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Chapter 0

Course Information & Syllabus

Course Information
� Prerequisite: Math 224

� RequiredTexts

{ Berry, D. A. & Lindgren, B. W. (1996). Statistics: Theory and Methods,
2nd edition. Belmont CA: Wadsworth Publishing Co.

{ Lecture Notes

� Instructor

{ Robert J. Boik, 2{260 Wilson, 994-5339,rjb oik@math.montana.edu.

{ O�ce Hours: Monday 1:10{2:00;Wednesday 9:00{9:50& 1:10{2:00;
Friday 9:00{9:50.

� Holidays: Friday October 4 (Exam Exchange);Friday November 8 (Exam
Exchange);Monday Nov 11 (VeteransDay); Friday Nov 29 (Thanksgiving)

� Drop dates: Mon September 23 is the last day to drop without a grade;Tues
November 19 is the last day to drop.

� Grading: 600Points Total; Grade cuto�s (percentages) | 90, 80, 70, 60; All
examsare closedbook. Equation sheetswill be provided.

{ Homework: 200points

{ Exam-1, Thursday Oct 3, 6:00-8:00PM: 100points

{ Exam-2, Thursday November 7, 6:00-8:00PM: 100points

{ Comprehensive Final, Friday Dec 20, 8:00{9:50AM: 200points

� Homepage:http://www.math.mon tana.edu/� rjb oik/classes/420/stat.420.html
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6 CHAPTER 0. COURSE INFORMATION & SYLLABUS

Syllabus

1. Probability: Chapter 1

2. DiscreteRandom Variables: Chapter 2

3. Expectations: Chapter 3

4. Bernoulli and Related Random Variables: Chapter 4

5. ContinuousRandom Variables: Chapter 5

6. Families of Continuous Distributions: Chapter 6



Chapter 1

Probabilit y

Probability Model: three components are (a) the samplespace,(b) events, and (c)
probabilities of events.

1.1 Sample Spaces and Events

1. Experiment (experiment of chance,not necessarilya designedexperiment): A
processwhoseoutcomesare uncertain.

2. Samplespace:
 is a set that contains all possibleoutcomesfrom the
experiment. In somecases,
 may contain outcomesthat are not possible.

(a) The number of outcomesin the samplespacecan be �nite or in�nite .

(b) In�nite samplespacescan be countable or uncountable. A samplespace
is countable if the outcomescan be associated with the integers1; 2; : : :.

3. Event: A subsetof the samplespace.

(a) A simple event contains only oneoutcome. A simple event is denotedby
! .

(b) A compound event contains two or more outcomes.Compound events
are denotedby capital letters.

1.2 Algebra of Events

1. Relationshipsand De�nitions

(a) Inclusion: E � F means! 2 E =) ! 2 F , where! is an outcomein 
.

(b) Equality: E = F meansthat E � F and F � E.

(c) Complement: E c is the set f ! 2 
 ; ! 62Eg.

7



8 CHAPTER 1. PROBABILITY

(d) Note: We will not usethe notation E � F . Accordingly, if E � F , then
either E = F or E 6= F could be true.

(e) Venn diagramscan be usedto display sets.

(f ) Empty Set: ; is the empty set (i.e., the set that hasno members). Note
that 
 c = ; and that ; c = 
.

2. Operations on Sets

(a) Union: A [ B is the set of all outcomesthat are in A and/or in B .

(b) Intersection: AB is the set of all outcomesthat are in A and in B. I
prefer the notation A \ B to denoteset intersections.

(c) Disjoint: A and B are disjoint (mutually exclusive) if A \ B is empty;
i.e., A \ B = ; .

(d) Commutativ e Operations: A [ B = B [ A and A \ B = B \ A.

(e) Associative Operations: (A [ B) [ C = A [ (B [ C) and
(A \ B) \ C = A \ (B \ C).

(f ) Distributiv e Operations: A \ (B [ C) = (A \ B) [ (A \ C) and
A [ (B \ C) = (A [ B) \ (A [ C).

(g) DeMorgan'slaws:

i.

 
k[

i =1

A i

! c

=
k\

i =1

Ac
i

Proof: show that

 
k[

i =1

A i

! c

�
k\

i =1

Ac
i and that

k\

i =1

Ac
i �

 
k[

i =1

A i

! c

.

� Part 1: Let ! be an outcomein 
. Then,

! 2

 
k[

i =1

A i

! c

=) ! 62
k[

i =1

A i

=) ! 62A i for each i = 1; : : : ; k =) ! 2 Ac
i for each i = 1; : : : ; k

=) ! 2
k\

i =1

Ac
i =)

 
k[

i =1

A i

! c

�
k\

i =1

Ac
i :

� Part 2: Let ! be an outcomein 
. Then,

! 2
k\

i =1

Ac
i =) ! 2 Ac

i for each i = 1; : : : ; k

=) ! 62A i for each i = 1; : : : ; k =) ! 62
k[

i =1

A i
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ii.

 
k\

i =1

A i

! c

=
k[

i =1

Ac
i

(h) Partitions of Events: The collection E1; E2; : : : ; Ek is said to be a
partition of F if the events E1; E2; : : : ; Ek satisfy

E i

\
E j = ; 8 i 6= j ( i.e., mutually disjoint events), and

k[

i =1

E i = F:

The number of events in the partition, k, neednot be �nite.

1.3 Exp erimen ts with Symmetries

1. Equally Likely Outcomes

(a) If the outcomesin a �nite samplespace,
 = f ! 1; : : : ; ! N g are equally
likely, then each hasprobability 1=N . That is, P(! i ) = 1=N for
i = 1; : : : ; N .

(b) De�nition: If an object is drawn at random from a �nite population of
N objects, then the objects are equally likely to be selected.

(c) If an event E consistsof a subsetof k outcomesin a samplespaceof N
equally likely outcomes,then P(E) = k=N .

(d) De�nition: Odds

i. If event E hasprobability P(E) and event F hasprobability P(F ),
then

Odds of E to F def=
P(E)
P(F )

;

provided that P(F ) > 0. Note that odds is not a probability. Rather,
odds is a ratio of probabilities.

ii. The odds of a singleevent, E, is de�ned as the odds of E to E c.
That is,

Odds of E def=
P(E)
P(E c)

=
P(E)

1 � P(E)
;

provided that P(E) < 1.



10 CHAPTER 1. PROBABILITY

2. Axioms of Probability

(a) 0 � Pr(A) � 1 for any event A.

(b) Pr(
) = 1.

(c) Additivit y: If A1 and A2 are disjoint events, then
P(A1

S
A1) = P(A1) + P(A2):

3. Relative frequencyinterpretation of probability: The relative frequencyof an
event is the proportion of times that the event hasoccurred in n independent
and identical replications of the experiment. The probability of an event is the
limiting relative frequencyof that event as n ! 1 . Speci�cally, let E be an
event and let f n (E) be the number of times that E occurred in n independent
and identical replications of the experiment. Then

Pr(E) = lim
n!1

f n (E)
n

:

Example: The Gameof Craps. Roll a pair of dice (i.e., two die). If the sum of
the dice is 7 or 11, then the player wins and the gameis over. If the sum of
the dice is 2, 3, or 12, then the player losesand the gameis over. If the sum of
the dice is anything else,then the sum is called \the point" and the game
continues. In this case,a player repeatedly rolls the pair of dice until either
the sum is either 7 or equal to the point. If a 7 occurs �rst, then the player
loses.If the point occurs �rst, then the player wins.

On the following pageis a plot of the relative frequencyof rolling a 7 or 11 on
the �rst roll. To generatethe plot, a pair of dice was rolled 1;000;000 times.
Out of all theserolls, a 7 or 11 was rolled 222;531times. If the dice are fair
(i.e., onepip, two pips, : : :, six pips are equally likely), then it can be shown
that

Pr(7 or 11 on �rst roll) =
8
36

= 0:22222: : : :
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1.4 Comp osition of Exp erimen ts: Coun ting Rules

1. Computing probabilities when the samplespaceis countable: Let

 = f ! 1; ! 2; : : :g, where! i is a simple event (i.e., an outcome). Supposethat
A is a compound event.

(a) Generalformula: From additivit y (axiom iii), it follows that

Pr(A) =
X

! i 2 A

Pr(! i ):

(b) Special case:Symmetry. Supposethat 
 contains N outcomesand the
outcomesare equally likely. This situation occurs if the experiment
consistsof selectingoneoutcomefrom 
 at random. If event A consists
of k out of the N outcomesin 
, then Pr(A) = k=N .

2. Counting Rules: Theserules are useful for computing probabilities when
outcomesare equally likely.

(a) Multiplication Rule. A composite experiment, " , is a sequenceof
sub-experiments, " 1; : : : ; " k performedsuccessively or simultaneously.
Denote the samplespacefor sub-experiment " i by 
 i and supposethat
the number of outcomesin 
 i is ni . Then, the number of outcomesin 
 is

N =
kY

i =1

ni :
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If N is not too large, then the N outcomescan be displayed with a tree
diagram.
Result: If the n1 outcomesin 
 1 are equally likely, the n2 outcomesin

 2 are equally likely, : : :, and the nk outcomesin 
 k are equally likely,
then the N possibleoutcomesare equally likely. We will prove this
important result later.

(b) Permutation Rule. A permutation is an orderedsequenceof n items
taken from N > n distinct items. The number of permutations is

(N )n = N (N � 1)(N � 2) � � � (N � n + 1) =
N !

(N � n)!
:

Result: If we selectn items from a population of N distinct items oneat
a time at random and without replacement, then the (N )n possible
samplesequencesare equally likely. We will prove this important result
later.

(c) Distinct Sequencesof Non-Distinct Items. Supposethat in a set of N
items, m1 are of type 1, m2 are of type 2, : : : ; mk are of type k, whereP k

j =1 mj = N . Then the number of distinct sequencesof the N items is
�

N
m1; m2; : : : ; mk

�
=

N !
Q k

j =1 mj !
:

� Special case:k = 2. For this special case,N = m1 + m2 and the
notation is usually simpli�ed from

�
N

m1; m2

�
to

�
N
m1

�
or

�
N
m2

�
:

Regardlessof the notation, the equation remainsthe same:
�

N
m1

�
=

�
N
m2

�
=

N !
m1!(N � m1)!

=
N !

m2!(N � m2)!
=

N !
m1!m2!

:

� Combination Rule. An unorderedsubsetof n items taken without
replacement from N � n distinct items is called a combination. The
number combinations of sizen from N distinct items is

�
N
n

�
=

N !
n!(N � n)!

Result: If we selectn items from a population of N distinct items at
random, oneat a time and without replacement, then the

� N
n

�

possiblecombinations are equally likely. We will prove this
important result later.
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3. Examples

� Straight in 5 card poker. Five cardsare dealt at random from a standard
deck of 52 cards. A straight is 5 cardsthat are in consecutive order. The
suits of the cardsare not relevant. An acecan be high or low. Thus,
there are 10 typesof straight (5 high to acehigh). Each straight can
occur 45 ways. Accordingly,

Pr(straight) =
10� 45

�
52
5

� =
10;240

2;598;960
= 0:00394�

1
254

:

� Full housein poker. Five cardsare dealt at random from a standard deck
of 52 cards. A full houseis three of a kind plus two of a kind. There are� 13

1

�
= 13 ways to choosea denomination (i.e., ace,2; : : :, king). Given a

denomination, there are
� 4

3

�
= 4 ways to choosethree cardsfrom four.

There are
� 12

1

�
= 12 ways to choosea seconddenomination and

� 4
2

�
= 6

ways to choosetwo cardsfrom four. Accordingly,

Pr(full house) =

�
13
1

��
4
3

� �
12
1

� �
4
2

�

� 52
5

� =
3;744

2;598;960
� 0:00144:

� Birthday Problem. Assumethat birthdays are uniformly distributed over
365days (this is not quite true). That is, assumethat if a personis
chosenat random, then the probability that the person'sbirthday is any
speci�c date (say October 28) is 1/365. Given a sampleof k individuals,
�nd the probability that two or more sharethe samebirthday. Solution:
If k � 365, then

Pr(one or more birthday matches) = 1 � Pr(no matches)

= 1 �
(365)k
365k = 1 �

365!
(365� k)!365k

� 1 � e� k

�
365

365� k

� 365� k� :5

:

Otherwise, if k > 365, then the probability of a match is 1. The
approximation is basedon Stirling's formula,

n! �
p

2� nn+ :5e� n :

Exact probabilities, basedon the above assumptions,are displayed on the
following page.
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k Prob k Prob k Prob
1 0:0000 21 0:4437 41 0:9032
2 0:0027 22 0:4757 42 0:9140
3 0:0082 23 0:5073 43 0:9239
4 0:0164 24 0:5383 44 0:9329
5 0:0271 25 0:5687 45 0:9410
6 0:0405 26 0:5982 46 0:9483
7 0:0562 27 0:6269 47 0:9548
8 0:0743 28 0:6545 48 0:9606
9 0:0946 29 0:6810 49 0:9658

10 0:1169 30 0:7063 50 0:9704
11 0:1411 31 0:7305 51 0:9744
12 0:1670 32 0:7533 52 0:9780
13 0:1944 33 0:7750 53 0:9811
14 0:2231 34 0:7953 54 0:9839
15 0:2529 35 0:8144 55 0:9863
16 0:2836 36 0:8322 56 0:9883
17 0:3150 37 0:8487 57 0:9901
18 0:3469 38 0:8641 58 0:9917
19 0:3791 39 0:8782 59 0:9930
20 0:4114 40 0:8912 60 0:9941

1.5 Sampling at Random

1. De�nition: Random sampling with replacemen t : Objects are drawn one
at a time at random from a population of N distinct objects. After each draw,
the object is returned to the population. Samplingstopsafter n draws.

(a) The number of distinct sequencesis N n .

(b) Each of the N n sequencesis equally likely.

(c) The probability that a speci�c object, say object i , is contained in the
sampleat least onceis

P(object i is in the sampleat least once) = 1 �
�

N � 1
N

� n

� 1 � exp
n

�
n
N

o
:

2. De�nition: Random sampling without replacemen t : Objects are drawn
oneat a time at random from a population of N distinct objects. A sampled
object is not returned to the population after it is drawn. Samplingstopsafter
n draws.
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(a) The number of distinct sequencesis (N )n = N !=(N � n)!.

(b) Each of the (N )n sequencesis equally likely.

(c) The number of distinct combinations is
� N

n

�
.

(d) Each of the
� N

n

�
combinations is equally likely.

(e) The probability that a speci�c object, say object i , is contained in the
sampleis

P(object i is in the sample) = 1 �

�
N � 1

n

�

�
N
n

� =
n
N

:

1.6 Binomial & Multinomial Coe�cien ts

1. Binomial Coe�cien ts

(a) Binomial Theorem: Let x and y be any two �nite numbers. Then,

(x + y)n =
nX

k=0

�
n
k

�
xkyn� k :

The quantities
�

n
k

�
for k = 0; 1; : : : ; n are called the binomial coe�cien ts.

To prove the theorem,we will �rst establishthe following lemma.

Lemma: Let a and b be nonnegative integersthat satisfy a > b. Then

�
a � 1
b� 1

�
+

�
a � 1

b

�
=

�
a
b

�
:

Proof: The left-hand-sideof the claim can be written as
�

a � 1
b� 1

�
+

�
a � 1

b

�
=

(a � 1)!
(b� 1)!(a � b)!

+
(a � 1)!

b!(a � b� 1)!

=
(a � 1)!

(b� 1)!(a � b)!
�

ab
ab

+
(a � 1)!

b!(a � b� 1)!
�

a(a � b)
a(a � b)

=
a! b

b!(a � b)! a
+

a! (a � b)
b!(a � b)! a

=
a!

b!(a � b)!

�
b
a

+
a � b

a

�

=
�

a
b

�
:
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Proof of Binomial Theorem: We will useproof by induction. The claim
can be stated as

(x + y)m =
mX

k=0

�
m
k

�
xkym� k for m = 0; 1; 2; : : : :

First, show that the claim is true for m = 0:

(x + y)0 = 1 and
0X

k=0

�
0
k

�
xky0� k =

�
0
0

�
x0y0 = 1:

Now, supposethat the claim is true for m = 0; 1; 2; : : : ; n � 1 and show
that the claim also is true for m = n.

(x + y)n = (x + y)(x + y)n� 1 = (x + y)
n� 1X

k=0

�
n � 1

k

�
xkyn� 1� k

=
n� 1X

k=0

�
n � 1

k

�
xk+1 yn� 1� k +

n� 1X

k=0

�
n � 1

k

�
xkyn� k

=
nX

j =1

�
n � 1
j � 1

�
x j yn� j +

n� 1X

j =0

�
n � 1

j

�
x j yn� j

=
�

n � 1
0

�
x0yn +

n� 1X

j =1

��
n � 1
j � 1

�
+

�
n � 1

j

� �
x j yn� j +

�
n � 1
n � 1

�
xny0

=
nX

j =0

�
n
j

�
x j yn� j by using the Lemma:

(b) Pascal'striangle. Binomial coe�cien ts can be generatedusing Pascal's
triangle. Each element in the following table is obtained by adding the
two entries in the precedingrow that are in the above-left and
above-right positions.

n
0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 6 4 1
5 1 5 10 10 5 1
6 1 6 15 20 15 6 1

2. Multinomial Coe�cien ts
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(a) Multinomial Theorem: Let J n
0 = f 0; 1; 2; : : : ; ng and let x1; x2; : : : ; xk be

�nite numbers. Then,

(x1 + x2 + � � � + xk)n =
X

R

�
n

m1; : : : ; mk

�
xm1

1 xm2
2 � � � xmk

k ; where

R =

(

(m1; m2; : : : ; mk); mj 2 J n
0 for each j and

kX

j =1

mj = n

)

:

The quantit y

�
n

m1; : : : ; mk

�
; where

kX

j =1

mj = n and mj 2 J n
0

is called a multinomial coe�cien t. The coe�cien ts are evaluated as
follows: �

n
m1; m2; : : : ; mk

�
=

n!
kY

j =1

mj !

:

(b) Example: Supposethat k = 3 and n = 2. Then

(x1 + x2 + x3)2 =
�

2
2; 0; 0

�
x2

1x0
2x0

3 +
�

2
0; 2; 0

�
x0

1x2
2x0

3

+
�

2
0; 0; 2

�
x0

1x0
2x2

3 +
�

2
1; 1; 0

�
x1

1x1
2x

0
3

+
�

2
1; 0; 1

�
x1

1x0
2x1

3 +
�

2
0; 1; 1

�
x0

1x1
2x

1
3

= x2
1 + x2

2 + x2
3 + 2x1x2 + 2x1x3 + 2x2x3:

1.7 Discrete Probabilit y Distributions

1. Components of a DiscreteProbability Model

(a) A countable samplespace,
 = f ! 1; ! 2; : : :g

(b) A nonnegative number P(! ) assignedto each outcomesuch thatP
P(! i ) = 1.

2. If E is an event in a discreteprobability model, then

P(E) =
X

! 2 E

P(! ):
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3. Axioms of Probability

(a) 0 � Pr(A) � 1 for any event A.

(b) Pr(
) = 1.

(c) Additivit y

� Finite: If A i for i = 1; : : : ; k are mutually disjoint, then

Pr

 
k[

i =1

A i

!

=
kX

i =1

Pr(A i ):

� In�nite: If A i for i = 1; : : : ; 1 are mutually disjoint, then

Pr

 
1[

i =1

A i

!

=
1X

i =1

Pr(A i ):

4. Implications of the Axioms

� Pr(E c) = 1 � Pr(E). Proof:
Pr(
) = 1 = Pr(E [ E c) = Pr(E) + Pr(E c) =) Pr(E c) = 1 � Pr(E).
Corollary: Pr(; ) = 0. Corollary: If A and B are disjoint, then
Pr(A \ B) = 0

� If E � F ,then P(E) � P(F ). Proof: E � F =) F =
(E \ F ) [ (E c \ F ) = E [ (E c \ F ) =) Pr(F ) = Pr(E) + Pr(E c \ F )
becauseE is disjoint from E c \ F .

� Pr(A [ B) = Pr(A) + Pr(B) � Pr(A \ B) for any events A and B. Proof:
note that A = (A \ B) [ (A \ B c) and B = (A \ B) [ (Ac \ B ).
Accordingly Pr(A) = Pr(A \ B) + Pr(A \ B c) and
Pr(A \ B c) = Pr(A) � Pr(A \ B) becauseA \ B is disjoint from A \ B c.
Similarly, Pr(B) = Pr(A \ B) + Pr(Ac \ B ) and
Pr(Ac \ B ) = Pr(B) � Pr(A \ B). Lastly, note that
A [ B = (A \ B) [ (A \ B c) [ (Ac \ B ). Thesethree events are mutually
disjoint, so

Pr(A [ B) = Pr(A \ B) + Pr(A \ B c) + Pr(Ac \ B )

= Pr(A \ B) + Pr(A) � Pr(A \ B) + Pr(B) � Pr(A \ B)

= Pr(A) + Pr(B) � Pr(A \ B):

5. Law of Total Probability: Let F1; : : : ; Fk be a partition of 
. Then

Pr(A) =
kX

i =1

Pr(A \ Fi ):
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1.8 Sub jectiv e Probabilit y

1. The relative frequencyapproach to probability requiresthat experiments be
repeatable. Subjective probabilities do not have this requirement.

2. Subjective probabilities obey the sameaxiomsasother probabilities
(otherwise, they wouldn't be probabilities).

3. Eliciting a subjective probability: To �nd Pr(E), considerthe following
situation. Let E be an event. Supposethat you and a friend placea bet. Your
friend contributes $100and you contribute $B. If E occurs, then you win
$(100+ B). If E c occurs, then your friend wins $(100+ B). What is the
maximum amount that you are willing to bet in this game?That is, what is
the maximum $B that you will contribute. After you have chosen$B, then
your subjective probability is computedas Pr(E) = B=(100+ B).

4. Probability of a hypothesis. Let H be a hypothesisin an empirical
investigation. For example,H = \A speci�c teaching method that usesan
online component is superior on averageto another teaching method that does
not usethe online component." Bayesianscan speak about Pr(H ) because
Pr(H ) re
ects prior beliefs(i.e., prior to collecting data) about the hypothesis.
Frequentists cannot speak about Pr(H ) except to say that either Pr(H ) = 1 or
Pr(H ) = 0 becausethe event H is either true or false. It is not true sometimes
and falsesometimes.

5. Odds at the racetrack. The heading\Odds Against" in the table on page35 of
the text is incorrect. It should simply be \Odds." The odds against the horse
winning are 22 to 10, 22 to 10, 27 to 5, etc.

6. Examplesof Racetrack odds. To construct the following tables, it was
assumedthat the track handle is 17%. That is, the track takes17%of the
moneybet, regardlessof which horsewins.

For �v e horses,the generaltable is set up as follows.
Betters' Perspective Track Perspective

Amoun t Odds Odds Payo�
Horse Bet Prob Odds Against Prob Odds Against $2

A $K A
K A

T

K A

T � K A

T � K A

K A

K A

0:83T

K A

0:83T � K A

0:83T � K A

K A
2 + 2

0:83T � K A

K A

B $K B
K B

T

K B

T � K B

T � K B

K B

K B

0:83T

K B

0:83T � K B

0:83T � K B

K B
2 + 2

0:83T � K B

K B

C $K C
K C

T

K C

T � K C

T � K C

K C

K C

0:83T

K C

0:83T � K C

0:83T � K C

K C
2 + 2

0:83T � K C

K C

D $K D
K D

T

K D

T � K D

T � K D

K D

K D

0:83T

K D

0:83T � K D

0:83T � K D

K D
2 + 2

0:83T � K D

K D

E $K E
K E

T

K E

T � K E

T � K E

K E

K E

0:83T

K E

0:83T � K E

0:83T � K E

K E
2 + 2

0:83T � K E

K E

Tot $T 1
1

0:83
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Note that the track violates the probability axioms.

Example 1

Betters' Perspective Track Perspective
Amount Odds Odds Payo�

Horse Bet Prob Odds Against Prob Odds Against $2

A $500
1
2

1
1

1
1

0:6024 1:5152 0:66 3:32

B $250
1
4

1
3

3
1

0:3012 0:4310 2:32 6:64

C $100
1
10

1
9

9
1

0:1205 0:1370 7:30 16:60

D $100
1
10

1
9

9
1

0:1205 0:1370 7:30 16:60

E $50
1
20

1
19

19
1

0:0602 0:0641 15:60 33:20

Tot $1000 1
1

0:83

Example 2

Betters' Perspective Track Perspective
Amount Odds Odds Payo�

Horse Bet Prob Odds Against Prob Odds Against $2

A $20
5
16

5
11

11
5

0:3765 0:6039 1:6560 5:312

B $20
5
16

5
11

11
5

0:3765 0:6039 1:6560 5:312

C $10
5
32

5
27

27
5

0:1883 0:2319 4:312 10:624

D $10
5
32

5
27

27
5

0:1883 0:2319 4:312 10:624

E $4
1
16

1
15

15
1

0:0753 0:0814 12:28 26:56

Tot $64 1
1

0:83

Example 3
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Betters' Perspective Track Perspective
Amount Odds Odds Payo�

Horse Bet Prob Odds Against Prob Odds Against $2

A $1920
96
100

24
1

1
24

1:1566 � 7:3846 � 0:1354 1:7292

B $60
3

100
3
97

97
3

0:0361 0:0375 26:6667 55:3333

C $10
1

200
1

199
199
1

0:0060 0:0061 165:00 332:00

D $8
1

250
1

249
249
1

0:0048 0:0048 206:50 415:00

E $2
1

1000
1

999
999
1

0:0012 0:0012 829:00 1660:00

Tot $2000 1
1

0:83
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Chapter 2

Discrete Random Variables

1. De�nition: A Random Variable is a characteristic of the outcomeof an
experiment.

2. Notation: Usecapital letters to denoterandom variables(rvs). Example:
X (! ) is a rv. Usesmall letters to denotea realization of the random variable.

