verify that the distribution is

exdiangeable.
(b) Derive Var(X). Hint: what happensif n= N?

. Supposethat X; areiid Begl(p) random variables. Find the probability
n

generatingfunction of S= ., X;.

. Supposethat X is a discreterandom variable with support set

Sx = f1;2;6;9;11g and probability function f x (x). Compute E <)
X

. Supposethat Interstate Highway 94 hastwo typesof defects,namely A and

B. Defect A follows a Poissonprocesswith a meanof 2 defectsper mile.
DefectB follows a Poissonprocesswith a mean of 4 defectsper mile and is
distributed independerly of defectA. Let X be the number of defectsof type
A in a 10 mile segmen of highway and let Y be the number of defectsof type
B in the samel0 mile segmeh Derive the conditional distribution of X given
that the 10 mile segmen cortains a total of 50 defects.

. A discreterandom variable has probability generatingfunction

1 1 2 1
)= S+ St+ —t7+ _t%
x (1 2 3 13 78

Find the probability function of X .
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Supposethat X is a cortinuousrandom variable with cdf

1 e* 0<x<1;

X< 0;

Fx (x) =

where is a positive constan.

(a) Find the pdf.
(b) Find an expressionfor x,,, the 100" percerile of the distribution.

. Let X be the discreteuniform random variable with support S =11;2;:::;Ng

and cdf 8
51 X> N:
Fx(X)=B[§—] x 2 [L;N];;
"0 x<1;

where|[x] is the largestinteger equalto or lessthan x (i.e., the greatestinteger
function). Usethe cdf to compute

@ P(X N 1)whenN > 1.

(b) P(X <N 1)whenN > 2.

(c) PB@ X 5)whenN > 5.

Supposethat X is a cortinuousrandom variable with pdf

fx(x) = 6x(1 X)l(X). LetY = X=(1 X).

(@) Find the pdf of Y.

(b) Find E(Y).

Supposethat | have a random number generatorthat will generate(pseudo)

random numbers X  Unif(0; 1). | would like to generaterandom numbers
from a distribution having pdf

fy(y) =

y Ly (Y);

where and are positive constarts. Given a sequencef iid X random
variables,how do | obtain a sequenceofiid Y random variables?

SupposeX and Y are cortinuousrandom variableswith joint cdf
Fxv (xy) = x?y? for x 2 (0;1); y 2 (0;1)

and whereFx.y (X; y) is suitable de ned elsewhere.



126 CHAPTER 7. APPENDIX 1: PRACTICE EXAMS

(@) Find the joint pdf fx.y (X;y).
(b) Does(X;Y) have an exdhangeabledistribution?
(c) Are X andY independernt?

13. SupposeX and Y are cortinuous random variableswith joint density
12, ,
fxy(Xy) = 7(x +2y)forO<y<x<l

(@) Find the marginal distribution of X.
(b) Find the conditional distribution fyx (yjX).
(c) Given X = :5, usethe regressionfunction to predict the valueof Y.

14. Let X and Y be exchangeablerandom variables(continuousor discrete) with
E(X)= ,Var(X)= 2 andCov(X;Y)= 2

(a) Verify that Corr(X;Y) =
(b) Find Corr(X;X Y). Your ansver should be a function of only.
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+ Ry; where

( (t;to) if >t

(to;t) ifto<t;