3. Example: Considerthe experiment of choosinga student at random from a
classroom. Then 
 = f Jack; Dolores; : : :g. Let X (! ) be a characteristic of
student ! . Then X (! ) is a rv.

4. Typesof random variables

(a) CategoricalversusNumerical

� X (! ) = genderof selectedstudent is a categoricalrandom variable
and X (! 2) = x2 = \female" is a realization of the random variable.

� Y(! ) = ageof selectedstudent is a numerical random variable and
Y(! 1) = y1 = 19:62 is a realization of the random variable.

(b) Continuous versusDiscrete

� If the possiblevaluesof a rv are countable, then the rv is discrete.
� If the possiblevaluesof a rv are contained in open subsets(or half

open subsets)of the real line, then the rv is continuous.

2.1 Probabilit y Functions

1. De�nition: The probabilit y function (p.f.) of a discreterv assignsa
probability to the event X (! ) = x. The p.f. is denotedby f X (x) and is
de�ned by

f X (x) def= Pr[X (! ) = x] =
X

X (! )= x

Pr(! ):

23
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This function also is called a probability massfunction (pmf). The
terminology pmf appearsto be more often usedthan p.f., so I will usepmf
rather than p.f.

2. The pmf can be an equation, a table, or a graph that shows how probability is
assignedto possiblevaluesof the random variable.

3. The distribution of probabilities acrossall possiblevaluesis called the
probabilit y distribution . A probability distribution may be displayed as
(a) a table, (b) a graph, or (c) an equation.

4. Examples

(a) Example: Roll a fair four sideddie twice. The facevalueson the die are
1, 2, 3, and 4. The samplespaceis 
 = f (1; 2); (1; 2); : : : ; (4; 4)g. Note
that #(
) = 16 and each outcome! = (! 1; ! 2) is equally likely. Let
X (! ) = max(! 1; ! 2). Find the pmf of X . Solution:

x f X (x)
1 1=16
2 3=16
3 5=16
4 7=16

Total 1

(b) Example: Choosea baby nameat random from

 = f John; Josh; Thomas; William g. Let X (! ) =�rst letter of name.
Then P(X = J) = 0:5.

5. Support of the distribution: The set of possiblevaluesof X that have non-zero
probability is called the support of the distribution. We will denotethis set by
S. That is,

S = f x; f (x) > 0g:

The support of a random variable is analogousto the samplespaceof an
experiment. Note, f X (x) is abbreviatedas f (x). This convention will be
followed if it is clear that the pmf f (x) refersto the random variable X .

6. Properties of a pmf

� f (x) � 0 for all x. This property alsocan be written as f (x) � 0 8x.

�
X

x2 S

Pr(X = x) = 1.
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7. Indicator Function:

I A (a) =

(
1 if a 2 A;

0 otherwise:

8. Application of indicator function. Consider,again, the random variable
X (! ) = max(! 1; ! 2), where(! 1; ! 2) is an outcomewhen rolling a fair
four-sideddie twice. The pmf of X is

f X (x) =

(
2x� 1

16 if x = 1; 2; 3; 4

0 otherwise

=
2x � 1

16
I f 1;2;3;4g(x):

2.2 Join t Distributions

1. Joint Probability Functions: Let X and Y be discreterandom variables
de�ned on SX and SY , respectively. Then the joint pmf (or p.f.) of (X ; Y) is
de�ned as

f X ;Y (x; y) def= Pr[X (! ) = x; Y(! ) = y] = Pr(X = x; Y = y):

Note, joint distributions can be extendedfrom the bivariate case(above) to
the generalmultiv ariate case.A joint pmf satis�es

f (x; y) � 0 for all pairs (x; y) and
X

(x;y )2 S

f (x; y) = 1; where

S = SX � SY = f (u; v); u 2 SX ; v 2 SY g:

Note: The set S = SX � SY could include (x; y) pairs that have probability
zero. If so, then the true support is a subsetof S.

Example: Two way table for powerball. Seeproblem 1-R11on page39. Let
X (! ) = number of matchesout of 5 on �rst drawing and Y(! ) = number of
matchesout of 1 on seconddrawing. Then

f X ;Y (x; y) = P(X = x; Y = y) =

�
5
x

��
40

5 � x

��
1
y

� �
44

1 � y

�

�
45
5

� �
45
1

� I f 0;1;:::;5g(x)I f 0;1g(y);

wherex = 0; : : : ; 5 and y = 0; 1. For other valuesof x and y, the probability is
zero. Theseprobabilities, multiplied by 54;979;155,are given below:
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y
x 0 1 Sum
0 28;952;352 658;008 29;610;360
1 20;105;800 456;950 20;562;750
2 4;347;200 98;800 4;446;000
3 343;200 7;800 351;000
4 8;800 200 9;000
5 44 1 45

Sum 53;757;396 1;221;759 54;979;155

In decimal form, the probabilities are

y
x 0 1 Sum
0 0:526605984 0:011968318 0:538574301
1 0:365698600 0:008311332 0:374009932
2 0:079069968 0:001797045 0:080867012
3 0:006242366 0:000141872 0:006384238
4 0:000160061 0:000003638 0:000163698
5 0:000000800 0:000000018 0:000000818

Sum 0:977777778 0:022222222 1:000000000

2. Marginal pmf: Sum the joint pmf over all other variablesto obtain the
marginal pmf of onerandom variable.

(a) f X (x) =
X

y2 SY

f (x; y).

(b) f Y (y) =
X

x2 SX

f (x; y).

(c) f Z (z) =
X

x2 SX

X

y2 SY

f X ;Y;Z (x; y; z).

3. Example 1: The marginal pmfs for the powerball problem are

f X (x) =
1X

y=0

f X ;Y (x; y) = P(X = x) =

�
5
x

� �
40

5 � x

�

�
45
5

� I f 0;1;:::;5g(x) and

f Y (y) =
5X

x=0

f X ;Y (x; y) = P(Y = y) =

�
1
y

��
44

1 � y

�

�
45
1

� I f 0;1g(y):
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The numerical valuesof thesepmfs are displayed in the margins of the tables
on page26.

4. Example 2: Supposethat

f X ;Y (i; j ) =

8
<

:

2(i + 2j )
3n(n + 1)2

i = 0; 1; : : : ; n and j = 0; 1; : : : ; n

0 otherwise.
:

Usethe result
nX

i =0

i =
nX

i =1

i =
n(n + 1)

2

to obtain

f X (i ) =

8
<

:

2(n + i )
3n(n + 1)

i = 0; 1; : : : ; n

0 otherwise.
and

f Y (j ) =

8
<

:

n + 4j
3n(n + 1)

j = 0; 1; : : : ; n

0 otherwise.
:

2.3 Conditional Probabilit y

1. De�nitions:

P(! jB ) def=

8
<

:

P(! )
P(B)

if ! 2 B

0 otherwise.

P(AjB) def=
P(A

T
B)

P(B)
provided that P(B) > 0:

Thesequantities are read as \probabilit y of ! given B" and \probabilit y of A
given B." Think of B as the new samplespaceand then re-scaleP(! ) and
P(A

T
B) relative to P(B).

2. Examples:

(a) I will do #2.15 on page58 in class.

(b) I will do #2.17 on page58 in class.

(c) Lets Make a Deal. Note: this is not the samegamethat is described on
page79 of the text. An SUV is randomly placedbehind oneof three
identical doors. Goats are placedbehind the other two doors. You choose
a door (say door 1) and will win the item behind the door after it is
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opened. Beforeyour door is opened,however, Monte Hall revealsa goat
behind oneof the two remaining doors (either door 2 or door 3). If he
revealsa goat behind door 2, then he givesyou the option of switching
from door 1 to door 3. If he revealsa goat behind door 3, then he gives
you the option of switching from door 1 to door 2. To maximize the
probability of winning the SUV, should you stick with your original
choiceor should you switch? Assumethat Monte knows wherethe SUV
is; he always revealsa goat; and he never revealsthe content behind the
door that you choose.
Solution: Let C = i (C for choose)be the event that your initial choiceis
door i . Let S = i (S for SUV) be the event that the SUV is behind door
i . Let R = i (R for reveal) be the event that Monte revealsa goat behind
door i . Conditional on C = 1, the table of joint probabilities for (R; S) is
as follows

S
1 2 3 Sum

1 0 0 0 0

R 2 p1 0 1
3

1
3 + p1

3 1
3 � p1

1
3 0 2

3 � p1

Sum 1
3

1
3

1
3 1

In the above table, the value of p1 must satisfy p1 2 (0; 1
3). If Monte

choosesa door at random when S = 1, then p1 = 1
6 . Accordingly,

P(S = 1jC = 1) =
1
3

;

P(S 6= 1jC = 1) = 1 � P(S = 1jC = 1) =
2
3

:

If your strategy is to stay with door 1, then you win the SUV with
probability 1

3. If your strategy is to switch, then you will win the SUV if
S 6= 1 becauseyou always switch to the correct door. This event has
probability 2

3. Therefore,the best strategy is to switch. For more
information, go to < http://math.rice.edu/ � ddonovan/montyurl.html> .

3. Multiplication Rule

(a) Two events: P(E \ F ) = P(F jE)P(E) = P(EjF )P(F ).

(b) More than two events: P(
k\

i =1

E i ) = P(E1)
kY

j =2

P(E j j
j � 1\

i =1

E j ). For example,

with 4 events,

P(E1; E2; E3; E4) = P(E1) � P(E2jE1) � P(E3jE1; E2) � P(E4jE1; E2; E3):
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4. Applications of Multiplication rule

(a) If samplesare selectedat random oneat a time without replacement,
then all sequencesare equally likely.

Proof: The number of distinct sequencesof n objects selectedfrom N
objects is (N )n . Label the N objects aso1; o2; : : : ; oN . Label the �rst
selectionasS1, the secondselectionas S2, etc. Then

(S1 = oi 1 ; S2 = oi 2 ; S3 = oi 3 ; : : : ; Sn = oi n )

is a sequenceprovided that the subscriptsi 1; i2; : : : ; in are all distinct.
For example,if N = 100and n = 3, then (S1 = o23; S2 = o14; S3 = o89) is
a sequence.Using the multiplication rule, the probability of a sequence
can be written as follows:

P(S1 = oi 1 ; S2 = oi 2 ; S3 = oi 3 ; : : : ; Sn = oi n )

= P(S1 = oi 1 ) � P(S2 = oi 2 jS1 = oi 1 ) � P(S3 = oi 3 jS1 = oi 1 ; S2 = oi 2 )

� � � � � P(Sn = oi n jS1 = oi 1 ; : : : ; Sn� 1 + oi n � 1 )

=
1
N

�
1

N � 1
�

1
N � 3

� � � � �
1

N � n + 1
=

(N � n)!
N !

=
1

(N )n
:

Accordingly, all sequencesare equally likely.

(b) If samplesare selectedat random without replacement, then all
combinations are equally likely.

Proof: The unorderedset

(oi 1 ; oi 2 ; : : : ; oi n )

is a combination provided that the subscriptsi 1; i2; : : : ; in are all distinct.
The number of distinct combinations is

� N
n

�
and the objects in each

combination can be orderedin n! ways. Therefore,each combination
corresponds to n! sequencesand

P(oi 1 ; oi 2 ; : : : ; oi n ) = n!� P(S1 = oi 1 ; S2 = oi 2 ; : : : ; Sn = oi n ) =
n!

(N )n
=

1
� N

n

� :

Accordingly, each combination is equally likely.

5. Conditional pmf: Let X and Y be discreterandom variables. Then,

f X jY (xjy) def= P(X = xjY = y) =
f X ;Y (x; y)

f Y (y)
=

P(X = x; Y = y)
P(Y = y)

:
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2.4 Bayes Theorem (La w of In verse Probabilit y)

BayesTheoremanswers the question|Ho w do you expressP(EjF ) in terms of
P(F jE)?

1. BayesTheoremstatesthat

P(EjF ) =
P(F jE)P(E)

P(F jE)P(E) + P(F jE c)P(E c)
:

Proof:

P(E jF ) =
P(E \ F )

P(F )
by the de�nition of conditional probability

=
P(F jE)P(E)

P(F )
by the multiplication rule

=
P(F jE)P(E)

P(F \ E) + P(F \ E c)
by the law of total probability

=
P(F jE)P(E)

P(F jE)P(E) + P(F jE c)P(E c)
by the multiplication rule.

2. More generally, BayesTheoremstatesthat if E1; E2; : : : ; En is a partition of

, then

Pr(Ek jF ) =
Pr(F jEk) Pr(Ek)
nX

i =1

Pr(F jE i ) Pr(E i )

:

Furthermore, the conditional odds of E i to E j is

Odds of E i to E j conditional on F =
P(E i jF )
P(E j jF )

=
P(F jE i )
P(F jE j )

�
P(E i )
P(E j )

:

2.5 Statistical Indep endence of Random
Variables

1. De�nition: Two random variables,X and Y, are independent if and only if
(i� ) f X ;Y (x; y) = f X (x)f Y (y) for all (x; y) 2 SX ;Y . To denoteindependence,
we write X Y.

2. De�nition: k random variables,X 1; X 2; : : : ; X k , are mutually independent i�

f (x1; : : : ; xk) =
kY

i =1

f i (x i ) for all (x1; : : : ; xk) 2 SX 1 ;:::;X k .
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3. Example: Considera random variable X with pmf f X (x). Let X 1; X 2; : : : ; X n

be a sequenceof random variablesobtained by samplingat random from f X .
Then, X 1; : : : ; X n are independent random variablesand their joint
distribution is f X 1 ;:::;X n (x1; : : : ; xn ) =

Q n
i=1 f X (x i ).

4. Independent Events. Let E1; E2; : : : ; Ek be events. A set of indicator random
variables,X 1; : : : ; X k can be de�ned as

X i =

(
1 if E i occurs,and

0 otherwise.

Then the events E1; E2; : : : ; Ek are mutually independent if and only if the
indicator variablesX 1; : : : ; X k are mutually independent.

5. Result: Let A and B be events. Then A B if and only if
P(A \ B) = P(A)P(B).

Proof: De�ne the random variablesX and Y as

X =

(
1 if A occurs,

0 otherwise
and Y =

(
1 if B occurs,

0 otherwise.

First, assumethat A B. Then

A B ( ) X Y

=) P(A \ B) = f X ;Y (1; 1) = f X (1)f Y (1) = P(A)P(B):

Second.assumethat P(A \ B) = P(A)P(B). Then,

P(A \ B) = P(A)P(B) =) f X ;Y (1; 1) = f X (1)f Y (1):

Usethis result to �ll in the two-by-two table of joint and marginal
probabilities:

X = 0 X = 1
Y = 0 f Y (0)
Y = 1 f X (1)f Y (1) f Y (1)

f X (0) f X (1) 1

=)

X = 0 X = 1
Y = 0 f X (1) � f X (1)f Y (1) f Y (0)
Y = 1 f X (1)f Y (1) f Y (1)

f X (0) f X (1) 1

by subtraction

=)

X = 0 X = 1
Y = 0 f X (1)f Y (0) f Y (0)
Y = 1 f X (1)f Y (1) f Y (1)

f X (0) f X (1) 1

because1 � f Y (1) = f Y (0)
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=)

X = 0 X = 1
Y = 0 f Y (0) � f X (1)f Y (0) f X (1)f Y (0) f Y (0)
Y = 1 f X (1)f Y (1) f Y (1)

f X (0) f X (1) 1

by subtraction

=)

X = 0 X = 1
Y = 0 f Y (0)f X (0) f X (1)f Y (0) f Y (0)
Y = 1 f X (1)f Y (1) f Y (1)

f X (0) f X (1) 1

because1 � f X (1) = f X (0)

=)

X = 0 X = 1
Y = 0 f Y (0)f X (0) f X (1)f Y (0) f Y (0)
Y = 1 f X (0) � f Y (0)f X (0) f X (1)f Y (1) f Y (1)

f X (0) f X (1) 1

by subtraction

=)

X = 0 X = 1
Y = 0 f Y (0)f X (0) f X (1)f Y (0) f Y (0)
Y = 1 f X (0)f Y (1) f X (1)f Y (1) f Y (1)

f X (0) f X (1) 1

because1 � f Y (0) = f Y (1)

=) X Y becausef X ;Y (x; y) = f X (x)f Y (y) for x = 0; 1; y = 0; 1

=) A B:

6. Example: Roll two distinct fair 6-sideddice. Let E1 be the event that the �rst
die is odd, et E2 be the event that the seconddie is even, and let E3 be the
event that there exactly oneodd and oneeven die occur. Are theseevents
mutually independent? Are there any pairs of events that are independent?

2.6 Exchangeabilit y

1. De�nition: Two random variables,X and Y, are said to be exchangeablei�
f X ;Y (x; y) = f X ;Y (y; x) for all (x; y) 2 SX ;Y . Note, if X and Y are
exchangeable,then SX ;Y = SY;X .

2. De�nition: n random variables,X 1; : : : ; X n are said to be exchangeablei�
f X 1 ;:::;X n (x1; : : : ; xn ) = f X 1 ;:::;X n (x �

1; : : : ; x �
n ) for all (x1; : : : ; xn ) 2 SX 1 ;:::;X n and

for all (x �
1; : : : ; x �

n ), where(x �
1; : : : ; x �

n ) is a permutation of (x1; : : : ; xn ). Note,
the equality must be satis�ed for all n! permutations.

3. Result: If X 1; : : : ; X n are exchangeable,then the marginal distributions of
each X i are identical. Also, the joint distributions of any subsetof k X s is the
sameas the distribution of any other set of k X s, wherek can be 1; 2; : : : ; n.

Proof that bivariate marginalsare identical when 3 random variablesare
exchangeable:Recall, that the joint pmf of X 1 and X 2 is obtained from the
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joint pmf of X 1, X 2, and X 3 as follows:

f X 1 ;X 2 (x1; x2) =
X

x32 SX 3

f X 1 ;X 2 ;X 3 (x1; x2; x3):

If X 1, X 2, and X 3 are exchangeable,then

f X 1 ;X 2 ;X 3 (x1; x2; x3) = f X 1 ;X 2 ;X 3 (x1; x3; x2) and

f X 1 ;X 2 (x1; x2) =
X

x32 SX 3

f X 1 ;X 2 ;X 3 (x1; x3; x2) = f X 1 ;X 3 (x1; x2):

Also,

f X 1 ;X 2 ;X 3 (x1; x2; x3) = f X 1 ;X 2 ;X 3 (x3; x1; x2) and

f X 1 ;X 2 (x1; x2) =
X

x32 SX 3

f X 1 ;X 2 ;X 3 (x3; x1; x2) = f X 2 ;X 3 (x1; x2):

Accordingly, exchangeability implies that

f X 1 ;X 2 (x1; x2) = f X 1 ;X 3 (x1; x2) = f X 2 ;X 3 (x1; x2):

In the samemanner, it can be shown that exchangeability implies that

f X 1 (x1) = f X 2 (x1) = f X 3 (x1):

4. Example 1: If X 1; : : : ; X n are independently and identically distributed (iid ),
then X 1; : : : ; X n are exchangeable.

5. Example 2: Considerthe procedureof samplingat random without
replacement from a �nite population of sizeN . Let X 1; X 2; : : : ; X n be the
�rst, second,etc selectionand let x1; : : : ; xn be the population units. The
random variablesare not independent but the random variablesare
exchangeable.For example

f X 1 ;X 2 (x i ; x j ) = f X 1 (x i )f X 2 jX 1 (x j jX 1 = x i )

=
�

1
N

� �
1

N � 1

�
=

1
N (N � 1)

and

f X 1 ;X 2 (x j ; x i ) = f X 1 (x j )f X 2 jX 1 (x i jX 1 = x j )

=
�

1
N

� �
1

N � 1

�
=

1
N (N � 1)

:
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2.7 Application: Probabilit y of Winning in Craps

1. Recall, the rules of the gameare as follows. Roll a pair of dice (i.e., two die).
If the sum of the dice is 7 or 11, then the player wins and the gameis over. If
the sum of the dice is 2, 3, or 12, then the player losesand the gameis over. If
the sum of the dice is anything else,then the sum is called \the point" and
the gamecontinues. In this case,a player repeatedly rolls the pair of dice until
either the sum is either 7 or equal to the point. If a 7 occurs �rst, then the
player loses.If the point occurs �rst, then the player wins.

2. The samplespacewhen rolling two dice is


 = f (1; 1); (1; 2); (2; 1); : : : ; )6; 6)g:

If the dice are fair, then the 36 outcomesare equally likely. Let Y(! ) be the
sum of the two dice on the �rst roll. It is easyto show that the pmf for Y is

y f Y (y) y f Y (y)
2 1=36 8 5=36
3 2=36 9 4=36
4 3=36 10 3=36=
5 4=36 11 2=36
6 5=36 12 1=36
7 6=36

Alternativ ely,

f Y (y) =
6 � jx � 7j

36
I f 2;3;:::;12g(x):

3. Let X (! ) be the sum of the dice on the last roll of the game. Then the joint
support for (Y; X ) is

SY;X = f (2; 2); (3; 3); (4; 4); (4; 7); (5; 5); (5; 7); (6; 6); (6; 7);

(7; 7); (8; 8); (8; 7); (9; 9); (9; 7); (10; 10); (10; 7); (11; 11); (12; 12)g:

The winning (Y; X ) valuesare

(4; 4); (5; 5); (6; 6); (7; 7); (8; 8); (9; 9); (10; 10); and (11; 11):

The losing (Y; X ) valuesare

(2; 2); (3; 3); (4; 7); (5; 7); (6; 7); (8; 7); (9; 7); (10; 7); and ; (12; 12):



2.7. APPLICA TION: PR OBABILITY OF WINNING IN CRAPS 35

4. Supposethat the �rst roll yields a 4. Then the gamecontinuesuntil a 7 or
another 4 is rolled. Denotea non-4, non-7 by N . Then the gameis won if a
sequencesuch as f 4; 4g, f 4; N; 4g, f 4; N; N; 4g, f 4; N; N; N; 4g etc is observed.
Note that P(N ) = 1 � P(4) � P(7) = 27=36. In any case,the �rst roll is a 4
and the last role is a 4. That is, Y = 4 and X = 4. The probability that
Y = 4 and X = 4 can be computedas follows:

f Y;X (4; 4) = Pf 4; 4g + Pf 4; N; 4g + Pf 4; N; N; 4g + Pf 4; N; N; N; 4g + � � �

=
�

3
36

� 2

+
�

3
36

� 2 �
27
36

�
+

�
3
36

� 2 �
27
36

� 2

+
�

3
36

� 2 �
27
36

� 3

� � �

=
�

3
36

� 2 1X

i =0

�
27
36

� i

=
�

3
36

� 2 1

1 �
�

27
36

� by the geometricseriesresult

=
1
36

:

Furthermore, the conditional probability of winning, given that the point is 4
is

f X jY (4j4) =
f Y;X (4; 4)

f Y (4)
=

1=36
3=36

=
1
3

:

Accordingly,

f X jY (xj4) =

8
><

>:

1
3 if x = 4
2
3 if x = 7

0 otherwise.

:

5. The probabilities f Y;X (y; y) are summarizedin the following table. The
probabilities that correspond to a win are summed.The result is

P(Win) =
244
495

= 0:5 �
7

990
� 0:4929:
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Point: y f Y;X (y; y) Winning Outcomes
2 1

36

3 2
36

4 1
36

1
36

5 2
45

2
45

6 25
396

25
396

7 6
36

1
6

8 25
396

25
396

9 2
45

2
45

10 1
36

1
36

11 2
36

2
36

12 1
36

Total 244
495



Chapter 3

Exp ectations of Discrete Random
Variables

3.1 The Mean

1. De�nition: The expectedvalue of X is de�ned as E(X ) def=
X

x2 S

xf X (x) if the

expectation exists.

2. Alternativ e de�nition: E(X ) def=
X

! 2 


X (! )P(! ) if the expectation exists.

3. Properties of expectations: Let a, b, and c be constants. Then

� E(c) = c.

� E(aX + c) = aE(X ) + c if the expectation exists.

� E(X + Y) = E(X ) + E(Y) if the expectations exist.

� E(aX + bY + c) = aE(X ) + bE(Y) + c if the expectations exist.
Proof: Assumethat the expectations exist. Then,

E(aX + bY + c) =
X

! 2 


[aX (! ) + bY(! ) + c] P(! )

= a
X

! 2 


X (! )P(! ) + b
X

! 2 


Y(! )P(! ) + c
X

! 2 


P(! )

= aE(X ) + bE(Y) + c:

4. Examples

� If X i for i = 1; : : : ; n are random variables,then E

 
nX

i =1

X i

!

=
nX

i =1

E(X i ).

37
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� Example: Play 100gamesof crapsat $1 per game. Let X i be the amount
won on gamei . That is,

X i =

(
1 if gamei is won, and

� 1 if gamei is lost.

Find the total expectedreturn.

5. More Examples: f X ;Y (i; j ) = 2(i + 2j )=[3n(n + 1)2] for i = 0; : : : ; n and
j = 0; : : : ; n. It can be shown that f X (i ) = 2(i + n)=[3n(n + 1)] for i = 0; : : : ; n
and that f Y (j ) = (n + 4j )=[3n(n + 1)] for j = 0; : : : ; n. Accordingly,

E(X ) =
nX

i =0

2(i2 + ni )
3n(n + 1)

=
5n + 1

9
and E(Y) =

nX

i =0

nj + 4j 2

3n(n + 1)
=

11n + 4
18

:

To verify the above results, use
nX

i =0

i2 = n(n + 1)(2n + 1)=6.

6. Center of gravit y interpretation: DenoteE(X ) by � . Then, E(X � � ) = 0.
The sum of the positive deviations and the sum of the negative deviations are
equal in absolutevalue. To balancethe distribution, placethe fulcrum at � .

7. Symmetric distributions.

� The distribution of X is said to be symmetric around a if
f X (a � y) = f X (a + y) for all y.

� Supposethat f X (a � y) = f X (a + y) for all y. Then, E(X ) = a.
Proof: First, note that symmetry implies that

a � y 2 SX ( ) a + y 2 SX :

The expectedvalue of X is

E(X ) =
X

x2 SX

xf X (x) =
X

x 2 SX
x<a

xf X (x) + af X (a) +
X

x 2 S X
x>a

xf X (x):

Write x as x = (a � y) in the �rst sum. Then a � y < a =) y > 0. Write
x as a + y in the secondsum. Then, a + y > a =) y > 0. Accordingly,
the expectation is

E(X ) =
X

a � y 2 SX
y > 0

(a � y)f X (a � y) + af X (a) +
X

a+ y 2 SX
y > 0

(a + y)f X (a + y)

=
X

a � y 2 SX
y > 0

(a � y + a + y)f X (a � y) + af X (a)
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becausea � y 2 SX ( ) a + y 2 SX and f X (a � y) = f X (a + y)

= 2a
X

a � y 2 SX
y > 0

f X (a � y) + af X (a)

= a
X

a � y 2 SX
y > 0

f X (a � y) + af X (a) + a
X

a+ y 2 SX
y > 0

f X (a + y)

becausea � y 2 SX ( ) a + y 2 SX and f X (a � y) = f X (a + y)

= a
X

x 2 S X
x<a

f X (x) + af X (a) + a
X

x 2 S X
x>a

f X (x)

= a

2

4
X

x 2 SX
x<a

f X (x) + f X (a) +
X

x 2 S X
x>a

f X (x)

3

5

= a
X

x2 SX

f X (x) = a � 1 = a:

8. E(X ) neednot exist. Example: double or nothing gamble. Play a gamein
which the probability of winning is � . Bet $1 on the game. If you win, then
collect $2. If you lose,double the bet and play again. Continue to play the
gameuntil you win. Let X = total amount bet beforeyou �nally win. Find
E(X ).

Solution: The probability of winning on the i th gameis the probability of
losing on each of the �rst i � 1 gamesand winning on the i th game. The games
are independent, so this probability is (1 � � ) i � 1� . The support set for X is

SX = f 1; 3; 7; 15; 31; : : :g = f 21 � 1; 22 � 1; 23 � 1; 24 � 1; : : :g:

For example,if you win on game3, then you bet $1 on game1, $2 on game2,
and $4 on game3. The total amount bet is 1 + 2 + 4 = $7. The table below
summarizesthe pmf of X .

Game Amount Bet x: Total Bet f X (x)
1 1 1 �
2 2 3 (1 � � )�
3 4 7 (1 � � )2�
4 8 15 (1 � � )3�
5 16 31 (1 � � )4�
...

...
...

...
i 2i � 1 2i � 1 (1 � � ) i � 1�
...

...
...

...
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The expectedvalue of X is

E(X ) =
1X

i =1

x i f X (x i ) =
1X

i =1

�
2i � 1

�
(1 � � ) i � 1�

= �
1X

i =1

2i (1 � � ) i � 1 � �
1X

i =1

(1 � � ) i � 1

= 2�
1X

i =0

2i (1 � � ) i � �
1X

i =0

(1 � � ) i

=

(
2�

�
1

1� 2(1� � )

�
� 1 if 2(1 � � ) < 1;

1 � 1 if 2(1 � � ) � 1

=

(
1

2� � 1 if 2(1 � � ) < 1;

1 if 2(1 � � ) � 1.

9. Conditional Expectation: E(X jY = y) =
X

x2 SX

xf X jY (xjy). Note that

E(X jY = y) is a function of y.

3.2 Exp ectation of a Function

1. If X is a discreterandom variable, then g(X ) is just another discreterandom
variable. That is g(X ) = g[X (! )] = Y(! ) for somefunction Y.

2. E[g(X )] = E(Y) =
X

!

Y(! )P(! ) =
X

y2 SY

y
X

! ;Y (! )= y

P(! ) =
X

y2 SY

yf Y (y)

3. Result:

E[g(X )] =
X

x2 SX

g(x)f X (x):

Proof:

E[g(X )] =
X

! 2 


g[X (! )] P(! ) by de�nition

=
X

x2 SX

g(x)
X

! ;X (! )= x

P(! ) by reorderingthe terms in the summation

=
X

x2 SX

g(x)f X (x):
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4. Caution: In generalE[g(X )] 6= g[E(X )]. For example,if g(X ) = 1=X, then

E[g(X )] =
X

x2 SX

1
x

f X (x) 6= g[E(X )] =
1

E(X )
=

1
X

x2 SX

xf X (x)
:

If g(X ) is a linear function, however, then E[g(X )] = g[E(X )]. That is, if
g(X ) = a + bX, wherea and b are constants, then

E[g(X )] = E(a + bX) = a + bE(X ) = g[E(X )]:

5. Utilities: The subjective value of the random variable X is called the utilit y of
X and is denotedby u(X ). The expectedutilit y is E(U) =

X

x2 SX

u(x)f X (x).

6. Expectations of Conditional pmf: E[f X jY (xjY)] = f X (x).

Proof:

E[f X jY (xjY)] =
X

y2 SY

f X jY (xjy)f Y (y)

=
X

y2 SY

f X ;Y (x; y) by the de�nition of a conditional pmf

= f X (x):

This expectation is sometimeswritten as EY [f X jY (xjY)] = f X (x) to remind us
that the expectation is taken with respect to the distribution of Y.

7. Iterated Expectation: EY [E(X jY)] = E(X ).

Proof:

EY [E(X jY)] =
X

y2 SY

[E(X jy)] f Y (y) by results on expectation of a function

=
X

y2 SY

"
X

x2 SX

xf X jY (xjy)

#

f Y (y) by de�nition of conditional expectation

=
X

y2 SY

X

x2 SX

xf X jY (xjy)f Y (y)

=
X

y2 SY

X

x2 SX

xf X ;Y (x; y) by de�nition of conditional pmf

=
X

x2 SX

x
X

y2 SY

f X ;Y (x; y)

=
X

x2 SX

xf X (x) = E(X ):
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8. Example of iterated expectation. Supposethat a coin hasprobability � of
landing heads.De�ne the random variable Y to be 1 if a headis tossedand 0
if a tail is tossed.Note that E(Y) = � . Tossthe coin and then roll a fair
six-sideddie 2Y + 1 times. Let X be the total number of pips on the 2Y + 1
rolls. Find E(X ).

Solution: The expectednumber of pips on a singleroll is 3:5. Therefore,
E(X jY) = (2Y + 1)(3:5) and

E(X ) = EY [E(X jY)]

= EY [(2Y + 1)(3:5)] = [2E(Y) + 1](3:5) = (2� + 1)(3:5):

If the coin is fair, then E(Y) = 1
2 and E(X ) = 7.

9. Expectedvalue of a function of several random variables:
E[g(X 1; X 2; : : : ; X k) =

X

(x1 ;x 2 ;:::;x k )2 S

g(x1; x2; : : : ; xk)f X (x1; x2; : : : ; xk).

Example: supposethe joint support of (X ; Y) is
S = f (0; 0); (0; 1); (1; 0); (1; 1)g. Find the expectation of 1=f X ;Y (X ; Y).

Solution:

E
�

1
f X ;Y (X ; Y)

�
=

1X

x=0

1X

y=0

�
1

f X ;Y (X ; Y)

�
f X ;Y (x; y)

=
1X

x=0

1X

y=0

1 = 4:

10. Expectation under independence:If X and Y are independent, then
E[g(X )h(Y)] = E[g(X )]E[h(Y)], provided that the expectations exist.

Proof: Supposethat X Y. Then f X ;Y (x; y) = f X (x)f Y (y) and

E[g(X )h(Y)] =
X

x2 SX

X

y2 SY

g(x)h(y)f X ;Y (x; y)

=
X

x2 SX

X

y2 SY

g(x)h(y)f X (x)f Y (y)

=
X

x2 SX

g(x)f X (x)
X

y2 SY

h(y)f Y (y) = E[g(X )]E[h(Y)]:

Note: a much stronger result can be established.If X Y, then g(X ) h(Y)
for any functions g and h.
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3.3 Variabilit y

1. Mean Absolute Deviation: MAD def= E(jX � � X j) =
X

x2 S

jx � � X jf X (x).

2. Variance: The varianceof X is de�ned as

Var(X ) def= E(X � � X )2 =
X

x2 S

(x � � X )2f X (x):

It is conventional to denotethe varianceof the random variable X by � 2
X .

3. Result: Var(X ) = E(X 2) � [E(X )]2.

Proof:

Var(X ) = E
�

[X � E(X )]2	
= E

�
X 2 � 2X E(X ) + [E(X )]2	

= E(X 2) � 2E(X )E(X ) + [E(X )]2 = E(X 2) � [E(X )]2 :

4. Standard Deviation: � def= +
p

� 2.

5. Varianceof a uniform distribution: Supposethat the support of X is
S = f 1; 2; : : : ; N g and that each value in the support set hasequalprobability.
This situation can be denotedas X � DiscreteUniform(1; 2; : : : ; N ). For this
distribution,

� X =
N + 1

2
and � 2

X =
(N + 1)(N � 1)

12
:

Proof:

E(X ) =
X

x2 SX

xf X (x) =
NX

x=1

x
1
N

=
1
N

NX

i =1

i =
�

1
N

� �
N (N + 1)

2

�
=

N + 1
2

:

Also,

E(X 2) =
X

x2 SX

x2f X (x) =
NX

x=1

x2 1
N

=
1
N

NX

i =1

i2 =
�

1
N

� �
N (N + 1)(2N + 1)

6

�
=

(N + 1)(2N + 1)
6

:
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Accordingly,

Var(X ) =
(N + 1)(2N + 1)

6
�

�
N + 1

2

� 2

=
(N + 1)(N � 1)

12
:

6. Example: Tossa fair die once. Let X be the number of pips on the top face.
Then, X � DiscreteUniform(1; 2; : : : ; ). Therefore,

E(X ) =
7
2

and Var(X ) =
(7)(5)

12
= 2:9167:

7. Parallel axis theorem: Let c be a constant and let X be a random variable
with mean� X and variance� 2

x < 1 . Then, E(X � c)2 = � 2
X + (c � � )2. Note

that E(X � c)2 is minimized with respect to c when c = � X .

Proof: Usethe add zero trick. Write c as c = � X + (c � � X ). Therefore,

E(X � c)2 = E [(X � � X ) � (c � � X )]2

= E
�
(X � � X )2 � 2(X � � X )(c � � X ) + (c � � X )2

�

= E(X � � X )2 � 2(c � � X )E(X � � X ) + E(c � � X )2

= � 2
X + 0 + (c � � X )2 = � 2

X + (c � � X )2:

Why is this called the parallel axis theorem? My guessis that the parallel
axesrefer to two vertical lines drawn on the graph of the pmf of X . One is
drawn at x = c and one is drawn at x = � X .

8. Alternativ e proof that � X is the minimizer of g(c) = E(X � c)2: Usecalculus.
Take the derivative of g(c) with respect to c and set it to zero to �nd critical
points:

d
dc

g(c) =
d

dc
E(X 2 � 2cX + c2)

=
d

dc

�
E(X 2) � 2c� X + c2

�
= � 2� X + 2c; and

dg(c)
dc

= 0 =) c = � X :

Usethe secondderivative test to show that a minimizer hasbeenfound:

d2

(dc)2
g(c)

�
�
�
c= � x

= 2 > 0 =) � X is a minimizer:
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3.4 Covariance and Correlation

1. Covariance:
Cov(X ; Y) def= E[(X � � X )(Y � � Y )]:

It is conventional to denotethe covariancebetweenX and Y by � X ;Y .

2. Result: E[(X � � X )(Y � � Y )] = E(X Y) � E(X )E(Y).

Proof:

E[(X � � X )(Y � � Y )] = E [X Y � X E(Y) � E(X )Y + E(X )E(Y)]

= E(X Y) � E(X )E(Y) � E(X )E(Y) + E(X )E(Y) = E(X Y) � E(X )E(Y):

3. Example: Supposethat f X ;Y (i; j ) = 2(i + 2j )=[3n(n + 1)2] for i = 0; : : : ; n and
j = 0; : : : ; n. Then E(X Y) = n(2n + 1)=6 and Cov(X ; Y) = � (n + 2)2=162.

4. Result: Cov(a + bX; c + dY) = bdCov(X ; Y). Proof in class.

5. Special caseof above result: Var(aX + b) = a2 Var(X ).

6. Correlation: Cor(X ; Y) def= � X ;Y =(� X � Y ). It is conventional to denotethe
correlation betweenX and Y by � X ;Y .

7. Cauchy-Schwartz Inequality: Let X and Y be two random variables. Then
E(X 2)E(Y 2) � [E(X Y)]2, provided that the expectations exist. Proof:
E(Y � � X )2 � 0 for all � . Now minimize with respect to � .

@E(Y � � X )2

@�
= 0 =) � =

E(X Y)
E(X 2)

=) E
�
Y �

E(X Y)
E(X 2)

X
� 2

� 0:

Simplify to obtain the Cauchy-Schwartz inequality.

8. Application of Cauchy-Schwartz: The Cauchy-Schwartz inequality says that if
X � and Y � are random variablesand the required expectations exist, then
[E(X � Y � )]2 � E(X � 2)E(Y � 2). Let X � = (X � � X )=� X and let
Y � = (Y � � Y )=� Y . Then,

[E(X � Y � )]2 =
�

E
�

(X � � X )(Y � � Y )
� X � Y

�� 2

� E(X � 2)E(Y � 2) = E
�

(X � � X )2

� 2
X

�
E

�
(Y � � Y )2

� 2
Y

�

=) � 2
X ;Y �

�
� 2

X

� 2
X

� �
� 2

Y

� 2
Y

�
= 1

=) � X ;Y 2 [� 1; 1]:
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9. Example: Considera very small insurancecompany. Let X be the number of
policiessold and let Y be the number of claims made. Supposethat the joint
pmf for X and Y is the following:

x
y 0 1 2

0 1
4

1
4

1
16

9
16

1 0 1
4

1
8

3
8

2 0 0 1
16

1
16

1
4

1
2

1
4 1

(a) If the premium on each policy is $1;000and each claim amount is $2;000,
then the net revenue is 1000X � 2000Y. Find the expectednet revenue.

Solution:
E(1000X � 2000Y) = 1000E(X ) � 2000E(Y) = 1000(1)� 2000(:5) = 0.

(b) Find the correlation betweenX and Y.

Solution: E(X ) = 1, E(Y) = 0:5, E(X 2) = 1:5, E(Y 2) = 5
8, and

E(X Y) = 3
4. Therefore,

Var(X ) = 1:5 � 12 = 0:5;

Var(Y) =
5
8

� 0:52 = 0:375;

Cov(X ; Y) = 0:75� (1)(0:5) = 0:25; and

� X ;Y =
0:25

p
(0:5)(0:375)

=
1

p
3

� 0:5774:

10. Result: Cor(a + bX; c + dY) = sign(bd)� X ;Y .

Proof:

Cor(a + bX; c + dY) =
Cov(a + bX; c + dY)

p
Var(a + bX) Var(c + dY)

=
bd�X ;Yq
b2� 2

X d2� 2
Y

=
�

bd
jbdj

�
� X ;Y

� X � Y

= sign(bd)� X ;Y :
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11. Example: Supposethat f X ;Y (i; j ) = 2(i + 2j )=[3n(n + 1)2] for i = 0; : : : ; n and
j = 0; : : : ; n. Then E(X Y) = n(2n + 1)=6, E(X ) = (5n + 1)=9;
E(X 2) = n(7n + 5)=18, E(Y) = (11n + 4)=18, and E(Y 2) = n(8n + 7)=18. To
obtain E(X 2) and E(Y 2), use

P n
i=0 i3 = n2(n + 1)2=4. It follows that

� 2
X = (n + 2)(13n � 1)=162,� 2

Y = (n + 2)(23n � 8)=324,� X ;Y = � (n + 2)2=162,
and � X ;Y = �

p
2(n + 2)=

p
(13n � 1)(23n � 8). Note that

limn!1 � X ;Y = �
p

2=
p

299= � 0:08179.

12. Result: if X Y, then � X ;Y = 0.

Proof: From result 10 on page42, we know that
X Y =) E[g(X )h(Y)] = E[g(x)]E[h(Y)]. Accordingly,

Cov(X ; Y) = E [(X � � X )(Y � � Y )] = E(X � � X )E(Y � � Y ) = 0:

13. Result: � X ;Y = 0 6=) X Y. A counter exampleis su�cien t to establishthis
result. Considerthe joint probability function below:

x
y 1 2 3 4
1 0 0:125 0:125 0 0:250
2 0 0:125 0:125 0 0:250
4 0:125 0 0 0:125 0:250
5 0:125 0 0 0:125 0:250

0:250 0:250 0:250 0:250 1:000

Computation shows that E(X ) = 2:5, E(Y) = 3, and E(X Y) = 7:5. Therefore,
Cov(X ; Y) = 0 and � X ;Y = 0, but X and Y are not independent. Correlation
is a measureof the linear dependencebetweenX and Y. In this case,X and
Y are not linearly related, but they are quadratically related.

3.5 Sums of Random Variables

1. Supposethat X 1; X 2; : : : ; X k are random variables,whereE(X i ) = � i ,
Var(X i ) = � 2

i , and Cov(X i ; X j ) = � ij . Furthermore, supposethat c1; c2; : : : ; ck

are known constants. Let T =
kX

i =1

ci X i . Then,

E(T) =
kX

i =1

ci � i and Var(T) =
kX

i =1

c2
i � 2

i + 2
nX

i<j

ci cj � ij :
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Proof: The result concerningE(T) is trivial. To prove the varianceresult,
begin with the de�nition of variance:

Var(T) = E[T � E(T)]2 = E

"
kX

i =1

ci X i �
kX

i =1

ci � i

#2

= E

"
kX

i =1

ci (X i � � i )

#2

= E

("
kX

i =1

ci (X i � � i )

# "
kX

j =1

ci (X j � � j )

#)

= E

(
kX

i =1

kX

j =1

ci cj (X i � � i )(X j � � j )

)

=
kX

i =1

c2
i E(X i � � i )2 +

X

i 6= j

ci cj E [(X i � � i )(X j � � j )]

=
kX

i =1

c2
i � 2

i +
X

i 6= j

ci cj � ij

=
kX

i =1

c2
i �

2
i + 2

X

i<j

ci cj � ij because� ij = � j i :

(a) Special case:ci = 1 for all i . Then,

Var

 
kX

i =1

X i

!

=
kX

i =1

� 2
i + 2

X

i<j

� ij :

(b) Special case:k = 2, c1 = 1, c2 = 1. Then

Var(X 1 + X 2) = � 2
1 + � 2

2 + 2� 12:

(c) Special case:k = 2, c1 = 1, c2 = � 1. Then

Var(X 1 + X 2) = � 2
1 + � 2

2 � 2� 12:

(d) Special case:ci = 1 for all i and variablesare pairwise uncorrelated.
Then,

Var

 
kX

i =1

X i

!

=
kX

i =1

� 2
i :
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2. Application: Take a simple random sampleof sizen with replacement from a
population having mean� X and variance� 2

X . Let T =
P n

i=1 X i and let
X = T=n. Then

E(T) = n� X ; Var(T) = n� 2
X ; E(X ) = � X ; and Var(X ) = � 2

X =n:

Proof: The random variablesare iid . Therefore,E(X i ) = � X for all i,
Var(X i ) = � 2

X for all i , and Cov(X i ; X j ) = 0 for all i 6= j . Therefore,

E(T) = E

 
nX

i =1

X i

!

=
nX

i =1

E(X i ) = n� X and

Var(T) = Var

 
nX

i =1

X i

!

=
nX

i =1

� 2
X = n� 2

X :

Furthermore, X =
nX

i =1

1
n

X i , so. ci = 1=n for all i in the formula for X .

Accordingly,

E(X ) =
1
n

E(T) = � X and

Var(X ) = Var
�

1
n

T
�

=
1
n2

Var(T) =
� 2

X

n
:

3. Application: Take a simple random sampleof sizen from the pmf f X (x)
having expectation � X and variance� 2

X . Let T =
P n

i=1 X i and let X = T=n.
Then

E(T) = n� X ; Var(T) = n� 2
X ; E(X ) = � X ; and Var(X ) = � 2

X =n:

Proof: This situation is essentially the sameas the situation in item 2 above.
The random variablesare iid becausetaking an observation from f X (x) doe
not changethe pmf. Usethe proof above.

4. Application: Take a simple random sampleof sizen without replacement from
a �nite population of sizeN having mean� X and variance� 2

X . Let
T =

P n
i=1 X i and let X = T=n. Then,

E(T) = n� X ; Var(T) = n� 2
X

�
1 �

(n � 1)
(N � 1)

�
;

E(X ) = � X ; and Var(X ) =
� 2

X

n

�
1 �

(n � 1)
(N � 1)

�
:
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Proof: Item 5 on page33 shows that X 1; : : : ; X n are exchangeablerandom
variables,even though they are not independent. Therefore,

E(X i ) = E(X 1) = � X for i = 1; : : : ; n;

Var(X i ) = Var(X 1) = � 2
X for i = 1; : : : ; n; and

Cov(X i ; X j ) = Cov(X 1; X 2) = � 12 for all i 6= j:

To �nd the value for � 12, use

Var

 
NX

i =1

X i

!

= Var(N � X ) = 0

together with exchangeability. That is,

Var

 
NX

i =1

X i

!

=
NX

i =1

Var(X i ) + 2
X

i<j

Cov(X i ; X j )

= N � 2
X + N (N � 1)� 12 = 0

=) � 12 = �
� 2

X

N � 1
:

Accordingly,

E(T) =
nX

i =1

E(X i ) = n� X ;

E(X ) = E
�

1
n

T
�

=
1
n

E(T) = � X ;

Var(T) = Var

 
nX

i =1

X i

!

=
nX

i =1

Var(X i ) +
X

i<j

Cov(X i ; X j )

= n� 2
X + n(n � 1)

�
�

� 2
X

N � 1

�
= n� 2

X

�
1 �

(n � 1)
(N � 1)

�
; and

Var(X ) = Var
�

1
n

T
�

=
�

1
n

� 2

Var(T) =
� 2

X

n

�
1 �

(n � 1)
(N � 1)

�
:

3.6 Probabilit y Generating Functions

1. De�nition: Supposethat X is a discreterandom variable with support a
subsetof the natural numbers. That is, SX 2 f 0; 1; 2; : : : ; 1g . Let t be a real
number. Then the probability generatingfunction (pgf) of X is

� X (t) def= E(tX );

wheret is chosento be small enoughin absolutevalue so that the expectation
exists. If jtj < 1, then the expectation always exists.
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2. Result (without proof): Probability GeneratingFunctions are Unique. This
result revealsthat there is a one-to-onerelationship betweenthe pmf and the
pgf. That is, each pmf is associated with exactly onepgf and each pgf is
associated with exactly onepmf. The importance of this result is that we can
usethe pgf to �nd the pmf.

More speci�cally, the uniquenessresults says that if Y is a random variable
with support SY 2 f 0; 1; 2; : : : ; 1g and

E(tY ) = p0t0 + p1t1 + � � � + pk tk + � � � ;

then the pmf of Y is f Y (i ) = pi for i = 0; 1; : : : ; 1 . Of course,it also is true
that if Y is a random variable with support SY 2 f 0; 1; 2; : : : ; 1g and the pmf
of Y is f Y (i ) = pi for i = 0; 1; : : : ; 1 ; then
E(tY ) = p0t0 + p1t1 + � � � + pk tk + � � � .

3. Example: Find the pmf of Y if E(tY ) = :2t4 + :3t8 + :5t19.

Solution:

y f Y (y)
4 0:2
8 0:3

19 0:5
1.0

4. Result: Supposethat X 1; : : : ; X n are independent. Denote the pgf of X i by
� X i (t) for i = 1; : : : ; n. If

U =
nX

i =1

X i ; then � U (t) =
nY

i =1

� X i (t):

Proof: Useresults on expectations of functions of independent random
variables. That is,

� U (t) = E(tU ) = E
�

t
P n

i =1 X i

�

= E

 
nY

i =1

tX i

!

=
nY

i =1

E
�
tX i

�
=

nY

i =1

� X i (t);

using the result in item 10 on page42.
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5. Result: Supposethat X 1; : : : ; X n are iid. Denote the pgf of X i by � X (t) for
i = 1; : : : ; n. If

U =
nX

i =1

X i ; then � U (t) = [� X (t)]n :

Proof: This result follows directly from the result in item 4, above.

6. Application 1: Bernoulli ! Binomial. Supposethat X i for i = 1; : : : ; n are iid
Bernoulli random variableseach with probability of success� . Find the
distribution of Y =

P n
i=1 X i . A Bernoulli random variable is a random

variable that hassupport S = f 0; 1g. The pmf of a Bernoulli random variable,
B , is

f B (b) =

8
><

>:

� if b= 1,

1 � � if b= 0,

0 otherwise.

The pmf of a Bernoulli random variable alsocan be written as

f B (b) = � b(1 � � )1� bI f 0;1g(b):

Solution: If X i are iid Bernoulli random variableseach with probability of
success� , then

f X i (x) = � x (1 � � )1� x I f 0;1g(x) and

� X i (t) = (1 � � )t0 + � t1 = (1 � � ) + � t for i = 1; : : : ; n:

Using the result from item 5 above, the pgf of Y =
P n

i=1 X i is

� Y (t) = [� t + (1 � � )]n :

Using the binomial theoremfrom item 1a on page15, the pgf of Y can be
written as

� Y (t) =
nX

i =0

�
n
i

�
(� t) i (1 � � )n� i :

Accordingly,

f Y (y) =
�

n
y

�
� y(1 � � )n� y for y = 0; 1; : : : ; n:

This pmf is called the binomial pmf.

7. Result: A Useful Expansion: Supposethat a is a constant whosevalue is in
[� 1; 1], n is an integer constant that satis�es n � 1, and t is a variable that
satis�es t 2 (� 1; 1). De�ne h(t) as

h(t) def= (1 � at) � n :
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Then,

h(t) =
1X

r =0

�
n + r � 1

r

�
ar t r :

Proof: Expand h(t) in a Taylor seriesaround t = 0. The �rst few derivativesof
h(t), evaluated at t = 0 are

d
dt

h(t) = � n(1 � at) � (n+1) (� 1)a;

d
dt

�
�
�
t=0

= na;

d2

(dt)2
h(t) = � n(n + 1)(1 � at) � (n+2) (� 1)a2;

d2

(dt)2

�
�
�
t=0

= n(n + 1)a2;

d3

(dt)3
h(t) = � n(n + 1)(n + 2)(1 � at) � (n+3) (� 1)a3;

d3

(dt)3

�
�
�
t=0

= n(n + 1)(n + 2)a3;

...
dr

(dt)r
h(t) = � n(n + 1)(n + 2) � � � (n + r � 1)(1 � at) � (n+ r ) (� 1)ar ;

dr

(dt)r

�
�
�
t=0

= n(n + 1)(n + 2) � � � (n + r � 1)ar :

Accordingly, the Taylor seriesis

h(t) =
1X

r =0

dr

(dt)r
h(t)

�
�
�
t=0

1
r !

(t � 0)r

=
1X

r =0

�
n + r � 1

r

�
ar t r :

The ratio test veri�es that the seriesconvergesbecause

lim
r ! 0

�
n + r + 1 � 1

r + 1

�
(at)r +1

�
n + r � 1

r

�
(at)r

= lim
r ! 0

n + r
r + 1

at = at and jatj < 1:

8. Application 2: Geometric ! Negative Binomial. Supposethat U1; U2; : : : is a
sequenceof iid Bernoulli random variables,each with probability of success
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� 2 (0; 1). Let X be the number of Bernoulli trials to the �rst success.For
example,if U1 = 1, then X = 1. If U1 = 0, U2 = 1, then X = 2. If U1 = 0,
U2 = 0, : : :, Ux� 1 = 0, Ux = 1, then X = x. The random variable X is called a
geometricrandom variable and its pmf is

f X (x) = (1 � � )x� 1� I f 1;2;:::;1g (x):

The pmf follows from independenceamongthe Bernoulli random variables.

Supposethat X 1; X 2; : : : ; X n are iid geometricrandom variables,each with
parameter � . Let Y =

P n
i=1 X i . The random variable Y is called a negative

binomial random variable with parametersn and � . The random variable Y is
the number of Bernoulli trials to the nth success.The pmf of Y is

f Y (y) =
�

y � 1
y � n

�
� n (1 � � )y� n I f n;n +1 ;:::;1g (y):

Proof: The pgf of X i for t 2 (� 1; 1) is

� X i (t) = E
�
tX i

�
=

1X

x=1

(1 � � )x� 1� tx

= � t
1X

x=1

[(1 � � )t]x� 1 = � t
1X

x=0

[(1 � � )t]x

=
� t

1 � (1 � � )t
becausej(1 � � )tj < 1:

Accordingly, the pgf of Y is

� Y (t) =
�

� t
1 � (1 � � )t

� n

= (� t)n [1 � (1 � � )t]� n :

Using the expansionfrom item 7 above, wherea = (1 � � ), the pgf of Y

� Y (t) = (� t)n
1X

r =0

�
n + r � 1

r

�
(1 � � )r t r :

Accordingly,

Pr(Y = n + r ) =
�

n + r � 1
r

�
� n (1 � � )r :

Let y = n + r and, therefore,r = y � n to obtain

f Y (y) =
�

y � 1
y � n

�
(1 � � )y� n � n I f n;n +1 ;:::;1g (y):
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9. Application 3: Gameof RazzleDazzle.

(a) Toss8 fair six-sideddice. Let Y be the sum of the pips.

(b) Let X i be the number of pips shown on die i for i = 1; : : : ; 8. The total
scoreis Y =

P 8
i=1 X i . The goal is to �nd the pmf of Y

(c) The random variable X i hasa discreteuniform distribution on
SX = f 1; 2; : : : ; 6g. The pgf of X i is

� X i (t) = E
�
tX i

�
=

6X

i =1

t i

�
1
6

�
=

�
1
6

�
t � t7

1 � t
=

�
t
6

�
1 � t6

1 � t

by using the result
NX

i =1

ai =
a � aN +1

1 � a
:

(d) The pgf of Y is

� Y (t) = E
�
tY

�
= E

�
tX 1+ X 2+ ���X 8

�
= E

�
tX 1 tX 2 � � � tX 8

�
=

8Y

i =1

E
�
tX i

�

=
�

t
6

� 8 �
1 � t6

1 � t

� 8

;

using the mutual independenceof X 1; : : : ; X n .

(e) Usethe binomial theoremto write (1 � t6)8 as

(1 � t6)8 = (� t6 + 1)8 =
8X

i =0

�
8
i

�
(� t6) i 18� i =

8X

i =0

�
8
i

�
(� t6) i :

(f ) If jtj < 1, then the Taylor seriesexpansionof (1 � t) � 8 around t = 0 is

1
(1 � t)8

=
1X

r =0

�
7 + r

r

�
t r

using the result in item 7, wherea = 1.

(g) Accordingly, the pgf of Y is

� Y =
�

1
6

� 8 8X

i =0

1X

j =0

�
8
i

�
(� 1)i

�
7 + j

j

�
t8+6 i+ j :

(h) To �nd Pr(Y = y), onecan sum all coe�cien ts in the pgf for which t is
raisedto the yth power. That is, sum all coe�cien ts for which
8 + 6i + j = y.
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(i) Example: Pr(Y = 13) is equal to the coe�cien t that correspondsto
(i; j ) = (0; 5) because6 � 0 + 5 + 8 = 13. That is,

Pr(Y = 5) =
1
68

�
8
0

�
(� 1)0

�
7 + 5

5

�
=

22
68

� 0:00047154:

(j) Example: Pr(Y = 20) is found by summingcoe�cien ts corresponding to
(i; j ) = (0; 12); (1; 6), and (2; 0). That is,

Pr(Y = 20) =
1
68

" �
8
0

�
(� 1)0

�
7 + 12

12

�

+
�

8
1

�
(� 1)1

�
7 + 6

6

�

+
�

8
2

�
(� 1)2

�
7 + 0

0

� #

=
1
68

(50388� 13728+ 28) =
36;688

68
� 0:0218431:



Chapter 4

Bernoulli and Related Random
Variables

4.1 Sampling Bernoulli Populations

1. A Bernoulli random variable is a random variable with support S = f 0; 1g.
That is, if X is a Bernoulli rv, then X = 1 (success)or X = 0 (failure).

2. Probability Function (PMF): Denote the probability of successby p. Then,

f X (x) =

8
><

>:

p if x = 1, p 2 [0; 1];

1 � p if x = 0, p 2 [0; 1]; and

0 otherwise.

This is a family of pmfs indexedby the parameterp.

3. Indicator function: An indicator function is a function that has rangef 0; 1g.
We will denoteindicator functions by the letter I . Speci�cally, I A (a) is de�ned
as

I A (a) =

(
1 if a 2 A,

0 otherwise.

Examples:

(a) I (0;100)(� 2:6) = 0.

(b) I (0;100)(2:6) = 1.

(c) I f 0;100g(2:6) = 0.

4. Alternativ e expressionsfor pmf:

f X (x) = px (1 � p)1� x ; for x = 0; 1 and p 2 [0; 1]; and

f X (x) = px (1 � p)1� x I f 0;1g(x)I [0;1](p):

57
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5. Moments: E(X k) = p for k = 1; 2; : : :.

6. Result: � X = p and � 2
X = p(1 � p).

7. Abbreviation: The notation iid means\independently and identically
distributed."

8. Sequencesof Bernoulli Random Variables

(a) SamplingWith Replacement: The Bernoulli Process

� Characteristics(thesefollow from X i
iid� Bern(p) for i = 1; 2; : : :)

{ Non-overlapping sequencesof trials are independent

{ The distribution of a set of consecutive trials is identical to the
distribution of any other set of trials of the samelength (this is
called the stationary property)

{ The distribution of future trials is independent of the results of
past trials.

� Joint pmf of X 1; : : : ; X n :

f X 1 ;X 2 ;:::;X n (x1; x2; : : : ; xn jp) = py(1 � p)n� yI f 0;1;:::;ng(y)I [0;1](p);

wherey =
P n

i=1 x i .

(b) SamplingWithout Replacement

� Population contains N items, M of which are 1s (successes)and
N � M of which are 0s (failures).

� Consecutively samplen � N items at random without replacement.

� Let X i be the value of the sampleditem on trial i . Note that X i is a
Bernoulli rv.

� Joint pmf:

f X 1 ;X 2 ;:::;X n (x1; x2; : : : ; xn jM ; N; n) =
(M )y(N � M )n� y

(N )n
I SY (y)

=

� M
y

�� N � M
n� y

�

� n
y

� � N
n

� I SY (y); wherey =
nX

i =1

x i and

SY = f max(0; n + M � N ); : : : ; min(n; M )g:

Note, the support of Y follows from y � 0; y � n; y � M ; and
n � y � N � M .
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4.2 Binomial Distribution

1. Supposethat X 1; X 2; : : : ; X n are iid Bern(p). Then Y =
P n

i=1 X i � Bin(n; p).

2. Probability massfunction: f Y (y) =
� n

y

�
py(1 � p)n� y, wherey = 0; 1; : : : ; n and

p 2 [0; 1]. To justify this result, note that Pr(Y = y) is the probability of a
speci�c sequenceof X i s such that

P
x i = y multiplied by the number of

possiblesequencesthat satisfy
P

x i = y. The pmf of Y alsocan be obtained
from the pmf of X i by using probability generatingfunctions. Seepage52 of
thesenotesfor details.

3. Moments

(a) E(Y) = E(
P n

i=1 X i ) = nE(X ) = np.

(b) Var(Y) = Var(
P n

i=1 X i ) = n Var(X ) = np(1 � p).

4. Table 1a (pp. 648) givesf Y (y) = Pr(Y = y)

5. Table 1b (pp. 650) gives
P n

y= k f Y (y) = Pr(Y � k). Caution, most tables of
the cumulative binomial distribution give Pr(Y � k).

6. Reproductive property: If Y1; Y2; : : : ; Yk are independently distributed as
Yi � Bin(ni ; p), then

P k
i=1 Yi � Bin(n; p), wheren =

P k
i=1 ni . To justify this

result, write each Yi as the sum of iid Bernoulli random variables. An
alternative justi�cation is to useprobability generatingfunctions. If
Y � Bin(n; p), then the pgf of Y is

� Y (t) = E(tY ) =
nX

y=0

�
n
y

�
py(1 � p)n� yty

=
nX

y=0

�
n
y

�
(pt)y(1 � p)n� y = [pt + (1 � p)]n

by the Binomial Theorem(seepage15). Also, seepage52 for an alternative

derivation of the pgf of Y . Supposethat Yi
ind� Bin(ni ; p) for i = 1; : : : ; k. Let

W =
P k

i=1 Yi . The pgf of W is

� W (t) = E(tW ) =
kY

i =1

� Yi (t) = [pt + (1 � p)]
P k

i =1 n i :

The pgf for W has the form of the pgf of a binomial random variable with
parameters

P k
i=1 ni and p. Therefore,

f Yi gk
i=1

ind� Bin(ni ; p) =)
kX

i =1

Yi � Bin

 
kX

i =1

ni ; p

!

:
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4.3 Hyp ergeometric Distribution

1. Population contains N items, M of which are 1s (successes)and N � M of
which are 0s (failures).

2. Samplen � N items at random without replacement.

3. Let X i be the value of the sampleditem on trial i and let Y =
P n

i =1 X i =
total number of successes.Then, Y � HyperG(N; M ; n).

4. Probability massfunction: f y(yjN; M ; n) =

� M
y

�� N � M
n� y

�

� N
n

� , wherey is an integer

that satis�es max(0; n + M � N ) � y � min(n; M ). Note: this probability is� n
y

�
times the probability of a speci�c sequenceof X s that result in Y = y

successes.the number of possiblesequencesis
� n

y

�
.

5. Result: E(Y) =
P n

i=1 E(X i ) = np, wherep = M =N .

6. Result: Supposethat n = N . Then Var(
P N

i=1 X i ) = Var(M ) = 0. Use
exchangeability to obtain Cov(X i ; X j ) = � p(1 � p)=(N � 1). Seeitem 4 on
page49.

7. Result:

Var(Y) = np(1 � p)
�

1 �
n � 1
N � 1

�
:

Proof: By exchangeability,
Var(Y) = Var(

P n
i=1 X i ) = n Var(X 1) + n(n � 1) Cov(X 1; X 2) =

np(1 � p) � n(n � 1)p(1 � p)=(N � 1) = np(1 � p)
�
1 � n� 1

N � 1

�
.

8. Application: Mark-recapture studiesto estimate population size(seeproblem
4-18).

9. Application: Fisher's exact test for H0 : p1 = p2 in 2 � 2 tables. Let
Y1 � Bin(n1; p1) and Y2 � Bin(n2; p2) be independent random variables.
Assumethat p1 = p2 and �nd the conditional distribution of Y1 given that
Y1 + Y2 = m1. Solution: write p1 and p2 as p (the commonvalue). Then

Pr(Y1 = y1jY1 + Y2 = m1) =
Pr(Y1 = y1 and Y1 + Y2 = m1)

pr(Y1 + Y2 = m1)

=
Pr(Y1 = y1; Y2 = m1 � y1)

Pr(Y1 + Y2 = m1)

=

�
n1

y1

�
py1 (1 � p)n1 � y1

�
n2

m1 � y1

�
pm1 � y1 (1 � p)n2 � m1+ y1

�
n1 + n2

m1

�
pm1 (1 � p)n1+ n2 � m1
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=

�
n1

y1

� �
n2

m1 � y1

�

�
n1 + n2

m1

� :

Accordingly, conditional on Y1 + Y2 = m1, the rv Y1 is distributed as
HyperG(n1 + n2; n1; m1).

10. Binomial approximation to hypergeometric. If N is large and p = M =N is not
near 0 or 1, then

Y � HyperG(N; M ; n) =) Y _� Bin(n; p):

Proof: Supposethat both p = M =N and n remain constant while N goesto
in�nit y. Then

lim
N !1

f y(yjN; M ; n) = lim
N !1

� M
y

�� N � M
n� y

�

� N
n

� = lim
N !1

�
n
y

�
(M )y(N � M )n� y

(N )n

= lim
N !1

�
n
y

� �
M
N

� �
M � 1
N � 1

�
� � �

�
M � y + 1
N � y + 1

�

�
�

N � M
N � y

� �
N � M � 1
N � y � 1

�
� � �

�
N � M � n + y + 1

N � n + 1

�

= lim
N !1

�
n
y

� �
M
N

�  
M
N � 1

N

1 � 1
N

!

� � �

 
M
N � y� 1

N

1 � y� 1
N

!

�

 
1 � M

N

1 � y
N

!  
1 � M

N � 1
N

1 � y� 1
N

!

� � �

 
1 � M

N � n� y� 1
N

1 � n� 1
N

!

=
�

n
y

�
py(1 � p)n� y:

11. Illustration: Supposen = 20, y = 6, and p = 0:1 or p = 0:5. The binomial
probabilities are

Pr(Y = 6jn = 20; p = 0:1) = 0:0089and

Pr(Y = 6jn = 20; p = 0:5) = 0:0370:

The hypergeometricprobabilities for various population sizesare displayed
below. It can be seenthat asN ! 1 , the hypergeometricprobabilities
convergeto the binomial probabilities.
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10
1

10
2

10
3

10
4

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

N

P
(Y

=
6)

Hypergeometric Pr(Y=6), n=20

p = 0.1

p = 0.5

4.4 In verse Sampling

1. GeometricDistribution

(a) Let X 1; X 2; : : : be an in�nite sequenceof iid Bern(p) random variables.

(b) Let Z be the trial number in which the �rst successoccurs. Then,
Z � Geo(p).

(c) f Z (z) = (1 � p)z� 1p, wherez = 1; 2; : : : and p 2 (0; 1].

(d) Result: If Z � Geo(p), then E(Z ) = 1=p. Proof: let q = 1 � p. Then

E(Z ) =
1X

i =1

ipqi � 1 = p
1X

i =1

iqi � 1 = p
d
dq

1X

i =1

qi

= p
d
dq

�
1

1 � q
� 1

�
= p

1
(1 � q)2

=
1
p

:

(e) Result: If Z � Geo(p), then Var(Z ) = q=p2. Hint on proof: let q = 1 � p.
Then,

E[Z (Z � 1)] =
1X

i =1

i (i � 1)pqi � 1 = pq
1X

i =1

i (i � 1)qi � 2 = pq
d2

dq2

1X

i =1

qi :

2. Negative Binomial Distribution
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(a) Let X 1; X 2; : : : be an in�nite sequenceof iid Bern(p) random variables.

(b) Let W be the trial number in which the r th successoccurs.

(c) W � NegBin(r; p).

(d) f W (w) =
� w� 1

r � 1

�
pr (1 � p)w� r , wherew = r; r + 1; r + 2; : : : and p 2 (0; 1].

Justi�cation: if the r th successoccurson trial w, then there must be
r � 1 successeson the �rst w � 1 trials and onesuccesson trial w. These
events are independent and have probabilities

� w� 1
r � 1

�
pr � 1(1 � p)w� r and p,

respectively.

(e) Result: If W � NegBin(r; p), then W �
P r

i =1 Z i , whereZ i
iid� Geo(p), for

i = 1; 2; : : :. Accordingly, E(W) = r=p and Var(W) = rq=p2.

(f ) Alternativ e de�nition of Negative Binomial

� Let X 1; X 2; : : : be an in�nite sequenceof iid Bern(p) random
variables.

� Let Y be the number of failures beforethe r th successoccurs. Then,
Y � NegBin� (r; p).

� f Y (y) =
� r + y� 1

y

�
pr (1 � p)y, wherey = 0; 1; : : : and p 2 (0; 1].

Justi�cation: if the r th successoccurson trial y + r , then there must
be y failures on the �rst r + y � 1 trials and onesuccesson trial
r + y. Theseevents are independent and have probabilities� r + y� 1

y

�
pr � 1(1 � p)y and p, respectively.

� Result: If Y � NegBin� (r; p), then Y � W � r . Accordingly,
E(Y) = E(W) � r = r=p� r = r (1 � p)=p and
Var(Y) = Var(W � r ) = Var(W) = rq=p2.

3. Negative HypergeometricDistribution

(a) Population contains N items, M of which are 1s (successes)and N � M
of which are 0s (failures).

(b) Sampleitems at random without replacement. Let X i be the value of the
sampleditem on trial i and let W be the trial number in which the r th

successoccurs. Note: r must satisfy r � M .

(c) W � NegHyperG(N; M ; r ).

(d) f W (w) =

� M
r � 1

�� N � M
w� r

�

� N
w� 1

�
�

M � r + 1
N � w + 1

�
, wherew = r; r + 1; : : : ; M .

Justi�cation: if the r th successoccurson trial w, then there must be
r � 1 successeson the �rst w � 1 trials and onesuccesson trial w. These
events have probabilities
Pr(r � 1 successeson �rst w � 1 trials) =

� M
r � 1

� � N � M
w� r

�
=
� N

w� 1

�
and

Pr(successon trial r jr � 1 successeson �rst w � 1 trials) =
(M � r + 1)=(N � w + 1).
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(e) Alternativ e expression:

f W (w) =

� w� 1
r � 1

�� N � w
M � r

�

� N
M

� :

Justi�cation: There are
� N

M

�
ways of arranging the M successes.If

W = w, then the �rst w � 1 trials must contain r � 1 successes,the r th

trial contains 1 success,and the last N � w trials contain M � r successes.

4.5 Appro ximating Binomial Probabilities

1. Normal Approximation to the Binomial

(a) If Y � Bin(n; p) and np(1 � p) > 5, then Y _� N [np;np(1 � p)]. This is an
application of the central limit theorem. We will discussthis important
theorem later. Below are displays of four binomial distributions. It can
be seenthat if n is small and p is near zero(or one), then the normal
approximation is not very accurate. The textbook recommendsthat the
normal approximation be usedonly if np(1 � p) � 5. before
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Normal Approx to binomial: n=10, p=0.5
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Normal Approx to binomial: n=10, p=0.1
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Normal Approx to binomial: n=100, p=0.1

(b) Using a correction for continuity, will improve the accuracyof the normal
approximation. The continuity correction consistsof adding
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approximating P(Y � y) as

P(Y � y) � �

 
y + 0:5 � np
p

np(1 � p)

!

;

where� is the standard normal cumulative distribution function (Table
I Ia, pp. 652), rather than as

P(Y � y) � �

 
y � np

p
np(1 � p)

!

:

Below is a comparisonof the approximation with continuity correction
and without continuity correction for the caseY � Bin(10; 0:5). Note
that np(1 � p) � 5 is not satis�ed.

P(Y � y)
Normal Approximation

y Exact With Correction Without Correction
0 0:0010 0:0022 0:0008
1 0:0107 0:0134 0:0057
2 0:0547 0:0569 0:0289
3 0:1719 0:1714 0:1030
4 0:3770 0:3759 0:2635
5 0:6230 0:6241 0:5000
6 0:8281 0:8286 0:7365
7 0:9453 0:9431 0:8970
8 0:9893 0:9866 0:9711
9 0:9990 0:9978 0:9943

10 1:0000 0:9997 0:9992

2. PoissonApproximation to the Binomial

(a) If Y � Bin(n; p), wheren is large and p is small, then

P(Y = y) �
e� np(np)y

y!
for y = 0; 1; 2; : : : :

(b) Proof: Let � = np and write p as p = �=n . Examine the binomial pmf as
n goesto in�nit y, but � remainsconstant:

P(Y = y) =
�

n
y

�
py(1 � p)n� y

=
n!

y!(n � y)!

�
�
n

� y �
1 �

�
n

� n� y
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=
� y

y!
(n)y

ny

�
1 �

�
n

� n �
1 �

�
n

� � y

:

Examine the components individually:

lim
n!1

(n)y

ny
= lim

n!1

� n
n

� �
n � 1

n

� �
n � 2

n

�
� � �

�
n � y + 1

n

�
= 1;

lim
n!1

�
1 �

�
n

� � y

= (1 � 0)� y = 1;

lim
n!1

�
1 �

�
n

� n

= e� � :

The latter result can be found in any calculustext book. Accordingly, as
n goesto 1 , P(Y = y) goesto

lim
n!1

�
n
y

�
py(1 � p)n� y =

� y

y!
� 1 � e� � � 1 =

e� � � y

y!
::

4.6 Poisson Distribution

1. If Y � Poi(� ), then

P(Y = y) =
e� � � y

y!
for y = 0; 1; 2; : : : :

2. The pmf sumsto onebecause
P 1

i=0 � i =i! = e� .

3. The pgf of Y is

� Y (t) = E(tY ) =
1X

i =0

e� � (�t ) i

i !
= e� � e�t = e(t � 1)� :

4. Table IV (pp. 658) givescumulative Poissonprobabilities; Pr(Y � c).

5. PoissonProcess

(a) Stationary Assumption: The probability of y events in a region or time
period doesnot depend on the location of the region or time period.

(b) IndependenceAssumption: Events in non-overlapping regions(time
periods) are independent.

(c) In a small region (time period), the probability of oneevent is
approximately proportional to the sizeof the region (time period).
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(d) In a small region (time period), the probability of two or more events in a
small region (time period) is negligiblecomparedto the probability of
oneevent in the region.

6. Technical Details about Assumptions3 and 4 above.

(a) Consideran interval (t0; t0 + h]. The interval length is h.

(b) Let X = number of events that occur in the interval.

(c) Assumption #3 says that Pr(X = 1) = �h + o(h), whereo(h) is a small
remainderterm. That is, the probability is approximately proportional to
the sizeof the area.

(d) o(h) is read as little o of h and is de�ned as a term that satis�es

lim
h! 0

o(h)
h

= 0:

(e) Assumption #3 says that

lim
h! 0

Pr(X = 1)
h

= lim
h! 0

�h + o(h)
h

= �:

(f ) Assumption #4 says that Pr(X � 2) = o(h):

(g) Assumptions#3 and #4 together imply that Pr(X = 0) = 1 � �h + o(h):

7. Let Y be the total number of events in a region of sizet. If the events follow a
Poissonprocess,then Y � Poi(�t ).

(a) Divide the total region into n equalparts, each of sizeh = t=n.

(b) Let X i = number of events in the i th part.

(c) By the Poissonprocessassumptions,the X i s are independent and
identically distributed. Furthermore, X i _� iid Bern(p) for i = 1; : : : ; n,
wherep = �t=n . The Bernoulli approximation becomesmore accurateas
n increases.

(d) Let Y =
P n

i=1 X i . By the Poissonprocessassumptions,Y _� Bin(n; p),
wherep = �t=n . The binomial approximation becomesmore accurateas
n goesto in�nit y.

(e) Let n go to in�nit y. Note that p goesto zeroas n goesto in�nit y and
np = �t . Accordingly, by the Poissonapproximation to the binomial, the
limiting distribution of Y is Poi(�t ).

8. Moments: if Y � Poi(� ), then

(a) E(Y) = � and
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(b) Var(Y) = � .

(c) Justi�cation: Show that E [(Y)r ] = � r :

E [(Y)r ] =
1X

i =0

(i )r e� � � i =i! = e� �
1X

i = r

(i )r � i =i! = e� � � r
1X

j =0

� j =j ! = � r :

9. Reproductive property of Poissonrandom variables. If Y1; Y2; : : : ; Yk are
independently distributed as Yi � Poi(� i ), then

P k
i=1 Yi � Poi(� ), where

� =
P k

i=1 � i . Justi�cation: Recall that if Yi � Poi(� i ), then the pgf of Yi is
� Yi (t) = expf (t � 1)� i g. Let W =

P k
i=1 Yi . Then, by independence,the pgf of

W is

� W (t) =
kY

i =1

e(t � 1)� i = e(t � 1)
P k

i =1 �i = e(t � 1)� :

Therefore,W � Poi(� ), where� =
P k

i=1 � i .

10. Proof that Y � Poi(�t ) if events follow a Poissonprocess.(Optional Material)

(a) Let Y be the total number of events that occur in a region of sizet.

(b) Let Pn (t) = Pr(Y = n) in a region of sizet. Note that
P0(0) = lim

h! 0
1 � �h + o(h) = 1. Accordingly, Pn (0) = 0 if n � 1.

(c) P0(t + h) = P0(t)P0(h) by the stationary and independenceassumptions.
To verify this result, divide the region of sizet + h into a region of sizet
and a region of sizeh. Then Y = 0 if and only if there are zeroevents in
each sub-region.Theseevents are independent by the Poissonprocess
assumptions.

(d) The derivative of P0(t) with respect to t can be obtained as follows. By
de�nition, the derivative is

dP0(t)
dt

= lim
h! 0

P0(t + h) � P0(t)
h

:

Write P0(t + h) � P0(t) as

P0(t + h) � P0(t) = P0(t)P0(h) � P0(t) = P0(t) [1 � P0(h)]

= P0(t) f 1 � [1 � �h + o(h)]g = P0(t) [� �h + o(h)] :

Accordingly,

dP0(t)
dt

= lim
h! 0

P0(t + h) � P0(t)
h

= lim
h! 0

� �hP 0(t) + o(h)
h

= � �P 0(t):

Note that,
d ln[P0(t)]

dt
=

1
P0(t)

dP0(t)
dt

= � �:
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(e) Integrate to obtain

ln [P0(t)] =
Z

d ln[P0(t)]
dt

dt = �
Z

�dt = � �t + c:

It follows that P0(t) = K e� �t , whereK = ec. Furthermore, K = 1
becauseP0(0) = 1 = K e0. Thus, P0(t) = e� �t .

(f ) Pn (t + h) =
P n

i=0 Pi (h)Pn� i (t) by the independenceand stationary
assumptions.Furthermore, Pn (t + h) = P0(h)Pn (t) + P1(h)Pn� 1(t) + o(h)
because

P n
i=2 Pi (h) = o(h).

(g) The derivative of Pn (t) with respect to t can be obtained as follows. By
de�nition, the derivative is

dPn(t)
dt

= lim
h! 0

Pn (t + h) � Pn (t)
h

:

Write Pn (t + h) � Pn (t) as

Pn (t + h) � Pn (t) = Pn (t)P0(h) + Pn� 1(t)P1(h) + o(h) � P0(t)

= Pn (t) [1 � �h + o(h)] + Pn� 1(t) [�h + o(h)] � Pn (t)

= � �hP n (t) + Pn� 1(t)�h + o(h):

Accordingly,

dPn(t)
dt

= lim
h! 0

P0(t + h) � P0(t)
h

= lim
h! 0

� �hP n (t) + Pn� 1(t)�h + o(h)
h

= � �P n (t) + �P n� 1(t):

(h) Note that e�t

�
dPn(t)

dt
+ �P n (t)

�
= e�t �P n� 1(t). It follows that

d
dt

e�t Pn(t) = e�t �P n� 1(t):

(i) For n = 1,
d
dt

e�t P1(t) = e�t �P 0(t) = � .

(j) Integrate to obtain e�t P1(t) =
Z

d
dt

e�t P1(t)dt = �t + c. UseP1(0) = 0 to

obtain P1(t) = e� �t �t .

(k) Useinduction to prove that Pn (t) = e� �t (�t )n=n!. Supposethat
Pi (t) = e� �t (�t ) i =i! for i = 0; 1; : : : ; n � 1. Then

d
dt

e�t Pn (t) = e�t �P n� 1(t) =
e�t �e � �t (�t )n� 1

(n � 1)!
=

� n tn� 1

(n � 1)!
:

(l) Integrate to obtain e�t Pn (t) = (�t )n=n! + c. UsePn (0) = 0 to obtain
Pn (t) = e� �t (�t )n=n!.
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4.7 Law of Large Num bers

1. Let X 1; X 2; : : : ; X n be a sequenceof iid random variableshaving mean
E(X ) = � and Var(X ) = � 2. Let X n = n� 1

P n
i=1 X i be the samplemeanof

the sequence.Then

X n
prob
� ! � as n ! 1 :

Read this result as \X bar convergesin probability to � as n goesto 1 ."
Convergenceto � in probability meansthat

lim
n!1

Pr(jX n � � j > � ) = 0 for any � > 0:

2. Justi�cation: lim
n!1

� 2
�x = lim

n!1
� 2=n = 0. A formal proof using Chebyshev's

inequality will be given in Stat 424.

3. Special case:If X 1; X 2; : : : ; X n is a sequenceof iid Bern(p) random variables

and bpn = n� 1 P n
i=1 X i , then bpn

prob
� ! p.

4. Beware of the gamblers fallacy. Considera sequenceof iid Bern(0:5) random
variables. Somegamblers believe that the law of large numbers meansthat a
string of 0s is likely to be followed by 1s becausethe long run proportion of 1s
is 0:5. This interpretation is not correct. The random variablesare
independent, so the probability of a 1 given a string of 0s is still 0:5.

4.8 Multinomial Distributions

1. Let X be a categoricalrandom variable with support set S = f A1; A2; : : : ; Akg
and probability function Pr(X = A j ) = pj for j = 1; : : : ; k. That is,

f X (a) =

(
pj if a = A j for j = 1; : : : ; k;

0 otherwise.

2. Sequenceof iid random variables: Let X 1; X 2; : : : ; X n be a sequenceof iid
random variables,each with p.f. f X (a). Let yj be the number of occurrences
of A j in the sequencefor j = 1; : : : ; k. By exchangeability, the probability of
the sequenceis

Pr(X 1 = a1; X 2 = a2; : : : ; X n = an ) =
kY

j =1

pyj
j :
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3. Let Yj for j = 1; : : : ; k be a set of k random variablesde�ned by

Yj =
nX

i =1

� A j (X i ) = number of occurancesof A j in the sequense;

where

� A j (X i ) =

(
1 if X i = A j ;

0 otherwise.

Then Y1; Y2; : : : ; Yk have a multinomial distribution.

4. If Y1; Y2; : : : ; Yk � Multinom (n; p1; : : : ; pk), then

f Y1 ;Y2 ;:::;Yk (y1; y2; : : : ; yk) =
�

n
y1; : : : ; yk

� kY

j =1

pyj
j ;

wherey1; : : : ; yk are non-negative integersthat satisfy
P k

j =1 yj = n.
Justi�cation: each sequencewith y1 occurrencesof A1, y2 occurrencesof A2,
etc has the sameprobability. There are

� n
y1 ;:::;yk

�
such sequences.

5. Special case:k = 2. Supposethat Y1; Y2 � Multinom (n; p1; p2). Then
Y1 � Bin(n; p1).

6. Marginal Distributions

(a) Result: Any set of two or more Ys alsohasa multinomial distribution.
For example,Considerthe set Y1; : : : ; Yk . Let Z = Y4 + Y5 + � � � + Yk .
Then the triplet Y1; Y2; Y3 hasdistribution
Y1; Y2; Y3; Z � Multinom (n; p1; p2; p3;

P k
i=4 pi ).

(b) Justi�cation: collapsecategories4 to k.

(c) Example: Yj � Bin(n; pj ). Accordingly, Y1; : : : ; Yk is a set of
non-independent binomial random variables.

(d) E(Yj ) = npj and Var(Yj ) = npj (1 � pj ).

(e) Yi + Yj � Bin(n; pi + pj ) if i 6= j .

(f ) Cov(Yi ; Yj ) = � npi pj if i 6= j . Justi�cation:
Var(Yi + Yj ) = n(pi + pj )(1 � pi � pj ) = Var(Yi ) + Var(Yj ) + 2Cov(Yi :Yj ).
Solve for Cov(Yi ; Yj ).

7. Conditional Multinomial Distributions

(a) Result: Supposethat

(X 1; : : : ; X k1 ; Y1; : : : ; Yk2 ; Z1; : : : ; Zk3 )
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� Multinom (n; p11; : : : ; p1k1 ; p21; : : : ; p2k2 ; p31; : : : ; p3;k3 ):

Then the conditional distribution of X 1; : : : ; X k1 given
Z1 = z1; Z2 = z2; : : : ; Zk3 = zk3 is

(X 1; : : : ; X k1 ; Y jZ1 = z1; Z2 = z2; : : : ; Zk3 = zk3 )

� Multinom

 

n �
k3X

i =1

zi ;
p11

p1� + p2�
; : : : ;

p1k1

p1� + p2�
;

p2�

p1� + p2�

!

;

whereY = n �
P

zi �
P

X i , p1� =
P

p1i , and p2� =
P

p2i .

(b) Proof: In class

(c) Example: SupposeX 1; : : : X 4 � Multinom
�
30; 1

2; 1
5; 1

4; 1
20

�
. Then, the

distribution of X 1; X 2 given X 4 = 10 is

(X 1; X 2; Y jX 4 = 10) � Multinom
�

20;
0:5
0:95

;
0:2
0:95

;
0:25
0:95

�

whereY = X 3 = 20� X 1 � X 2.

(d) Example: SupposeX 1; : : : X 4 � Multinom
�
30; 1

2; 1
5; 1

4; 1
20

�
. Then, the

distribution of X 1 given X 3 = 2; X 4 = 12 is

(X 1; Y jX 3 = 2; X 4 = 12) � Multinom
�

16;
0:5
0:7

;
0:2
0:7

�

=) X 1 � Bin
�

16;
5
7

�
:

4.9 Using Probabilit y Generating Functions

1. Usep.g.f. to derive pmf of sum of iid Bernoulli rvs. Hint: Y =
P n

i=1 X i , where

X i
iid� Bern(p).

2. Usep.g.f. to derive pmf of sum of independent Poissonrandom variables(see
noteson Poisson).

3. Factorial Moment GeneratingFunction

(a) The f.m.g.f. is the sameas the p.g.f., except that the expectation E(tX )
is required to exist for T in an open neighborhood containing 1.

(b) Di�eren tiate the f.m.g.f. with respect to t and evaluate at t = 1 to obtain

d
dt

� X (t)

�
�
�
�
t=1

=
d
dt

X

x2 S

tx f X (x)

�
�
�
�
t=1

=
X

x2 S

d
dt

tx f X (x)

�
�
�
�
t=1

=
X

x2 S

xt x� 1f X (x)

�
�
�
�
t=1

=
X

x2 S

xf X (x) = E(X ):
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(c) Take the secondderivative of the f.m.g.f. with respect to t and evaluate
at t = 1 to obtain

d2

dt2
� X (t)

�
�
�
�
t=1

=
d2

dt2

X

x2 S

tx f X (x)

�
�
�
�
t=1

=
X

x2 S

d2

dt2
tx f X (x)

�
�
�
�
t=1

=
X

x2 S

x(x � 1)tx� 2f X (x)

�
�
�
�
t=1

=
X

x2 S

x(x � 1)f X (x)

= E[X (X � 1)]:

(d) In general,

E [(X )r ] =
dr

dtr
� X (t)

�
�
�
�
t=1

for r = 1; 2; : : :

if the expectation exists.

(e) Var(X ) = E [(X )2] + E(X ) � [E(X )]2.

(f ) Table of factorial moment generatingfunctions (probabilit y generating
functions): Seepage154of the text. You should be able to derive each of
thesepgfs.
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Chapter 5

Con tin uous Random Variables

5.1 Cum ulativ e Distribution Function (CDF)

1. De�nition: Let X be a random variable. Then the cdf of X is denotedby
FX (x) and de�ned by

FX (x) = P(X � x):

If X is the only random variable under consideration,then FX (x) can be
written as F (x).

2. Example: DiscreteDistribution. Supposethat X � Bin(3; 0:5). Then F (x) is
a step function and can be written as

F (x) =

8
>>>>>>>><

>>>>>>>>:

0 x 2 (�1 ; 0);
1
8 x 2 [0; 1);
1
2 x 2 [1; 2);
7
8 x 2 [2; 3);

1 x 2 [3; 1 ):

3. Example: ContinuousDistribution. Considermodeling the probability of
vehicleaccidents on I-94 in the Gallatin Valley by a Poissonprocesswith rate
� per year. Let T be the time until the �rst accident. Then

P(T � t) = P(at least oneaccident in time t)

= 1 � P(no accidents in time t) = 1 �
e� � � 0

0!
= 1 � e� �t :

Therefore,

F (t) =

(
0 t < 0;

1 � e� �t t � 0:

75
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4. Example: Uniform Distribution. Supposethat X is a rv with support
S = [a;b], whereb> a. Further, supposethat the probability that X falls in
an interval in S is proportional to the length of the interval. That is,
P(x1 � X � x2) = � (x2 � x1) for a � x1 � x2 � b. To solve for � , let x1 = a
and x2 = b. then

P(a � X � b) = 1 = � (b� a) =) � =
1

b� a
:

Accordingly, the cdf is

F (x) = P(X � x) = P(a � X � x) =

8
>>><

>>>:

0 x < a;
x � a
b� a

x 2 [a;b];

1 x > b:

In this case,X is said to have a uniform distribution: X � Unif (a;b).

5. Properties of a cdf

(a) F (�1 ) = 0 and F (1 ) = 1. Your text tries (without success)to motivate
this result by using equation 1 on page157. Ignore the discussionon the
bottom of page160and the top of page161.

(b) F is non-decreasing;i.e., F (a) � F (b) whenever a � b.

(c) F (x) is right continuous. That is, lim � ! 0+ F (x + � ) = F (x).

6. Let X be a rv with cdf F (x).

(a) If b � a, then P(a < X � b) = F (b) � F (a).

(b) For any x, P(X = x) = lim
� ! 0+

P(x � � < X � x) = F (x) � F (x� ), where

F (x� ) is F evaluated as x � � and � is an in�nitesimally small positive
number. If the cdf of X is continuous from the left, then F (x� ) = F (x)
and P(X = x) = 0. If the cdf of X hasa jump at x, then F (x) � F (x� )
is the sizeof the jump.

(c) Example: Problem 5-8.

7. De�nition of ContinuousDistribution: The distribution of the rv X is said to
be continuous if the cdf is continuous at each x and the cdf is di�erentiable
(except, possibly, at a countable number of points).

8. Monotonic transformations of a continuous rv: Let X be a continuous rv with
cdf FX (x).
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(a) Supposethat g(X ) is a continuous one-to-oneincreasingfunction. Then
for y in the counter-domain (range) of g, the inversefunction x = g� 1(y)
exists. Let Y = g(X ). Find the cdf of Y. Solution:

P(Y � y) = P[g(X ) � y] = P(X � g� 1(y)] = FX [g� 1(y)]:

(b) Supposethat g(X ) is a continuous one-to-onedecreasingfunction. Then
for y in the counter-domain (range) of g, the inversefunction x = g� 1(y)
exists. Let Y = g(X ). Find the cdf of Y. Solution:

P(Y � y) = P[g(X ) � y] = P(X > g� 1(y)] = 1 � FX [g� 1(y)]:

(c) Example: Supposethat X � Unif (0; 1), and Y = g(X ) = hX + k where
h < 0. Then, X = g� 1(Y) = (Y � k)=h;

FX (x) =

8
>><

>>:

0 x < 0;

x x 2 [0; 1];

1 x > 1;

and

FY (y) = 1 � Fx [(y � k)=h] =

8
>>><

>>>:

0 y < h + k;
y � (h + k)

� k
y 2 [h + k; k];

1 y > k;

That is, Y � Unif (h + k; k).

(d) InverseCDF Transformation.

i. Supposethat X is a continuous rv having a strictly increasingcdf
FX (x). Recall that a strictly monotonefunction hasan inverse.
Denote the inverseof the cdf by F � 1

X . That is, if FX (x) = y, then
F � 1

X (y) = x. Let Y = FX (X ). Then the distribution of Y is
Unif (0; 1).
Proof: If W � Unif (0; 1), then the cdf of W is FW (w) = w. The cdf
of Y is

FY (y) = P(Y � y) = P(FX (X ) � y) = P[X � F � 1
X (y)]

= FX
�
F � 1

X (y)
�

= y:

If Y hassupport [0; 1] and FY (y) = y, then it must be true that
Y � Unif (0; 1).
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ii. Let U be a rv with distribution U � Unif (0; 1). Supposethat FX (x)
is a strictly increasingcdf for a continuous random variable X . Then
the cdf of the rv F � 1

X (U) is FX (x).
Proof:

P
�
F � 1

X (U) � x
�

= P [U � FX (x)] = FU [FX (x)] = FX (x)

becauseFU (u) = u.

(e) Application of inversecdf transformation: Given U1; U2; : : : ; Un , a
random samplefrom Unif (0; 1), generatea random samplefrom FX (x).
Solution: Let X i = F � 1

X (Ui ) for i = 1; : : : ; n.

i. Example 1: Supposethat FX (x) = 1 � e� �x for x > 0, where� > 0.
Then X i = � ln(1 � Ui )=� for i = 1; : : : ; n is a random samplefrom
FX .

ii. Example 2: Supposethat

FX (x) =
�
1 �

� a
x

� b
�

I (a;1 ) (x);

wherea > 0 and b> 0 are constants. Then X i = a(1 � Ui )� b for
i = 1; : : : ; n is a random samplefrom FX .

9. Non-monotonictransformations of a continuous rv. Let X be a continuous rv
with cdf FX (x). Supposethat Y = g(X ) is a continuousbut non-monotonic
function. As in the caseof monotonic functions,
FY (y) = P(Y � y) = P[g(X ) � y], but in this caseeach inversesolution
x = g� 1(y) must be usedto �nd an expressionfor FY (y) in terms of
FX [g� 1(y)]. For example,supposethat X � Unif (� 1; 2) and g(X ) = Y = X 2.
Note that x = �

p
y for y 2 [0; 1] and x = +

p
y for y 2 (1; 4]. The cdf of Y is

FY (y) = P(X 2 � y) =

(
P(�

p
y � X �

p
y) y 2 [0; 1];

P(X �
p

y) y 2 (1; 4]

=

(
FX (

p
y) � FX (�

p
y) y 2 [0; 1];

FX (
p

y) y 2 (1; 4]

=

8
>>>>><

>>>>>:

0 y < 0;

2
p

y=3 y 2 [0; 1];

(
p

y + 1)=3 y 2 (1; 4];

1 y > 4;

Plot the function g(x) over x 2 SX as an aid to �nding the inversesolutions
x = g� 1(y).
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5.2 Densit y and the Probabilit y Elemen t

1. Mathematical Result: Assumethat F (x) is a continuous cdf. Let g(x + m) be
a di�erentiable function and let y = x + m. Then

d
dm

g(x + m)

�
�
�
�
m=0

=
d

dy
g(y) �

d
dm

y

�
�
�
�
m=0

=
d

dy
g(y)

�
�
�
�
m=0

=
d
dx

g(x)

by the chain rule.

2. Probability Element: Supposethat X is a continuous rv. Let � x be a small
positive number. De�ne h(a;b) as

h(a;b) def= P(a � X � a + b) = FX (a + b) � FX (a):

Expand h(x; � x) = P(x � X � x + � x) in a Taylor seriesaround � x = 0:

h(x; � x) = F (x + � x) � F (x)

= h(x; 0) +
d

d� x
h(x; � x)

�
�
�
�
� x=0

� x + o(� x)

= 0 +
d

d� x
F (x + � x)

�
�
�
�
� x=0

� x + o(� x)

=
�

d
dx

F (x)
�

� x + o(� x); where

lim
� x ! 0

o(� x)
� x

= 0:

The function

dF (x) =
�

d
dx

F (x)
�

� x

is called the di�erential. In the �eld of statistics, the di�erential of a cdf is
called the probability element. The probability element is an approximation to
h(x; � x). Note that the probability element is a linear function of the
derivative d

dx F (x).

3. Example; Supposethat

F (x) =

(
0 x < 0;

1 � e� 3x otherwise.

Note that F (x) is a cdf. Find the probability element at x = 2 and
approximate the probability P(2 � X � 2:01). Solution: d

dx F (x) = 3e� 3x so
the probability element is 3e� 6� x and
P(2 � X � 2:01) � 3e� 6 � 0:01 = 0:00007436.The exact probability is
F (2:01) � F (2) = 0:00007326.
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4. The averagedensity in the interval (x; x + � x) is de�ned as

Averagedensity def=
P(x < X < x + � x)

� x
:

5. Density: The probability density function (pdf) at x is the limit of the average
density as � x ! 0:

pdf = f (x) def= lim
� x ! 0

P(x � X � x + � x)
� x

= lim
� x ! 0

FX (x + � x) � FX (x)
� x

=

�
d

dx
F (x)

�
� x + o(� x)

� x

=
d

dx
F (x):

Note that the probability element can be written as dF (x) = f (x)� x.

6. Example: Supposethat � is a positive real number. If

F (x) =

(
1 � e� �x x � 0;

0 otherwise.
then f (x) =

d
dx

F (x) =

(
�e � �x x � 0;

0 otherwise.

7. Example: If X � Unif (a;b), then

F (x) =

8
>><

>>:

0 x < a;
x� a
b� a x 2 [a;b];

1 x > b

and f (x) =
d
dx

F (x) =

8
>><

>>:

0 x < a;
1

b� a x 2 [a;b];

0 x > b:

8. Properties of a pdf

i f (x) � 0 for all x.

ii
Z 1

�1
f (x) = 1

9. Relationship betweenpdf and cdf: If X is a continuous rv with pdf f (x) and
cdf F (x), then

f (x) =
d

dx
F (x)

F (x) =
Z x

�1
f (u)du and
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P(a < X < b) = P(a � X � b) = P(a < X � b)

= P(a � X < b) = F (b) � F (a) =
Z b

a
f (x)dx:

10. PDF example- Cauchy distribution. Let f (x) = c=(1 + x2) for �1 < x < 1
and wherec is a constant. Note that f (x) is nonnegative and

Z 1

�1

1
1 + x2

dx = arctan(x)

�
�
�
�

1

�1

=
�
2

�
� �
2

= � :

Accordingly, if we let c = 1=� , then

f (x) =
1

� (1 + x2)

is a pdf. It is called the Cauchy pdf. The corresponding CDF is

F (x) =
Z x

�1

1
� (1 + u2)

du =
arctan(u)

�

�
�
�
�

x

�1

=
1
�

h
arctan(x) +

�
2

i
=

arctan(x)
�

+
1
2

:

11. PDF example- Gamma distribution: A more generalwaiting time
distribution: Let T be the time of arrival of the r th event in a Poissonprocess
with rate parameter � . Find the pdf of T. Solution: T 2 (t; t + � t) if and only
if (a) r � 1 events occur beforetime t and (b) oneevent occurs in the interval
(t; t + � t). The probability that two or more events occur in (t; t + � t) is o(� t)
and can be ignored. By the Poissonassumptions,outcomes(a) and (b) are
independent and the probability of outcome(b) is � � t + o(� t). Accordingly,

P(t < T < t + � t) � f (t)� t =
e� �t (�t )r � 1

(r � 1)!
� � � t

=
�

e� �t � r t r � 1

(r � 1)!

�
� t

and the pdf is

f (t) =

8
><

>:

0 t < 0;

e� �t � r t r � 1

(r � 1)!
t � 0

=
e� �t � r t r � 1

�( r )
I [0;1 )(t):

12. Transformationswith Single-Valued Inverses: If X is a continuous random
variable with pdf f X (x) and Y = g(X ) is a single-valued di�erentiable
function of X , then the pdf of Y is

f Y (y) = f X

�
g� 1(y)

�
�
�
�
�

d
dy

g� 1(y)

�
�
�
�
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for y 2 Sg(x) (i.e., support of Y = g(X )). The term

J(y) =
d

dy
g� 1(y)

is called the Jacobianof the transformation.

(a) Justi�cation 1: Supposethat Y = g(X ) is strictly increasing.Then
FY (y) = FX [g� 1(y)] and

f Y (y) =
d
dy

FY (y) = f X

�
g� 1(y)

� d
dy

g� 1(y)

= f X

�
g� 1(y)

�
�
�
�
�

d
dy

g� 1(y)

�
�
�
�

becausethe Jacobianis positive. Supposethat Y = g(X ) is strictly
decreasing.Then FY (y) = 1 � FX [g� 1(y)] and

f Y (y) =
d
dy

[1 � FY (y)] = � f X
�
g� 1(y)

� d
dy

g� 1(y)

= f X

�
g� 1(y)

�
�
�
�
�

d
dy

g� 1(y)

�
�
�
�

becausethe Jacobianis negative.

(b) Justi�cation 2: Supposethat g(x) is strictly increasing.Recall that

P(x � X � x + � x) = f X (x)� x + o(� x):

Note that

x � X � x + � x ( ) g(x) � g(X ) � g(x + � x):

Accordingly,

P(x � X � x + � x) = P(y � Y � y + � y) = f Y (y)� y + o(� y)

= f X (x)� x + o(� x)

wherey + � y = g(x + � x). Expanding g(x + � x) around � x = 0 reveals
that

y + � y = g(x + � x) = g(x) +
dg(x)

dx
� x + o(� x):

Also,

y = g(x) =) g� 1(y) = x

=)
dg� 1(y)

dy
=

dx
dy
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=)
dy
dx

=
dg(x)

dx
=

�
dg� 1(y)

dy

� � 1

=) y + � y = g(x) +
�

dg� 1(y)
dy

� � 1

� x

=) � y =
�

dg� 1(y)
dy

� � 1

� x

=) � x =
dg� 1(y)

dy
� y:

Lastly, equating f X (x)� x to f Y (y)� y revealsthat

f Y (y)� y = f X (x)� x = f X

�
g� 1(y)

�
� x

= f X

�
g� 1(y)

� dg� 1(y)
dy

� y

=) f Y (y) = f X

�
g� 1(y)

� dg� 1(y)
dy

:

The Jacobian dg� 1 (y)
dy is positive for an increasingfunction, so the absolute

value operation is not necessary. A similar argument can be madefor the
casewhen g(x) is strictly decreasing.

13. Transformationswith Multiple-V alued Inverses: If g(x) hasmore than one
inversefunction, then a separateprobability element must be calculated for
each of the inverses.For example,supposethat X � Unif (� 1; 2) and
Y = g(X ) = X 2. There are two inversefunctions for y 2 [0; 1], namely
x = �

p
y and x = +

p
y. There is a single inversefunction for y 2 (1; 4]. The

pdf of Y is found as

f (y) =

8
>>>>>>>><

>>>>>>>>:

0 y < 0;

f (�
p

y)

�
�
�
�
� d

p
y

dy

�
�
�
� + f (

p
y)

�
�
�
�
d
p

y
dy

�
�
�
� y 2 [0; 1];

f (
p

y)

�
�
�
�
d
p

y
dy

�
�
�
� y 2 (1; 4];

0 y > 4:

=

8
>>>>>>>><

>>>>>>>>:

0 y < 0;
1

3
p

y
y 2 [0; 1];

1
6
p

y
y 2 (1; 4];

0 y > 4:
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5.3 The Median and Other Percentiles

1. De�nition: The number xp is said to be the 100pth percentile of the
distribution of X if xp satis�es

FX (xp) = P(X � xp) = p:

2. If the cdf FX (x) is strictly increasing,then xp = F � 1
X (p) and xp is unique.

3. If FX (x) is not strictly increasing,then xp may not be unique.

4. Median: The median is the 50th percentile (i.e., p = 0:5).

5. Quartiles: The �rst and third quartiles are x0:25 and x0:75 respectively.

6. Example: If X � Unif (a;b), then (xp � a)=(b� a) = p; xp = a + p(b� a); and
x0:5 = (a + b)=2.

7. Example: If FX (x) = 1 � e� �x (i.e., waiting time distribution), then
1 � e� �x p = p; xp = � ln(1 � p)=� ; and x0:5 = ln(2)=� .

8. Example|Cauc hy: Supposethat X is a random variable with pdf

f (x) =
1

� �
�
1 +

(x � � )2

� 2

� ;

where�1 < x < 1 ; � > 0; and � is a �nite number. Then

F (x) =
Z x

�1
f (u)du =

Z x � �
�

�1

1
� (1 + z2)

dz
�

make the changeof variable from x to z =
x � �

�

�

=
1
�

arctan
�

x � �
�

�
+

1
2

:

Accordingly,

F (xp) = p =)

xp = � + � tan [� (p � 0:5)] ;

x0:25 = � + � tan [� (0:25� 0:5)] = � � � ;

x0:5 = � + � tan(0) = � ; and

x0:75 = � + � tan [� (0:75� 0:5)] = � + � :
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9. De�nition Symmetric Distribution : A distribution is said to be symmetric
around c if FX (c � � ) = 1 � FX (c + � ) for all � .

10. De�nition Symmetric Distribution : A distribution is said to be symmetric
around c if f X (c � � ) = f X (c + � ) for all � .

11. Median of a symmetric distribution. Supposethat the distribution of X is
symmetric around c. Then, set � to c � x0:5 to obtain

FX (x0:5) =
1
2

= 1 � FX (2c � x0:5) =) FX (2c � x0:5) =
1
2

=) c = x0:5:

That is, if the distribution of X is symmetric around c, then the median of the
distribution is c.

5.4 Exp ected Value

1. De�nition: Let X be a rv with pdf f (x). Then the expectedvalue (or mean)
of X , if it exists, is

E(X ) = � X =
Z 1

�1
xf (x)dx:

2. The expectation is said to exist if the integral of the positive part of the
function is �nite and the integral of the negative part of the function is �nite.

5.5 Exp ected Value of a Function

1. Let X be a rv with pdf f (x). Then the expectedvalue of g(X ), if it exists, is

E[g(X )] =
Z 1

�1
g(x)f (x)dx:

2. Linear Functions. The integral operator is linear. If g1(X ) and g2(X ) are
functions whoseexpectation exists and a;b;c are constants, then

E [ag1(X ) + bg2(X ) + c] = aE [g1(X )] + bE [g2(X )] + c:

3. Symmetric Distributions: If the distribution of X is symmetric around c and
the expectation exists, then E(X ) = c. Proof. Assumethat the meanexists.
First, show that E(X � c) = 0:

E(X � c) =
Z 1

�1
(x � c)f (x)dx
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=
Z c

�1
(x � c)f (x)dx +

Z 1

c
(x � c)f (x)dx

( let x = c � u in integral 1 and let x = c + u in integral 2)

= �
Z 1

0
uf (c � u)du +

Z 1

0
uf (c+ u)du

=
Z 1

0
u [f (c + u) � f (c � u)] du = 0

by symmetry of the pdf around c. Now useE(X � c) = 0 ( ) E(X ) = c.

4. Example: Supposethat X � Unif (a;b). That is,

f (x) =

8
<

:

1
b� a

x 2 [a;b];

0 otherwise.

A sketch of the pdf shows that the distribution is symmetric around (a + b)=2.
More formally,

f
�

a + b
2

� �
�

= f
�

a + b
2

+ �
�

=

8
<

:

1
b� a

� 2
�
� b� a

2 ; b� a
2

�
;

0 otherwise.

Accordingly, E(X ) = (a + b)=2. Alternativ ely, the expectation can be found by
integrating xf (x):

E(X ) =
Z 1

�1
xf (x) dx =

Z b

a

x
b� a

dx

=
x2

2(b� a)

�
�
�
�

b

a

=
b2 � a2

2(b� a)

=
(b� a)(b+ a)

2(b� a)
=

a + b
2

:

5. Example: Supposethat X hasa Cauchy distribution. The pdf is

f (x) =
1

� �
�
1 +

(x � � )2

� 2

� ;

where� and � are constants that satisfy j� j < 1 and � 2 (0; 1 ). By
inspection, it is apparent that the pdf is symmetric around � . Nonetheless,
the expectation is not � , becausethe expectation doesnot exist. That is,

Z 1

�1
xf (x)dx =

Z 1

�1

x

� �
�
1 +

(x � � )2

� 2

� dx
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= � + �
Z 1

�1

z
� (1 + z2)

dz wherez =
x � �

�

= � + �
Z 0

�1

z
� (1 + z2)

dz + �
Z 1

0

z
� (1 + z2)

dz

= � + �
ln(1 + z2)

2�

�
�
�
�

0

�1

+ �
ln(1 + z2)

2�

�
�
�
�

1

0

and neither the positive nor the negative part is �nite.

6. Example: Waiting time distribution. Supposethat X is a rv with pdf �e � �x

for x > 0 and where� > 0. Then, using integration by parts,

E(X ) =
Z 1

0
x�e � �x dx = � xe� �x

�
�
�
�

1

0

+
Z 1

0
e� �x dx

= 0 �
1
�

e� �x

�
�
�
�

1

0

=
1
�

:

5.6 Av erage Deviations

1. Variance

(a) De�nition:

Var(X ) def= E(X � � X )2 =
Z 1

�1
(x � � X )2f (x)dx

if the expectation exists. It is conventional to denotethe varianceof X
by � 2

X .

(b) Computational formula: Be able to verify that
Var(X ) = E(X 2) � [E(X )]2.

(c) Example: Supposethat X � Unif (a;b). Then

E(X r ) =
Z b

a

xr

b� a
dx =

xr +1

(r + 1)(b� a)

�
�
�
�

b

a

=
br +1 � ar +1

(r + 1)(b� a)
:

Accordingly, � X = (a + b)=2,

E(X 2) =
b3 � a3

3(b� a)
=

(b� a)(b2 + ab+ a2)
3(b� a)

=
b2 + ab+ a2

3
and

Var(X ) =
b2 + ab+ a2

3
�

(b+ a)2

4
=

b2 � 2ab+ a2

12
=

(b� a)2

12
:
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(d) Example: Supposethat f (x) = �e � �x for x > 0 and where� > 0. Then
E(X ) = 1=� ,

E(X 2) =
Z 1

0
x2�e � �x dx

= � x2e� �x

�
�
�
�

1

0

+
Z 1

0
2xe� �x dx = 0 +

2
� 2

and

Var(X ) =
2
� 2

�
1
� 2

=
1
� 2

:

2. MAD

(a) De�nition:

Mad(X ) def= E(jX � � X j) =
Z 1

�1
jx � � X jf (x)dx:

(b) Alternativ e expression:First, note that

E(jX � cj) =
Z c

�1
(c � x)f (x)dx +

Z 1

c
(x � c)f (x)dx

= c[2FX (c) � 1] �
Z c

�1
xf (x)dx +

Z 1

c
xf (x)dx:

Accordingly,

Mad(X ) = � X [2FX (� X ) � 1] �
Z � X

�1
xf (x)dx +

Z 1

� X

xf (x)dx:

(c) Leibnitz's Rule: Supposethat a(� ), b(� ), and g(x; � ) are di�erentiable
functions of � . Then

d
d�

Z b(� )

a(� )
g(x; � )dx = g[b(� ); � ]

d
d�

b(� ) � g [a(� ); � ]
d
d�

a(� )

+
Z b(� )

a(� )

d
d�

g(x; � )dx:

(d) Result: If the expectation E(jX � cj) exists, then the minimizer of
E(jX � cj) with respect to c is c = F � 1

X (0:5) = median of X .
Proof:: Set the derivative of E(jX � cj) to zeroand solve for c:

d
dc

E(jX � cj)

=
d
dc

�
c[2FX (c) � 1] �

Z c

�1
xf X (x)dx +

Z 1

c
xf X (x)dx

�
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= 2FX (c) � 1 + 2cf X (c) � cf X (c) � cf X (c)

= 2FX (c) � 1:

Equating the derivative to zeroand solving for c revealsthat c is a
solution to FX (c) = 0:5. That is, c is the median of X . Usethe second
derivative test to verify that the solution is a minimizer:

d2

dc2
E(jX � cj) =

d
dc

[2FX (c) � 1] = 2f X (c) > 0

=) c is a minimizer.

(e) Example: Supposethat X � Unif (a;b). Then FX ( a+ b
2 ) = 0:5 and

Mad(X ) = �
Z a+ b

2

a

x
b� a

dx +
Z b

a+ b
2

x
b� a

dx =
b� a

4
:

(f ) Example: Supposethat f X (x) = �e � �x for x > 0 and where� > 0. Then
E(X ) = 1=� , Median(X ) = ln(2)=� , FX (x) = 1 � e� �x , and

Mad(X ) =
1
�

�
2 � 2e� 1 � 1

�

�
Z � � 1

0
x�e � �x dx +

Z 1

� � 1
x�e � �x dx =

2
�e

;

where
R

x�e � �x dx = � xe� �x � � � 1e� �x hasbeenused. The mean
absolutedeviation from the median is

E

�
�
�
�X �

ln(2)
�

�
�
�
� = �

Z ln(2) � � 1

0
x�e � �x dx +

Z 1

ln(2) � � 1
x�e � �x dx

=
ln(2)

�
:

3. Standard Scores

(a) Let Z =
X � � X

� X
.

(b) Moments: E(Z ) = 0 and Var(Z ) = 1.

(c) Interpretation: Z scoresare scaledin standard deviation units.

(d) InverseTransformation: X = � X + � X Z.
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5.7 Biv ariate Distributions

1. De�nition: A function f X ;Y (x; y) is a bivariate pdf if

(i) f X ;Y (x; y) � 0 for all x; y and

(ii)
Z 1

�1

Z 1

�1
f X ;Y (x; y)dxdy = 1.

2. Bivariate CDF: If f X ;Y (x; y) is a bivariate pdf, then

FX ;Y (x; y) = P(X � x; Y � y) =
Z x

�1

Z y

�1
f X ;Y (u; v)dvdu:

3. Properties of a bivariate cdf:

(i) FX ;Y (x; 1 ) = FX (x)

(ii) FX ;Y (1 ; y) = FY (y)

(iii) FX ;Y (1 ; 1 ) = 1

(iv) FX ;Y (�1 ; y) = FX ;Y (x; �1 ) = FX ;Y (�1 ; �1 ) = 0

(v) f X ;Y (x; y) =
@2

@x@y
FX ;Y (x; y).

4. Joint pdfs and joint cdfs for three or more random variablesare obtained as
straightforward generalizationsof the above de�nitions and conditions.

5. Probability Element: f X ;Y (x; y)� x� y is the joint probability element. That is,

P(x � X � x + � x; y � Y � y + � y) = f X ;Y (x; y)� x� y + o(� x� y):

6. Example: Bivariate Uniform. If (X ; Y) � Unif (a;b;c;d), then

f X ;Y (x; y) =

8
<

:

1
(b� a)(d � c)

x 2 (a;b); y 2 (c;d);

0 otherwise.

For this density, the probability P(x1 � X � x2; y1 � Y � y2) is the volume of
the rectangle. For example,if (X ; Y) � Unif (0; 4; 0; 6), then
P(2:5 � X � 3:5; 1 � Y � 4) = (3:5 � 2:5)(4 � 1)=(4 � 6) = 3=24. Another
exampleis P(X 2 + Y 2 > 16) = 1 � P(X 2 + Y 2 � 16) = 1 � 4� =24 = 1 � � =6
becausethe areaof a circle is � r 2 and therefore,the areaof a circle with
radius 4 is 16� and the areaof the quarter circle in the support set is 4� .
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7. Example: f X ;Y (x; y) = 6
5(x + y2) for x 2 (0; 1) and y 2 (0; 1). Find

P(X + Y < 1). Solution: First sketch the region of integration, then use
calculus:

P(X + Y < 1) = P(X < 1 � Y) =
Z 1

0

Z 1� y

0

6
5

(x + y2)dxdy

=
6
5

Z 1

0

�
x2

2
+ xy2

� �
�
�
�

1� y

0

dy

=
6
5

Z 1

0

(1 � y)2

2
+ (1 � y)y2dy

=
6
5

�
y
2

�
y2

2
+

y3

6
+

y3

3
�

y4

4

� �
�
�
�

1

0

=
3
10

:

8. Example: Bivariate standard normal

f X ;Y (x; y) =
e� 1

2 (x2+ y2)

2�
=

e� 1
2 x2

p
2�

e� 1
2 y2

p
2�

= f X (x)f Y (y):

Using numerical integration, P(X + Y < 1) = 0:7602. The matlab code is

g = inline('normpdf(y).*normc df(1 -y)' ,'y ');
Prob=quadl(g,-5,5)

where�1 hasbeenapproximated by � 5.

9. Marginal Densities:

(a) Integrate out unwanted variablesto obtain marginal densities. For
example,

f X (x) =
Z 1

�1
f X ;Y (x; y)dy; f Y (y) =

Z 1

�1
f X ;Y (x; y)dx;

and f X ;Y (x; y) =
Z 1

�1

Z 1

�1
f W;X ;Y;Z (w; x; y; z)dwdz:

(b) Example: If f X ;Y (x; y) = 6
5(x + y2) for x 2 (0; 1) and y 2 (0; 1), then

f X (x) =
6
5

Z 1

0
(x + y2)dy =

6x + 2
5

for x 2 (0; 1) and

f Y (y) =
6
5

Z 1

0
(x + y2)dx =

6y2 + 3
5

for y 2 (0; 1):
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10. ExpectedValues

(a) The expectedvalue of a function g(X ; Y) is

E [g(X ; Y)] =
Z 1

�1

Z 1

�1
g(x; y)f X ;Y (x; y)dxdy:

(b) Example: If f X ;Y (x; y) = 6
5(x + y2) for x 2 (0; 1) and y 2 (0; 1), then

E(X ) =
Z 1

0

Z 1

0
x

6
5

(x + y2)dxdy =
Z 1

0

3y2 + 2
5

dy =
3
5

:

5.8 Several Variables

1. The joint pdf of n continuous random variables,X 1; : : : ; X n is a function that
satis�es

(i) f (x1; : : : ; xn ) � 0, and

(ii)
Z 1

�1
� � �

Z 1

�1
f (x1; : : : ; xn ) dx1 � � � dxn = 1.

2. Expectations are linear regardlessof the number of variables:

E

"
kX

i =1

ai gi (X 1; X 2; : : : ; X n)

#

=
kX

i =1

ai E [gi (X 1; X 2; : : : ; X n)]

if the expectations exist.

3. ExchangeableRandom variables

(a) Let x �
1; : : : ; x �

n be a permutation of x1; : : : ; xn . Then, the joint density of
X 1; : : : ; X n is said to be exchangeableif

f X 1 ;:::;X n (x1; : : : ; xn ) = f X 1 ;:::;X n (x �
1; : : : ; x �

n )

for all x1; : : : ; xn and for all permutations x �
1; : : : ; x �

n .

(b) Result: If the joint density is exchangeable,then all marginal densities
are identical. For example,

f X 1 ;X 2 (x1; x2) =
Z 1

�1
f X 1 ;X 2 ;X 3 (x1; x2; x3) dx3

=
Z 1

�1
f X 1 ;X 2 ;X 3 (x3; x2; x1) dx3 by exchangeability

=
Z 1

�1
f X 1 ;X 2 ;X 3 (x1; x2; x3) dx1 by relabeling variables

= f X 2 ;X 3 (x2; x3):
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(c) Result: If the joint density is exchangeable,then all bivariate marginal
densitiesare identical, and so forth.

(d) Result: If the joint density is exchangeable,then the moments of X i (if
they exist) are identical for all i .

(e) Example Supposethat f X ;Y (x; y) = 2 for x � 0, y � 0, and x + y � 1.
Then

f X (x) =
Z 1� x

0
2dy = 2(1 � x) for x 2 (0; 1)

f Y (y) =
Z 1� y

0
2dx = 2(1 � y) for y 2 (0; 1) and

E(X ) = E(Y) =
1
3

:

5.9 Covariance and Correlation

1. Reviewcovarianceand correlation results for discreterandom variables
(Section3.4) becausethey alsohold for continuous random variables. Below
are lists of the most important de�nitions and results.

(a) De�nitions

� Cov(X ; Y) def= E [(X � � X )(Y � � Y )].

� Cov(X ; Y) is denotedby � X ;Y .

� Var(X ) = Cov(X ; X ).

� Corr(X ; Y) def= Cov(X ; Y)=
p

Var(X ) Var(Y).

� Corr(X ; Y) is denotedby � X ;Y .

(b) Covarianceand Correlation Results(be able to prove any of these).

� Cov(X ; Y) = E(X Y) � E(X )E(Y).

� Cauchy-Schwartz Inequality: [E(X Y)]2 � E(X 2)E(Y 2).

� � X ;Y 2 [� 1; 1] To proof, usethe Cauchy-Schwartz inequality.

� Cov(a + bX; c + dY) = bdCov(X ; Y).

� Cov

 
X

i

ai X i ;
X

i

bi Yi

!

=
X

i

X

j

ai bj Cov(X i ; Yj ). For example,

Cov(aW + bX; cY + dZ) =
acCov(W; Y) + adCov(W; Z) + bcCov(X ; Y) + bdCov(X ; Z ).

� Corr(a + bX; c + dY) = sign(bd) Corr(X ; Y).
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� Var

 
X

i

X i

!

=
X

i

X

j

Cov(X i ; X j ) =

X

i

Var(X i ) +
X

i 6= j

Cov(X i ; X j ).

� Parallel axis theorem: E(X � c)2 = Var(X ) + (� X � c)2. Hint on
proof: �rst add zeroX � c = (X � � X ) + (� X � c), then take
expectation.

2. Example (simple linear regressionwith correlatedobservations): Supposethat
Yi = � + � x i + " i for i = 1; : : : ; n and where" 1; : : : ; "n have an exchangeable
distribution with E(" 1) = 0, Var(" 1) = � 2 and Cov("1; "2) = �� 2. The ordinary
least squaresestimator of � is

b� =

nX

i =1

(x i � �x)Yi

nX

i =1

(x i � �x)2

:

Find the expectation and varianceof b� . Solution: Write b� as

b� =
nX

i =1

wi Yi ; wherewi =
(x i � �x)

nX

j =1

(x j � �x)2

:

Then, the expectation of b� is

E( b� ) =
nX

i =1

wi E(Yi ) =
nX

i =1

wi (� + � x i )

=

nX

i =1

(x i � �x)( � + � x i )

nX

j =1

(x j � �x)2

= �

nX

i =1

(x i � �x)x i

nX

j =1

(x j � �x)2

because
nX

i =1

(x i � �x) = 0

= �

because
P

(x i � �x)x i =
P

(x i � �x)2. The varianceof b� is

Var( b� ) =
nX

i =1

w2
i Var(Yi ) +

X

i 6= j

wi wj Cov(Yi ; Yj )



5.10. INDEPENDENCE 95

= � 2
nX

i =1

w2
i + �� 2

X

i 6= j

wi wj

=
� 2

nX

i =1

(x i � �x)2

+ �� 2

"
nX

i =1

nX

j =1

wi wj �
nX

i =1

w2
i

#

=
� 2

nX

i =1

(x i � �x)2

+ �� 2

" 
nX

i =1

wi

!  
nX

j =1

wj

!

�
nX

i =1

w2
i

#

=
� 2(1 � � )
nX

i =1

(x i � �x)2

:

5.10 Indep endence

1. De�nition: Continuous random variablesX and Y are said to be independent
if their joint pdf factors into a product of the marginal pdfs. That is,

f X ;Y (x; y) = f X (x)f Y (y) ( ) X Y:

2. Example: if f X ;Y (x; y) = 2 for x 2 (0; 0:5) and y 2 (0; 1) then X Y. Note,
the joint pdf can be written as

f X ;Y = 2I (0;0:5)(x)I (0;1)(y) = 2I (0;0:5)(x) � I (0;1)(y)

= f X (x) � f Y (y)

where

I A (x) =

(
1 x 2 A;

0 otherwise.

3. Example: if f X ;Y (x; y) = 8xy for 0 � x � y � 1, then X and Y are not
independent. Note

f X ;Y (x; y) = 8xyI (0;1)(y)I (0;y) (x);

but

f X (x) =
Z 1

x
f X ;Y (x; y) dy = 4x(1 � x2)I (0;1)(x) and

f Y (y) =
Z y

0
f X ;Y (x; y) dx = 4y3I (0;1)(y):
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4. Note: Cov(X ; Y) = 0 6=) X Y. For example,if

f X ;Y (x; y) =
1
3

I (1;2)(x)I (� x;x ) (y);

then

E(X ) =
Z 2

1

Z x

� x

x
3

dydx =
Z 2

1
=

2x2

3
dx =

14
9

;

E(Y) =
Z 2

1

Z x

� x

y
3

dydx =
Z 2

1

x2 � x2

6
dx = 0; and

E(X Y) =
Z 2

1

Z x

� x

xy
3

dydx =
Z 2

1

x(x2 � x2)
6

dx = 0:

Accordingly, X and Y have correlation 0, but they are not independent.

5. Result: Let A and B be subsetsof the real line. Then random variablesX and
Y are independent if and only if

P(X 2 A; Y 2 B) = P(X 2 A)P(Y 2 B)

for all choicesof setsA and B. Proof in class.

6. Result: If X and Y are independent, then soare g(X ) and h(Y) for any g and
h. Proof: Let A be any set of intervals in the rangeof g(x) and let B be any
set of intervals in the rangeof h(y). Denoteby g� 1(A) the set of all intervals
in the support of X that satisfy x 2 g� 1(A) ( ) g(x) 2 A. Similarly, denote
by h� 1(B ) the set of all intervals in the support of Y that satisfy
y 2 h� 1(B ) ( ) h(y) 2 B. If X Y, then,

P[g(X ) 2 A; h(Y) 2 B] = P
�
X 2 g� 1(A); Y 2 h� 1(B )

�

= P
�
X 2 g� 1(A)

�
� P

�
Y 2 h� 1(B )

�
= P[g(X ) 2 A] � P[h(Y) 2 B]:

The above equality implies that g(X ) h(Y) becausethe factorization is
satis�ed for all A and B in the rangespacesof g(X ) and h(Y). Note that we
already proved this result for discreterandom variables.

7. The previoustwo results readily extend to any number of random variables
(not just two).

8. Supposethat X i for i = 1; : : : ; n are independent. Then

(a) g1(X 1); : : : ; gn(X n ) are independent,

(b) The X s in any subsetare independent,

(c) Var
� X

ai X i

�
=

X
a2

i Var(X i ), and

(d) if the X s are iid with variance� 2, then Var
� X

ai X i

�
= � 2

X
a2

i .
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5.11 Conditional Distributions

1. De�nition: If f X ;Y (x; y) is a joint pdf, then the pdf of Y , conditional on X = x
is

f Y jX (yjx) def=
f X ;Y (x; y)

f X (x)

provided that f X (x) > 0.

2. Example: Supposethat X and Y have joint distribution

f X ;Y (x; y) = 8xy for 0 < x < y < 1:

Then,

f X (x) =
Z 1

x
f X ;Y (x; y)dy = 4x(1 � x2); 0 < x < 1;

E(X r ) =
Z 1

0
4x(1 � x2)xr dx =

8
(r + 2)(r + 4)

;

f Y (y) = 4y3; 0 < y < 1;

E(Y r ) =
Z 1

0
4y3yr dy =

4
r + 4

f X jY (xjy) =
8xy
4y3

=
2x
y2

; 0 < x < y; and

f Y jX (yjx) =
8xy

4x(1 � x2)
=

2y
1 � x2

; x < y < 1:

Furthermore,

E(X r jY = y) =
Z y

0
xr 2x

y2
dx =

2yr

r + 2
and

E(Y r jX = x) =
Z 1

x
yr 2y

1 � x2
dy =

2(1 � xr +2 )
(r + 2)(1 � x2)

:

3. RegressionFunction: Let (X ; Y) be a pair of random variableswith joint pdf
f X ;Y (x; y). Considerthe problem of predicting Y after observingX = x.
Denote the predictor as ŷ(x). The best predictor is de�ned as the function
Ŷ (X ) that minimizes

SSE = E
h
Y � Ŷ (X )

i 2
=

Z 1

�1

Z 1

�1
[y � ŷ(x)]2 f X ;Y (x; y)dydx:

(a) Result: The best predictor is ŷ(x) = E(YjX = x).



98 CHAPTER 5. CONTINUOUS RANDOM VARIABLES

(b) Proof: Write f X ;Y (x; y) as f Y jX (yjx)f X (x). Accordingly,

SSE =
Z 1

�1

� Z 1

�1
[y � ŷ(x)]2 f Y;jX (y; x)dy

�
f X (x)dx:

To minimize SSE, minimize the quantit y in f g for each value of x. Note
that ŷ(x) is a constant with respect to the conditional distribution of Y
given X = x. By the parallel axis theorem, the quantit y in f g is
minimized by ŷ(x) = E(Y jX = x).

(c) Example: Supposethat X and Y have joint distribution

f X ;Y (x; y) = 8xy for 0 < x < y < 1:

Then,

f Y jX (yjx) =
8xy

4x(1 � x2)
=

2y
1 � x2

; x < y < 1 and

ŷ(x) = E(YjX = x)
Z 1

x
y

2y
1 � x2

dy =
2(1 � x3)
3(1 � x2)

:

(d) Example; Supposethat (Y; X ) hasa bivariate normal distribution with
moments E(Y) = � Y , E(X ) = � X , Var(X ) = � 2

X , Var(Y) = � 2
Y , and

Cov(X ; Y) = � X ;Y � X � Y . Then the conditional distribution of Y given X
is

(Y jX = x) � N(� + � x; � 2); where

� =
Cov(X ; Y)

Var(X )
=

� X ;Y � Y

� X
; � = � Y � � � X and

� 2 = � 2
Y

�
1 � � 2

X ;Y

�
:

4. AveragingConditional pdfs and Moments (be able to prove any of these
results)

(a) EX

�
f Y jX (yjX )

�
= f Y (y). Hint: f X ;Y (x; y) = f Y jX (yjx)f X (x).

(b) EX f E[h(Y)jX ]g = E[h(Y)]. This is the rule of iterated expectation. A
special caseis EX [E(Y jX )] = E(Y).

(c) Var(Y) = EX [Var(Y jX )] + Var [E(Y jX )]. That is, the varianceof Y is
equal to the expectation of the conditional varianceplus the varianceof
the conditional expectation. Proof:

Var(Y) = E(Y 2) � [E(Y)]2

= EX

�
E(Y 2jX )

�
� f EX [E(Y jX )]g2
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by the rule of iterated expectation

= EX

�
Var(Y jX ) + [E(Y jX )]2	 � f EX [E(Y jX )]g2

becauseVar(Y jX ) = E(Y 2jX ) � [E(Y jX )]2

= EX [Var(Y jX )] + EX [E(Y jX )]2 � f EX [E(Y jX )]g2

= EX [Var(Y jX )] + Var [E(Y jX )]

becauseVar[E(Y jX )] = EX [E(Y jX )]2 � f EX [E(Y jX )]g2 :

5. Example: Supposethat X and Y have joint distribution

f X ;Y (x; y) =
3y2

x3
for 0 < y < x < 1:

Then,

f Y (y) =
Z 1

y

3y2

x3
dx =

3
2

(1 � y2); for 0 < y < 1;

E(Y r ) =
Z 1

0

3
2

(1 � y2)yr dy =
3

(r + 1)(r + 3)
;

=) E(Y) =
3
8

and Var(Y) =
19
320

;

f X (x) =
Z x

0

3y2

x2
dy = 1; for 0 < x < 1;

f Y jX (yjx) =
3y2

x3
; for 0 < y < x < 1;

E(Y r jX = x) =
Z x

0

3y2

x3
yr dy =

3xr

3 + r

=) E(Y jX = x) =
3x
4

and

Var(Y jX = x) =
3x2

80
;

Var [E(Y jX )] = Var
�

3X
4

�
=

9
16

�
1
12

=
3
64

;

E [Var(Y jX )] = E
�

3X 2

80

�
=

1
80

;

19
320

=
3
64

+
1
80

:
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5.12 Momen t Generating Functions

1. De�nition: If X is a continuous random variable, then the moment generating
function (mgf) of X is

 X (t) def= E
�
etX

�
=

Z 1

�1
etx f X (x)dx;

provided that the expectation exists for t in a neighborhood of 0. If X is
discrete,then replaceintegration by summation. If all of the moments of X do
not exist, then the mgf will not exist. Note that the mgf is related to the pgf
by

 X (t) = � X (et ):

Also note that if  X (t) is a mgf, then  X (0) = 1.

2. Example: Exponential Distribution. If f X (x) = �e � �x I (0;1 ) (x), then

 X (t) =
Z 1

0
etx �e � �x dx =

�
� � t

Z 1

0
(� � t)e� (� � t )x dx =

�
� � t

:

3. Example: GeometricDistribution. If X � Geom(p), then

 X (t) =
1X

x=1

etx (1 � p)x� 1p = pet
1X

x=1

(1 � p)x� 1et (x � 1)

= pet
1X

x=0

�
(1 � p)et

� x
=

pet

1 � (1 � p)et
:

4. mgf of a linear function:

 a+ bX (t) = E
�
et (a+ bX )

�
= eat  X (tb):

For example,if Z = (X � � X )=� X , then

 Z (t) = e� t� X =� X  X (t=� X ):

5. Independent Random Variables: If X i for i = 1; : : : ; n are independent, and
S =

P
X i , then

 S(t) = E
�
et

P
X i

�
= E

"
nY

i =1

etX i

#

=
nY

i =1

 X i (t):

If the X s are iid random variablesand S =
P n

i=1 X i , then

 S(t) = [ X (t)]n :
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6. Result: Moment generatingfunctions, if they exist, uniquely determinethe
distribution. For example,if the mgf of Y is

 Y (t) =
et

2 � et
=

1
2et

1 � 1
2et

;

then Y � Geom(0:5).

7. Computing Moments. Considerthe derivative of  X (t) with respect to t
evaluated at t = 0:

d
dt

 X (t)

�
�
�
�
t=0

=
Z 1

�1

d
dt

etx

�
�
�
�
t=0

f X (x)dx

=
Z 1

�1
xf X (x)dx = E(X ):

Similarly, higher order moments can be found by taking higher order
derivatives:

E(X r ) =
dr

(dt)r
 X (t)

�
�
�
�
t=0

:

Alternativ ely, expandetx around t = 0 to obtain

etx =
1X

r =0

(tx )r

r !
:

Therefore

 X (t) = E
�
etX

�
= E

"
1X

r =0

(tX )r

r !

#

=
1X

r =0

E(X r )
t r

r !
:

Accordingly, E(X r ) is the coe�cien t of t r =r! in the expansionof the mgf.

8. Example: Supposethat X � Geom(p). Then the moments of X are

E(X r ) =
dr

(dt)r
 X (t)

�
�
�
�
t=0

=
d
dt

�
pet

1 � (1 � p)et

� �
�
�
�
t=0

:

Speci�cally,

d
dt

 X (t) =
d
dt

�
pet

1 � (1 � p)et

�
=

 X (t) +
1 � p

p
 X (t)2 and
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d2

(dt)2
 X (t) =

d
dt

�
 X (t) +

1 � p
p

 X (t)2

�
=

 X (t) +
1 � p

p
 X (t)2 +

1 � p
p

2 X (t)
�
 X (t) +

1 � p
p

 X (t)2

�
:

Therefore,

E(X ) = 1 +
1 � p

p
=

1
p

;

E(X 2) = 1 +
1 � p

p
+

1 � p
p

2
�
1 +

1 � p
p

�
=

2 � p
p2

and

Var(X ) =
2 � p

p2
�

1
p2

=
1 � p

p2
:

9. Example: Supposethat Y � Unif (a;b). Usethe MGF to �nd the central
moments E[(Y � � Y )r ] = E[(Y � a+ b

2 )r ]. Solution:

 Y (t) =
1

b� a

Z b

a
ety dy =

etb � eta

t(b� a)

 Y � � Y (t) = e� t (a+ b)=2 Y (t)

=
e� t (a+ b)=2

�
etb � eta

�

t(b� a)

=
�

2
t(b� a)

�
e

t
2 (b� a) � e� t

2 (b� a)

2

=
�

2
t(b� a)

�
sinh

�
t(b� a)

2

�

=
2

t(b� a)

1X

i =0

�
t(b� a)

2

� 2i+1 1
(2i + 1)!

=
1X

i =0

�
t(b� a)

2

� 2i 1
(2i + 1)!

=
1X

i =0

�
t2i

(2i )!

�
(b� a)2i

22i (2i + 1)
:

Therefore,the odd moments are zero,and

E(Y � � Y )2i =
(b� a)2i

22i (2i + 1)
:

For example,E(Y � � Y )2 = (b� a)2=12 and E(Y � � Y )4 = (b� a)4=80.



Chapter 6

Families of Con tin uous
Distributions

6.1 Normal Distributions

1. PDF and CDF of Standard Normal Distribution:

f Z (z) =
e� z2=2

p
2�

FZ (z) = P(Z � z) = �( z) =
Z z

�1
f Z (u) du

To verify that f Z (z) integratesto one,examineK 2, whereK =
R1

�1 e� u2=2 du:

K 2 =
� Z 1

�1
e� u2=2 du

� 2

=
� Z 1

�1
e� u2

1=2 du1

� � Z 1

�1
e� u2

2=2 du2

�

=
Z 1

�1

Z 1

�1
e� 1

2 (u2
1+ u2

2) du1 du2:

Now transform to polar coordinates:

u1 = r sin� ; u2 = r cos� and

K 2 =
Z 2�

0

Z 1

0
e� 1

2 (r 2 )r dr d�

=
Z 2�

0

"

� e� 1
2 (r 2 )

�
�
�
�
�

1

0

#

d�

=
Z 2�

0
1d� = 2� :

103
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ThereforeK =
p

2� and f Z (z) integratesto one.

2. Other Normal Distributions: Transform from Z to X = � + � Z , where� and
� are constants that satisfy j� j < 1 and 0 < � < 1 . The inverse
transformation is z = (x � � )=� and the Jacobianof the transformation is

jJ j =

�
�
�
�
dz
dx

�
�
�
� =

1
�

:

Accordingly, the pdf of X is

f X (x) = f Z

�
x � �

�

�
1
�

=
e� 1

2� 2 (x � � )2

p
2� � 2

:

We will usethe notation X � N(�; � 2) to meanthat X hasa normal
distribution with parameters� and � .

3. Moment GeneratingFunction: Supposethat X � N(�; � 2). Then
 X (t) = e�t + t2 � 2=2.

Proof:

 X (t) = E(etX ) =
Z 1

�1
etx e� 1

2� 2 (x � � )2

p
2� � 2

dx

=
Z 1

�1

e� 1
2� 2 [� 2t� 2 x+( x� � )2]

p
2� � 2

dx:

The trick is to completethe squarein the exponent:

� 2t� 2x + (x � � )2 = � 2t� 2x + x2 � 2x� + � 2 = x2 � 2x(� + t� 2) + � 2

=
�
x � (� + t� 2)

� 2
� (� + t� 2)2 + � 2 =

�
x � (� + t� 2)

� 2
� 2t�� 2 � t2� 4:

Therefore,

 X (t) = e� 1
2� 2 (� 2t�� 2 � t2 � 4 )

Z 1

�1

e� 1
2� 2 [x� (� + t� 2 )]2

p
2� � 2

dx

= et� + t2 � 2=2
Z 1

�1

e� 1
2� 2 (x � � � )2

p
2� � 2

dx where� � = � + t� 2

= et� + t2 � 2=2

becausethe secondterm is the integral of the pdf of a random variable with
distribution N(� � ; � 2) and this integral is one.

4. Moments of Normal Distributions
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(a) Moments of the standard normal distribution: Let Z be a normal random
variable with � = 0 and � = 1. That is, Z � N(0; 1). The moment
generatingfunction of Z is  Z (t) = et2 =2. The Taylor seriesexpansionof
 Z (t) around t = 0 is

 Z (t) = et2=2 =
1X

i =0

1
i !

�
t2

2

� i

=
1X

i =0

�
(2i )!
2i i !

� �
t2i

(2i )!

�
:

Note that all odd powers in the expansionare zero. Accordingly,

E(Z r ) =

8
><

>:

0 if r is odd
r !

2r =2
�

r
2

�
!

if r is even.

It can be shown by induction that if r is even, then

r !
2r =2

�
r
2

�
!

= (r � 1)(r � 3)(r � 5) � � � 1:

In particular, E(Z ) = 0 and Var(Z ) = E(Z 2) = 1.

(b) Moments of Other Normal Distributions: Supposethat X � N(�; � 2).
Then X can be written asX = � + Z � , whereZ � N(0; 1). To obtain
the moments of X , onemay usethe moments of Z or onemay
di�erentiate the moment generatingfunction of X . For example,using
the moments of Z , the �rst two moments of X are

E(X ) = E(� + � Z ) = � + � E(Z ) = � and

E(X 2) = E
�
(� + � Z )2

�
= E(� 2 + 2�� Z + � 2Z 2) = � 2 + � 2:

Note that Var(X ) = E(X 2) � [E(X )]2 = � 2: The alternative approach is
to usethe moment generatingfunction:

E(X ) =
d
dt

 X (t)

�
�
�
�
t=0

=
d
dt

et� + t2 � 2=2

�
�
�
�
t=0

= (� + t� 2)et� + t2 � 2=2

�
�
�
�
t=0

= � and

E(X 2) =
d2

dt2
 X (t)

�
�
�
�
t=0

=
d
dt

(� + t� 2)et� + t2 � 2=2

�
�
�
�
t=0

= � 2et� + t2 � 2=2 + (� + t� 2)2et� + t2 � 2=2

�
�
�
�
t=0

= � 2 + � 2:
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5. Box-Muller method for generatingstandard normal variables. Let Z1 and Z2

be iid random variableswith distributions Z i � N(0; 1). The joint pdf of Z1

and Z2 is

f Z1 ;Z 2 (z1; z2) =
e� 1

2 (z2
1 + z2

2 )

2�
:

Transform to polar coordinates: Z1 = R sin(T) and Z2 = R cos(T). The joint
distribution of R and T is

f R;T (r; t) =
re� 1

2 r 2

2�
I (0;1 ) (r )I (0;2� )(T) = f R (r ) � f T (t) where

f R (r ) = re� 1
2 r 2

I (0;1 ) (r ) and f T (t) =
1

2�
I (0;2� ) (t):

Factorization of the joint pdf revealsthat R T. Their respective cdfs are

FR (r ) = 1 � e� 1
2 r 2

and FT (t) =
t

2�
:

Let U1 = FR(R) and U2 = FT (T). recall that Ui � Unif (0; 1). Solving the cdf
equationsfor R and T yields

R =
p

� 2ln(1 � U1) and T = 2� U2:

Lastly, expressZ1 and Z2 as functions of R and T:

Z1 = R sin(T) =
p

� 2 ln(1 � U1) sin(2� U2) and

Z2 = R cos(T) =
p

� 2 ln(1 � U1) cos(2� U2):

Note that U1 and 1� U1 have the samedistributions. ThereforeZ1 and Z2 can
be generatedfrom U1 and U2 by

Z1 =
p

� 2ln(U1) sin(2� U2) and Z2 =
p

� 2ln(U1) cos(2� U2):

6. Linear Functions of Normal Random Variables: Supposethat X and Y are
independently distributed random variableswith distributions X � N(� X ; � 2

X )
and Y � N(� Y ; � 2

Y ).

(a) The distribution of aX + b is N(a� X + b;a2� 2
X ). Proof: The moment

generatingfunction of aX + b is

 aX + b(t) = E(et (aX + b) ) = etbE(etaX ) = etbeta� + t2 a2 � 2 =2 = et (a� + b)+ t2 (a� )2 =2

and this is the moment generatingfunction of a random variable with
distribution N(a� + b;a2� 2).
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(b) The distribution of aX + bY is N(a� X + b� Y ; a2� 2
X + b2� 2

Y ). Proof: The
moment generatingfunction of aX + bY is

 aX + bY (t) = E(et (aX + bY)) = E(etaX )E(etbY ) by independence

= eta� X + t2a2 � 2
X =2etb� Y + t2b2 � 2

Y =2 = et (a� X + b� Y )+ t2 (a2 � 2
X + b2 � 2

Y )=2:

and this is the moment generatingfunction of a random variable with
distribution N(a� X + b� Y ; a2� 2

X + b2� 2
Y ).

(c) The above result is readily generalized.Supposethat X i for i = 1; : : : ; n
are independently distributed asX i � N(� i ; � 2

i ). If T =
P n

i=1 ai X i , then
T � N(� T ; � 2

T ), where� T =
P n

i=1 ai � i and � 2
T =

P n
i=1 a2

i �
2
i .

7. Probabilities and Percentiles

(a) If X � N(� X ; � 2
X ), then the probability of an interval is

P(a � X � b) = P
�

a � � X

� X
� Z �

b� � X

� X

�

= �
�

b� � X

� X

�
� �

�
a � � X

� X

�
:

(b) If X � N(� X ; � 2
X ), then the 100pth percentile of X is

xp = � X + � X zp;

wherezp is the 100pth percentile of the standard normal distribution.
Proof:

P(X � � X + � X zp) = P
�

X � � X

� X
� zp

�
= P(Z � zp) = p

becauseZ � N(0; 1).

8. Log Normal Distribution

(a) De�nition: If ln(X ) � N(�; � 2), then X is said to have a log normal
distribution. That is

ln(X ) � N(�; � 2) ( ) X � LogN(�; � 2):

Note: � and � 2 are the meanand varianceof ln(X ), not of X .

(b) PDF: Let Y = ln(X ), and assumethat Y � N(�; � 2). Note that x = g(y)
and y = g� 1(x), whereg(y) = ey and g� 1(x) = ln(x). The Jacobianof the
transformation is

jJ j =

�
�
�
�
dy
dx

�
�
�
� =

1
x

:



108 CHAPTER 6. FAMILIES OF CONTINUOUS DISTRIBUTIONS

Accordingly, the pdf of X is

f X (x) = f Y

�
g� 1(x)

� 1
x

=
e� 1

2� 2 [ln (x)� � ]2

x
p

2� � 2
I (0;1 )(x):

(c) CDF: If Y � LogN(�; � 2), then

P(Y � y) = P[ln(Y) � ln(y)] = �
�

ln(y) � �
�

�
:

(d) Moments of a log normal random variable. Supposethat
X � LogN(�; � 2). Then E(X r ) = e�r + r 2 � 2=2. Proof: Let Y = ln(X ). Then
Y � N(�; � 2) and

E(X r ) = E
�
er Y

�
= er � + r 2 � 2=2;

wherethe �nal result is obtained by using the MGF of a normal random
variable. To obtain the meanand variance,set r to 1 and 2:

E(X ) = e� + � 2 =2 and Var(X ) = e2� +2 � 2
� e2� + � 2

= e2� + � 2
h
e� 2

� 1
i

:

(e) Displays of various log normal distributions. The �gure below displays
four log normal distributions. The parametersof the distribution are
summarizedin the following table:

� = � 2 = � = � = � =
Plot E[ln(X )] Var[ln(X )] E(X )

p
Var(X ) � =�

1 3:2976 4:6151 100 1000 0:1
2 3:8005 1:6094 100 200 0:5
3 4:2586 0:6931 100 100 1
4 4:5856 0:0392 100 20 5

Note that each distribution hasmeanequal to 100. The distributions
di�er in terms of � , which is the coe�cien t of variation.
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If the coe�cien t of variation is small, then the log normal distribution
resembles an exponential distribution, As the coe�cien t of variation
increases,the log normal distribution convergesto a normal distribution.

6.2 Exp onential Distributions

1. PDF and CDF

f X (x) = �e � �x I [0;1 )(x) where� is a positive parameter,and

FX (x) = 1 � e� �x

provided that x � 0. We will usethe notation X � Expon(� ) to meanthat X
hasan exponential distribution with parameter � . Note that the 100pth

percentile is xp = � ln(1 � p)=� . The median, for example,is x0:5 = ln(2)=� .

2. Moment GeneratingFunction. If X � Expon(� ), then  X (t) = �= (� � t) for
t < � . Proof:

 X (t) = E(etX ) =
Z 1

0
etx �e � �x dx

=
Z 1

0
�e (� � t )x dx =

�
� � t

Z 1

0
(� � t)e(� � t )x dx =

�
� � t

becausethe last integral is the integral of the pdf of a random variable with
distribution Expon(� � t), provided that � � t > 0.
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3. Moments: If X � Expon(� ), then E(X r ) = r !=� r . Proof:

 X (t) =
�

� � t
=

1
1 � t=�

=
1X

r =0

�
t
�

� r

=
1X

r =0

�
t r

r !

� �
r !
� r

�

provided that � � < t < � . Note that E(X ) = 1=� , E(X 2) = 2=� 2 and
Var(X ) = 1=� 2.

4. Displays of exponential distributions. Below are plots of four exponential
distributions. Note that the shapesof the distributions are identical.
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5. MemorylessProperty: Supposethat X � Expon(� ). The random variable can
be thought of as the waiting time for an event to occur. Given that an event
hasnot occurred in the interval [0; w), �nd the probability that the additional
waiting time is at least t. That is, �nd P(X > t + wjX > w). Note: P(X > t)
is sometimescalled the reliabilit y function. It is denotedasR(t) and is related
to FX (t) by

R(t) = P(X > t) = 1 � P(X � t) = 1 � FX (t):

The reliabilit y function represents the probability that the lifetime of a
product (i.e., waiting for failure) is at least t units. For the exponential
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distribution, the reliabilit y function is R(t) = e� �t . We are interestedin the
conditional reliabilit y function R(t + wjX > w). Solution:

R(t + wjX > w) = P(X > t + wjX > w) =
P(X > t + w)

P(X > w)

=
e� � (t+ w)

e� �w = e� �t :

Also,

R(t + wjX > w) = 1 � FX (t + wjX > w) =) FX (t + wjX > w) = 1 � e� �t :

That is, no matter how long onehasbeenwaiting, the conditional distribution
of the remaining life time is still Expon(� ). It is as though the distribution
doesnot remember that we have already beenwaiting w time units.

6. PoisonInter-arrival Times: Supposethat events occur accordingto a Poisson
processwith rate parameter � . Assumethat the processbeginsat time 0. Let
T1 be the arrival time of the �rst event and let Tr be the time interval from the
(r � 1)st arrival to the r th arrival. That is, T1; : : : ; Tn are inter-arrival times.
We will �nd the joint distribution of T1; T2; : : : ; Tn . Considerthe joint pdf:

f T1 ;T2 ;:::;Tn (t1; t2; : : : ; tn ) =

= f T1 (t1) � f T2 jT1 (t2jt1) � f T3 jT1 ;T2 (t3jt1; t2)

� � � � � f Tn jT1 ;:::;Tn � 1 (tn jt1; : : : ; tn� 1)

by the multiplication rule. To obtain the �rst term, �rst �nd the cdf of T1:

FT1 (t1) = P(T1 � t1) = P [oneor more events in (0; t1)]

= 1 � P [no events in (0; t1)] = 1 �
e� �t 1 (�t 1)0

0!
= 1 � e� �t 1 :

Di�eren tiating the CDF yields

f T1 (t1) =
d

dt1
(1 � e� �t 1 ) = �e � �t 1 I (0;1 )(t1):

The secondterm is the conditional pdf of T2 given T1 = t1. Recall that in a
Poissonprocess,events in non-overlapping intervals are independent.
Therefore,

f T2 jT1 (t2jt1) = f T2 (t2) = �e � �t 2 :

Each of the remaining conditional pdfs also is just an exponential pdf.
Therefore,

f T1 ;T2 ;:::;Tn (t1; t2; : : : ; tn ) =
nY

i =1

�e � � t i I [0;1 )(t i ):

This joint pdf is the product of n marginal exponential pdfs. Therefore,the
inter-arrival times are iid exponential random variables. That is,
Ti � iid Expon(� ).
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6.3 Gamma Distributions

1. Erlang Distributions:

(a) Considera Poissonprocesswith rate parameter � . Assumethat the
processbeginsat time 0. Let Y be the time of the r th arrival. Using the
di�erential method, the pdf of Y can be obtained as follows:

P(t < Y < t + dt) � P(r � 1 arrivals beforetime t)

� P[onearrival in (t; t + dt)]

=
e� �t (�t )r � 1

(r � 1)!
� �dt:

Accordingly,

f Y (y) =
e� �y � r yr � 1

(r � 1)!
I [0;1 )(y):

The above pdf is called the Erlang pdf.

(b) Note that Y is the sum of r iid Expon(� ) random variables(seenoteson
inter-arrival times). Accordingly, E(Y) = r=� and Var(Y) = r=� 2.

(c) CDF of an Erlang random variable: FY (y) = 1 � P(Y > y) and P(Y > y)
is the probability that fewer that r events occur in [0; y). Accordingly,

FY (y) = 1 � P(Y > y) = 1 �
r � 1X

i =0

e� �y (�y ) i

i !
:

2. Gamma Function

(a) De�nition: �( � ) =
Z 1

0
u� � 1e� u du, where� > 0.

(b) Alternativ e expression:Let z =
p

2u so that u = z2=2; du = z dz; and

�( � ) =
Z 1

0

z2� � 1e� z2=2

2� � 1 dz.

(c) Properties of �( � )

i. �(1) = 1. Proof:

�(1) =
Z 1

0
e� wdw = � e� w

�
�
�
�

1

0

= � 0 + 1 = 1:

ii. �( � + 1) = � �( � ). Proof:

�( � + 1) =
Z 1

0
w� e� wdw:
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Let u = w� , let dv = e� wdw and useintegration by parts to obtain
du = � w� � 1, v = � e� w and

�( � + 1) = � w� e� w

�
�
�
�

1

0

+ �
Z 1

0
w� � 1e� wdw

= 0 + � �( � ):

iii. If n is a positive integer, then �( n) = (n � 1)!. Proof:
�( n) = (n � 1)�( n � 1) = (n � 1)(n � 2)�( n � 2) etc.

iv. �( 1
2) =

p
� . Proof:

�
�

1
2

�
=

Z 1

0

e� z2=2

2� 1
2

dz =
Z 1

�1

e� z2=2

p
2

dz =
p

�

becausethe integral of the standard normal distribution is one.

3. Gamma Distribution

(a) PDF and CDF: If Y � Gam(� ; � ), then

f Y (y) =
y� � 1� � e� �y

�( � )
I (0;1 )(y) and FY (y) =

Z y

0

u� � 1� � e� �u

�( � )
du:

(b) Note: � is called the shape parameterand � is called the scaleparameter.

(c) Moment GeneratingFunction: If Y � Gam(� ; � ), then

 Y (t) =
Z 1

0
ety y� � 1� � e� �y

�( � )
dy

=
Z 1

0

y� � 1� � e� (� � t )y

�( � )
dy

=
� �

(� � t) �

Z 1

0

y� � 1(� � t) � e� (� � t )y

�( � )
dy

=
� �

(� � t) �

becausethe last integral is the integral of a random variable with
distribution Gam(� ; � � t) provided that � � t > 0.

(d) Moments: If Y � Gam(� ; � ), then

E(Y) =
d
dt

 Y (t)

�
�
�
�
t=0

=
� � �

(� � t) � +1

�
�
�
�
t=0

=
�
�

;

E(Y 2) =
d2

(dt)2
 Y (t)

�
�
�
�
t=0

=
� � � (� + 1)
(� � t) � +2

�
�
�
�
t=0
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=
� (� + 1)

� 2
; and

Var(Y) = E(Y 2) � [E(Y)]2 =
� (� + 1)

� 2
�

� 2

� 2
=

�
� 2

:

(e) Generalexpressionfor moments (including fractional moments). If
Y � Gam(� ; � ), then

E(Y r ) =
�( � + r )
� r �( � )

provided that � + r > 0:

Proof:

E(Y r ) =
Z 1

0

yr y� � 1� � e� �y

�( � )
dy =

Z 1

0

y� + r � 1� � e� �y

�( � )
dy

=
�( � + r )
� r �( � )

Z 1

0

y� + r � 1� � + r e� �y

�( � + r )
dy =

�( � + r )
� r �( � )

becausethe last integral is the integral of a random variable with
distribution Gam(� + r; � ), provided that � + r > 0.

(f ) Distribution of the sum of iid exponential random variables. Suppose
that Y1; Y2; : : : ; Yk are iid Expon(� ) random variables. Then
T =

P k
i=1 Yi � Gam(k; � ). Proof:

 Yi (t) = �= (� � t) =)  T (t) = � k=(� � t)k .

(g) Note that the Erlang distribution is a gammadistribution with shape
parameter � equal to an integer.

6.4 Chi Squared Distributions

1. De�nition: Let Z i for i = 1; : : : k be iid N(0; 1) random variables. Then
Y =

P k
i=1 Z 2

i is said to have a � 2 distribution with k degreesof freedom. That
is, Y � � 2

k .

2. MGF:  Y (t) = (1 � 2t) � k
2 for t < 0:5. Proof: First �nd the MGF of Z 2

i :

 Z 2
i
(t) = E(etZ 2

) =
Z 1

�1
etz 2 e� 1

2 z2

p
2�

dz

=
Z 1

�1

e
� 1

2(1 � 2t ) � 1 z2

p
2�

dz = (1 � 2t) � 1
2

Z 1

�1

e
� 1

2(1 � 2t ) � 1 z2

(1 � 2t) � 1
2
p

2�
dz

= (1 � 2t) � 1
2
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becausethe last integral is the integral of a N[0; (1 � 2t) � 1] random variable.
It follows that the MGF of Y is (1 � 2t) � k

2 . Note that this is the MGF of a
Gamma random variable with parameters� = 0:5 and � = k=2. Accordingly,

f Y (y) =
y

k
2 � 1e� 1

2 y

�
�

k
2

�
2

k
2

I (0;1 ) (y):

3. Properties of � 2 Random variables

(a) If Y � � 2
k , then E(Y r ) =

2r �( k=2 + r )
�( k=2)

provided that k=2 + r > 0. Proof:

Usethe moment result for Gamma random variables.

(b) Using �( � + 1) = � �( � ), it is easyto show that E(Y) = k,
E(Y 2) = k(k + 2), and Var(X ) = 2k.

(c) Y _� N(k; 2k) for large k. This is an application of the central limit
theorem. A better approximation (again for large k) isp

2Y �
p

2k � 1 _� N(0; 1).

(d) If Y1; Y2; : : : ; Yn are independently distributed as Yi � � 2
k i

, thenP n
i=1 Yi � � 2

k , wherek =
P n

i=1 ki . Proof: usethe MGF.

(e) If X � � 2
k , X + Y � � 2

n , and X Y, then Y � � 2
n� k . Proof: Seepage248

in the text. Note that by independence X + Y (t) =  X (t) Y (t).

6.5 Distributions for Reliabilit y

1. De�nition: Supposethat L is a nonnegative continuous rv. In particular,
supposethat L is the lifetime (time to failure) of a component. The
reliabilit y function is the probability that the lifetime exceedsx. That is,

Reliability Function of L = RL (x) def= P(L > x) = 1 � FL (x):

2. Result: If L is a nonnegative continuous rv whoseexpectation exists, then

E(L) =
Z 1

0
RL (x) dx =

Z 1

0
[1 � FL (x)] dx:

Proof: Useintegration by parts with u = RL (x) =) du = � f (x) and
dv = dx =) v = x. Making thesesubstitutions,

Z 1

0
RL (u) du =

Z 1

0
u dv = uv

�
�
�
�

1

0

�
Z 1

0
v du
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= x [1 � FL (x)]

�
�
�
�

1

0

+
Z 1

0
xf L (x) dx

=
Z 1

0
xf L (x) dx = E(L)

provided that lim
x!1

x [1 � FL (x)] = 0:

3. De�nition: the hazard function is the instantaneousrate of failure at time x,
given that the component lifetime is at least x. That is,

Hazard Function of L = hL (x) def= lim
dx! 0

P(x < L < x + dxjL > x)
dx

= lim
dx! 0

�
FL (x + dx) � FL (x)

dx

�
1

RL (x)
=

f L (x)
RL (x)

:

4. Result:

hL (x) = �
d

dx
ln[RL (x)] = �

1
RL (x)

�
d

dx
RL (x)

= �
1

RL (x)
� � f L (x) =

f L (x)
RL (x)

:

5. Result: If RL (0) = 1, then

RL (x) = exp
�

�
Z x

0
hL (u) du

�
:

Proof:

hL (x) = �
d

dx
f ln [RL (x)] � ln [RL (0)]g

=) � hL (x) =
d
dx

�
ln [RL (u)]

�
�
�
�

x

0

�
=) �

Z x

0
hL (u) du = ln [RL (x)]

=) exp
�

�
Z x

0
hL (u) du

�
= RL (x):

6. Result: the hazard function is constant if and only if time to failure hasan
exponential distribution. Proof: First, supposethat time to failure hasan
exponential distribution. Then,

f L (x) = �e � �x I (0;1 )(x) =) RL (x) = e� �x =) hL (x) =
�e � �x

e� �x = �:

Second,supposethat the hazard function is a constant, � . Then,

hL (x) = � =) RL (x) = exp
�

�
Z x

0
� du

�

= e� �x =) f L (x) =
d

dx

�
1 � e� �x

�
= �e � �x :
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7. Weibull Distribution: Increasinghazard function. The hazard function for the
Weibull distribution is

hL (x) =
� x � � 1

� � ;

where� and � are positive constants. The corresponding reliabilit y function is

RL (x) = exp
�

�
Z x

0
hL (u) du

�
= exp

�
�

�
x
�

� � �
;

and the pdf is

f L (x) =
d

dx
FL (x) =

� x � � 1

� �
exp

�
�

�
x
�

� � �
I (0;1 )(x):

8. Gompertz Distribution: exponential hazzardfunction. The hazzardfunction
for the Gompertz distribution is

hL (x) = � e� x ;

where� and � are positive constants. The corresponding reliabilit y function is

RL (x) = exp
�

�
�
�

�
e� x � 1

�
�

;

and the pdf is

f L (x) =
d
dx

FL (x) = � e� x exp
�

�
�
�

�
e� x � 1

�
�

I (0;1 ) (x):

9. SeriesCombinations: If a systemfails whenever any singlecomponent fails,
then the components are said to be in series.The time to failure of the system
is the minimum time to failure of the components. If the failure times of the
components are statistically independent, then the reliabilit y function of the
systemis

R(x) = P(systemlife > x) = P(all components survive to x)

=
Y

Ri (x);

whereRi (x) is the reliabilit y function of the i th component.

10. Parallel Combinations: If a systemfails only if all components fail, then the
components are said to be in parallel. The time to failure of the systemis the
maximum time to failure of the components. If the failure times of the
components are statistically independent, then the reliabilit y function of the
systemis

R(x) = P(all components fail by time x) = 1 � P(no component fails by time x)

= 1 �
Y

Fi (x) = 1 �
Y

[1 � Ri (x)] ;

whereFi (x) is the cdf of the i th component.
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6.6 t, F, and Beta Distributions

1. t distributions: Let Z and X be independently distributed as Z � N(0; 1) and
X � � 2

k . Then

T =
Z

p
X=k

hasa central t distribution with k degreesof freedom. The pdf is

f T (t) =
�

�
k + 1

2

�

�
�

k
2

� p
k�

�
1 +

t2

k

� (k+1) =2
:

� If k = 1, then the pdf of T is

f T (t) =
1

� (1 + t2)
:

which is the pdf of a standard Cauchy random variable.

� Moments of a t random variable. Supposethat T � tk . Then

E(T r ) = E

 
kr =2Z r

X r =2

!

= kr =2E(Z r )E(X � r =2); where

Z � N(0; 1); X � � 2
k ; and Z X :

Recall that odd moments of Z are zero, the 2i th moment of Z is
(2i )!=[i !2i ], and E(X a) = 2a�( k=2 + a)=�( k=2) provided that a < k=2.
Accordingly, if r is a non-negative integer, then

E(T r ) =

8
>>>>>>>><

>>>>>>>>:

doesnot exist if r > k;

0 if r is odd and r < k;

kr =2
r ! �

�
k
2

� r
�

(r =2)! 2r �
�

k
2

� if r is even and r < k.

Using the above expression,it is easyto show that E(T) = 0 if k > 1 and
that Var(T) = k=(k � 2) if k > 2.

2. F Distributions: Let U1 and U2 be independent � 2 random variableswith
degreesof freedomk1 and k2, respectively. Then

Y =
U1=k1

U2=k2
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hasa central F distribution with k1 and k2 degreesof freedom. That is,
Y � Fk1 ;k2 . The pdf is

f Y (y) =
�

k1

k2

� k1=2 �
�

k1 + k2

2

�
y(k1 � 2)=2

�
�

k1

2

�
�

�
k2

2

� �
1 +

yk1

k2

� (k1+ k2)=2
I (0;1 ) (y):

� If T � tk , then T2 � F1;k .

� Moments of an F random variable. Supposethat Y � Fk1 ;k2 . Then

E(Y r ) = E
�

(k2U1)r

(k1U2)r

�
=

�
k2

k1

� r

E(Ur
1 )E(U� r

2 ); where

U1 � � 2
k1

; U2 � � 2
k2

; and U1 U2:

Using the generalexpressionfor the moments of a � 2 random variable, it
can be shown that for any real valued r ,

E(Y r ) =

8
>>>>><

>>>>>:

doesnot exist if r > k2=2;

kr
2�

�
k1

2
+ r

�
�

�
k2

2
� r

�

kr
1�

�
k1

2

�
�

�
k2

2

� if r < k2=2.

Using the above expression,it is easyto show that

E(Y) =
k2

k2 � 2
if k > 2 and that Var(Y) =

2k2
2(k1 + k2 � 2)

k1(k2 � 2)2(k2 � 4)
if k2 > 4:

3. Beta Distributions: Let U1 and U2 be independent � 2 random variableswith
degreesof freedomk1 and k2, respectively. Then

Y =
U1

U1 + U2
� Beta

�
k1

2
;
k2

2

�
:

That is, Y hasa beta distribution with parametersk1=2 and k2=2. More
generally, if U1 � Gam(� 1; � ), U2 � Gam(� 2; � ), and U1 U2, then

Y =
U1

U1 + U2
� Beta(� 1; � 2):

If Y � Beta(� 1; � 2), then the pdf of Y is

f Y (y) =
y� 1 � 1(1 � y) � 2 � 1

� (� 1; � 2)
I (0;1)(y);
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where� (� 1; � 2) is the beta function and is de�ned as

� (� 1; � 2) =
�( � 1)�( � 2)
�( � 1 + � 2)

:

� If B � Beta(� 1; � 2), then

� 2B
� 1(1 � B)

� F2� 1 ;2� 2 :

� If B � Beta(� 1; � 2), where� 1 = � 2 = 1, then B � Unif (0; 1).

� If X � Beta(� 1; � 2), then

E(X r ) =
�( � 1 + r )�( � 1 + � 2)
�( � 1 + � 2 + r )�( � 1)

provided that � 1 + r > 0:

Proof:

E(X r ) =
Z 1

0

xr x � 1 � 1(1 � x) � � 1

� (� 1; � 2)
dx =

Z 1

0

x � 1 + r � 1(1 � x) � � 1

� (� 1; � 2)
dx

=
� (� 1 + r; � 2)

� (� 1; � 2)

Z 1

0

x � 1+ r � 1(1 � x) � � 1

� (� 1 + r; � 2)
dx

=
� (� 1 + r; � 2)

� (� 1; � 2)
=

�( � 1 + r )�( � 1 + � 2)
�( � 1 + � 2 + r )�( � 1)

;

provided that � 1 + r > 0, becausethe last integral is the integral of the
pdf of a random variable with distribution Beta(� 1 + r; � 2).

� If F � Fk1 ;k2 , then

k1F
k1F + k2

� Beta
�

k1

2
;
k2

2

�
:



Chapter 7

App endix 1: Practice Exams

7.1 Exam 1

1. Let A and B be any two events. Usethe axiomsof probability to prove that
P(Ac) = 1 � P(A).

2. Let A1; A2; : : : ; Ak be a collection of events. Prove that

 
k[

i =1

A i

! c

=
k\

i =1

Ac
i .

3. Barbara and I have 7 co�ee mugsat home;2 of designA, 3 of designB, and 2
of designC. Barbara likesto arrangethe co�ee mugson the shelf such that all
mugsof the samedesignare adjacent to oneanother. I prefer to placethem at
random on the shelf. If I unload all seven mugs from the dishwasherand place
then on the shelf at random, what is the probability that my arrangement will
satisfy Barbara's senseof kitchen esthetics?

4. The order on a ballot of six candidatesfor two positions is determinedat
random. The six candidatesinclude the two current o�ce holders. What is
the probability that the �rst two candidateslisted on the ballot are the
current o�ce holders.

5. A committee with three members is to be selectedat random without
replacement from a collection of 30 people,of whom 10 are malesand 20 are
females.Find the probability that the committee contains two femalesand one
male. Note: just give the equation, you do not needto evaluate the equation.

6. Supposethat a lie detector test has the following properties. If the suspect is
telling the truth, then the lie detector will correctly say so with probability
0:85. If the suspect is lying, then the lie detector will say so with probability
0:99. Supposethat 95%of the time, suspects are telling the truth. Find the
probability that a suspect is lying if the lie detector test says that he or sheis
lying.

121
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7. Supposethat A and B are independent events. Verify that A and B c are
independent events. Hint: uselaw of total probability.

8. A stand of treescontains 10 aspen, 5 lodgepole pine, and 7 Douglas�r trees.
Seven treesare sampledat random without replacement. Find the probability
that the seventh tree selectedis a lodgepole pine, given that the third tree
selectedis an aspen.

9. Let X and Y be random variableswith joint probability function

f X ;Y (i; j ) =

8
<

:

i + j
n2(n + 1)

for i = 1; 2; : : : ; n and j = 1; 2; : : : ; n

0 otherwise.

(a) True or False: The joint distribution of X and Y is exchangeable.(2 pts)

(b) Find the conditional distribution of X given Y. That is, �nd f X jY (i jj ).
(9 pts)

7.2 Exam 2

1. Let Y be a random variable with p.f. f Y (y) =
e� � � y

�
1 � e� �

�
y!

, for y = 1; 2; : : : ; 1

and where� > 0. Find the probability generatingfunction of Y.

2. Supposethat the rv X hasprobability generatingfunction � X (t) = t=(2 � t).
Find E(X ).

3. The From historical records,the meanminimum temperature in Bozemanon
November 17 is 19F � . The standard deviation is 9:5. Find the meanand
standard deviation of the November 17 minimum temperature expressedin C � .

4. Considera litter of k wolf pups. Let X 1; X 2; : : : ; X k be the volume (in
milliliters) of milk that the pups drink on a given day. Supposethat the
random variableshave an exchangeabledistribution with E(X 1) = � ,
Var(X 1) = � 2, and Cov(X 1; X 2) = � � 2. Find expressionsfor the following
quantities. Your answers should be functions of � and � .

(a) Corr(X i ; X j ), wherei 6= j .

(b) Var(X i � X j ), wherei 6= j .

(c) Var( �X ), where �X = k� 1
kX

i =1

X i
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5. A certain biasedcoin hasprobability 0:7 of landing headswhen tossed.The
coin is tossedis 20 times and the number of headsis recorded.Denote this
random variable by Y. A fair coin is then tosseduntil the Y th successoccurs.
Denote the number of tossesof the fair coin by X . Find the expectation of X .

6. A multiple choice test consistsof 12 items, each with four possiblechoices.
Tim hasnot studied for the exam,so he guesseson each question. Let X be
the number that he getscorrect.

(a) Give E(X ) and Var(X ).

(b) To pass,Tim must score8 or better. What is the exact probability that
Tim fails?

(c) We discussedtwo ways to approximate the probability in part (b). Use
the more appropriate of the two and computean approximation to the
probability that Tim fails.

7. The probability of winning the Powerball lottery is 1=54;979;154. For
simplicity. round this to oneover 55 million. Supposethat 11 million tickets
are sold. Let X be the number of winning tickets.

(a) Give the meanof X .

(b) Find (approximately) the probability that there are either oneor two
winners.

8. An automatic cake icing machine is malfunctioning; it no longer forms the
letters i and r, but instead writes a for each. So happyBirthday Irma becomes
Happy BaathdayAama. Cakesare randomly selectedwith probability 1=4 and
inspected. The machine is stopped when the seconderror is found. Suppose
that the letters i and r appear on half of the cakes. Let X be the number of
cakesthat have beeniced when the machine is �nally stopped. Find the
probability function for X . Identify the family of distributions. Hint: �rst
de�ne what a successis.

9. Supposethat random samplesof n1 male and n2 femaleadults have been
obtained from populations that satisfy n1=N1 � 0 and n2=N2 � 0. Let X be
the number of male students in the samplewho wear glasses(or contacts) and
let Y be the number of femalestudents in the samplewho wear glasses(or
contacts). Supposethat the population proportions who wear glasses(or
contacts) are identical in the two populations. Derive the conditional
distribution of X given that X + Y = c. Identify the family of distributions.
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7.3 Exam 3

1. Supposethat P(A) = 0:4, P(B) = 0:5, and P(A \ B) = 0:3. Find the
following:

(a) P(A [ B).

(b) P(A \ B c).

2. In a string of 12 Christmas tree lights, 3 are defective. The bulbs are selected
oneat a time at random without replacement and tested. Find the probability
that the third defective bulb is found on the 6th test.

3. Considera �nite population of N distinct valuesx1; x2; : : : xn . Denote the
population meanby E(X ) = � and the population varianceby Var(X ) = � 2.
A sampleof sizen � N is selectedoneat a time at random without
replacement. Denote the joint probability of the sampleby
f X 1 ;X 2 ;:::;X n (x1; x2; : : : ; xn ) and denotethe samplemeanby �X = n� 1 P n

i=1 X i .

(a) Evaluate f X 1 ;X 2 ;:::;X n (x1; x2; : : : ; xn ) and verify that the distribution is
exchangeable.

(b) Derive Var( �X ). Hint: what happensif n = N ?

4. Supposethat X i are iid Bern(p) random variables. Find the probability
generatingfunction of S =

P n
i=1 X i .

5. Supposethat X is a discreterandom variable with support set

SX = f 1; 2; 6; 9; 11g and probability function f X (x). Compute E
�

1
f X (X )

�
.

6. Supposethat Interstate Highway 94 has two typesof defects,namely A and
B. Defect A follows a Poissonprocesswith a meanof 2 defectsper mile.
Defect B follows a Poissonprocesswith a meanof 4 defectsper mile and is
distributed independently of defectA. Let X be the number of defectsof type
A in a 10 mile segment of highway and let Y be the number of defectsof type
B in the same10 mile segment. Derive the conditional distribution of X given
that the 10 mile segment contains a total of 50 defects.

7. A discreterandom variable hasprobability generatingfunction

� X (t) =
1
2

+
1
3

t +
2
13

t2 +
1
78

t5:

Find the probability function of X .
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8. Supposethat X is a continuous random variable with cdf

FX (x) =

(
1 � e� �x 0 < x < 1 ;

0 x < 0;

where� is a positive constant.

(a) Find the pdf.

(b) Find an expressionfor xp, the 100pth percentile of the distribution.

9. Let X be the discreteuniform random variable with support S = f 1; 2; : : : ; N g
and cdf

FX (x) =

8
>><

>>:

1 x > N ;
[x ]
N x 2 [1; N ];

0 x < 1;

;

where[x] is the largest integer equal to or lessthan x (i.e., the greatestinteger
function). Usethe cdf to compute

(a) P(X � N � 1) when N > 1.

(b) P(X < N � 1) when N > 2.

(c) P(3 � X � 5) when N > 5.

10. Supposethat X is a continuous random variable with pdf
f X (x) = 6x(1 � x)I (0;1)(x). Let Y = X=(1 � X ).

(a) Find the pdf of Y.

(b) Find E(Y).

11. Supposethat I have a random number generatorthat will generate(pseudo)
random numbers X � Unif (0; 1). I would like to generaterandom numbers
from a distribution having pdf

f Y (y) =
� � �

y� +1
I (� ;1 )(y);

where� and � are positive constants. Given a sequenceof iid X random
variables,how do I obtain a sequenceof iid Y random variables?

12. SupposeX and Y are continuous random variableswith joint cdf

FX ;Y (x; y) = x2y2 for x 2 (0; 1); y 2 (0; 1)

and whereFX ;Y (x; y) is suitable de�ned elsewhere.
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(a) Find the joint pdf f X ;Y (x; y).

(b) Does(X ; Y) have an exchangeabledistribution?

(c) Are X and Y independent?

13. SupposeX and Y are continuous random variableswith joint density

f X ;Y (x; y) =
12
7

(x2 + 2y) for 0 < y < x < 1:

(a) Find the marginal distribution of X .

(b) Find the conditional distribution f Y jX (yjx).

(c) Given X = :5, usethe regressionfunction to predict the value of Y.

14. Let X and Y be exchangeablerandom variables(continuousor discrete)with
E(X ) = � , Var(X ) = � 2, and Cov(X ; Y) = �� 2.

(a) Verify that Corr(X ; Y) = � .

(b) Find Corr(X ; X � Y). Your answer should be a function of � only.
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App endix 2: Selected Equations

nX

i =0

r i =
1 � r n+1

1 � r
;

1X

i =0

r i =
1

1 � r
if jr j < 1;

1X

i =0

r i

i !
= er ;

nX

i =

i =
n(n + 1)

2
;

nX

i =1

i2 =
n(n + 1)(2n + 1)

6
;

F � = 32+
9
5

C � ;

g(t) = g(t0) +
k� 1X

i =1

�
@i g(t)
(@t) i

�
�
�
t= t0

�
(t � t0) i

i !
+ Rk ; where

Rk =
�

@kg(t)
(@t) i

�
�
�
t= t �

�
(t � t0)k

k!
and t � 2

(
(t; t0) if t0 > t

(t0; t) if t0 < t;
Z b

a
u dv = uv

�
�
�
�

b

a

�
Z b

a
v du
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